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Abstract

Lump and their interactions with kink, periodic and rogue waves, and periodic cross lump
waves will be studied for fifth-order variable coefficient nonlinear-Schrodinger equation in
this paper. With the combinations of bilinear, exponent, and trigonometric functions, we’ll
study different lump soliton solutions. With interaction phenomenon we’ll set up some new
analytical solutions and also represents them in graphical ways.

Keywords Multiple lump-solitons - Periodic cross lump waves - Ansatz transformations -
Variable coefficient NLSE

1 Introduction

Partial differential equations (PDE) show their effectivness to overcome various issues
appearing in the fields of mathematical and physical sciences. Due to the roots in dif-
ferent fields of sciences, the ideology of PDEs, both linear and nonlinear, is one of the
highest and more active fields of modern mathematics (Melike and Mehmet 2018; Hos-
seini et al. 2017; Raza 2021; Bhatti and Lu 2019). Nonlinear PDEs (NLPDE) have a
giant influence on nonlinear mathematical forms in engineering, physics, biology, fluid
mechanics, condensed matter physics, nonlinear optics (Khater et al. 2000; Ali et al.
2020; Saglam Ozkan et al. 2021; Seadawy and Cheemaa 2019; Younas et al. 2020;
Rizvi et al. 2020; Helal and Seadawy 2009), etc. Higher-order NLSEs are the main
segments for NLPDEs. There is plenty of well-known NLSEs, like derivative NLSE
(Younas et al. 2020), cubic-quartic NLSE (Gao et al. 2019), Kundu Mukherjee Naskar
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model (He 2020), Gross Pitaevskii equation (Feng et al. 2021), Fokas-Lenells equa-
tion (Ahmed et al. 2019), and many other. A large number of integration techniques
have been introduced to get particular solutions for NLSEs; like improved F-expansion
method (Gao and Wang 2020), exp((%ﬂ)n)-expansion scheme (Seadawy 2019), extended
direct algebraic technique (Ahmed et al. 2019), new extended-auxiliary equation archi-
tectonic (seadawy et al. 2018), generalized Kudryashov mechanism (Gaber et al. 2019),
extended auxiliary equation approach (Akram et al. 2021), tan(®(p)/2)-expansion tech-
nique (Raza et al. 2020), ®°-model expansion approach (Seadawy et al. 2021), etc.

Analytic solutions of some well-known NLSEs have been investigated in (Li et al.
2015; Seadawy 2015; Arshad et al. 2017; Ahmed et al. 2019; Chen et al. 2020). In opti-
cal fibers, the propagation of solitons may be appropriately specified by variable coef-
ficient NLSEs (VCNLSE) (Malomed 2006). To raise the transmission rate ultrashort
pulses (picosecond or less) are usually used as data bearers, for which higher-order
dispersion can’t be neglected. Therefore, it’s important to explore the analytical fams
of soliton solutions of NLPDEs that include higher-order specifications, particularly to
find the proper solutions of higher-order VCNLSEs, from a logical and scientific point
of view. Here we contemplate FVCNLSE as given by (Yang et al. 2018),

. 1 . .
ip, + A(X)(gpn +plpl2> - iB(x) (pm + 6|p|2pt> +CW) <pm, +6p"p} +4plp,|* + 8p|*p, + 20°p + 6plpl“)

—iD(x) (pmrz +10Ip|* + p,y, + 30p|*p, + 10pp,p;, + 10pp;p, + 20p"p,p, + 10pr?> =0,

)]
which can be used as an integrable pattern to characterize the proliferation of ultrashort
pulses in inharmonious optical fibers. Here p = p(x, ) is a complex function, x is the for-
malized transmission distance, ¢ is the delayed time, and asterisk stands for the complex
conjugate. Physically, the parameters A(x), B(x), C(x) and D(x) represents the group veloc-
ity, third-order, fourth-order, and fifth-order dispersion respectively. This model with con-
stant quantities has been verified to be entirely integrable by using the Lax pair and Dar-
boux transmutations (Chowdury et al. 2014). However, x-dependent coefficients A(x), B(x),
C(x), and D(x) have not been studied there. An exhaustive study of integrability setting
for the x-dependent parameters of VCNLSE needs to be a subject of independent work.
Now we’ll study the above model for lump and their interactions with kink, periodic and
rogue waves (Yang et al. 2018; Rizvi et al. 2020; Zhou et al. 2019; Kofane et al. 2017; Liu
2018; Seadawy et al. 2021; Ma and Li 2020; Ma et al. 2020). Lump solitons are analyti-
cally localized in all directions. The implementations of lump waves are greatly compre-
hensive, like distant ghost waves that emerge and dissolve unpredictably and uncertainly,
notably, COVID-19. Rogue waves with heights exceed about 18 meters are powerful non-
linear waves that have the ability to produced huge damages even for massive ships. They
are sizably much bigger as compared to the normal sea waves. There is no conformity for
how and when they appear, the maximum height of the rogue wave recorded 25 meters
(Olagnon 2017; Korpinar et al. 2020; Ali et al. 2020).

Now to investigate the above model, we’ll use the complex substitution p = r +is,
which transforms Eq. (1) into the following real and Img parts,
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=S, + %A(x)(Zr(rz + 32) +r)+ B(x)(6(r2 + sz)s, + Sur)

+C)(6r° + 12175% + 6rs* + 10r7 + 2(57* + 357)r,
+r,, + 12s1,5, — 2rst2 + 4rss,,) + D(x)(lOsf + 20rr,s, + 10s,

(3r4 + 61757 +3s* + rt2 + 2rr, + 4ss,) + 10(r2 + sz)sm + S) =0,
@)
ro+ %A(x)(Zs(r2 +52) +5,) — B)(6(? + 52, + 1)

+C(X)(65° + 12725 + 6r*s + 1OSst2 +2(55% + 3r2)st[+
Sy + 12118, — 2srt2 + 4rsr,) — D(x)(lOr? + 20s7,s, + 10rt(3r4
+6r75% + 3s* + st2 + 255, + 4rr,) + 100 + s2)r,, + 1) = O.

Now we use this system in the next sections to find out new analytical solutions for our
concern model. We present distinct possible choices of solitons and interaction solutions,
by adjusting the real parameters of the concerning model, based on the gained results. Par-
ticularly, we will establish a probability to have pulse thickness of two merging solitons
growing after a collision, without a variation in their sizes. The paper is arranges in pro-
ceeding pattern: in sec. 2, we study lump solutions, in sec. 3, we present lump interaction
with two kink waves, in sec. 4, we obtain lump solution with periodic waves, in sec. 5, we
study rogue wave solutions, in sec. 6, we presents results periodic cross lump waves solu-
tions, in sec. 7, we discuss our obtained results and at the end, in sec. 8, we give concluding
remarks.

2 Lump solutions

To attain lump solutions we use the following log forms,
r=2(nu), s =2(Inv),. (3)

Eq. (3) transforms Eq. (2) into the following bilinear forms,
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480C(o 1 — 40wt i (13CGv2uy, + 34D(x)u, (v — vv,,))
+ 10u2v3u,(—32D(x)ur2v? + 16vu,v,(4D(x)
vty + 3u,(C(x)v, + D(x)v,)) + v3(A(x)uf + 14C(X)“r2;
+ 12C0)u, 1) — 16DCOV U, (4t v, + 4,v,,))
— w0 = 32CEWV By, + 2u,v,) + 2u’ (=1200D(x)v®
+2240D)vvv, — 10V BBV + 99DV + 44D (x)v,v,,,) + v (T0D)V?, + 280D(X)V,v,, v, + VE(36B(x)v,,
+ 70D, — vV BBV + 10DV2, + 15DV, vy + v, (AB)V,,,
+ 6D,y — V1)) + V(B g + DOy — Vi) = 0,
2400D(x)»° uf — 4480D(x)uv’ uf u, + 2012y ulz( 12C(x) vurz v,
+ 120D v? +v*3B(ou? + 99D,
+ 44D uy,)) — 4V (80D} + 8CGoV (v,
+ 3u,v,) + 8vur2v,(90D(x)v,un +u,(=3C(x)v,
+10D()v,)) + V3 (35D, + 140D (), uyy, + 1> (18B()ut,,
+35D®)ttyy))) + -+ + 8V (SD(X)u, v
+ 10D, (vt + V,) + VEGBXu,,

+ 5D()u,,)) + v4(B(x)u,,,, + DXy, —uy,))) = 0.
)

Now u and v in the bilinear form can be assumed as, (Helal and Seadawy 2009),
u=q+ a5+ 8 V=Ar+ a6+ )

where y; = b,x + b,t, and y, = byx + b,t. However, b;’s, g, and h are real -valued con-
stants. Now, inserting u and v into Eq. (4) and collecting all powers of x and ¢, which
implies us the following nonzero parameters:

Set I:
213C(x)2b,
b, = iby, b, = 2 ,
! 3 A(x)(495D(x)A(x) — 3857B(x)C(x))
- 75378472575b5C(x)’
370380 % 4 3 (@95D(0)AM) — 3857BHC ()2
and
b -8+ 1/273b, (6)
| —

V209
42051/ 555(=8 + V/273)(16 + V/273)b;C(x)?

b, = ,by = bs,
2 2A(x)(495A(x)D(x) — 3857B(x)C(x)) 3T
i 1538336175(4504 + 273v/273)b2C(x)°
0 =

B 209A(x)3(3857B(x)C(x) — 495D(x)A(x))?

Using these parameters into Eq. (5) and then by using Eq. (3), we get:

@ Springer



Multiple lump and interaction solutions for fifth-order variable... Page50f23 154

r =
: (80 + b3 + (byt + ib3x)?)
" (byt + ibsx)
s =
2\ (2% + (byt + ibsx)?)
and @)
byt +bx
r =
2\ D22 + (byt + by0)?
byt+b
s =4b, 2l ¥ Ot

ho + b3x* + (byt + b, x)?

The values of the parameters are mentioned in Eq. (6). Now, r and s gives the required
solution for Eq. (1),

(4 + 4i)(29435C(x)*t — TT14AX)B(X)C(x)x + 990A(x)* D(x)x) ((~5121690 — 5121690/)C(x)* + A)

nn = 1(29435C(x)?t — 15428A(x)B(x)C(x)x + 1980A(x)2D(x)x) (—10243380C(x)* + A)
84104/ 555 (=8 + V/273)(16 + V273)b; C(x)°Q 84104/ 355 (~8 + V/273)(16 + V/273)b; C(x)*Q
P2 = O 95ACD) 3857B(x)C(x))(b3x2 + Q2) T AC@95ACIDE) — 385TBCICN-A, + P2+ Q2)
®)
Here A = 20435400 C0x 2 — 1542842 BO)CGox + 1980A0PD0r, A, = ~SSTSSUBVITNCD g
209A(x)3 (3857B(x) C(x)—495D(x)A(x))?
0 42054/ 5 (—8+V273)(16+V273)b;C0%t  \/—8+y/273byx
2A(0)(495A(x)D(x)-3857B(x)C(x)) Nl
Set II:
2
, 49 B)b,A(x) 7776 b;C)
b,=iby,by=———"—"b, =by,hy = ——— ———,
; 18  C(x) 161 Ax)
and )
2
, 637 BO)b,AR) 7776 b,C(%)
b2=1b4,b3=—_—,b4=b4,h0=—_ .
720  C(x) 91 A(x)
Using these parameters into Eq. (5) and then by using Eq. (3), we get:
2(=2b21 + 2b,(byt + byx)) 2(=2b2t + 2b,(byt + byx))
r=—— . 5= - i (10)
—D212 + (byt + bsx) hy — b2 + (byt + byx)

The values of the parameters are mentioned in Eq. (9). Now, r and s gives the required
solution for Eq. (1),

(72 + 72i)C(x) (1259712 — 1259712i)C(x)* + 284004A(x)* B(x) C(x)1x — 38656 1A(x)> B(x)*x?)

(36C(x)t — 49A(x)B(x)x)(2519424C(x)* + 284004A (x)2B(x)C(x)tx — 38656 1A(x)* B(x)*x?)

(2880 + 2880i)C(x)((2015539200 — 2015539200i)C(x)* + 834724804 (x)*B(x)C(x)tx — 36924979A(x)* B(x)*x?)
(1440C(x)t — 637A(x)B(x)x) (4031078400C(x) + 83472480A(x)2 B(x)C(x)ix — 36924979A(x)* B(x)*x?)

p3lxn) =

Ps(x,1) =

an
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3 Lump interaction with kink-waves

To attain kink interaction solutions we use the following forms,
u=)(|2+)(22+e"'+g0, v=)(12+;(22+e"2+h0, (12)

where y, = byx+ byt, y, = byx + byt,0) = a;x + a,t and ¢, = asx + a,t However, b;s, a;s,
8o and hy, are real -valued constants. Now, inserting # and v into Eq. (4) and collecting all
powers of x, t, e*t%! and e%*t%! which implies us the following nonzero parameters:

Set I:
2 [ 35Am
b = ib b= _ 116025 AW 1282C(x)h0
27T T R01762 C(x)b, ’
[ 35A(x)
b4=b4,a1 =a,,a, = —m,% =a3,]’l0=h0,
and

- \J 67A() — 12a,(12B(x) + 5a,(~T1C() + 100a,D(x)))
2 =04

9A(x) + 4a, (18B(x) + 5a,(39C(x) + 20a,D(x)))
13)

a, =a;,a; = az,a, = dy, by = by,

by=— %a4b4(—19A(x) + 2a,(9B(x) + 70a,(=9C(x) + 10a,D(x)))).

Using these parameters into Eq. (12) and then by using Eq. (3), we get:

2(aye®* % — 2521 + 2b,(byt + bsx)) 2(=2b21 + 2b,(byt + b3x))

edattax _ bitZ + (byt + b3x)2 T et + hy — bitz + (byt + b3)C)2 ’

and

2(/\ + 2b,(byt = Tayby(—19A(x) + 2a,(9B(x) + 70a,(~9C(x) + 10a4D(x))))x)>

r =
ax A 4 )
T (byt — ga4b4(—19A(x) +2a,(9B(x) + 70a,(—9C(x) + 10a,D(x))))x)*,

2(a L€YY LA 4 2b (bt — ‘g‘a4b4(—19A(x) +2a,(9B(x) + 70a,(-9C(x) + 10a4D(x))))x))

s =

et g %z + (byt — ;fa4b4(—19A(x) +2a,(9B(x) + 70a,(=9C(x) + 10a,D(x))))x)’.
(14)

Now, r and s gives the required solution for Eq. (1),
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[ 35A0 116025A(x)2 1 /- 224000 ¢
[_ 35A() 2820 TN¥ _ 52 R A e T
Tas2c 2byt + 2b,(byt )

821762C(x)by

psn) =2 3540
354 PV -
” 4 821762C(x)by
116025402 \/% hox
i| =283+ 2by byt - —— =)
N ’ (15)
1160254(:2 /- raaai) jx
. TS oV PRam b,
€35 + hy — b2 + (byt 82176200064
A +2by(byt — §a4b4 (_19A(X) +2a,0B(x) + 70a,(=9C() + 10a4D(X))))X)
p (x’ t) =2
6 x4 %t+ (byt - §a4b4(—19A(x) +2a,(9B(x) + 70a,(-9C(x) + 10a,D(x))))x)2
i(a46a4t+a3x + A+ 2by (bt — §a4b4(—19A(x) +2a,(9B(x) + 70a,(—9C(x) + 1Oa4D(x))))X))
+

eaattazx 4 %t + (byt — §a4b4(—19A(x) +2a,(9B(x) + 70a4(=9C(x) + 10a,D(x))))x)>

2b§ (67A(x)—12a,(12B(x)+5a,(=71C(x)+100a,D(x))))t

where A =
ere 9A(x)+4a,(18B(x)+5a4(39C(x)+20a,D(x)))
Set I1:
i(10b3b, — 45A()c)a3g0 +246a> C(x)gy) .
1= 102174 s »by = iby, by = by, by = by, a = ay,a, = a,a3 = a3, 8y = &o»
and (16)
2 5B(x) + 8a4(C(x) + 25a,D(x))
by =by,by =b3,by =by,a; =ay,a, = E\/— AD(x) . >3 = 0a3,0, = dy.

Using these parameters into Eq. (12) and then by using Eq. (3), we get:

2(aye®" 0% + 2b,(byt + byx) + 2iby(ibyt + b)) 2(2by(byt + byx) + 2ib,(ibyt + b, X))
T T et 1 gy + (bat + bax)? + (bt + by et + (bt + by + (bt + bya)?
and

2(aye®x 4 2b,(byt + bsx)) 2(ayes™+as¥ 4 2by(byt + byx))

T ewrta 4 22 4 (byt + byx)? T e D22 + (byt + byx)?
an
The values of the parameters are mentioned in Eq. (16). Now, r and s gives the required
solution for Eq. (1),
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. . i(10b3b,—45A(x)a3 g +246a3 C(»
l(2b4(b4t + byx) + 2ib,(ibyt + {008 (82300, (\’)go)x))

105,
P60 =2 i(10b3b, —45A(x)alg :246a5C(x)g e
. 3747 " 0 0
e + (byt + byx)? + (ibyt + 1;})4 2 )2
" . . i(10b3by —45A(x)a§g0+246a5 C(x)gg)x
+a2e‘ﬂ’+"lx +2b,(byt + bsx) + 2ib,(ibyt + 105, 2 )
, i(10b3by—45A(x)a gy +246a3C\
et ax 4 g (byt + byx)? + (ibyt + s (x)féf" W0
4

2 SB(x)+8ay (C(x)+25a4 D(x))
ST TR Y s g
\/3595\/ L8, C0230.DW) V5555 o0 U4 Db, (byt + byx)

D(x)
5B(x)+8ay(C(x)+25a4 D(x))
—_——tax
A by + (bt + byx)?

i(a4e”4f+”3)‘ +2b,(byt + b3x))
etaltazx 4 b%x2 + (b4[ + b3x)2 .

pg(x, 1) =

(18)
4 Lump interaction with periodic-wave
To attain kink interaction solutions we use the following forms,
u= ;(12 + )(22 +bycos(o) +8), V= )(12 + ){22 + by cos(o,) + hy, (19)

where y, = b\ x + byt, y, = bs3x + but, 0y = a;x + a,t and 0, = asx + a,t. However, b;’s, a;
’s, 8o and hy, are real -valued constants. Now, inserting u and v into Eq. (4) and collecting
all powers of x, t, cos(a;x + a,t), sin(a,;x + a,t), cos(azx + a,t) and sin(a;x + a,t), which
implies us the following nonzero parameters:

Set I:
. 1 A(x)
by = by, by = by, by = iby, by = by, by = by, a, = ay,a, = 2V 3_ v Cx)’
= dea A(x) 6B(x)
3= U T3V 7cw T SDGy
(20)
and

by = by, by = by, by = iby, by = b3, by = by, 8y = 8o, hy = ho, a3 = a3,

633 B() / | B
“T o ()<D(x)> ¢ D)’

Using these parameters into Eq. (19) and then by using Eq. (3), we get:
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2(2iby(ibyt + by x) + 2b4(byt + byx) — ayby sin(ayt + a;x)) 2(2iby byt + by x) + 2b,4(byt + byx) — aby sin(ayt + azx))
" (ibyt + by x)% + (byt + b3x)? + by cos(ayt + a,x) T (ibyt + by x)* + (byt + b3x)? + by cos(ayt + azx)
and
2(2iby(ibyt + by x) + 2b4(byt + byx) — ayby sin(ayt + a;x)) 2(2iby(ibyt + by x) + 2b,4(byt + byx))
o + byt + by x? + (byt + byx)? + by cos(ayt +ayx) kg + (ibyt + byx)? + (byt + byx)? + by cos(azx)
@n

The values of the parameters are mentioned in Eq. (20). Now, r and s gives the required
solution for Eq. (1),

. AW o1 /3 AG
140(ib; + b3)b,x — A/ 105b, —% sin(34/ 33 —%t +a,x)

. 1 /3 AG
(x(21b1b4t +Db1x + by(2by1 + b3)) + by cos(5 1/ 4 /—%t + w))
. . oy SAR _ 4280 o1 [A® _ 6B@)

1(140(1171 + b3)b4x - 35170\/% - W SIH(E\/T&) - SD(,\)I + [13)6))

+ )

. 1 A(x 6B(x
(x(21b1b4t b+ by(2byt + by)) + by cos(d /20 — B, alx))

PL)(X, [) =5z

3 B(x)
VS (121D(x)t+633B(x)%x)
(b, + by)byx — V/33by [ 22 B“) 2 sin( 2 )

242D(x)

Prolx 1) =4

) 5 5 . \/_] 2 (121 D@)+633B(:0)
L1 g + X(2ib byt + 2b3byt + bix + bix) + by cos( ) )

i(iby + b3)byx
ho +x(2ib, byt + 2b3b,t + bzx + bzx) + by cos(azx)

(22)
Set II:
1,/-239+ /1139035 [A(x)
by = by by =bysby = by by = by, by = by = ey = =3 || e T
4 9631156(b3 + b3)C(x) 9631156(b3 + b7)C(x)
3= 343,80 = hy = s
(=11324 + 3V/T139035)A(x) 3(1 1324A(x) — 31/1 139035A(x))
and
. 1 /21 | Bw
by =by,by =by,by = iby,by = b3, by = by, hy = hy,a, = 2V 10 _m*‘ﬁ =das,
32 N
B = (— %) (33327B(C(? + T392A()B)CH)D() — TT440A(0)* D(x)?) Py
“= 154880B(x)C(x)? =3\ 30w T 5D
(23)
Using these parameters into Eq. (19) and then by using Eq. (3), we get:
2(2by(byt + by¥) + 2by (bt + by¥) + azh sin(—ayt — @, %)) 2(2b,(byt + byx) + 2by(byt + by))
8o + (byt + b x)% + (byt + b3x)? + by cos(—ayt —a;x) = ho + (byt + byx)* + (byt + b3x)? + by cos(azx)
and
2(2iby(ibyt + by x) + 2by(byt + byx) — a, by sin(ayt + a,x)) ) 2(2iby(ibyt + by x) + 2b,(byt + bsx) — ayby sin(ayt + a;x))
"= (ibyt + by x)* + (byt + b3x)? + by cos(ayt + a,x) CiE ho + (ibyt + b x)% + (byt + b3x)? + by cos(ayt + azx)
(24)

@ Springer



154 Page 10 of 23 S.T.R.Rizvietal.

The values of the parameters are mentioned in Eq. (23). Now, r and s gives the required
periodic waves solution for Eq. (1),

1 —239+14/1139035 Al | —239+1/1139035 Al
2, (byt + byx) + 2b,(byt + byx) — 34 / R by ﬁ sin(3 | / =R/ ﬁt —ax)

P =2
9631156(52+52)C(x) ) 1, [ =239+4/1139035  [AG)
————2———— 4 (byt + by x)? + (byt + b3x)> + by cos(5 \| —————1/ =21 —ax
(~11324+3/1139035)A(x) +(bat +by0)% + (byt + b3x)* + by (2 10607 ) 1)
N 2i(b31 + bybyx + by(byt + b3x))

9631156(b3+5%)C(x)

———————2————— + (byt + b;x)* + (byt + b3x)? + b cos(azx
3(11324A(,x)-3\/|139035Au)) b 1) b %) 0 (%)

(25)
i<2ib4(ib4t + byx) + 2D, (byt + byx) — %bu\/ U _ o sin(%\/ Mo - gy a3x))
Pra(x,0) =2
By + (ibyt + b )2 + (byt + byx)? + by cos( ;";ﬁ; - 575‘;”) 1+ ayx)
2ib(ibyt + byx) +2b,(byt + b3x) = 11/ F5bo 7% sin(Q)
(ibyt + b x)? + (byt + byx)? + by cos(Q)
o \3/2
where O = 1 \/Z ) = (—%) (33327B(x)> C(x)*+7392A(x)B(x) C(x)D(x)~TT440A (x)* D(x)? ) x
“ 4V 110 D(x) 154880B(x)C(x)? ’
5 Rogue-wave solutions
For this, we can use u and v as following,
2 2 2 2
u=y;+x, +cosh(o)) +gyp, v=y;+ x; +cosh(o,) + hy, (26)

where y, = b\x + byt, y, = bs3x + byt, 0y = a;x + a,t and 0, = asx + a,t. However, b;’s, a;
’s, 8o and hy, are real -valued constants. Now, inserting u and v into Eq. (4) and collect-
ing all powers of x, t, cosh(a,x + a,t), sinh(a,x + a,t), cosh(azx + a,t), sinh(a;x + a,t),
cosh(azx + a,t) sinh(ayx + a4t) and cosh(a,x + a,t) sinh(a;x + a,¢), which implies us the
following nonzero parameters:

Set It

3/2
2 B(x)
360828 EB(x)(%)

235225 ’

by =by.b, = iby, by = by.b, = by.a, = a,.a; = —

2 B(x) 5
=34/ —=—1/—=.80=—-=hy.hy=h
ay 485 D(x)’go 5 o- Mo 0>
and @7

by = by, by = iby, by = by, by = by, 8o = 80, hy = ho, a3 = as,

B\ 32
3348(-52) bW 5o
a, = 2w

, Ay = .
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Using these parameters into Eq. (26) and then by using Eq. (3), we get:

2(2iby(ibyt + byx) + 2b,(byt + bsx)) 2(2ib,(ibyt + by x) + 2b,(byt + b3x) + ay sinh(ayt + a3x))
T a0 bgt + ) + byt + baxl +cosh(@n) Ty + (gt + by + (bat + byx)? + cosh(agr + apx)
and
2(2iby(ibyt + by x) + 2b,(byt + byx) + a, sinh(ayt + a,x)) 2(2iby(ibyt + byx) + 2b,(byt + bsx))
T go + (ibyt + byx)> + (byt + byx)? + cosh(ayt + ax) i= hg + (ibyt + b1 x)? + (byt + b3x)?2 + cosh(asx)”
(28)

The values of the parameters are mentioned in Eq. (27). Now, r and s gives the required
solution for Eq. (1),

4(iby + b3y)byx
—5hy + 2x(2ib, byt + 2b3byt + bfx + ng) + 2 cosh(a, x)

34/ 2= 4/ 22 (235225D(x)1—120276B(x)2x)
. . B(x) . 485 D(x)
z<970(zb1 + b3)b,x +34/9704/ Doy sinh( 7353500) )

34/ 2 4/ 22 (235225D(x)1—120276B(x)2x) '
485 <h0 + X(Qiby byt + 2byb,t + b2x + b2x) + cosh(—E V2 - - ))

pi3(x ) =2 [

+

235225D(x)

20i(ib, + by)byx
ho + X(2ib, byt + 2b3b,1 + blx + bix) + cosh(azx)

C o 34/-E905D()r+1116B(x)2x)
20(ib, + by)byx + 61/54 /—% sinh(——2w )

Prax, ) = % [

+ 25v/5D(x)
) - 29 25D()-+1116B(x)2x)
8o + X(2ib byt + 2b3b,t + bix + b3x) + cosh( “ pray o
29)
Set II:
by =by,by = iby, b3 = b3, by = by, a; = ay, 8y = 8o, hy = ho,
AR)
A/ =22 BEICE) +TAWD) A0
az = sy = - 5
4C(x)? 4C(x)
and (30)
by =by,by=b,,b; =b3,by =b,,a, =a,,a; =az,a, = a,
96 C)(b3 +b3) 16C(x)(b; + b3)
80 =

5 A@) —40C()a T AR — 40C()a?

Using these parameters into Eq. (26) and then by using Eq. (3), we get:
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2(2iby(ibyt + byx) + 2b,(byt + bsx))
T g0t (ibat + byx)? + (byt + byx)? + cosh(ayx)’

2<2ib4(ib4t o+ byx) + 2by(byt + by) + /=22 sinh(ayr + a3x)>
T Ty + (ibat + byx)% + (byt + b3x)? + cosh(ay? + azv) ’
and 31
2(2b,(byt + byx) + 2b,(byt + byx))
" g0+ (byt + b0)? + (byt + byx)? + cosh(ax)’
2(2b,(byt + byx) + 2b,(byt + b3x) + a, sinh(a,t + asx))

ho + (byt + by x)? + (byt + b3x)? + cosh(ayt + asx)

The values of the parameters are mentioned in Eq. (30). Now, r and s gives the required
solution for Eq. (1),

4(iby + by)byx
8o + X(Qiby byt + 2b3b,t + b2x + bx) + cosh(a,x)

A(x) 2 )2
) ) A . - 29 2CWPHARBOCERXHTAR D)
l<4(1bl +by)byx + 4/ ® sinh( s )

A 2

— 29 2 C(x)2 1+ A(X)B(X) C(x)x+TA(x)> D(x)x)
; 2 2 (x

ho + x(2ib; byt + 2b3b,t + b7x + b3x) + cosh(+—= o )

Pis(x,0) = {

+

2(b3t + bybyx + by(byt + byx))

96C(x)(b3+b)
5(A(x)-40C(x)a?)

Pre(x, 1) =2
+ (byt + b1 %)% + (byt + b3x)* + cosh(a, x)

i(2b,(byt + byx) + 2b,(byt + byx) + ay sinh(ayt + asx))

16C(x)(b3+b3)
AX)-40C(x)a?

+ (byt + b1x)? + (byt + b3x)? + cosh(ayt + asx)

(32)

6 Periodic-cross lump waves solution

For interaction of lump with periodic and rogue waves, we can use u and v as following,

u= ;(12 + ){22 + 2z, cos(g)) + z cosh(p,) + 89, Vv= )(12 + ;(22 + 23 cos(o,) + z4 cosh(g,) + hy,
(33)
where y, = b\ x + byt, y, = b3x + but, 0y = a;x + a,t and 0, = asx + a,t. However, b;’s, a;
’s, 89> hy and z;’s are real -valued constants. Now, inserting # and v into Eq. (4) and col-
lecting all powers of x, t, cos(a,x + a,t), sin(a,x + a,t), cosh(asx + a,t), sinh(azx + ayt),
cos(a,x + a,t) cosh(azx + a,t) and sin(a,x + a,t) sinh(a;x + a,t), which implies us the fol-
lowing nonzero parameters:
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Set I:

110A(x) 13A(x)

bl =bl,b4=b4,al =al,a2=3 —_5233C(x)7a3=03’a4=3 _5233C(_x)’
siagsbic® - om o

8= 345 Aq) 2B T T

and (34

2A(x) 13A(x)
b,=b,,b,=bs,a, =a,,a, =34/ ————,a;, = ay,a, = 34| ———,
1 1,04 4,4 ) 53C0) 350y 2015C()
5194 b3C (x)
0= 99 A( ) 1 =213 = 1124,24 -
Using these parameters into Eq. (33) and then by using Eq. (3), we get:
2(2b2t + ayz, sinh(ay! + a;x)) 2(2b%1 — ayz3 sin(ayt + a,x) + ayz, sinh(ayf + a;x))
o+ 22 + b2a% + 75 cosh(ayt + asx) - D22 + b2 + 23 cos(ayt + ayx) + 2, cosh(at + azx)’
and
_ 2(2bit — a,z; sin(ayt + a;x) + a,z, sinh(ayt + a3x)) _ 2(2bit + ayz, sinh(ayt + a3x))
D22 + 2% + 7y cos(ayt + ayx) + z cosh(ayt + asx)” ho + b2 + b3 + 7z, cosh(ayt + azx)

(35)
The values of the parameters are mentioned in Eq. (34). Now, r and s gives the required
solution for Eq. (1),

2, 33 [ _1BAw [~ _BA®
2byt ~ 2300 % sinh(3 5233C(X)t+a3x)

512834 b3C(x) 13AGx)
5445 A(x) P EEET)

(op2, a2 [ T0AW [~ 110A@ T BA® T 13A®
+l(2b4l 3 S233005 53 sin(3 5233C()()t+a|x)+3\/ o330 smh(S\/ 5233C(X)t+a3x)>
20 120 [~ 110A@ EENE)
byt + bix* + z3 cos(3 5233C()>t+alx)+z4 cosh(3 5233C(X)t+a3x)

2 a [ 2A® o —24@ _ 6 [ 1Am T BAW®
202 3\/ 20, 51n(3\/ 2014 ay0) - & [- 5202 sinh(3y /- 520 + ;)
242 2,2 s _ 240 _2 . _ _13Aw
byr* + bix? 4z, cos(34/ 53C()C)z‘+a1)c) 1724 cosh(3 2915C(X)t+a3x)

i(2b§z+3\/— DAz, sinh(3 /- A t+a;x))

p1y(x, 1) =2

+ bit2 + bfx2 - ?14 cosh(3 t+ asx)

5

Pig(x, 1) = 2|

2915C(x) 2915C0)
514 2CO) | 100 | 12 5 ) '
9 AG) + by1* + bix* + z4 cosh(3 2915C(X)t+a3x)

(36)
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Set II:
b, =by,b =33 AW a, =a;,a, =3 —13A(x) a; =as,a, =3 —110A(x)
PP =V T0s66 | co N T 0T 5233000 P T M T 7 52330y
11
80 = 80-31 = —713,13 =123,24 = 2y
and
b= b b =] A(x)hy 3 13A(x) 3 2A(x)
=b,, = =4/ — ,ay =day,ay = T a3 =dasz,ay = s
P22 =9V 06 | o) T2 2915C(x)" 2~ ¥ 53C(x)
hy=ho,z) = 21,2 = 2,23 = _%Zl'

(37
Using these parameters into Eq. (33) and then by using Eq. (3), we get:

5445A(x)go! _ . 5445A(x)go! _ . .
( Teancw 2% sin(a,t + a;x) Teice) 2% sin(a,t + a;x) + ayz, sinh(ayt + a3x)

r= s = s

5445400807 | 12 o ] 5445400807 | 12 o
80+ Smmace + bix? + z cos(ayt + a;x) STaEce) + bix? + z3 cos(ayt + a,x) + z, cosh(ayt + azx)
and
99AWh! . . 9AWhg! .
( e 924 sin(a,t + a,x) + a,z, sinh(a,t + a3x)> 2( worcw 925 sin(ayt + alx))
= , §= .

99A)hg2 P 99A()h 12 25

smice T bix? + zj cos(ayt + a;x) + 2z, cosh(ayt + azx) ho + soace T bix? + z3 cos(ayt + ayx)

(38)
The values of the parameters are mentioned in Eq. (37). Now, r and s give us the required
solution,

A(X) . 13A(x)
11(330A(x)goz+49\/68029 A9 €2y sin(3 5233C(X)z+a1x))

DPro(x, 1) = 6]

5445A(x)go12 + 512834C(x)(gy + b2x2) — 2820587C(x)z3 cos(3/ 52‘2;‘2()) +a,x)

2i(1815A(x)g0t — 494/68029 %C(x)@ sin3 1/ =oa_t 4 g, x) + 494/575630 %C(x)z4 sinh(A))

+ 5233C(x)
S4454(0)go 1> + 512834b3C(X)N> + 512834C(x)z; cos(34/ 5 ggé(l) 1+ a,x) + 512834C(x)z, cosh(A)
3i(330A(x)hoz +491/37895 /4 00z, sin(3 | o + alx))
DPaox, 1) =2

5(99A(x)h0t2 +5194C)(hy + b2x?) — 28567C(x)z; €053/ smmi)t + alx)>

2915C(x)
99AWhgt 13AG) . [ 13A@) 2400
4 2597C(x) 3 V 1500041 sin(3 2915C(x) t+ax)+3 Scw 2 sinh(€2)

99A()h? 13A(x)
5194C(x) 2915C(x)

=3, /0 JAK =3,/2, /A0
where A =34/ =2 ! A and Q =34/= ! Tax

7 Result and discussions

+ 022 + 7 cos(3 t+a,x) + z, cosh(Q)

(39)

Here, we’ll discuss some already published work on FVCNLSE and our newly gained
results. The FVCNLSE has been investigated by various researchers, like: Lan investi-
gated soliton and breather solutions based on Darboux transformations for FVCNLSE (Lan
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-4 -2 o 2 3 -4 -2 2 4

(b) (c)

Fig.1 Graphs of p,;(x,) in Eq. (8) at A(x) = 0.7, B(x) = 0.5, C(x) = 1, D(x) = —1 respectively. Solution
shows the x-type bright solitons

-1 ° 1 2 3 -3 =2 -1

(b) (©

Fig.2 Graphs of p,(x,?) in Eq. (8) at A(x) = —0.6,B(x) = 0.9,C(x) = 1,D(x) = —1, b; = 3 respectively.
Solution shows a bright soliton

2020). Zhao et al. obtained dark one, two and three -soliton solutions for FVCNLSE (Zhao
et al. 2016). Huang et al. studied soliton stability, dark solitons and interactions with dark
two solitons for FVCNLSE (Huang et al. 2019). Liu et al. studied multi-soliton, and inter-
actions of one, two and three solitons for FVCNLSE (Liu et al. 2020). Huang investigated
integrability and dark solutions for FVCNLSE (Huang 2019).

In this work, we investigated lump solutions, lump with kink, periodic waves, rogue-
waves, and periodic cross lump waves for FVCNLSE with the aid of some new ansatz
forms. All new results have been shown in graphical ways by assigning real values to
the parameters. Figures 1, 2, 3, 4 represents lump solutions for p,, p,, p; and p, respec-
tively. Figures 5, 6, 7, 8 represents lump with kink solutions for ps, ps, p; and pg respec-
tively. In Figures 9,10, 11, 12 we successfully obtained periodic wave solutions with
lump solitons for pgy, pyy, py; and p,,. Figures (13, 14, 15, 16) shows the rogue waves
solutions for p3, p4» P15 and p,e respectively. We can see in p;; when hy, — oo then
pi3 = 0, and similarly in p,, & p,5s when g, + hy — oo then p;, & p;5 — 0. Figure (17,
18) represents the evaluation of lump, periodic and rogue waves for p,; and p,, respec-
tively. From solutions p,; to p,, we can see that A(x) and C(x) both are not be equal to
zero, when they are zero then our solutions will be undefined.
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2

x(a)

Fig.3 Graphs of p;(x,1) in Eq. (11) at A(x) = —1, B(x) =2, C(x) = —0.5 respectively. Solution shows the
multiple parallel bright solitons

'
~F N
'
-

-4 -2 °

®) ©)

Fig.4 Graphs of p,(x, ) in Eq. (11) at A(x) = 0.4, B(x) = —0.5, C(x) = 1 respectively. Solution shows multi-
ple bright solitons which are rapidly increasing their size

Fig.5 Graphs of ps(x,?) in Eq. (15) at A(x) =2,C(x) =0.2,a, = 3,a; = =5,b, =5, h, = —2 respectively.
Solution shows one large and one small size bright solitons

8 Concluding remarks

In this article, we studied FVCNLSE and obtained various lump and interaction solutions
with the aid of some new ansatz transformations. For this model we successfully achieved
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N
0F /

|

05 10

(b) ()

Fig.6 Graphs of p4(x, ) in Eq. (15) at A@) = 1,B@) = 3, C(x) = =3.D() = —2.a; = 4,a3 = 5.a5 = —2.b, = 1 TESpectively.

Solution shows dark and bright solitons
° 2 N

(b) (c)

Fig.7 Graphs of p;(x,?) in Eq. (18) at A(x) = 1,B(x) =0.5,a, = —2,a, = 5,a; = —1,b; = 1,b, = —4,g, = 1 respec-
tively. Figure represents bright wave solutions

o

-2 -1 ° 1

(b)

Fig.8 Graphs of pg(x,) in Eq. (18) at Bx)=0.6,C(x) = —1,D(x) = —0.5,a; =2,a3 = 4,a5 = =2,b; = —6,b3 = 2,b; = 10
respectively. Solution shows equal sizes dark and bright solitons
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x

(a)
Fig.9 Graphs of po(x,7) in Eq. (22) at A =-03.B(x)=—-06,C(x)=3,D(x) =2,ay =5.a3 = -3.b; = =5,
by =3,b, = —1.5,b, = 4 respectively. Solution shows periodic wave interaction with bright and dark soli-

tons

Fig. 10 Graphs of p,y(x,?) in Eq. (22) at Bx) =09.D(x) = —1.a3 =3.5,b; = —6,by = —1,b; = 1,by = 8,89 = 5.hy = =3
respectively. Solution shows periodic wave interaction with two bright solitons

() (b) (©)

Fig. 11 Graphs of p; (x,7) in Eq. (25) at A =-2,C(x) =4,a; = -10,a3 = 6,b; = 10,by = —8,b3 = 5, by = 15,by = 5
respectively. Solution shows periodic wave with bright and dark surfaces
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Multiple lump and interaction solutions for fifth-order variable...

R ©)

5 =10 =05 00
(b)
—6,b3 = —1,bg = 0.1,by = 8,hg = 3

Flg. 12 Graphs of plz(x, t) in Eq (25) al A =3,B(x) = 0.9, C(x) = -3,D(x) = —1a3 =3.5.b;
respectively. Figure shows M-shape periodic wave with two bright and one dark solitons

Fig. 13 Evolution of rogue-waves with two large size bright solitons
B(x)=1,D(x) =-1,a, =3,b, = =5,b; = —4,b, = 2, hj = =5 respectively

(c)

(b)

Fig. 14 Evolution of rogue-waves with two bright and dark solitons for p,(x,#) in Eq. (29) at
B(x) =2,D(x) = —4,a; = 5,b, = =3,b; = =5,b, = 3,8, = 1, hy = —2 respectively
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Fig. 15 Evolution of rogue-waves with four large size bright solitons for ps(x,7) in Eq. (32) at
Ax)=2,Bx)=1,C(x) =-2,D(x) = —1,a, =5,b; = =3,b; = =5,b, = 3,8, =2,hy = =2 respectively.
Solution shows two large size bright solitons.

Fig.16 Evolution of rogue-waves with bright and dark solitons for ps(x,f) in Eq. (32) at
Ax)=2,C(x) = -2,a, =5,a; = 6,a, = =2,b; = =3,b, = 4,b; = —5,b, = 1respectively

(b) ()

Fig. 17 Evolution of periodic rogue and lump solitons for p;(x,#) in Eq. (36) at
Ax)=3,C(x)=—1,a; =4,a3 =9,b, = =3,by = 8,23 = —1, 74 = 2 respectively
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(b) (©)

Fig. 18 Evolution of periodic rogue and lump solitons for p,(x,#) in Eq. (39) at
AW) =4,C(x) = =2,a) =4,a3 =9,b, = =5,2; = 3,2, = 2, hy = —1 respectively

twenty new proper solutions and also show them in 3D, 2D and contour shapes. These new
forms are effective and powerful in solving more nonlinear models.

Acknowledgements Taif University Researchers Supporting Project number (TURSP-2020/320), Taif Uni-
versity, Taif, Saudi Arabia.
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