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Abstract
Nonequilibrium Green’s function method is used to calculate electronic and optical char-
acteristics of various quantum cascade structures emitting light at ~ 5.2 μm wavelength. 
Basing on these simulations, the choice of optimal design can be done.
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1 Introduction

The design of quantum structures utilized in modern optoelectronic devices is crucial for 
their performance. The latter, obviously, depends on the evaluation criteria; however, even 
if these criteria are well established, the choice of optimally designed structure is not easy 
because devices that use nominally the same structure very often exhibit quite different 
experimental characteristics. Mostly, this is due to technology/device processing-depend-
ent factors, like leakage or serial resistance, which still contribute much to the final device 
characteristics and influence them in unpredictable manner. There are also factors, like, 
e.g., doping level, which are different in individual devices, but influence device character-
istics in complex, not fully recognized way, so that bringing them to some reference point 
(in order to make the comparison) is hardly possible. Due to these limitations, the evalu-
ation of quantum structures in terms of their ability to effectively absorb or gain the light 
basing exclusively on experimental data appears as a big challenge. For these purposes, 
numerical simulations seem to be helpful, because they are able to provide data that can 
be exclusively related to the design of quantum structures responsible for light generation/

 * Andrzej Kolek 
 akoleknd@prz.edu.pl

 Grzegorz Hałdaś 
 ghaldas@prz.edu.pl

 Maciej Bugajski 
 bugajski@ite.waw.pl

1 Department of Electronics Fundamentals, Rzeszow University of Technology, al. Powstańców 
Warszawy 12, 35-959 Rzeszow, Poland

2 Institute of Electron Technology, al. Lotników 32/46, 02-668 Warsaw, Poland

http://orcid.org/0000-0001-8609-0446
http://crossmark.crossref.org/dialog/?doi=10.1007/s11082-019-2045-z&domain=pdf


 A. Kolek et al.

1 3

327 Page 2 of 8

absorption, and so can be used for their evaluation. The condition that must be fulfilled 
to assure this conjecture is that proper simulation method is used and quantum structure 
is modeled with sufficient accuracy. Due to these requirements, the methods of quantum 
device simulation are being brought to the level enabling the calculations of device char-
acteristics with the quantitative accuracy (Lake et al. 1997; Birner et al. 2007; Aeberhard 
and Morf 2008; Klimeck and Luisier 2008; Klimeck et al. 2008; Kubis et al. 2009; Terazzi 
and Faist 2010; Hałdaś et al. 2011; Steiger et al. 2011; Kolek et al. 2012; Jirauschek and 
Kubis 2014; Grange 2015; Jonasson et al. 2016). One of them is nonequilibrium Green’s 
function (NEGF) formalism (Lake et  al. 1997; Kubis et  al. 2009) which is used in this 
paper to compare quantum cascade structures emitting light at ~ 5.2 μm wavelength. These 
structures receive much interest due to their use in NO detection systems (Bakhirkin et al. 
2004; Kluczynski et  al. 2011), important in numerous applications: health, environment 
protection, security, and defense are a few to mention. The use of NEGF method to achieve 
a valuable result is almost a must because in this method coherent phenomena, like quan-
tum tunneling, are simultaneously included with the scattering processes that break phase 
coherence. Then, the phase-breaking time does not need to be arbitrary assumed or specu-
lated from other considerations but, instead, appears inherently as a result of the interplay 
between coherent and incoherent phenomena. Quantities, which depend on this time, e.g., 
the broadening of gain/absorption peak, are then reasonable estimated basing on physical 
background.

In the following, some details of the model and method used in calculations are briefly 
described. Then, the results of the simulations made for 4 quantum structures used in 
5.2  μm quantum cascade lasers (QCLs) are presented, demonstrating that with this 
approach the selection of the best structure is possible.

2  Model and method

QCLs are unipolar, n-type devices, so the single-band effective-mass Hamiltonian provides 
a sufficient description. In this Hamiltonian, the influence of valence band can be included 
assuming that the effective mass of the particle depends on its total energy E. The linear 
form m(E) = m∗[1 + (E − Ec)∕Eg] was assumed for this dependence with the values of the 
parameters: m∗ and Eg evaluated from tight binding sp3d5s∗ model of the band structure of 
the constituents building the QCL device (Kato and Souma 2019). Conduction bandgap 
offsets between these constituents were calculated basing on model-solid theory including 
strain (Van de Walle 1989) and material parameters taken from Vurgaftman et al.’s (2001) 
paper. This method was also used to evaluate bandgap offsets (0.42 eV for InGaAs and 
1.53 eV for InAlAs) used in the parametrization of alloy disorder scattering. The values of 
the parameters used in the simulations are gathered in Table 1.

Table 1  Parameters used in the 
simulations

Structure Effective mass/bandgap (eV)

Barrier Well Bandoffset

E 0.045/0.835 0.091/1.84 0.825
D 0.043/0.808 0.085/1.72 0.670
C 0.045/0.84 0.091/1.82 0.820
K 0.044/0.826 0.092/1.865 0.839
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The stratified structure of QCLs allows to simplify the device Hamiltonian to 1D equa-
tion in the growth (z) direction with in-plane kinetic energy term ℏ2k2∕2m(E, z) , where 
k = |�| is the magnitude of the in-plane momentum k. In all, the Hamiltonian used in the 
simulations reads

where the potential V(z) includes the variation of the conduction band edge Ec(z) and the 
mean field part calculated by solving the Poisson equation.

The calculations were made in the position basis: the base vectors were defined by 
the points discretizing the device Hamiltonian at certain, nonuniformly distributed z-axis 
positions. As QCL core is periodic, the structure subjected to the calculations was limited 
to a bit more than one QCL period connected to the leads that reliably imitated device 
periodicity (Kubis et al. 2009; Hałdaś et al. 2011). The boundary conditions for the Pois-
son equation were such that the charge neutrality of each period was preserved and simul-
taneously the potential difference on the distance of one period equals the applied bias, 
V(z) − V(z + d) = eU , where U is the applied bias and d is the period length. The scatter-
ings occurring in the device were included in the form of appropriate selfenergies incorpo-
rated into NEGF equations. The formulations for scattering selfenergies for LO-phonon, 
interface roughness (IR), ionized impurity and alloy disorder scatterings were taken from 
Lake et al.’s (1997) paper. For the acoustic (LA) phonons, the approximation of Kubis et al. 
(2009) was used. For electron–photon interaction, the selfenergies were calculated as in 
Kolek’s (2019) paper using low-density approximation. The equations of NEGF formalism 
were solved for the steady state. Then, the gain/absorption was calculated basing on the 
theory outlined by Lee and Wacker (2002), implemented for the case of energy-dependent 
effective mass (Kolek 2015). All the formulations were adapted for the case of nonuniform 
grid as in Hałdaś’s (2019) paper.

3  Results

Calculations were made for 4 quantum cascade structures used in the devices that emit 
infrared radiation at ~ 5.2 μm wavelength. Details of these structures can be found respec-
tively in Evans et al.’s (2006) paper for structure E, in Diehl et al.’s (2006) paper for struc-
ture D, in Cendejas et al.’s (2011) paper for structure C, and in Kapsalidis et al.’s (2018) 
paper for structure K. The comparison was done at near-room temperature of 288 K. It was 
also assumed that the devices have the same number of periods, Np = 30 , and were doped 
to the same sheet density (ndop = 0.89 × 1011 cm−2 per period). However, the different dop-
ing profiles proposed by the structure designers were maintained. The Gaussian correla-
tion function with the identical interface roughness Δ = 0.19 nm and the correlation length 
Λ = 9 nm was assumed for all structures.

The example results of the simulations of the structure E are shown in Fig. 1. In the left 
graph, the density of electrons (doe) is shown as a color map together with the lines which 
correspond to the most important states: upper laser state (grey) and lower laser state (red) 
resonantly coupled to the doublet of discharging states (green, blue). Apart from these, 
two high-energy states (brown, pink) are shown of which the lower is partly filled. The red 
broken-line box shows active wells of this QCL design (4-well double-phonon resonance). 
The momentum-resolved doe integrated over the active wells region is shown in the right 

(1)H =
−ℏ2

2

d

dz

1

m(E, z)

d

dz
+ V(z) +

ℏ2k2

m(E, z)
,



 A. Kolek et al.

1 3

327 Page 4 of 8

graph of Fig. 1. As can be seen, the distribution of electrons in the lower laser states is 
highly nonthermal. This is because all nonradiative scattering processes can only transfer 
electrons from upper state to high-k states of the lower subbands. Due to these processes, 
the bump is formed in the doe in the lower laser subband. This is shown in Fig. 2 which 
clearly demonstrates that for low photon densities in the cavity the population inversion 
appears in the low-k states of laser subbands. This inversion, and so the gain, is succes-
sively destroyed once the optical field (photon flux) increases. 

The evaluation criteria of QCL structures were assumed following the end-users prac-
tice. Namely, the parameters like maximum gain, maximum output power or minimum 
current threshold were compared. For these purposes, the simulations were done for light-
matter interaction either included or excluded from the calculations. For the former, the 
monoenergetic photon flux Φ was increased until the gain at photon energy E� , g(E� ,Φ) 
was clamped to its threshold value, gth = 9.5 cm−1 . This value corresponds to the overall 
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Fig. 1  (left) Density of electrons (color map, unit: eV−1
nm−1 ) within one period of QCL structure E, biased 

with the voltage 320 mV/period. Lines show density of states (dos) at energies where dos reaches local 
maxima within active region of the device (red box). (right) In-plane momentum-resolved doe integrated 
over the active region (color map, unit: eV−1 ). Lines show important subbands: the departure from linear 
dependence is due to the in-plane nonparabolicity included in the device Hamiltonian of Eq.  (1). (Color 
figure online)
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Fig. 2  Evolution of momentum-resolved doe in upper (circles) and lower (crosses) laser subbands of QCL 
structure E, biased with the voltage 320 mV/period versus photon flux Φ [unit: photons/(nm2 s)]. For this 
bias, the threshold gain g = g

th
= 9.5 cm−1 was achieved for Φ = Φ

th
= 2.1 × 1012 photons/(nm2s)
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losses in a typical waveguide and was assumed identical for all devices. The photon energy 
was adjusted to the value E� which assures that g(E� ,Φth) = gth is the maximum value of 
the gain spectrum calculated for the threshold flux Φth . Note that this value not necessarily 
equals the energy of the gain peak for the field-free conditions. The evolution of laser sub-
bands occupation for the increasing photon flux is presented in Fig. 2. The light power was 
estimated from Φth for one facet of w = 10 μm wide cavity as

where R = 0.27 is the facet reflectivity.
The results of the simulations, important for structures’ evolution, are presented in 

Figs. 3 and 4. In Fig. 3, the current-voltage and gain-current characteristics are shown for 
the case without light-matter interaction included in the calculations. The performance 
parameters read-out from these characteristics are gathered in Table 2: the maximum gain 

(2)P = (1 − R)Np dwΦthE� ,

Fig. 3  Current–voltage (upper) 
and gain-current (lower) charac-
teristics calculated for the struc-
tures E, D, C, and K with the 
NEGF method without electron–
photon selfenergies. Horizontal 
line in the lower figure is drawn 
at the threshold value g
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current characteristics calculated 
with NEGF method with elec-
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of ∼ 30 cm−1 is observed for the structures E and D, whereas the minimum threshold cur-
rent has the structure K. As can be seen in Fig.  4, the maximum optical power can be 
achieved in the structure E. This value was estimated from light-current characteristics cal-
culated with electron–photon selfenergies included in the calculations. One can also see 
that the optical power, available from the structures E and D, differs significantly, even 
though these structures have almost equal peak values of the zero-field gain. This interest-
ing feature and the underlying physics will be discussed in the upcoming publication.

In summary, the NEGF method was employed to evaluate the performance of different 
quantum cascade structures used to generate the light of ~ 5.2 μm wavelength. This perfor-
mance depends on the evaluation criteria: the lowest threshold current exhibits the design 
K of Kapsalidis et al. (2018), while the largest optical power is available for the structure 
E of Evans et al. (2006). An interesting feature found with the simulation is that the maxi-
mum optical power is not exclusively described by the value of the gain peak, but some 
additional factors mediate this relation.
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