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Abstract

The paper incorporates new methods of numerical linear algebra for the approximation
of the biharmonic equation with potential, namely, numerical solution of the Dirichlet
problem for

4
(%) ulx) +cxyulx) =¢x), 0<x<l.

High-order discrete finite difference operators are presented, constructed on the basis
of discrete Hermitian derivatives, and the associated Discrete Biharmonic Operator
(DBO). It is shown that the matrices associated with the discrete operator belong
to a class of quasiseparable matrices of low rank matrices. The application of qua-
siseparable representation of rank structured matrices yields fast and stable algorithm
for variable potentials c¢(x). Numerical examples corroborate the claim of high order
accuracy of the algorithm, with optimal complexity O(N).
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Numerical Algorithms

1 Introduction

In this paper, we propose a novel algorithm for the numerical solution of the biharmonic
equation in an interval, involving a potential, as follows:

4
(%) ux)+cxux)=¢x), 0<x <1, (1.1)

u(0) = u'(0) = u(l) = u’(1) = 0. (1.2)

Here, the function ¢ (x) and the potential c(x) are given functions.

. . . 4
It is assumed that zero is not an eigenvalue of the operator (C%) + c(x) so that

(1.1) has a unique solution. That can always be achieved by a suitable constant shift
of the potential.

We use a high-order finite-difference scheme, based on the Hermitian derivative
and the resulting “Discrete Biharmonic Operator” (DBO) as outlined in the paper
[10]. In particular, the scheme used here is not new, but the algorithm offered for
the resolution of the ensuing linear system is new, leading to an optimal O (N) com-
plexity. This is achieved by an application of the theory of quasiseparable matrices
as is explained below. The implementation of the scheme leads to a system of linear

algebraic equations
A B uy) (v
(¢5) ()= () =

with N x N tridiagonal matrices matrices A, B, C, D and a given N-dimensional
column y. Here, N is the number of the nodes in the grid. Assuming that the matrix
D is invertible, the 2N x 2N system is reduced to N x N system

Zu=(A—BD 'Cu=nm. (1.4)

The fact that the discrete solution u converges (as N — 00) to the exact solution
u(x) has been established in [3].

The paper [2] dealt with the case of zero potential c(x) = 0. In this case, the pro-
posed algorithm was based on the FFT transform and led to an O (N log N) complexity
algorithm. In a more general case of a nonzero potential, the matrix A is not Toeplitz
and so the FFT-based algorithm does not work. This case is assumed to be treated via
perturbation theory.

In the present paper, we suggest a completely different paradigm for the algebraic
treatment of the system (1.3). Itis based on the theory of quasiseparable representations
of matrices and their inversion. It permits the incorporation of a general potential. We
refer to the treatise [8] for a detailed exposition of this theory.

Here, we need to consider a rather special case of the abovementioned theory. We
show that in the context of the system (1.3) with a general symmetric tridiagonal A,
the matrix of the problem Z belongs to a special class of rank structured matrices.
More precisely, the part below the first subdiagonal in the matrix Z (j < i — 2) is
given via a product of scalar parameters that can be readily calculated.
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The full matrix is given by the following formulas:

a. l<j=i<AN,
) i1, l<j=i-1=N-1,
Zii =\ pli — Dqli — 2, 3Zi<N joi_2 19

pli—Dali=2)---a(j+Dg(j), 1 =j=<i-3<N-=3.

The parameters in the RHS of (1.5) are computed in a straightforward way from
the given matrices A, B, C, D [7, Algorithm 6.1]. Indeed, this is the “heart of the
algorithm” proposed here.

In fact, assuming that Z is a strongly regular matrix, the parameters in (1.5) are
readily implemented in expressing Z as a classical “Left- Diag-Right” product

Z=I+LTU+L"Y, (1.6)

where I' is an invertible diagonal matrix and L is a lower triangular matrix with
zero diagonal. Based on this factorization, the solution to (1.4) follows a well-known
procedure.

Overall, we obtain a linear O (N) complexity algorithm for any nonconstant poten-
tial. We present some numerical tests that corroborate the linearity and the good
accuracy of our algorithm for a variety of potentials. The condition that Z is strongly
regular is not necessary. In our next publications, we intend to present another inver-
sion algorithm free of this restriction. Surely this alternative algorithm is longer and
more complicated than the algorithm of the present paper.

The paper consists of thirteen sections. In Section2, we present the formulation
of the boundary value problem, describe the Hermitian finite-difference operators,
and obtain the discrete analog of the basic equation. In Section 3, we recall the basic
facts pertaining to the quasiseparable representation which is the foundation of the
algorithm. In Section4, we reduce the system (1.3) to matrix equation in the class
of rank structured matrices. In Section5, we present an inversion algorithm for the
tridiagonal matrix D, which is the main tool in the quasiseparable frame. The proof
is postponed to Appendix 1 in Section 13. Section 6 is in fact the central part of the
paper. Here, we show that the parti > j 4 1 of the matrix Z of the problem admits
the representation (1.5) and derive an algorithm to compute the parameters of the
representation (1.5) ( by means of quasiseparable generators) as well as the elements
of the diagonal and subdiagonal of the symmetric matrix Z. These data are precisely
the input for the “Left- Diag-Right” factorization algorithm in [7, Theorem 7.1]. The
construction of (1.6) is described in Section 7, subject to the assumption that Z is a
strongly regular matrix. Based on this factorization, we recall in Section 8§ the classical
procedure for solving (1.4) when Z is given by (1.6). In Section 9, we summarize the
final complete algorithm in the form as it is used in the numerical tests. In Section 10,
we consider the case of zero potential for which the Green function of the problem is
explicitly available, see (10.3).
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Section 11 contains the results of numerical experiments. Appendix 1 (Section 13)
contains the proof of the inversion algorithm for the tridiagonal matrix D. Finally,
in Appendix 2 (Section 14), we present for completeness the basic foundation of the
quasiseparable representation of matrices.

NOTATION Submatrices in this paper are indicated in MATLAB style, i.e., for a matrix
A, A(m : n,t : s) selects rows m to n and columns ¢ to s. A colon without an index
range selects all the rows and columns, for instance, for an m x n matrix B, we have
B(:, j)=B( :m, j)forany j withl < j <n.

2 The model Dirichlet problem and the discretization

We consider the numerical solution of the biharmonic equation on an interval

4
(%) ux)+cxulkx) =¢kx), 0<x<1 2.1

subject to Dirichlet boundary conditions
u(0) =u'(0) = u(l) =u'(1) = 0. 2.2)

Here, ¢ (x) is a continuous function. By “solution of the problem” (2.1)-(2.2), we
mean a continuous function u (x) on the segment [0, 1] having a fourth-order derivative
u®(x)in [0, 1].

To get the numerical solution of the problem (2.1)-(2.2), we start with the definition
of the grid on the interval. In this paper, we use a uniform grid

1

We denote the values of the potential and the right part of (2.1) on the grid by
cj=cxj), ¢; =¢x;), j=0,...,N+1,

and form the N + 2-dimensional columns ¢ = col(c j)y:()l, ¢ = col(¢ j)j'\:‘z)]' The
corresponding unknown values of the solution u(x) and its derivative u’(x) on this

grid are displayed as the columns of the size N + 2 as u* = col(u(x j))y;)l and

"y = col(u/(xj));":ﬁ}.
In the numerical solution of the problem, we are looking for an approximation of

the solution, i.e., an N + 2-dimensional vector column # = col(u j)lly;rol, and of its

derivatives, i.e., a vector i’ = col((uy); )j.\[:JQ)l . We apply here an approach suggested in
the paper [4, Appendix] and the monograph [10]. In accordance with these references,
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the values uj, (u,); are determined via a system of linear algebraic equations

h 4 h* ,

Quj —ujy —uj 1)+ E((ux)j+l —(uy)j—1) + TCi% = E¢ja 1<j<N,
L (1 2 1 h ,

h g(ux)j—l + g(ux)j + g(ux)j+l = E(uj+l —uj_1), 1<j=<N,

Uy = un41 = (Uy)o = (W)n+1 = 0.
2.3)
The boundary value problem (2.1), (2.2) is thus reduced to a problem in numerical
linear algebra.
The last equalities in (2.3) surely follow from the boundary value conditions (2.2).

Following (2.3), we set iy = % and define the N x N matrices

2+ hocy -1 0o ... 0 0
—1 24 hocy —1 ... 0 0
Ap = : : S : , 24
0 0 0 ...2+hoen—q —1
0 0 0 ... —1 2+ hocy
010... 00 0-10 ...00
—-101... 00 10 —-1...00
Bo=| it [LG= i @)
0 00... 01 00 O0...0-1
000...—-10 00 O0...10
%%0...00
1
6?6..00
Dy=|:::-. : . (2.6)
000 %%
000...12

Here, Ao, Bg, Co, Dy are tridiagonal matrices. Set

2
ap =2+ hoc, k=1,..., N, b()=—1,a=§,b= 2.7

1
<
We have

Aol i) =a;, i=1,....N, Agl,i+1)=Aoli+1,i)=by, i=1,...,N—1,

Bo(i,i)=0, i=1,...,N, BoG,i+1)=1, BoGi+1,i)=—1, i=1,...,N—1,
Co = By,

DoGi,i)=a,i=1,...,N, Do(i,i+1)=Dog(i+1,i)=b,i=1,...,N—1.
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Thus, we have reduced (2.3) to the computation of the N-dimensional vectors
u = col(u j)y: 1 and uy = col((uy) f)j'v= | as components of the solution of the system
of linear algebraic equations

h n*
g0 o) () () 238)
ECO I’l DO Uy 0
with the given N-dimensional vector
_ N
f= col(¢j)j=1. 2.9)

Wesety = ]f—;f.

3 The scalar quasiseparable representations

Let A be an N x N matrix and let / be a nonnegative entire number. We say that the
sets of numbers p(i) i =1+ 1,...,N—=10), q(j) (j=1,...,N—=1), ak) (k=
2,..., N —1) form a scalar quasiseparable representation of the parti — j > [ of A
if its entries are given by the equalities

Al j):{P(i—l+1)a(i—l)~-~a(j+1)q(j), l<j<i—-l-1=N-I-1,
’ pi—1+1qG -1, I+1<i<N, j=i—-I
3.D
The parameters p(i), q(j), a(k) of this representation are called scalar quasiseparable
generators. The part i — j > [ admits a scalar quasiseparable representation if and
only if
rank Ak +1:N,1:k)<1, k=1,...,N—1,

see [7, Section 5.2].

For instance, for a tridiagonal matrix, the strictly lower triangular parti — j > 1
admits a scalar quasiseparable representation with generators p(i) = 1, a(k) =
0, g(j) = A(j, j+1). The inverse of a tridiagonal matrix is a so called Green matrix
(see [7, Section 6.3]). Recall that a matrix I is said to be a “lower Green of order one
matrix” if the relations

rankBk : N,1:k) =1, k=1,...,N (3.2)

hold. Hence, it follows that the lower triangular part {i — j > 0} of the matrix B has
a scalar quasiseparable representation. Such a representation is obtained in Section 5
for the matrix D~!. The scalar quasiseparable representation

HLDZ{M@4mq—m~ﬂu+nﬂDJsjsi—g;N—&
pi —1gq@ —2), 3<i<N,j=i-2

obtained in Theorem 6.1 for the part {i — j > 2} of the matrix Z plays a crucial role
in the design of the fast algorithm.
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4 The class of matrices and equations

The system (2.8) belongs to a wider class of systems of linear algebraic equations. We

consider systems of the form
A B uy\ (v
(¢5)(2)=() w

with N x N matrices A, B, C, D and the given N-dimensional column 1.

Assume that the matrix D and the matrix Z = A — BD~'C are invertible. Using
the equation Cu + Du, = 0 and invertibility of the matrix D, we reduce the system
(4.1) to the equation

Zu=(A—BD 'Cu=nm. (4.2)

Comparing with (2.8), we have

A=Ay B="8By c=co®, pD=n2p —mf
= Ao, —20, —02, = o,tJ—]2

with the matrices Ag, Bo, Co, Do and the vector column f as in (2.4), (2.5) and (2.9).
Here, Ag, Bo, Co, Dy are tridiagonal matrices. Using the formula (4.2), we get

1 -1
uzﬁ%_Z%Dch . 4.3)

We now assume that the matrices A, B, C, D are tridiagonal and real. Moreover,
the matrices A and D are symmetric, and the matrices B and C satisfy the condition
B = C'; this means that the matrix Z is real and symmetric.

Furthermore, we assume that the tridiagonal matrix D and the matrix Z are strongly
regular. For a matrix A = {a;; }f\f j=1 (see for instance [8, Section 1]), this means that

all the leading submatrices Ay = {a;; }i.‘ j=1 are invertible. In particular, the matrix 4
itself is invertible. A strongly regular matrix admits the factorization

A= +L)TUI+LY, (4.4)

where I' = diag{y1, y2, .. ., ¥~} is aninvertible diagonal matrix with diagonal entries
det Ay

= detA;, =——  k=2,...,N, 4.5

Y1 etAr, w dotAr 4.5)

and L is a lower triangular matrix with zero diagonal. The strong regularity means
that the values yi in (4.5) are well defined and nonzeros.

The condition that Z is strongly regular is not necessary. In our next publications,
we intend to present another inversion algorithm free of this restriction. Surely this
alternative algorithm is longer and more complicated than the algorithm of the present

paper.
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5 The inversion of a tridiagonal matrix

The first step of the procedure is the inversion of a tridiagonal real symmetric matrix.
This problem was treated by many authors, see [6, 9, 12] and the literature cited therein.
However, as far as we know, the quasiseparable representations of the inverses to
tridiagonal matrices have never been considered in detail. We present here an algorithm
for the computation of the quasiseparable representation of the inverse to a strongly
regular tridiagonal matrix. The following lemma seems to be new. The advantages of
using of the quasiseparable structure in the inversion of tridiagonal and, more general,
band matrices were discussed in the recent paper [5] by Paola Boito and the second
author.

Lemma 5.1 Let D be a strongly regular tridiagonal matrix with nonzero entries

D@,i)=09,i=1,....N, D@, i+1)=D@i+1,i)=b;,i=1,...,N—1.

Then, the values yx, k = 1, ..., N are determined via recursive relations
b2
V=01, m=0— ——L k=2...,N. 5.1
Vik—1

Moreover; the matrix D~ is given by the formulas

iai —1)---a(j), 1 <j<i<N,
(D™h; =16, l<i=j<N, (5.2)
a(@i)---a(j— 18, 1 <i<j <N,

where the parameters of the representation are determined via

fi=—,k=1,...,N—1, (5.3)

Yk
atk)=—fr, k=1,...,N -1 (5.4)

and |
On =1/yn, 6 = %+fk29k+1, k=N-—1,...,1. (5.5)

The proof is carried out in Appendix 1.
One can check easily that the matrix Dg in (2.6) strongly regular. For instance,

one can prove that in this case, yx > 1/3, k = 1,2, .... Indeed, we have y; =
2/3 > 1/3, and if y,_; > 1/3 then using (5.1) with 0y = 2/3, br—1 = 1/6, we get
Ye=2/3— ﬁ% >2/3—-1/12 > 1/3.
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6 The matrix of the problem

The material in this section is the “heart of the matter” of this paper. We derive for the
matrix of the problem a representation that fits the direct application of an algorithm
presented in the paper [7]. More precisely, we show that the parti — j > 2 of the matrix
Z defined in (4.2) admits a scalar quasiseparable representation and we compute the
corresponding scalar quasiseparable generators, as well as diagonal and subdiagonal
entries of this symmetric matrix.

Theorem 6.1 Assume that the conditions of Lemma 5.1 hold. Applying the algorithm
from this lemma to the matrix D, we determine the values a(k) (k =1,...,N — 1)
and Oy (k=1,...,N —1). Seta(0) = a(N) = 0y = On+1 = 0. Assume that

AG,iy=a;, i=1,...,N, AG,i+1)=AG+1,i)=by, i=1,...,N—1,

The matrix
Z=A—-BD !C (6.1)
is given by the formulas
d;, I<j=i=<N,
)i l<j=i-1<N-1,
2= pli - gl —2), 3zi=N, j=i-2  ©2
pi—Dai=2)---a(j+1Dq(j), 1 =j<i-3<N-=3,
where | |
diZai_Zai_Zei+lnia i=17"°7N7 (63)

1 1 . .
8 = bo— 30j+2a(j+ Dnj = 2600 = 1) =6j11a(i)). j=1.....N—1, (64)

1
pli—1=-za. i=3._...N, (6.5)

. I
Q(]):ﬂjz» j=1...,N=2. (6.6)
with auxiliary parameters

o =0i—1 —biy1a(i)ai —1), i=1,...,N, (6.7)

nj=1-a(ja(j—-1), j=1,...,N. (6.8)

Proof Consider first the matrix product S = BD~!'C. From the definition of the
matrices B and C, it follows that the rows of the matrix B = C’ and the columns of
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the matrix C have the form

B(i,) = (01xi-2) =101 01xn=i-1)),
0G—2)x1

-1 (6.9)
CC.i) = 0 L i=1,....N

1
Ov—i—1)x1

with taking empty matrices for zero and negative indices. Let Q be an N x N matrix,
the matrix So = BQC is obtained by the formulas

S, ))=QG+1,)—0G0—-1,))CC )
and next using (6.9), we get

So@,j)=—-0G—-1,j+D+0G—-1,;j-D+0G+1,j+D-0G+1,j-1),
i,j=1,...,N. (6.10)

Hence, the main diagonal of the matrix S¢ is determined via

Soli,i)=—0Q(i—1,i+ 1)+ QG —1,i—D+QG(+1,i+1)—QG +1,i — 1),
i=1,...,N.

If the matrix Q is real symmetric, wehave Q(i —1,i+1) = Q(i+1, i —1). Therefore,

Sol,i)=—0G—1,i+ 1)+ Qli—1,i— 1)+ QG+1,i+1) —20G+1,i—1),
i=1,...,N. 6.11)

For the subdiagonal entries, i.e., fori = j + 1, for the real and symmetric Q, we have

SoG+1,))=00+2,j+D)—-00G+2,j-D-0G+1L)H+03(,.j— 1,
j=1,....N—1. (6.12)

Now, we can give the details of the matrix Z. Assume that Q = D~! and apply
Lemma 5.1. Using (5.2), we get

Qi —-1,i—1)=6;—1, QG+ 1,i+1) =641,
QG+ 1,i— 1) =6iy1ai)ali —1)=0@G —1,i+1).

Inserting this in (6.11) and using (6.1), we get

1
di =a; — Z(—2¢9,-+1a(i)a(i - D461 +6i+1),i=1,...,N.
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Notice that
—20;11a(a(i—1)+0;—1+0;11 = (0i—1—0i1a()a(i —1))+0;11(1—a@ —Da(i))

and using (6.7), (6.8), we get (6.3).
Next using (5.2), we have

Q(+2,j+ 1 =0j2a(j+ 1),
QG +2.j—1D=0jpa(j+ Da(ja(j— 1), (6.13)
(. j+ D=0+ L)) =0j11a(j), Q(,j—1 =0;a(j —D.

Inserting (6.13) in (6.12) and using (6.1), we obtain
1
8j =bo— Z[(9j+2a(j + DA —a(a(j — 1)+ @ja(j —1) —0j11a(j))],
j=1...,N—1

and using (6.8), we get (6.4).
Finally, for 1 < j < j +2 <i < N using (5.2) again, we have

QG+ 1, j+1)=0;1a(),
QG+ 1,j—1) =0i41a@@)---a(j+ Da(pa(j — 1),
Qi —-1,j+ 1) =6i_1ai =2)---a(j+ 1),
0@ —-1,j=D=0_1a —=1)---a(j+ Da(ja(j — D).

Inserting this in (6.10), we get

1 1
So(i, j) = 5(9i+1a(i)a(i -1 —=6—pali =2)---a(j + DA —a(ja(j — 1))5-
Using (6.1), (6.7), and (6.8), we obtain

ZGi,i—2)=pi—1q(i—2),3<i<N, Z(@i,j)=pGi —Da@i —2)---a(j + 1)
q9(j), 1=j<i—=3=<N-=-3

with p(i — 1), g(j) as in (6.5), (6.6) which completes the proof. O

One can check that the condition c(x) > 0, which implies ¢, > 0, is sufficient for the
matrix Z to be strongly regular.

7 The LR factorization

We are now able to apply certain results and algorithms obtained in the paper [7].
Using Theorem 7.1 from [7], we have the following.
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Theorem 7.1 Let Z be the matrix from Theorem 6.1. Assume that Z is strongly regular,
meaning that it admits the factorization

Z=U+L)TU+LH, (7.1

where T is an invertible diagonal matrix and L is a lower triangular matrix with zero
diagonal.
The nonzero part of the matrix L is given by the formulas

Bi—1, l1<j=i—-1<N-1,
Lij =1 pi—Dgl —2), 3<i=N,j=i-2 (7.2)
pli—Dali—2)---a(j+Dg(), 1< j<i-3<N-3,
where p(i), a(k) are the same as in Theorem 6.1 and the values ; i =2,..., N —
D, g(j) (G = 1,..., N —2) as well as the diagonal entries of the matrix I’ =
diag (wy, ..., wy) are determined via the following algorithm.
1. Compute

wi=di, pr=61/wi, g(1) = q(D/wi, hi = (ii)) (619(D)

2. Fork=2,..., N —2 Compute the 3 x 3 matrix

1 0
1 0 0
He= |0 pl) | he—1 ( ) ,
0 a(k) 0 p(k) a(k)

wi = dp — Hi (1, 1),

o %\ _ . B\ _ 1
% = (q(k)) H(2:3. 1), (g(k)) =k

_ ) ) Bk T
hk—Hk(2.3,2.3)+(g(k))-ek.

Recall that here Hi (2 : 3, 1) selects the entries 2,3 from the first column of the
matrix Hy and so on.
3. Compute the 2 x 2 matrix

10 10
Hy-1= (0 p(N — 1)>hN2(o p(N — 1))’

wy—1 =dny—1— Hy_1(1, 1),
BN—1=(On-1— Hy-1(2,1))/wn—1,
hy-1=Hy-12,2) + Bv-16n—1 — HNy-1(2, 1)).

4. Compute wy =dy — hy—_1.
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8 The solution of the system

Based on the LR factorization in Theorem 7.1, we obtain easily the solution of the
equation Zu = 1) as it is shown [7, Section 6, Algorithm 8.1].

Algorithm 8.1 1. Compute the solution v of the equation (I + L)v = v.
1.1. Start with v(1) = n(1) and compute v(2) = n(2) — Brv(l).
1.2. Compute zo = g()v(1), v(3) =y(3) — v (2) — p(2)z22.
1.3. Fori =3,..., N — 1 compute

zi=a( —Dzio1+gG =D =1, v@+D=nG+1—Biv@) — pQ:z.
2. Compute the solution x of the equation T" x = v.
x@) =v@)/w;, i=1,...,N.
3. Compute the solution u of the equation (I + L")u = x.
3.1. Start with u(N) = x(N) and compute w(N — 1) = x(N — 1) — By—1u(N).

3.2. Compute py—2 = p(N — Du(N), u(N —2) = x(N —=2) — By_ou(N —1) —

g(N —2)pN-2.
3.3. Fori =N —3,...,1 compute

pi=a+Dpiz1+pi+Du@+2), u@)=xG@ —Bui@+1) —gi)p;.

9 The complete algorithm

Combining the results of the preceding sections, we can now state the full algorithm:

Algorithm 9.1 1. Following Lemma 5.1, compute the representation of the matrix D™
as follows.
Determine auxiliary variables

b? b
yi=a, Yh=a——,, k=2,....N fr=—,k=1,...,N—1
Yik—1 Yk
and set
a0 =0, ak)y=—fix, k=1,...,.N—1, a(N)=0.
Compute

1
Oy = 1/yn, 9k=%+f,39k+1, k=N-1,...,1.

2. Following Theorem 6.1, determine the representation of the matrix Z as follows.
Compute

i =01 —Oip1a@a@ — 1), ni=1—-a(@al@ —-1), i=1,...,N
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and then compute

1 1 )
di=ai—zai—29i+177i, i=1,...,N,

1
8; = by — Zei+la(i)77i—l —0i—1ai —=2) —6iai —1)),, i=1,...,N,

1
p(i—l):—ia,-, i=3,...,N,

. 1 .
q(J)=n,5, j=1,...,N=2.

3. Following Theorem 7.1, compute the factorization (7.1).
3.1. Compute

wi=di, pr=61/wi, g(1) = q(D/wi, hi = (g”&) (619(D))

3.2. Fork=2,..., N —2 compute

1 0
1 0 O
Hy= |0 pk) | hig—1 ( ) )
0 alk) 0 p(k) a(k)

o % ) _ . AN
o = (q(k)) Hie2:3. 1), (g(k)) =

_ ) ) Bk T
hk_Hk(2.3,2.3)+(g(k))-ek.

3.3. Compute
1 0 1 0
H-r= <0 PN — 1))’”‘2 (0 PN — 1))’

wy—1 =dny_1— Hy_1(1, 1),
Bnv-1=0n-1—Hy_12,1)/wn—1,
hy—1=Hn_12,2) + Bnv-100n-1 — Hy-1(2, 1)).

3.4. Compute wy = dy — hn_1.

4. Following Algorithm 8.1, compute the solution of the system Zu = 1.
4.0. Compute n(i) = "¢, i =1, ,N.

4.1.1. Start with v(1) = y(1) and compute v(2) = y(2) — B1v(1).
4.1.2. Compute 7o = g(1)v(1), v(3) =n3) — Brv(2) — p(2)z2.
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4.1.3. Fori =3,..., N — 1 compute
zi=a(i—Dzi-1+gG — Do =1, vi+1D =90+ —Bv@)—pQiz.
4.2. Compute the solution y of the equation I' y = v.

x(@) =v@)/w;, i=1,...,N.
4.3.1. Start with w(N) = x(N) and compute u(N — 1) = x(N — 1) — By—1u(N).
4.3.2. Compute py—2 = p(N — Du(N), u(N —2) = x(N —2) — By—2u(N —

1) —g(N = 2)pn-2.
4.3.3. Fori = N — 3, ..., 1 compute

pi=a(+Dpip1+pi+Du@+2), u@ =x@ —Biui@+1)—g@p;.

Here, z;, p; are auxiliary variables.

All this algorithm requires O (N), i.e., linear in N, number of arithmetic operations,
in contrast to O(N?) in a general case and also with O (N log N) in the based on FFT
algorithm in the case of constant potential.

Numerical evidence is given below in Section 11.4.

10 A fast algorithm for the zero potential

For the case of zero potential c(x) = 0 in [4] using the kernel method, an explicit
solution of (4.3) was obtained via

N
wj=hy K@i.x)ej, j=1.....N (10.1)
j=1
with | )
g =)y [2x(1 =y)+x -yl y=x,
K(x,y) = 10.2
(. ) { g(l — 22 2y(1 —x)+y —x], x < y. (10.2)
Notice that the expression in the brackets may be done as
3-2
2x(1—y)+x—y:(x —1)( y y),
Setting
1
p(x) = 6(1 —x)? (x —1), Y(x) = (3 —2x x)xz,
we get
eY' (y). y = x,
K(x,y) = 10.3
() {w(x)w’(y), x<y. (10.3)
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Thus, using (10.1), we get

N i N
w=hYy K@ixp)oj=hY o)y cpej+h Y v’ ()

i=1 j=1 j=i+1
which implies
W =hlpWi)xi +¥(xi)zi), i=1,...,N (10.4)
with
L N
Xi =Zwt(xj)¢j, i=1,...,N, zi= Z o' (x)pj, i=N—1,...,1
j=1 j=i+1

Here, the sums are obtained recursively via relations

x0=0, xi=xi-1+ V' xi)¢i, i=1,....N, zy =0, zi =zit1 + ¢' (x0) i,
i=N-1,...,1. (10.5)

Combining (10.4) and (10.5) together, we obtain the following procedure of linear
O(N) complexity.

Algorithm 10.1 Set xo = Opx1 and fori =1, ..., N compute x; = xi—1 + V' (x;)¢i.
Set zy = Oax and fori = N —1,..., 1 compute z; = zi11 + ¢ (x;)¢;.
Fori=1,..., N compute u; = h(p(x;)xi + ¥ (x;)zi).

11 Numerical results

In the numerical results section, we consider problems of the form

u® 4+ c(x)u =¢, 0<x<l,

u(0) =u'(0) = u(l) =u’'(1) = 0. (11.6)

We measure the error e(X;) = tcomp)i — Uexacr (X;) using the norms |e|> and |e|xo
where

lelo = \/ZlNzl h|(”comp)i - uexact(xi)|2a
(11.7)

leloo = maxj<i<n |(ucomp)i — Uexact (Xi)],
The rate of convergence is defined as follows. Assume that the discrete /> norm
le|> on a coarse mesh & is |e]2 5, and that the discrete /> norm |e|> on a finer mesh
hy = 0.5h is |e|2,,, then the rate of convergence is defined as

Rate = logy(elo.n, /lel2ny)- (11.8)

Similarly for the rate of convergence for the discrete infinity norm.
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Table 1 Example 1: The equation is u® 4y = —8n4cos(27rx) + sinz(nx), with the exact solution
u(x) = sin? (mrx), where |e|}, is the discrete I norm and |e|o is the error in I

Mesh N =31 Rate N =63 Rate N =127
lelo 1.2733e—06 4.01 7.8936e—08 4.45 3.3490e—09
le]oo 2.0793e—06 4.01 1.2891e—07 4.54 5.5324e—09

11.1 Example 1
Here, we consider the problem (11.6) with c(x) = 1.

u® +u=¢x), 0<x<I,

u() =u'(0) =u(l) =u'(1) =0. (11.9)

The exact solution is u(x) = sin? (mx); therefore, the right-hand side ¢ (x) of the

differential equation is ¢ (x) = —8n%cos(2rx) + x sin®(;rx). The numerical errors
are shown in Table 1.

11.2 Example 2
Here, we consider the problem (11.6) with c¢(x) = x

u® + xu =¢x), 0<x<l,

u(0) =u'(0) =u(l) =u'(1) = 0. (11.10)

The exact solution is u(x) = sin?(7x); therefore, the right-hand side ¢ (x) of the
differential equation is ¢ (x) = —87%cos (2w x) + sin?(7x). The numerical errors are
shown in Table 2.

In Fig. 1, we display the plots of the numerical solution (left) and the error (right).

11.3 Example 3
Here, we consider the problem (11.6) with c(x) = 1/((x — 0.5)2 + ¢).

u® +cxu=¢x), 0<x<l,

11.11

u(0) = u'(0) = u(1) = u'(1) = 0. (L1
The numerical errors are shown in Table 3.
Table 2 Example 2: The equation is u® + x u = —87%cos(2x) + x sin(7rx), with the exact solution
u(x) = sin2(7rx), where |e|j, is the discrete /o norm and |e| o is the error in lno
Mesh N =31 Rate N =063 Rate N =127
lelo 1.2745e—06 4.01 7.9058e—08 4.31 3.9849¢—09
leloo 2.0814e—06 4.01 1.2911e—07 4.30 6.5439e—09
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Fig.1 Example 2: The equation is u® 4 xu= ¢ (x), with the exact solution u(x) = sinz(r{x): Left: Exact
solution (solid line) and computed solution (circles) for N = 127 and Right: The error ucomp — texact for
N =127

Table 3 Example 3: The equation is u® + c(x)u = ¢(x), with the exact solution u = p(x) sin(1/q(x)),
where p(x) = 16x2(1 — x)2, with € = 0.05, ¢(x) = 1/¢(x)

Mesh N =063 Rate N =127 Rate N =255
leln 3.9970e—04 4.28 2.057e—05 4.07 1.2285e—06
le]oo 1.1831e—03 4.27 6.1119e—05 4.06 3.6724e—06

Here, |e|j, is the discrete /> norm and |e|so is the error in /oo

[ y=exact P %108
H y=computed 3 A 4 4

S o o o o
N o N » o ®
L L

o

Error-Exact-Computed

Exact and Approximated Solutions
=
.

S
>

&
®

0 0.2 0.4 0.6 0.8 1
A

0 0‘1 0.2 0.‘3 04 0.‘5 016 0.7 0‘8 09 1
0<x<1

Fig. 2 Example 3: The equation is u® + c(x) u = ¢(x), with exact solution u(x) = p(x) sin(1/q(x)),

where p(x) = 16x2(1 — x)%, g(x) = (x — 0.5)2 + ¢, with ¢ = 0.05 and ¢(x) = 1/q(x): Left: Exact

solution (solid line) and computed solution (circles) for N = 255 and Right: The error ucomp — texact for

N =255
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Table 4 Complexity of the Algorithm

N 2047 Rate 4096 Rate 8191 Rate 16381

time(sec.) 0.1410 0.849 0.2539 0.923 0.4814 0.924 0.9243

We show here that the computed complexity of the algorithm is O (N?), where « is close to 1

We pick an exact solution u of the form u = p(x) sin(1/g(x)), where p(x) =
16x%(1 — x)%, g(x) = (x — 0.5)% + ¢, with € = 0.05. In addition, c¢(x) = 1/q(x).
The right-hand side ¢ (x) of the equation is ¢ (x) = u®(x) 4 c(x)ux).

In Fig. 2, we display the plots of the numerical solution (left) and the error (right).

11.4 Numerical evidence on the complexity of the algorithm

In Table 4, we display computational times in seconds as N grows for Example 3.

All this algorithm requires O (N), i.e., linear in N, number of arithmetic operations,
in contrast to O(N?2) in a general case and also with O (N log N) in the based on FFT
algorithm in the case of constant potential.

12 Summary

We have performed several numerical tests which assure the fourth order conver-
gence of the scheme for the biharmonic equation also in case of the presence of a
variable potential c¢(x). In the example c(x) = 1 (a positive constant), in the second
example c(x) = x (a non negative function on the interval (0, 1)), and in the third
example c(x) = x but for the case of highly oscillatory solution. In Table 4, we have
displayed the computational time for the whole numerical procedure in cases where
N = 2047, 4096, 8191, 15381 (N is doubled throughout the test), and we obtain the
running time is growing as O (N), as expected from the design of the scheme.

Appendix 1

Proof of Lemma 5.1 Using the Gaussian eliminations algorithm, see for instance [11,
p-165,177], we get

A=LDL'
with
10 0 0 y1 0 0 O
fil 0 0 0 0 O
L=|:: 3 ERE IR
00... 1 O 00...yn2 O
00... fn—1 1 00 0 wn
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where the numbers yx, k =1,..., N and fi, k =1..., N — I are determined via
(5.1), (5.3). The matrix L is the product of elementary matrices F = F;--- Fy_1,
where

~ 10

Fr =1 ® Fx @ IN—k—1, Fx = 1) k=1,...,N— 1.

Here, ® stands for a tensor product. Consider the inverse matrix A~!. We have

A=Y .pt. L7 (13.1)
One can see easily that _ _
L '=Ly_ 1L (13.2)
with 3
Ly=L 1L, QIN_t_1, k=1,...,N—1. (13.3)
10
Ly = L k=1,...,N—1 13.4
k (—fk 1) (13.4)
and also ; 5
(LN =@ Ly (13.5)
(L) =L  ® LY @ In—g—1, k=1,...,N — 1. (13.6)
t_ 1 —fk _ _
Lk_<0 ) k=1 N=1 (13.7)
and
D! = diag (y;‘,...,y];‘). (13.8)

Next, we compute the matrix A~! via the factorization

AN = (L)' (Ly-)' DT Ly Ly (13.9)
We set
Dr=D'1:k,1:k), k=1,...,N, (13.10)
it is clear that
D1 O
Dy = 1), k=2,...,N. 13.11
k ( 0y 1) ( )
Next set _ ~
Ay =Dy, Ar= L)' Aey1Lg, k=N—1,...,1. (13.12)
Define the N — k + 1-dimensional vector columns 7, k = N, ..., 1 via recursive
relations
Ok
Ty =0y, Ti= L k=N-—-1,...,1 13.13
v=on T (Tk+1a(k)> (1319
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with the parameters 6k, a(k) asin (5.5), (5.4). The relations (13.13) are equivalent to
the formulas

0;
_ N Oj1a(j)
T] = col <0kak’j_l)k_j = .

: , j=1...N. (13.14)
bxa(N — 1)---a(j)
Set G = A_l(k :N,k:N), k=1,...,N.Thus, (5.1) is equivalent to the relations
ATYGL N =G ) =T;, j=1,2,...,N. (13.15)
We prove (13.15) by the backward induction. For j = N using we have

AT'N,N) =Gy =yy' =6y =Ty. (13.16)

Assume that for some k with N — 2 > k > 1, the relations
Git,)=T;, j=k+1,...,N (13.17)

hold. This implies that

_ Ok+1 a(k + I)T]:+2
@“‘<nnwhu> G ) (13.18)

To get such a representation for Gy, we use the formulas (13.1)-(13.12). Using the
formulas (13.1), (13.2), (13.5), and (13.12), we get

Gr=Ar_1(k:N,k:N).

Using the formula Ay_; = (Ls_1)'AxLx—; and (13.3), (13.4), (13.6), (13.7), we
obtain

Iy—20 0 0 Iy 0 0 O
e[ B a8 L0
00 0 In— 0 0 01y
So we get that in fact
Gy =Ak(k:N,k:N), k=N,.... (13.19)
From here, using also (13.9) and (13.12), (13.10), we obtain
Ay = (D’E)‘ Gok>. (13.20)
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Moreover, using the formula Ay = (ik)’ Ak 1I:k, we have

~ D1 O 0 ~
Ar=@L)'l 0 y' 0 L (13.21)
0 0 Gk.;,_l

and next using (5.4) and

- 1 1
Ge=|0 0 5 G ) [ 4® 0

lak) 0 _ 10 0
(% o)
0 0 In—k— 0 01Iy_s_i

From here, using the direct computations, we get

Ok a(k)orr1 ak)alk + I)T]§+2
Gy = Oky1a (k) Ok+1 a(k + l)Tkt_‘_2
Ti+2a(k + Da(k) Tyza(k + 1) Git2

Hence, using (reftk), we get

sz( O a(k)Tk’H)
Tir1ak) Gy

which completes the proof. O

Appendix 2

The scalar quasiseparable representations are a particular case of so called quasisepa-
rable (separable type) representations of matrices studied in details in [8]. We present
here the basic definitions and facts.

Let A be an N x N matrix. Consider the ranks of the maximal submatrices of A
entirely located in the strictly lower triangular part

rank Ak +1:N,1:k)=r,, k=1,...,N—1.

The numbers ry, k = 1,..., N — 1 are called lower rank numbers of the matrix A.
Let r = max|<x<ny—1 rx be the maximal lower rank number of .4, we say that A is
lower quasiseparable of order r.

In accordance with the lower rank numbers, see [7, Section 5.2], the strictly lower
triangular part of A admits the following parametrization. There exist the integers
tt, kK = 1,..., N and the #;_;-dimensional rows p(k) (k = 2,..., N), the t-
dimensional columns g(k) (k = 1,..., N — 1), the fx X fr—; matrices a(k) (k =
2,..., N — 1) such that the equalities

Aij=p@ai—1D-a(j+Dg(j), 1<j<i—1<N—-1, A
= p(i)g(i —1),2<i <N. (14.1)
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hold. The representation (14.1) is called the lower quasiseparable representation of
A, and the parameters p(k) (k =2,...,N), gqk) (k =1,...,N — 1),ak)(k =
2,..., N — 1) are said to be lower quasiseparable generators of the matrix A4 with
ordersty, k =1, ..., N—1.Therepresentation (14.1) is not unique, but for a matrix .A
with the lower rank numbers ry, kK = 1, ..., N —1 for any set of lower quasiseparable
generators, the orders #; satisfy the inequalities ([7, Lemma 5.8])

re<t, k=1,2,...,N—1.

Moreover ([7, Theorem 5.9, Corollary 5.0]), there exist a lower quasiseparable repre-
sentation (14.1) with minimal orders, i.e., with orders equal to the corresponding rank
numbers

rn=t, k=1,2,...,N —1.

Foran N x N matrix with the given elements, a set of lower quasiseparable generators
may be determined in O (N 2 arithmetic operations ([7, Theorem 5.9]). In many cases,
in particular in this paper quasiseparable generators, are given in advance.

The quasiseparable generators are not unique, and the choice depends on the con-
crete algorithm we use.

A similar structure is defined for the upper triangular part of a matrix. Consider the
ranks of the maximal submatrices of .4 entirely located in the strictly upper triangular
part

rank A(1 :k,k+1:N)=s;, k=1,...,N—1.

The numbers s;, k = 1,..., N — 1 are called upper rank numbers of the matrix 4.
Let s = maxj<x<y—1 sx be the maximal upper rank number of .4, we say that A is
upper quasiseparable of order s.

In accordance with the upper rank numbers, the strictly upper triangular part of A
admits the parametrization.

Aij =g +1)---b(j = Dh(j), 1 <i<j—1<N—1 A
=g —Dh(j),2=<j=<N. (14.2)

with the s;-dimensional rows g(k) (k =1, ..., N —1), the sy -dimensional columns
hky (k = 2,...,N) and the s;_; x s; matrices b(k) (k = 2,...,N — 1).
The representation (14.2) is called the upper quasiseparable representation of A4,
and the parameters of this representation g(k) (k = 1,...,N — 1), hk)(k =
2,...,N), btk) (k =2,...,N — 1) are said to be upper quasiseparable genera-
tors of the matrix A with orders sg, k = 1,..., N — 1. A matrix which is lower
quasiseparable of order r and upper quasiseparable of order s is said to be quasisepa-
rable of order (r, s).

For the products of matrices in (14.1) and (14.2), we use the following notations.
Fori > j, we define the operation aij via

az=al—1-a(f+ 1, i>j+1 ajy ;=1
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and for i < j the operation b; via

b;:b(i+l)~--b(j—1)a j>i+1, ji],jzl'

It is clear that the relations

a; =ai>’kak>+17j, i>k>j (14.3)
and
b = by bi . i <k < j.

hold.
Thus, the entries of any matrix .4 are represented in the form

p@aiq(j), 1 <j<i <N,
Aij =y d@), l<i=j<N, (14.4)
gb5h(j), 1<i<j<N

with the lower and upper quasiseparable generators defined above and diagonal entries
d@)i=1,..., N.Forasymmetric A, upper generators are not needed and we have

Aij =q"O@)5p'(j), 1=i<j=<N. (14.5)

Every matrix is quasiseparable with some order. If we take the order (r, s) to be
fixed, we obtain a special class of matrices. Since for an invertible .4 the rank numbers
of the inverse are the same ([8, Corollary 6.3]) as for the original matrix, such a class is
invariant under inversion. For instance, the class of lower quasiseparable of order one
matrices contains tridiagonal and unitary Hessenberg matrices as well as the inverses
to them.

Quasiseparable representations of the form (14.4) are used also for block matri-
ces. For a block square matrix with entries of sizes m; x nj, i,j = 1,..., N,
where m;,n; > 0 and Z,N:l m; = Z,N:l n;, the quasiseparable representation is
defined via (14.4) with matrix entries. Here, quasiseparable generators are the matrices
pi)i=2,....,N), q(j)(j=1,....N=1), atk) (k=2,...,N—1);8(G) (( =
I,....N=1), h(j) j=2,....,N), btk) (k=2,..., N=1);dk) (k=1,...,N)
of sizesm; X t;_1,1j XN, lp Xtg—1; M; XS;, §j—1 XN j, Sk—1 XSk, Mg X Ny, respectively.

In practice, quasiseparable representations are used for matrices with quasisepara-
ble orders r, s essentially smaller than the size N of a matrix .A. In this case, the matrix
with N? entries turns out to be parametrized via O(N) parameters which are qua-
siseparable generators. Moreover, using quasiseparable representation, one can obtain
various algorithms with lower complexity. The multiplication by vector algorithm via
quasiseparable generator costs O(N) arithmetic operations instead of O (N?) in the
unstructured algorithms and the solution of a system of linear algebraic is performed
via O(N) operations in contrast to O (N?) in the general case. In the applications to
numerical methods for differential equations, we obtain algorithms with linear in the
number of the points in the grid complexity.
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