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Abstract

We give properties of strict pseudocontractions and demicontractions defined on a
Hilbert space, which constitute wide classes of operators that arise in iterative meth-
ods for solving fixed point problems. In particular, we give necessary and sufficient
conditions under which a convex combination and composition of strict pseudocon-
tractions as well as demicontractions that share a common fixed point is again a strict
pseudocontraction or a demicontraction, respectively. Moreover, we introduce a gen-
eralized relaxation of composition of demicontraction and give its properties. We*
apply these properties to prove the weak convergence of a class of algorithms that is
wider than the Douglas—Rachford algorithm and projected Landweber algorithms. We
have also presented two numerical examples, where we compare the behavior of the
presented methods with the Douglas—Rachford method.

Keywords Quasi-nonexpansive operators - Strict pseudocontractions -
Demicontractions - Douglas—Rachford algorithm

1 Introduction

In the last three decades, many researchers studied the properties of averaged operators
in real Hilbert spaces [2, 4, 6, 14, 15]. Here, we recall that an averaged operator T is
defined as a strict convex combination of a nonexpansive operator and identity. Impor-
tant examples of averaged operators in a real Hilbert space H are the metric projection
[4], the resolvent of a maximally monotone operator [6], the proximity operator related
to a lower semi-continuous convex function [6], and the Landweber operator [13, 14].
It is well known that convex combinations as well as compositions of averaged opera-
tors are again averaged operators [4, 14, 15, 40]. This property enables construction of
a wide class of averaged operators which have many applications in signal processing,
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image reconstruction from projections, medical imaging (in particular in computer-
ized tomography), radiation therapy treatment planning, optics, supervised learning
process, and many other areas [15, 22, 28, 48]. These problems may be modelled
as common fixed point problems, split feasibility problems, or variational inequality
problems. For these problems, appropriate methods employing convex combinations
or compositions of averaged operators have been constructed in many papers. In the
last three decades, these methods were developed in many publications and extended
to algorithms employing averaged operators defined on a Hilbert space; see, e.g., [4,
6, 14-16, 22] and the references therein. Averaged operators 7' with nonempty FixT
have a convenient property, namely the demi-closedness principle

(x*—yand |T(x*) — x*|| > 0) = y € FixT

[41]. This yields weak convergence of algorithms employing these operators. However,
the evaluation of averaged operators with a specified subset of fixed points is often
not straightforward. Thus, classes of operators wider than the averaged ones that have
a fixed point, namely strongly quasi-nonexpansive operators (also called strongly
attracting), had to be defined [4, 12, 15, 35]. Here, we recall that an operator 7 : H —
‘H with nonempty FixT is called p-strongly quasi-nonexpansive, where p € (0, +00)
if
IT () = 2l? < llx =2l = pI T (@) — x|

for all x € H and all z € FixT. In many cases, these operators may be evalu-
ated in a much simpler manner than their averaged counterparts [15]. An important
example of a strongly quasi-nonexpansive operator in a Hilbert space is a subgra-
dient projection related to a lower semicontinuous convex function. Other examples
include a Landweber operator related to a strongly quasi-nonexpansive operator [16,
17, 19, 51] and its extrapolation [17, 19, 33]. It turns out that convex combinations
as well as compositions of strongly quasi-nonexpansive operators that share a com-
mon fixed point are again strongly quasi-nonexpansive [4, 15, 52]. Moreover, a class of
strongly quasi-nonexpansive operators that share a common fixed point and satisfy the
demi-closedness principle is also closed under convex combinations and compositions
[20]. This property is important for the convergence properties of corresponding algo-
rithms [20]. In the recent decade, operators from wider classes than averaged operators
and quasi-nonexpansive operators, namely strict pseudocontractions and demicontrac-
tions, have been applied for solving the problems mentioned above; see, e.g., [3, 8, 9,
24,34, 35, 37, 39, 45, 49, 50, 54]. Here, we recall that an operator T : H — H with
nonempty FixT is called a-strict pseudocontraction, where a € (—o0, 1), if

IT(x) =TI < llx — yII> + o (T(x) —x) — (T(y) — > (1)

for all x,y € H [10, Def. 1], [32]. Properties of strict pseudocontractions were
studied recently in [3], where these operators were called conically averaged. If
we suppose that FixT # @ and set y € FixT in (1), then we obtain the definition
of an a-demicontraction [32]. If o € (—00,0), then T is respectively averaged or
—a-strongly quasi-nonexpansive. Demicontractions were also used in extrapolated
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versions of appropriate algorithms for the (multiple) split common fixed point prob-
lem; see, e.g., [23, 26, 31, 46, 47, 53]. Besides of a recent paper [3], other papers
mentioned above do not study the properties of strict pseudocontractions and demi-
contractions in detail. However, these properties are important for the convergence
of algorithms employing those operators, enable a simplification of proofs of conver-
gence, and allow to apply parameters from a wider range. The aim of this paper is
answering the following questions:

1. Are classes of strict pseudocontractions and classes of demicontractions that share
a common fixed point and satisfy the demi-closedness principle closed under
convex combinations?

2. Is it true (and under what conditions) that composition of strict pseudocontrac-
tions as well as composition of demicontractions that share a common fixed point
and satisfy the demi-closedness principle is again a strict pseudocontraction or a
demicontraction satisfying the demi-closedness principle, respectively?

3. What should we suppose on operators 7 and U being pseudocontractions or
demicontractions, on relaxation parameters Ag, k > 0, and on extrapolation
function ¢ : H — [1,4+00), employed in an iterative process x**! = x* 4
Ao (XVNUT (x%) = x*) in order to guarantee weak convergence of x*¥ to a fixed
pointof UT?

Answers on the part of questions 1 and 2 regarding strict pseudocontractions were
recently presented in [3, Props 2.4 and 2.5]. The main results of this paper are contained
in Sections 3.2 and 3.3 and in Sect. 4, where we give answers to the remaining parts
of questions 1 and 2 and to question 3.

2 Preliminaries

In the whole paper, H denotes a real Hilbert space with inner product (-, -) and the
related norm || - ||. We suppose that H is nontrivial, that is H # {0}. For an operator
T :'H — Hand A > 0, denote by 7, := Id + A(T — Id) the A-relaxation of T, where
Id denotes the identity operator. If 1 € (0, 1), then T is a convex combination of 7
and Id. Note that (T3),, = T,u, A, 0 > 0. The set FixT := {z € H : Tz = z} is called
the fixed point set, and an element of FixT is called a fixed point. Below, we recall
some well-known notions which we use in this paper.

Definition 2.1 We say that an operator 7 : H — H is as follows:

(a) nonexpansive (NE), if for all x, y € H
IT) =TI = llx =yl 2
(b) a-averaged («-AV), where o € (0, 1), if there is an NE operator S such that
T=(1-old+aS;
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(c) firmly nonexpansive (FNE), if for all x, y € H
(T =T x =y = IT@ = TOI% 3)

(d) A-relaxed firmly nonexpansive (A-RFNE), where A > 0, if T is a A-relaxation of
an FNE operator;
(e) an a-strict pseudocontraction («-SPC), where o € (—o0, 1), if forall x,y € H

IT@) =TI < llx = yI? +al(Tx) —x) = (T — NI @)

Averaged operators were introduced in [2], where many properties of these opera-
tors were presented. FNE operators were studied in [12], in [43], and in [30, Section
11]. Strict pseudocontractions were studied in [10, Def. 1] and in [32]. In [3, Def. 2.1],
a A-RFNE operator was called ®-conically averaged, where ® = /2.

Proposition 2.2 Let A > 0. An operator T : H — H is A-RFNE if and only if for all
x,yeH

(T @) —x) = (T —»IE )

> -

(y=—x,Tx)=x)—=(T(Q)—y)=

Proof See [10, Th. 1] or [15, Cor. 2.2.3]. o

Proposition 2.3 Let . > 0. An operator T : H — H is A-RFNE if and only if T is an
o-SPC, where o = (A —2) /A € (—o0, 1).

Proof For A € (0, 2), the proposition was proved in [15, Cor. 2.2.15]. It follows from
the proof of [15, Cor. 2.2.15], that the proposition is true for arbitrary A > 0. See also
[3, Prop. 2.2(iii)]. O

Clearly, an operator T is NE if and only if T is a 0-SPC. Moreover, Proposition 2.3
yields that an operator 7 is %-averaged (equivalently A-RFNE with A € (0, 2)) if and

only if 7' is an «-SPC, where @ = 1 — % < 0.

Definition 2.4 Let T : H — H be an operator with nonempty Fix7'. We say that T is
as follows:

(a) quasi-nonexpansive (QNE), if for all x € H and z € FixT
17 (x) —zll < llx —zl; (6)
(b) p-strongly quasi-nonexpansive (p-SQNE), where p > 0, if for all x € H and

z € FixT
IT(x) =zl < llx — zI* — pI T(x) — x|1%; (7

If p > 0 then we simply say that T is SQNE;
(c) a cutter, if for all x € H and z € FixT

(z—x, T(x)—x) > ITx) —x|% ®)
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(d) a A-relaxed cutter, where A > 0,if T is a A-relaxation of a cutter, equivalently, for
all x € H and z € FixT

Mz —x, T(x) —x) > |T(x) — x| )

(e) an a-demicontraction (or an «-demicontractive operator), where o € (—o0o, 1),
if for all x € H and z € FixT

IT(x) —zlI> < Ilx — 2> + alI T (x) — x|*. (10)

The name QNE operator was introduced by Dotson in [29], and the name SQNE
operator was introduced by Bruck in [11]. In [38], a relaxed cutter was called an
operator satisfying condition (A). An «-strict pseudocontraction with a fixed point
is an o-demicontraction. Clearly, if « < 0, then an a-demicontraction is p-SQNE,
where p = —a«, so the notion of a demicontraction is an extension of the notion of
an SQNE operator. An example of FNE operator is the metric projection Pc onto a
closed convex subset C € H. In particular, for an affine subspace H C H (e.g., a
hyperplane), for all x € H and z € H, it holds

(z—x, Pg(x) —x) = | Py (x) — x|

Thus, for any A > 0 and a A-relaxed projection (Ppg);, it holds

1
(2 = x, (P2 () = x) = ~[| (P (x) = x|I%,

x € Hand z € H.Further properties of NE, AV, FNE, RFNE, QNE, SQNE operators,
cutters, and relaxed cutters as well as relations among these operators which we use
in this paper can be found, e.g., in [15, Secs 2.1 and 2.2]. Below, we recall relations
of demicontractions to relaxed cutters and to SQNE operators. The following results
are well known; see, e.g., [36, Rem. 2.3].

Theorem 2.5 Let T : H — H have a fixed point and A > 0. The following conditions
are equivalent:

(i) T is a cutter;
(ii) Ty, is an a-demicontraction witha = (A — 2) /A € (—o00, 1).

Proof 1f A € (0, 2], then it follows from [15, Th. 2.1.39] that T is a cutter if and only
if T, is p-SQNE with p:=(2 — 1) /A € [0, +00). The second part of this equivalence

means that 7 is an a-demicontraction with ¢ = —p = (A — 2)/1 € (—o0,0]. It
follows from the proof of [15, Th. 2.1.39] that the theorem is true for arbitrary A > 0.
IfA>2thena = —2)/A € (0, 1). O

Because the function f : (0, 4+00) — (—o0, 1) defined by f(A) = (A —2)/Aisa
bijection, Theorem 2.5 states that every demicontraction can be treated as a relaxation
of a cutter and vice versa. Replacing 7, by S in Theorem 2.5, setting A := 2/(1 — &)
for @ € (—o0, 1), we obtain the following result which is equivalent to Theorem 2.5.
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Corollary 2.6 Let S : H — H have a fixed point, « € (—o0, 1) and . =2/(1 —«) €
(0, 400). Then, the following conditions are equivalent:

(i) S is an a-demicontraction.
(ii) S is a A-relaxed cutter.

Theorem 2.5 and Corollary 2.6 yield that a relaxation of a demicontraction is again
a demicontraction (cf. [9, Lem. 3.1]).

Corollary 2.7 Let S : H — H have a fixed point, « € (—oo, 1) and ;v > 0. Then the
following conditions are equivalent:

(i) S is an a-demicontraction.
(ii) S, is a B-demicontraction, where p = (i + o — 1)/ € (—o0, 1).

The notion of the demi-closedness principle defined below is important for the
convergence properties of algorithms employing relaxed cutters.

Definition 2.8 We say that an operator T : H — 'H satisfies the demi-closedness
principle if T — 1d is demiclosed at 0, i.e., for any bounded sequence {)ck}l,‘(’O:O with
[T (x*) — x*|| = 0 and for its weak cluster point y it holds that y € FixT.

In some publications, the notion weak regularity of T is applied for an operator T
satisfying the demi-closedness principle; see, e.g., [20]. It is well known that a nonex-
pansive operator satisfies the demi closedness principle [41]. Obviously, a relaxation of
an operator satisfying the demi-closedness principle also satisfies the demi-closedness
principle. In particular, a strict pseudocontraction, as a relaxation of an FNE opera-
tor, satisfies the demi-closedness principle. Moreover, a convex combination as well
as composition of SQNE operators that share a common fixed point and satisfy the
demi-closedness principle also satisfies the demi-closedness principle [16, Thms 4.1
and 4.2]. In what follows, we give conditions under which strict pseudocontractions
as well as demicontractions also share these properties. It is well known that fixed
point iterations employing RFNE operators as well as algorithms employing relaxed
cutters (or, equivalently, SQNE operators) that satisfy the demi-closedness principle
generate sequences which converge weakly, under the assumption that the relaxation
parameters are in (0, 2). We briefly recall corresponding results. Let V : H — H be
an operator with a fixed point. Consider the following iteration

K= v, (b, (11)

where x? € H is arbitrary and v; > 0 is a relaxation parameter applied in the k-th
iteration, k > 0. The following result which is due to Reich [44, Theorem 2] is also
known in the literature as the Krasnosel’skii-Mann theorem (see, e.g., [14, Thms 2.1
and 2.2]).

Proposition 2.9 If V is FNE with FixV # (, v € [e,2 — €] for some ¢ € (0, 1) and

xX is generated by iteration (11) then x* converges weakly to an element of FixV.

Many variants of the following result are well known (see, e.g., [15, Cor. 3.7.3] or
its more general versions [5, Th. 2.9] or [20, Th. 6.1(1)]).
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Proposition 2.10 IfV is a cutter satisfying the demi-closedness principle, vy € [e,2—
el for some ¢ € (0, 1) and x* is generated by iteration (11), then x* converges weakly
to an element of FixV.

An equivalent formulation of the proposition below was proposed by Maruster in
[38, Th. 1]. By the first look, this result seems to be more general than Proposition
2.10 (see also [10, Th. 12] for a related result).

Proposition 2.11 Let o € (—o00, 1), V : H — H be an a-demicontraction satisfying
the demi-closedness principle and the sequence {xk},fio be generated by iteration
(). If v € [e, 1 —a — ¢] for some ¢ € (0, 1%“), then x* converges weakly to an
element of FixV.

Remark 2.12 If « = —1 in Proposition 2.11, then, by Corollary 2.6, V is a cutter (1-
RFNE operator). Thus, Proposition 2.10 follows from Proposition 2.11. Nevertheless,
Proposition 2.11 can also be reduced to Proposition 2.10. Indeed. Suppose that V is an
o-demicontraction and v; € [¢,1 — a — €] for some ¢ € (0, 1;‘)‘). By Corollary 2.6,

T := Vl%a is a cutter. Consequently, V,, = Tj,, where Ay = fﬁ’& € [lsza’ 2— ]275& ,
i.e., V satisfies the assumptions of Proposition 2.10. We see that the assumption that
V is an a-demicontraction in Proposition 2.11 is superfluous. It is enough to suppose
that V is a cutter and v € [¢g,2 — ¢] for some ¢ € (0, 1) or, equivalently, that V is

quasi-nonexpansive and v € [g, 1 — ¢] for some ¢ € (0, 1/2).

Many iterations studied in the last decades can be presented as special cases of (11).
We recall here two algorithms.

Example 2.13 Let 7 and U be FNE. Define V := U,T, (1> and U, are NE as 2-
relaxations of FNE operators) and let vy = v = % Then, U,>T5 is NE as composition
of NE operators, consequently V), is FNE and (11) with vy = % is, actually, the
averaged alternating reflection method (also called Douglas—Rachford method); see
[6]. Clearly, for arbitrary v € (0, 1), the operator V, is averaged. If, additionally,
FixV # ), then V, is an SQNE operator satisfying the demi-closedness principle,
thus, for any sequence {x"‘},‘(’o:0 generated by the iteration x¥*1 = Vvkxk where v €
[e, 1 — ¢] for some ¢ € (0, 1/2), converges weakly to a fixed point of V. Now define
V := U,T, where A, u > 0 (or, equivalently, V' is composition of an «- and a 8-
SPC, where «, B € (—00, 1)). Under what conditions on A, u > 0 (equivalently on
a, B € (—oo, 1)) and vi any sequence {xk } i generated by iteration (11) converges
weakly to a fixed point of V' ? In particular, may one of the parameters A or i be greater
than 2? For example, if V = U, T, where A 4+ &+ = 4, does the convergence hold
for some v¢? Answer on this questions follows from [3, Props 2.5 and 2.9]. Natural
questions arise at this point. Does the convergence remain true if we suppose that
T and U are cutter operators that share a common fixed point and satisfy the demi-
closedness principle instead of the assumption that 7 and U are FNE and FixV # (?
Under what conditions on A and u it holds FixV = FixT N FixU? These questions
will be answered in Sects. 3 and 4.
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Example 2.14 In [39], Moudafi considered the following split common fixed point
problem (SCFPP):
find x* € FixU such that Ax* € FixT, (12)

where A : 'H; — H» is a nonzero bounded linear operator, H and H, are two real
Hilbert spaces, S : H, — Hj is an a-demicontraction with FixS = Q, U : H; — H;
is a B-demicontraction with FixU = C, both satisfying the demi-closedness principle,
and F := CNA~'(Q) # @. Moudafi proposed the following iteration for solving the
SCFPP:

=y, T, (13)

where x0 € H, is arbitrary, uy € (¢, 1 — g —¢) for some ¢ € (0, #), re0,1—a)
and T is the Landweber operator related to S, i.e.

T(x) := L{S}(x) = x + A*(S(Ax) — Ax) (14)

A1

(see [21] for a definition of the Landweber transform £{-}). Moudafi proved that for
arbitrary x° e H; the sequence {xk},‘j‘;o generated by iteration (13), where T is given
by (14), converges weakly to an element of F' [39, Th. 2.1]. Related algorithms for
the so called multiple split fixed point problems (MSFPP) with cyclic application of
Landweber transform were studied in [49] and [50]. Moudafi supposed that «, 8 €
[0, 1), but the convergence also holds for arbitrary «, B € (—o0, 1). Indeed, suppose
for simplicity, that uy is constant, i.e., ur = u € (0, 1—p) forallk > 0. Similarly as in
[16, Lem. 4.1], one can prove that 7" is an o-demicontraction and FixT = A1 (FixS).
By Corollary 2.7, T) is a y-demicontraction, where y = 1 — I_T“ < 0,1e., Ty is
—y-SQNE, and U, is a §-demicontraction, where § = 1 — % < 0,1e. Uy, is
—8-SQNE. Thus, U, T;, is k-SQNE, where k = —(y~! +§~1)~! [15, Cor. 2.1.47],
Fix(U,T,) = FixU, N FixT;, = FixU NFixT = F [15, Th. 2.1.26(i)] and U, T
satisfies the demi-closedness principle [20, Cor. 5.6(i)]. Proposition 2.10 yields now
that any sequence {x* Jio, generated by iteration (13), where T is given by (14),
converges weakly to an element of F. The convergence also holds if 144 is not constant.
To prove it, one should introduce a definition of a sequence of operators satisfying the
demi-closedness principle and apply [20, Cor. 5.5(1)] instead of [20, Cor. 5.6(i)]. Note
that iteration (13) employed, actually, SQNE operators U, and Tj,. Natural questions
arise at this point. Is it possible to allow that 7} and/or U, are demicontractions
which are not SQNE? Under what conditions on X, u, vx > 0 any sequence {xk},fio
generated by the iteration x**! = (U 1) (x*) converges weakly to an element of
F? Theses questions will be answered in Sects. 3 and 4.

3 Properties of strict pseudocontractions and demicontractions
In this section, we give conditions under which convex combinations as well as com-

positions of demicontractions (satisfying the demi-closedness principle) are again
demicontractions (satisfying the demi-closedness principle).
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3.1 Convex combinations of strict pseudocontractions and demicontractions

LetT; : H — H,i €I :=1{1,2,...,m}. The following theorems extend [15, Thms
2.1.50 and 2.2.35], where only the case A; € (0,2),i € I, was considered. An
equivalent formulation of the theorem below is presented in [3, Prop. 2.4].

Theorem 3.1 Let T; be A;-RFNE where A; € (0,400),i € I, w; > 0,i € I, with
Yriwi=1land T :=Y7", w;T;. Then:

(i) T is A-RFNE with

m
=Y wiki; (15)
i=1
(ii) The relaxation parameter A satisfies inequalities
0 <minA; <A <max\; < +oo. (16)
iel iel

Proof In[15,Th.2.2.35]thecase A; € (0,2),i € I, was considered. It follow from the
proof of [15, Th. 2.2.35] that the theorem is true for arbitrary A; € (0, 400),i € 1.0

Corollary 3.2 Let T; be an «;-SPC, where a; € (—oo, 1),i € I, w; > 0,i € I, with
Yoitiwi=1,and T := Y/ w;T;. Then:

(i) T is an a-SPC with

m -1
Wi
a=1-— : 17
(E) g
(ii) The parameter a satisfies inequalities

—o00 <ming; <o <maxa; < 1. (18)
iel iel

Proof By Proposition 2.3, T; is A;-RFNE, where A; = —2_ i € I.Theorem 3.1 yields

1—a;’

that T is A-RFNE, where > = ) /L, 12_"; . Applying Proposition 2.3 again, we obtain
that 7 is an «-SPC with

) mo, —1 m -1
w; wi
:1_—:1_2 —_— = — .
o )\' (Zl_al> (Zl—a,)

i=1

This proves part (i). Moreover,

—o0 <ming; =1-— E — <Il- E !
jel I —minje; - 1 —o;
1=

i=1

m —1
wi
<1- E— =maxo; <1
. 1 —maxjes o jel

1=
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which proves part (ii). O

Theorem 3.3 Let T; : H — H be a A;-relaxed cutter, where A; € (0, +00), i € I,
L, FixT; #0, wi >0,i € I, with) /L, w; =1, and T =Y 1" | w; T;. Then:

(i) The operator T is a A-relaxed cutter with ) given by (15).
(ii) The relaxation parameter A satisfies inequalities (16).
(iii) FixT = /L, FixT;.
(iv) Suppose that T;, i € I, satisfy the demi-closedness principle. Then T also satisfies
the demi-closedness principle.

Wiki

Proof (cf. [15, Th. 2.1.50]) Let x € H and all z € [");; Fix7;. Denote v; := ==L and
define U; := (T;),-1,i € I. Then, U; isacutter, Tjx —x = 1;(U; —x),v; > 0,i € I,

and Y7, v; = 1. By the convexity of the function | - ||, we obtain

(z—x,T(x) —x) = Z (z —x, T;(x) — x) (19)
;f—um)—xu —x;vznuoc)—xn (20)
m 2 m 2
> 0D v =] == D wirkiUix) —x)| 1)
i=1 i=1
g 1
= (Ti(x) = )| = T @) =], (22)

(ii) is obvious.

(i) and (iii) The inclusion ﬂlm:] FixT; C FixT is clear. If FixT = ¢, then the
converse inclusion is obvious. Suppose that FixT # . For x € FixT there hold
equalities in (19)—(22) which in view of % > 0,7 € I, means that x € FixT;,i € I.
This yields (i) and (iii).

(iv) Define U := Y /L, v;U;. By (i), U is a cutter. We have

Tx— x—Zw,(Tx x)—AZ—(U,x x)—AZv,-(Uix—x):k(Ux—x).

i=1

Because U; satisfies the demi-closedness principle as a relaxation of 7;, i € I, the
operator U satisfies the demi-closedness principle [16, Th. 4.1]. Consequently, 7 also
satisfies the demi-closedness principle as a relaxation of U. O

Corollary 3.4 Let T; : H — 'H be an a;-demicontraction, where o; € (—o0, 1),i € 1,
(L, FixT; #0, w; > 0,i € I, with) ;L w; =1,and T := Y /., w; T;. Then:

(i) T is an a-demicontraction with a given by (17).
(ii) The parameter « satisfies inequalities (18).
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(iii) FixT = (/L , FixT;.
(iv) Supposethat T;, i € I, satisfy the demi-closedness principle. Then, T also satisfies
the demi-closedness principle.

3.2 Composition of strict pseudocontractions and demicontractions

Before we formulate the main result of this paper, we prove an auxiliary lemma. Let
XA, n > 0. Consider the following equation:

2\ 1 11 1
(1 - —> =4(- — ) (= —-). (23)
v AoV

If A =2 and u = 2, then arbitrary v # 0 is a solution of (23). Otherwise, if Au = 4,
then (23) has no solution. One can easily check that in other cases, the unique solution
of (23) is
v = vk, p) = M (24)
4 —An
In particular, if A = 2 and u # 2 orif u = 2 and A # 2, then v* = 2 is the unique
solution of (23). Level lines of the function v (X, i) are presented on Fig. 1. Note that
v(X, p) is well defined if and only if A # 4. Moreover, one can be easily proved that
if Au < 4,then A + > Ap and v(A, w) > 0 (see Appendix). If 4 < Apu < A + u,
then v(A, n) < 0. If A 4+ < Ap, then A > 4 and v(A, u) > 0. However, in the
latter case v < min{X, u}, where the equality holds if and only if min{A, u} = 2.

4 P

v<0

35F “ m— ;=) ™
\ [ O<p<2

| v=2
3 \ v>2 1
\ v not defined |_|
25 Zij [ ] v arbitrary =0 | |

= 2

15}

05F \ N\

-
T

o
-
> N
w
N

Fig.1 Solution v of (23) depending on A and 1
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The following auxiliary lemma shows the properties of the solution of (23) for
A < 4 (cf. [15, Lem. 2.1.45], where the case A, u < 2 was considered).

Lemma3.5 Let A, u > 0 be such that A\ < 4. Then:
(i) The unique solution v* = v(A, u) of (23) satisfies the following inequalities

. 4min{A, u} X

0 <min{A, u} < — <v (25)
min{\A, u} 4+ 2
and
v* > max{A, u}; (26)
(ii) If, additionally, ), ;1 < 2 then
4 A,
< Amaxhopm) 27
max{A, u} +2

w _ 427 .. v 4 (=22
Proof Note that 57 (A, n) = 4(4%“)2 > 0. Similarly, 774, ) = 4—(47)%02 > 0.

Suppose that A < . Note that A < 2 in this case, because A < 4. Thus,

42
A< 2 (A A ). 28
<2+/\ v, A) v, ) (28)

Moreover,
4p
24+pn
if . < u < 2. Now suppose that u < A. In a similar way as above one can prove that

v, ) S v(p, u) = <2

4u
< —— =v(u, u) < v, w. 29
2 T (y ) < v(d, @) (29)
Moreover,
(h, 1) < v(A, 1) Yo,
vih, ) v, M) = —— <
H 2+ X
if u < A < 2. The considerations made above prove all of the inequalities in (25)-(27).

O

Let A, u > 0 be such that A < 4. The theorem below shows that composition of
A-RENE and ©-RFNE operators is v(A, v)-RFNE. This result extends a well-known
result of Ogura and Yamada [40, Theorem 3(b)] (cf. [15, Theorem 2.2.37]), where the
case A, u € (0, 2) was considered. Moreover, we show that the constant v* := v(A, u)
is optimal. An equivalent formulation of the first part of (ii) of the theorem below was
presented in [3, Prop. 2.5] in terms of conically averaged operators. However, we
give another proof of this part which we apply in Section 3.3 in order to introduce
extrapolations of compositions of RFNE operators and extrapolations of compositions
of relaxed cutters. As far as we know, the second part of item (ii) in the theorem below
as well as items (i) and (iii)-(v) are new. For x,y € H denote a; := T(x) — x,
a):=TQy)—y,b1 :=UTx)—Tx)and by :=UT () —T(y).
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Theorem 3.6 LetA,u > 0, T : H — H be A-RFNE, U : H — 'H be -RFNE. Then,

(i) For arbitrary x, y € 'H and for arbitrary v € R\{0} it holds that

1
(y=x (UTGx) —x) = (UT(y) =) = SIUT ) —x) = UT(y) = »I?

1 1 1 1 2
> (= —)llai —a2|I*+(—— =) lb1 =b2 1>+ (1 — =) (a1 —aa, by —b2). (30)
Aov JTAY) v

(ii) If .o < 4, then UT is v*-RFNE, where v* := v(A, ) is given by (24). Conse-
quently, UT satisfies the demi-closedness principle.

Moreover, if dimH > 2, then the constant v* is optimal, i.e., for arbitrary p €
(0, v*) there are a A-RFNE operator T and a u-RFNE operator U such that UT
is not p-RFNE.

(iii) If A < A + w and FixT N FixU # @, then FixUT = FixT N FixU.

(iv) Suppose that A > 4. If A < A+ pand dim’H > 2 or if A\ > A + p, then
there are a A-RFNE operator T and a u-RFNE operator U such that UT is not
RFNE.

(v) If A\t > X+ i, then there are a .-RFNE operator T and a u-RFNE operator U
such that FixUT # FixT NFixU # (.

Proof (i)Letv € Randx, y € H be arbitrary. It follows from (5) that (y—x, a; —ap) >
Tlar — al|* and (T () = T(x), by — ba) = |l — ba||*. We have

1
(v =%, UT) =x) = UT () =) = ~I(UT() =x) = (UT () = DI
1
= (y—x, <a1+b1>—<az+bz>>—;||<a1+b1>—<az+b2>u2 (1)

|
= (y—x,a1—a) +(T(y) =T (x)+(a1—a2), by —bz>—;Il(aler1)—(az+bz)||2
(32)

\

1 1 1
Xllal—azll2+;||b1—b2||2+(al—az,bl—bz)—;Il(al+b1)—(a2+b2)||2 (33)

1 1 5 1 1 2 2
= (= = llar — a2l + (= = Dlbr = b2|I” + (1 = —){a1 — a2, by — ba). (34)
Ao n v v

(ii) Let A < 4 and v* = v(A, u) be defined by (24). By Lemma 3.5(i), v* >
max{A, u} > 0, thus, % — vl* > (0 and l% — UL* > 0. Now Lemma 3.5 and the properties
of the inner product give

1 1 5 1 1 5 2
(= = Dlar —axll” + (= = Dby = b2l” + (1 = —){ar —az, by — b2)
AoV n v v

1 1 1 1
= X—F(al —@w)F ;_F(bl —b2)

2
>0, (35)
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where the sign F should be replaced by — if 0 < v* < 2 and by + if v* > 2. By
inequalities (31)-(35),

1
{(y—x, (UT(JC)—)C)—(UT(y)—y))—FII(UT(X)—x)—(UT(y)—y)II2 > 0. (36)

By Proposition 2.2 this means that UT is a v*-RFNE. Consequently, UT satisfies the
demi-closedness principle as a relaxation of an NE operator.

Now, suppose that dim H > 2. We prove that v* is optimal. Suppose for simplicity,
that H = R2. Denote H := {x = (x1,x2) € R? : x =0} and Hy := {x = (x, x2) €
R2:x; —kxy = k} and define T := (Py); and Uy := (Py, )y, k > 0. Clearly, T is
A-RENE, Uy is u-RFENE and z; := (k, 0) is the only fixed point of Uy T. Let p € (0,
v*). We prove that for some k > 0 the operator U T is not p-RFNE. For x = (0, &)
with & € R we have T (x) = (0, (1 — 1)&),

(kL= g + 1] WL = 2 + 1]
and s
k“[(1 — X 1](1
- U@ - = BT e )
Define

fi €. p) == plzx —x, UpTx — x) — |ULT (x) — x|°.

In order to prove that for p < v* and for some k > 0 the operator Ui T is not p-RFNE
it is enough to show that f (&, p) := limy_ o fix (&, p) < O for some & € R and for
arbitrary p € (0, v*). Actually, it is enough to show this for p close to v*, because, if
an operator S is v{-RFNE and v, > vy, then S is v,-RFNE. By (37)-(38), we have

fE p) = Au—rwp—A+pn—rw)IE*+[pQ2—1) —2(A+p—Aw) & +po—u’.

Note that 0 < A+ — Ap < v*. If p € (A + u — Ap, v*), then the function f(-, p)
attains its minimum at

[02—A) =20+ pn —Aw)lp

*
=E*(p) = — (39)
S T G 0l — Gt i — 0]
equal to
2 2
Iz [02—A) =20+ pn — 2] 2
h(p) :== f(E*(p), p) = — +up— .
f 4+ p —2rp) p—A+u—2aru)
(40)
A direct calculus shows that 4 (v*) = 0 and that
dh 4 — )
— ") = T > 0.
dp A+ —Apn
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Thus, for p < v* and sufficiently close to v* we have f(£*(p), p) < 0. This completes
the proof of (ii).

(iii) Let A < A + p and FixT NFixU # @. If max{A, u} < 2, then T and U are
SQNE and it follows from [4, Prop. 2.10] that FixUT = FixT N FixU. Suppose that
max{Xi, u} > 2. Lemma 3.5(i) yields that v* > 2 if Au < 4. Moreover, v* < 0 if
A > 4. The inclusion FixT N FixU C FixUT is clear. We prove that

FixUT C FixT NFixU. 41

The inclusion is obvious if FixUT = ¢J. Suppose that FixU T # ) and that the opposite
to (41) holds true. Inequalities (31)—(35) for y € FixUT give

1 1 11
T Sa—a)+t [ ———(b1-b)
Ao JTARY

(42)

(note that (35) with the + sign instead of = is also true if 4 < Au < A + u, because
v* < 0 in this case). Let x € FixUT be such that x ¢ FixT N FixU. Then, it follows

from (42) that
1 1 1 1
Z T et = b =b) =0 @

(ay —ap) + (b1 —bp) =a1+b1 =UTx —x =0.

2

1
(y=x, UTx—x)= —|UTx—x|*= >0
v

and

This leads to \/% — V—l* = \/% — v—l*, consequently, . = p > 2. This stands in contra-

diction to the assumption A < A + w, which proves (41).

(iv) We consider 2 cases:

()4 < A < A+ w and dim’H > 2. For simplicity we suppose that H = R2.
For the operators T and Uy, we use the same notation as in (ii). Let x = (0, &) with
& e R. Then, U;T (x) is given by (37). Suppose that for all k& > 0, the operators
Ui T are RFNE; consequently, they are relaxed cutters. Then, (zx —x, Uy T (x) —x) >
%HU/(T()C) — x]||2 > 0 for some v; > 0, k > 0, and

WR[(1 — M)E +11(1 + §)
K2 +1
= ul(1=RE+1TA+E) +Er =R+ —rAwE*+ Q2 —MpE+u >0

+ &2

o= lilgn(zk —x, Uy Tx —x) = lilgn

for all ¢ € R. If Au = A + u, then we obtain @ < 0 for some &, a contradiction. If
A < A+ u, then

Ai=Q2=2)2u% =4+ —ap) = Au(ipn —4) > 0.

Thus, for & = % we obtain o < 0, a contradiction. Thus, there is k > 1 for
which (zx — x, UyTx — x) < 0. This means that Uy T is not a relaxed cutter; thus,

Ui T is not RENE.
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(b) At > A 4 . Then, A > 1. Let H € H be a hyperplane. Denote P := Py and
define T := P and U := Py,. Clearly, T is A-RFNE, U is 4-RFNE and FixUT =
FixT = FixU = H.Letx € H and z € H be arbitrary. We have y := P, (x) =
x + A(P(x) — x). By the properties of the metric projection, P(y) = P(x). Thus,

UT(x) —x =P Ph(x) —x=y+puP(y)—y —x
=x+AMPx)—x)+pnd—-2)(Px)—x)—x
=@G+pu—2ruw)(Px)—x)

and

(z—x,UT(x) —x) = A+ pu— i)z —x, P(x) — x)
=4 pu—rw|Px) —x|* <0

if x ¢ H, which means that UT is not a relaxed cutter; thus, UT is not RFNE.

(v) Let A > A+ . Then, A > 1. Let H C 'H be a hyperplane. Denote P := Py,
o= ﬁ and define T := Py and U := (Py), = Py,. Clearly, T is A-RFNE, U
is o u-RFNE and FixT = FixU = H. Similarly as in the proof of case (b) of (iv), for

any x € ‘H, we have

UT(x) —x =Py PA(x) —x = (A +op—rou)(P(x) —x)

— o+ »
- A—1 rA—1

)(P(x) —x) =0

which means that FixUT = H # H = FixT N FixU. O

By Proposition 2.3, there is equivalence between o-SPC and A-RFNE operators,
where o € (—oo,1) and A = 2/(1 — «) € (0, +00). Thus, Theorem 3.6 can be
presented in terms of SPC instead of RFNE operators. Note that for o, 8 € (—o0, 1),
the inequality @ + B < «f implies that @ + B < 0, consequently at least one of «, 8
is negative and % < 1 (see Appendix).

Corollary 3.7 Let o, 8 € (—00, 1), T : H — H be an «-SPC, U : H — H be a
B-SPC.
(i) Ifa+ B < aB, then UT is a y*-SPC, where

op
a+B

y =y p) = (44)

Consequently, UT satisfies the demi-closedness principle. If, additionally,

(a) a, B <O, then y* < 0.
(b) aB < 0, then y* € (0, 1).

Moreover, if dim ' H > 2, then the constant y* is optimal, i.e., for arbitrary p €
(—o00, y™*), there are an «-SPC T and a B-SPC U such that UT is not a p-SPC.
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(ii) If « + B < 0 and FixT N FixU # @, then FixUT = FixT N FixU.

(iii) Suppose that o + B > aff. Ifa + B < 0and dimH > 2 or if o + B > O, then
there are an «-SPC T and a B-SPC U such that UT is not an SPC.

(iv) If o + B > 0, then there are an -SPC T and a B-SPC U such that FixUT #
FixT NFixU # @.

Let A, u > Obesuchthat A\u < 4, T : H - Hbe A-RFNE, U : H — H be
u-RFNE (equivalently, let 7 : 'H — H be an «-SPC, U : ' H — H be a B-SPC,
where «, B € (—o0, 1) are such that « + B < aff) with Fix(UT) # . Theorem 3.6
(equivalently, Corollary 3.7) together with Proposition 2.9 and the fact that (UT)/,+
is FNE yield the weak convergence of sequences x = (U T )y v+ (x*%) to some
x* € Fix(UT), where A, € [g,2 — ¢] for some small ¢ > 0. In Section 4 we show
that an enlarged range of A; guarantees the weak convergence (see Theorem 4.1 and
Corollaries 4.2 and 4.4).

If we set y € FixT in Definition 2.1(e), then we receive the definition of
an o-demicontraction (equivalently a A-relaxed cutter; see Corollary 2.6). Thus,
Theorem 3.6 yields a part of the following result which extends a well known result
of Yamada and Ogura [52, Proposition 1(d)] (cf. [15, Theorem 2.1.46]), where only
the case A, u € (0, 2) was considered. The optimality of the constant v* which was
proved in Theorem 3.6 also applies for composition of relaxed cutters. As far as we
know, the results presented in the theorem below are new. Denote a := T (x) — x and
b:=UT(x)—T(x).

Theorem3.8 Let A, u > 0, T : H — 'H be a A-relaxed cutter, U : H — H be a
w-relaxed cutter and let FixT NFixU # (. Then

(i) For arbitrary x € H and z € FixT N FixU and for arbitrary v € R it holds that

1 RS R T I
&—x,UYTx}—X%-;HUTCO—XH Z(X—;Jmﬂl+(;f-;)Wﬂ|+(P-;)w,b%

(45)

(ii) If A\ < 4, then UT is a v*-relaxed cutter, where v* = v(\, ) is given by
(24). Moreover, if dim H > 2, then the constant v* is optimal, i.e. for arbitrary
o € (0, v*) there are a A-relaxed cutter T and a w-relaxed cutter U such that
UT is not a p-relaxed cutter.

(iii) If A < X + w, then FixUT = FixT N FixU.

(iv) Suppose that A > 4. If A < A+ pnand dim’H > 2 or if A\ > © + W, then
there are a \-relaxed cutter T and a p-relaxed cutter U such that UT is not a
relaxed cutter.

(v) If At = A+ W, then there are a A-relaxed cutter T and a p-relaxed cutter U such
that FixUT # FixT N FixU.

(vi) Suppose that T and U satisfy the demi-closedness principle. [f 4 # At < A+ W,
then the operators UT and (UT )1+ also satisfy the demi-closedness principle.

Proof Let x € 'H and z € FixT N FixU be arbitrary. Denote @ := T (x) — x and
b:=UT(x)—T(x).Itfollows from (9) that (z — x, a) > %||a||2 and (z—T (x), b) >
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%||b||2. Thus, for relaxed cutters 7 and U inequalities (31)-(34) hold for y = z which
proves (i). This and inequality (35) gives

>0, (46)

(z—x,UT(x) —x)— %IIUT(x) —x|? >

11
———b
v*

where the sign F should be replaced by — if 0 < v* < 2 and by + if v* > 2 or
v* < 0. The proof of (ii)-(v) is similar to the proof of Theorem 3.6.

(vi) Let 4 # Au < A+ wp. If max{r, u} < 2, then T,U are SQNE and UT
satisfies the demi-closedness principle [16, Th. 4.2]. Suppose that max{A, u} > 2.
Then, v(A, u) > 2 or v(X, u) < 0, as it was observed before. In this case, the sign
F in (46) should be replaced by +. Let z € FixT be fixed, {xk }r—o be a bounded
sequence with || UT (x%) —x¥| — 0, y € 'H be its weak cluster point and let {x"*}?2 )
be its subsequence such that x"*—y. We prove that y € FixUT. Note that 7,1 is a
cutter and FixT; -1 = FixT. By [15, Cor. 2.1.37],

17 * )=k | =20 Ty )= || <A Piser (=8 | <A Prisr (6 )=zl < A1l
ie. |T(x%) — x¥|| is bounded. Similarly as before, denote ak .= T(x*) — x¥ and
bk = UT (x*) — T (x5). Let (xR0 5 € {x™)22, be such that |[a"* || — o for some

o > 0. We prove that @ = 0. Suppose that the opposite holds, i.e. « > 0. By setting
x = x" in (46), we obtain

(z— x™ UT (x™)— x™*)— ||UT(xmk)—xmk||2—>o,

R F
A VF noov*

Because aX + b¥ = UT (x¥) — x¥ — 0, it holds b¥ = —a* + d¥ with d¥ — 0, thus

[[b"* || — «. By the triangle inequality,
a mi ! mi
Toa "+ la™ | = [ ———Ild™].
v
— | lla”™ I =0,

This yields
‘ ho F -

consequently,

consequently, \/ + = F = ﬁ - v* which yields A = p > 2, a contradiction to
the assumption Ap < A + . Thus, o = 0, ie. [|T(x™) — x™*|| = ||a™ ]| — 0
and ||[UT (x™) — T (x™)|| = ||b™k|| — 0. Because T satisfies the demi-closedness

principle, y € FixT. Moreover y"* := T (x"*) = a"* + x"™k—y. Because U satisfies
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the demi-closedness principle, y € FixU. Thus, y € FixUT, i.e. UT satisfies the
demi-closedness principle. Consequently, (UT)1,,+ also satisfies the demi-closedness
principle as a relaxation of an operator satisfying the demi-closedness principle. 0O

Theorem 3.8 can be presented in terms of demicontractions instead of relaxed
cutters.

Corollary3.9 Leta, € (—o0, 1), T : H — H be an a-demicontraction, U : H —
'H be a B-demicontraction, and let FixT N FixU # (.

(i) Ifa + B < af, then UT is a y*-demicontraction, where y* is given by (44).
If, additionally,

(a) a, B <O0theny* <0and UT is —y*-SONE.
(b) aB < 0then y* € (0, 1).

Moreover, if dim'H > 2, then the constant y* is optimal, i.e., for arbitrary p €
(—00, y*) there are an a-demicontraction T and a B-demicontraction U such
that UT is not a p-demicontraction.

(ii) If o + B < O, then FixUT = FixT N FixU.

(iii) Suppose that o + B > af. Ifa + B < 0and dimH > 2 or if o + B > O, then
there are an a-demicontraction T and a B-demicontraction U such that UT is
not a demicontraction.

(iv) If a + B > 0, then there are an a-demicontraction T and a B-demicontraction U
such that FixUT # FixT N FixU.

(v) Suppose that T and U satisfy the demi-closedness principle. If « + B < 0, then
the operators UT and (UT )1,y also satisfy the demi-closedness principle.

LetA, u > Obesuchthat A\u <4, T : ' H — 'H be a A-relaxed cutter, U : H — H
be a u-relaxed cutter (equivalently, let 7 : 'H — H be an «-demicontraction, U :
‘H — "H be a B-demicontraction, where o, € (—o0, 1) are such thata + 8 < «f8 )
with FixT N FixU # @, both satisfying the demi-closedness principle. Theorem 3.8
(equivalently, Corollary 3.9) together with Proposition 2.10 and the fact that (UT )+
is a cutter yield the weak convergence of sequences = (W AV (x*) to some
x* € FixT NFixU, where A; € [¢ — 2 — ¢] for some small ¢ > 0. In Section 4, we
show that an enlarged range of A; guarantees the weak convergence (see Theorem 4.5
and Corollary 4.6).

Let 7; : H — H be an «;-demicontraction where o; € (—o0, 1) N {0},i € [ :=
{1,2,...,m}. Define T := T,,T,;,—1...T1 and denote

k m
ver= ;) and B =) o H7 (47)
i=1 i=k

k = 1,2, ...,m. The following Theorem extends [15, Th. 2.1.48], where the case
o; < 0,1 € 1,1is considered.

Theorem 3.10 Let o; € (—00, 1) {0}, i € I, where a; > 0 for at most one i € I.
Suppose that T; : H — H, i € I, are oj-demicontractions that share a common fixed
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point. If y, < 1, thenthe operator T is a yy,-demicontraction and FixT = (i, FixT;.
If, moreover, T;, i € I, satisfy the demi-closedness principle, then the operator T also
satisfies the demi-closedness principle.

Proof Consider two cases:

(@) a; < Oforalli € I. Then, T; is —a;-SQNE, i € I, and it follows from
[15, Th. 2.1.48] that T is —y;,;,-SQNE which means that T is a y;,-demicontraction.
Moreover, [4, Prop. 2.10(1)] yields FixT = ﬂl’-"zl FixT;. If all T;, i € I, satisfy the
demi-closedness principle, then [16, Th. 4.2] yields that T also satisfies the demi-
closedness principle.

(b) a;j > O for some j € I. Then, o; < O for alli # j. Suppose that y,, < 1.
Denote

U =Ty..T; and V; :=T;...T1.

We have
Uj = Uj+1Tj, Vj = TjVj_1 and T = Uj.;,.]Vj.
Note that y; 1 <0, ;41 < 0 and
1 1 1 1 1 1

—+ =—+—+
Yi  Bj+1 Vi1«

Thus,

= s (48)
Vi—1 a; Vi

By (a), Uj41 is a B4 1-demicontraction with B; 1 < 0, FixU; | = ﬂl'.”:jH FixT;,

Vj—1is a yj_1-demicontraction with y; 1 < 0 and FixV;_; = ﬂij;ll FixT;. If T;,
i =1,2,.., j—1,satisfy the demi-closedness principle, then [16, Th. 4.2] yields that
V1 also satisfies the demi-closedness principle. Because y; 1o < 0, (48) yields

vi-1+a; <yja; <O0. 49)
Now, Corollary 3.9(i)-(i1) yields that V; is a y;-demicontraction with y; € (0, 1) and
J
FixV; = FixT; N FixV;_; = (") FixT;.
i=l1
If7;,i = 1,2,..., j, satisfy the demi-closedness principle, then Corollary 3.9(v)
yields that V; also satisfies the demi-closedness principle as composition of T; and

V-1 satisfying (49). Because 8;11y; < 0, it holds

Bj+1+vj <Bj+1v; <O0. (50
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Applying Corollary 3.9(1)-(ii) again, we obtain that T = U;;1V; is a ypu-
demicontraction and

m j m
FixT = FixU; 11 NFixV; = (7] FixT; N (") FixT; = (") FixT;.
i=j+1 i=1 i=1

Finally, if 7;, i € I, satisfy the demi-closedness principle, then [16, Th. 4.2] yields that
Uj 1 also satisfies the demi-closedness principle and Corollary 3.9(v) yields that T
also satisfies the demi-closedness principle as composition of U1 and V; satisfying
(50). O

3.3 Extrapolation of composition of demicontractions

Let A, u > Obe such that A < 4. In Theorem 3.8, we proved that for composition of
A- and p-relaxed cutters 7 and U, the operator UT is a v*-relaxed cutter, where the
constant v* is given by (24). Moreover, we proved that for p € (0, v*) the operator UT
need not to be a p-relaxed cutter. It turns out that if we allow p to depend on 7', U and
x then we can decrease p for which UT is a p-relaxed cutter. Applying this property
in corresponding algorithms, we are able to enlarge the step size ||x*T! — x¥|| without
loss of the Fejér monotonicity of {xk},‘zozo. This can lead to a faster convergence of x*
to a solution. We start with the definition of a generalized relaxation of an operator.

Definition3.11 Let o : H — (0, +00) and let S : H — H be an operator. We call
the operator Sy : H — H defined by

So (x) == x + o (X)(S(x) — x)

a generalized relaxation of § and o is called a relaxation function. If o (x) > 1 for
all x € H and o (x) > 1 for at least one x ¢ FixS, then S, is called an extrapolation
of S and o is called an extrapolation function. If S is a cutter, then S, is called a
generalized o -relaxed cutter.

If the function o is constant, then the above definition coincides with the classical
definition of a relaxation. Clearly, in the case of generalized relaxation, the constant
A in inequality (9) should be replaced by o (x).

Extrapolations of FNE operators as well as of cutters have been successfully applied
in many papers, e.g., in [25, 42] (extrapolation of simultaneous projection), [17, 21,
33, 35] (extrapolation of a Landweber type operator) or [18] (extrapolation of cyclic
projection).

In this and in the next section, we answer the following questions:

1. Let T and U be SPCs with Fix(UT) # . What should be supposed on the
extrapolation functiono : H — (0, +00) in order to receive the weak convergence
of sequences xk generated by the iteration X = (UT), (%), x0 € H, to a fixed
pointof UT?
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2. Let T and U be demicontractions with FixT NFixU # . What should be supposed
on the extrapolation function ¢ : H — (0, +00) in order to receive the weak
convergence of sequences xk generated by the iteration X = (UT)e (x5, x0 €
'H, to a common fixed point of U and T'?

Before we formulate our main result of this section, we prove the following Lemma.

Lemma3.12 Let A, u > 0 be such that A < 4 and a, b € H be such that ||a||* +
16112 > 0. Then,

1 2 1 2
~llall” + —=I1IblI” + (a, b) > 0 (5D
A "
and 5
b 4(A —A
< T <y HELZID, (52)
sllall® + 2 1bl1* + (a, b) 4—An

Proof Inequality (51) is clear if (a, b) > 0. If {(a, b) < 0, then it follows from the
properties of the inner product and from the assumption that

1 1 1 1
Xnan2 + —Ibl* + {a, b) = | —=a + —=b|* + (1 — )a, b) > 0.
u A w

2
Vioo Vi VA

Moreover, A+ — A > 0, because Au < 4 (see Appendix). A direct calculus shows
that

1 1
40+ — AM)(XIIaIIZ + ;ubn2 +(a, b)) — 4 — r)lla + b|?

m [
=‘,/E(|X—2|)aﬂ: —(n=2Db
u

where the sign & should be replaced by + if (A — 2)(x — 2) < 0 and by — if
(A —2)(; —2) > 0. This proves inequality (52) which completes the proof. O

2
207

Similarly as before, for operators 7 and U with Fix(UT) # # and for x,y € 'H
denotea; :=T(x)—x,a2 :=T(y)—y,b1 :=UT(x)—T(x),br :=UT(y)—T(y).
Moreover, for A, u > 0 with A < 4 denote

ll(@1—a2)+(b1=b2)||* if Fix(UT
TN (x, y) = { TP+ b b o —ar by L%+ Y # FIX(UT), (53)

1, otherwise.

By Lemma 3.12 with a := a; — ap and b := b; — by and by the definition of of v*
given by (24), the function t* is well defined and 0 < t*(x, y) < v*. Moreover, for
y=z€Fix(UT),

lla1+b1 2 . .
, ifx ¢ Fix(UT),
T (x, 2) = { i lar—az |2+ 1b1=b2 |12+ (a1 —a2,b1—b2) # Fix(UT)

1, otherwise,
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because ap + b, = UT(z) —z =0.

Theorem3.13 Let A, u > O with A < 4, T be A-RFNE and U be p-RFNE with
Fix(UT) # 0. Let x € H and z € Fix(UT) be fixed and the function T : H —
(0, +00) be such that

T*(x,2) < T(x) < V7 (54)

Jor x ¢ Fix(UT). Then, the operator UT is a generalized t-relaxed cutter, conse-
quently, (UT)1 ¢ is a cutter whichis an extrapolation of the cutter (UT)1 s,«. Moreover,
(UT)1/¢ satisfies the demi-closedness principle.

Proof Let x € H. By Lemma 3.12 with a := a; — ap and b := b — by, there is
a function t satisfying (54). Note that for y = z € Fix(UT) it holds a» + by =
UT(z) —z =0. We prove that UT is a generalized 7 (x)-relaxed cutter, i.e.,

T(x){(z —x, UT(x) — x) > [|[UT (x) — x|

For z € Fix(UT) we have

(z=x,UT(x) —x) — %IIUT(X) —x|I?

=(z—=x,(UTx) —x) = (UT(2) —2)) - ﬁIIUT(X) —x—(UT@-*

Thus, Theorem 3.6(1) with y = z and v = 7(x) > 0 yields that it is enough to prove
that

[ _ e — )b —b 1__ b1 —b 0.
( & ))Ilal 2|| +( . ))Il 1— 2|| +( & ))( —az, by 2) >
(55)

If x ¢ Fix(UT), then (55) is equivalent to

lay + by >

= 1¥(x, 2).
illar — a2 + Llby = b2l + (a1 — a2, by — b2)

T(x) >

Consequently, UT is a generalized t-relaxed cutter and (UT )1 is a cutter. This and
the second inequality in (54) yield that (UT)1 . is an extrapolation of (UT)1,,+. By
Theorem 3.6(ii), UT is v*-RFNE, thus (UT) .+ is a FNE. Because Fix(UT) # 0,
this yields that (UT )1, is a cutter. Moreover, (UT)1,,+ satisfies the demi-closedness
principle as an NE operator; thus, (UT )1/, also satisfied the demi-closedness principle
as an extrapolation of (UT)1/y+. O

In order to apply Theorem 3.13, we should be able to evaluate t*(x, z) for some z €
FixUT . However, in general, this is a hard task because we do not know z € Fix(UT)
explicitly. Nevertheless, in some cases, one can define a function 7 (x) satisfying (54)
without knowledge of z € Fix(UT). This function can be applied for a construction
of a cutter which is an extrapolation of the cutter (UT)1,,x.
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Example 3.14 Supposethat A € [1,4), u = 1. Then, obviously, Au < 4. Furthermore,
let T := (P4),, where A C H is closed convex, U := Ppg, where B is a closed affine
subspace and Fix(PgP4) # (. It is easily seen that Fix(UT) = Fix(PpPga). Let
z € Fix(Pp Py4) be arbitrary, w := Tz and d := z — P4(z). Then, ||d|| is the distance
between A and B. We prove that

(i) For x € B, it holds that

llay +b1> ifx ¢ Fix(UT
. 2) = | Tial oy 1 * #FxUD, g0
1, otherwise.
(i1) For
lay -+ |2 if x ¢ Fix(UT
F0) = | Thale o P oL 1 * € FIXUT), (57)
1, otherwise,

where x € B, it holds T(x) > t*(x, z) and the operator UT is a generalized
t-relaxed cutter; consequently, (UT)1/z is a cutter.

(iii) For 7 := min{T, v*}, where v* = v*(A, 1) the operator UT is a generalized
t-relaxed cutter and (UT); ¢ is a cutter which is an extrapolation of the cutter
(UT)1)v+. Moreover, (UT)y; satisfies the demi-closedness principle.

Proof Let x € B.For y = z € Fix(UT) we have by = —a,. Moreover,
T(z) —z=ay = (Pa)r(z) —z2=APa(z) —2) = —\d.

Letx € B\ Fix(UT). Wehave UT (x) = PgT (x) € B and z = Pg(w). These facts,
the properties of the metric projection, and the affinity of B yield

1
(a1 + b1, d) = (a1 + b1,z — Pa(2)) = K(PBT(X) —x, PpT(z) — T(2)) =0,

and
(a1 +b1,b1) = (PpT(x) —x, PpT(x) = T(x)) =0

ie. (a1,d) = —(b.d) and (a1, b1) = —||by||%. Moreover, A||d||* — 2|/b1]| - 4|l >
—1|1b1||, because the function f (&) := A£2 — 2¢ attains its minimum at £ = B/A
equal to —B2/A. These facts yield

1
~llar = a|* + b1 — bal|* + (a1 — a2, by — bo) (58)
1

- X||al +Ad|]> + |by = M) + (a1 + 2d, by — Ad) (59)

_l 2 2 2

—)\”01” + 161 lI” + (a1, br) + Alld||” — 2(b1, d) (60)

>1||a2 byl b1) + Alld)> = 211b1)l - Ild 61

Z 3 =+ b1 ll” + {ar, br) + Alld|| 1ol - 14|l (61)

> Ll P+ 16112 + (@1, b1) — ~ 1512 0

z 5l 117+ (a1, b1) /\Il e (62)
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Part (i) follows from equalities (58)-(60) and from (53). Note that [lai]| > ||b1],
because x € B\Fix(UT), consequently, -{la1 > + [|b1]|* + (a1, b1) — L]by | > 0.
Thus, 7 is well defined and inequalities (61)-(62) show that T(x) > t*(x, z). This
shows that UT is a generalized 7-relaxed cutter, consequently, (UT)1,z is a cutter.
This proves part (ii).

Unfortunately, 7 (x) needs not to satisfy T(x) < v*(a, 1), thus, (UT)1,z needs not
to be an extrapolation of (UT)1,,+. Thus, we introduce the function 7 := min{z, v*},
where v* = v*(1, 1), which obviously satisfies t*(x, z) < T(x) < v*(A, 1). Similarly
as before, this yields, that (UT); /3 is a cutter which is an extrapolation of the cutter
(UT)1/v+ and satisfies the demi-closedness principle. O

If FixT N FixU # @, then the function 7* can be evaluated without knowledge
of z € FixT N FixU, because for y = z € FixT N FixU we have a; = by, = 0.
Consequently, for x ¢ FixT N FixU and for arbitrary z € FixT N FixU we have

llag+b1[? . . .
, if x ¢ FixT N FixU,
T*(x) i= ¥ (x, 2) = { ila P+ 1b11P+arbi) ?

1, otherwise.

(63)

In this case it enough to suppose that 7 and U are relaxed cutters satisfying the
demi-closedness principle instead of being RFNE operators.

Corollary 3.15 Let A, u > O with A < 4, T be a A-relaxed cutter and U be a -
relaxed cutter with FixT N FixU # (. Let x € 'H be arbitrary and the function
T :H — (0, +00) be such that

() < Tx) <v° (64)
for x ¢ FixT NFixU, where t*(x) is given by (63). Then, the operator UT is a gen-
eralized t-relaxed cutter, consequently, (UT)1,; is a cutter which is an extrapolation

of the cutter (UT)1,y+. Moreover, if T and U satisfy the demi-closedness principle,
then (UT)1/; also satisfies the demi-closedness principle.

4 Convergence properties of algorithms employing strict
pseudocontractions and demicontractions

Let T, U : 'H — H be two relaxed cutters (equivalently, 7', U are two demicontrac-
tions) with Fix(UT) # @. For a relaxation function o : H — (0, +00) we define

Vi=WUT),,
a o-generalized relaxation of UT. We consider the iteration
K= v, (08 = (U0 (6N, (65)

where x° € H is arbitrary and the relaxation parameter Ay € [&, 2 — ] for some small
¢ > 0. In this section we give conditions under which sequences generated by iteration
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(65) converge weakly to an element of Fix(UT) # (. We use the same notation as in
Subsection 3.3.

Theorem 4.1 Let A, u > O be such that Au < 4, T : H — H be A-RFNE and
U :'H — H be u-RFNE with Fix(UT) # (. Then, the sequence {xk},‘:io generated
by iteration (65), where o = 1/t with t satisfying (54) for all x € H and for some
z € Fix(UT) converges weakly to an element of Fix(UT).

Proof The theorem follows directly from Theorem 3.13 and from Proposition 2.10.
O

Setting T (x) = v* for x ¢ Fix(UT) in Theorem 4.1 we receive the following result.

Corollary 4.2 Let A, u > 0 be such that \u < 4, T : H — 'H be A-RFNE and
U :'H — H be u-RFNE with Fix(UT) # (. Then, the sequence {xk},fio generated
by the iteration

= (UT) 0 (), (66)

where x° € H, M € [e,2 — g] for some small ¢ > 0 and v* is defined by (24),
converges weakly to an element of Fix(UT).

We call the iteration (66) a relaxed alternating strict pseudocontraction (RASPC)
method.

Remark4.3 If A = = 2, T := (Pa); and U := (Pp)y, then V := (UT), with
p = % is, actually, the Douglas—Rachford operator which is FNE. Thus, Theorem 4.1
extends the convergence of the Douglas—Rachford method to the case Ay < 4.

Applying Proposition 2.3, Theorem 4.1 can be equivalently formulated as follows.

Corollary 4.4 Let o, B € (—00, 1) be such thata + 8 < aff, T : H — H be an
a-SPCand U : H — 'H be a B-SPC with Fix(UT) # (. Then, the sequence {xk},fio
generated by iteration (65), where the generalized relaxation function o = 1/t with
T satisfying

2)la1 +b1 1> <o)< 2@tP)
(I =)l —a |+ =P)lIb1 = ba||*+2(a1 —az, by —b2) = 7"~ Ol+,3—0(l€7)

for arbitrary x € H\Fix(UT) and some y = z € Fix(UT), converges weakly to an
element of FixUT.

Theorem4.5 Let A, u > 0, T : H — H be a A-relaxed cutter and U : H — H be
a pu-relaxed cutter with FixT N FixU # (. Suppose that T and U satisfy the demi-
closedness principle. If A < 4, then the sequence {x* Yoo generated by iteration
(65), where o = 1/t with t satisfying (64) and t*(x) defined by (63) for all x € H,
converges weakly to an element of FixT N FixU.

Proof Suppose that A < 4. By Corollary 3.15, (UT), is a cutter which is an extrap-
olation of the cutter (UT )1+ and (UT ), satisfies the demi-closedness principle. The
remaining part follows from Proposition 2.10. O
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We call iteration (65), where 0 = 1/t with 7 satisfying (64) and t*(x) defined by
(63) an extrapolated alternating demicontraction (EADC) method.
Theorem 4.5 can be equivalently formulated as follows.

Corollary 4.6 Let o, B € (=00, 1), T : H — 'H be an a-demicontraction and U
‘H — H be a B-demicontraction with FixT NFixU # (. Suppose that T and U satisfy
the demi-closedness principle. If @ + B < af, then the sequence {x* Yo generated
by the iteration (65), where o = 1/t with T satisfying

2)la1 +b1? ey < 2@ EP)
(I=o)flail* + (1 = BlIbrI* +20ar, b)) = 77 " e+ p—ap

for arbitrary x € H\Fix(UT) converges weakly to an element of FixT N FixU.

Contrary to Theorem 4.5 and Corollary 4.6, in Theorem 4.1 and in Corollary 4.4
we do not suppose that FixT N FixU # (. We only suppose that Fix(UT) # @. In
the case of the Douglas—Rachford operator, i.e. 7 = 2P4 —Id and U = 2Pp — 1d for
closed convex subsets A, B € H it is well known that Fix(UT) # @ if and only if
AN B # ([1, Prop. 7]. The first part of the proposition below extends [1, Prop. 7],
where the case A = u = 2 was proved, and is a special case of [27, Lemma 4.1(iii)].
The second part shows that for A + u 7# Ap the nonemptiness of Fix(UT) is also
possible if AN B = ¢.

Proposition4.7 Let A, u > 0, A, B € H be nonempty, closed and convex, T :=
(Pa)), U:=(Pp)ypandV :=UT.
(i) If » + . = A then
FixV £ <= ANB # 0; (68)
If, moreover, AN B # (), then

P4 (FixV) = AN B. (69)
(ii) If . 4+ i # A, then there are A, B with AN B = () and FixV # (.

Proof (i) Suppose that A + © = Au. Clearly, AN B C FixV, so,if AN B # @,
then FixV # (. Suppose that FixV # . By V = (uPp + (1 — n)Id)(P4); and by
At p=Au,
z € FixV <= Pp(Pa)s(z) = Pa(2). (70)

This yields A N B # ) which proves (68). Now we prove (69). If x € A N B, then
x € FixV and Pa(x) = x, thus x € P4(FixV). Letnow x € P4(FixV). Then,x € A
and there is z € FixV such that x = P4(z). By (70), Pp(Pa)s(z) = x, thus x € B.
This proves (69).

(ii) Suppose that A + p # Aun. Let A, B € H be two disjoint hyperplanes. Let
a € Aand b := Pp(a). If we set

Aa 4+ ub — Apa
X=—--
A —Aun
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then we obtain V (x) = x. O

Example 4.8 Let A, B C H be nonempty closed convex subsets that share a common
point, ' = (Pa)x and U = (Pp),, where A, i > 0 and A + p = 4. In particular, if
A=pu=2then UT is NE and (UT) 1 is, actually, the Douglas—Rachford operator.
Now suppose that A, # 2. We have A < 4 and v* = v(A, u) = 4. By Theorem
3.6(ii)—(iii) the operator UT is 4-RFNE and FixUT = A N B, consequently, the
operator V defined by

1
V(x) = (UT)%(x) =x+ Z(UT(X) —Xx)
is FNE with FixV = A N B and the sequence {xk},‘:io generated by the iteration
okt :x+2—k(UT(xk) —xh, 1)

where x* € H is arbitrary and oy € [e,2 — ¢] for some & € (0, 1) converges weakly
to some z € FixV. By Corollary 4.6, the convergence also holds if 7 and U are
demicontractions (equivalently, relaxed cutters) with FixT = A and FixU = B which
satisfy the demi-closedness principle. By Theorem 4.1, the convergence also holds if
we suppose that 7 and U are RENE (or, equivalently, SPC) with Fix(UT) # @ (even
if AN B = ). On Fig.2, we compare the behavior of the DR iteration and iteration
(71) with A = 3, © = 1 and o} = 1 (a relaxed alternating strict pseudocontraction
method), where A, B C 'H are two intersecting hyperplanes.

Example4.9 Let A € H be a ball and B be a hyperplane tangent to A, T :=
(Pa)y., U := (Pp)u. On Fig.3, we compare the behavior of the DR method with
an extrapolated alternating demicontraction method x =Ty o %) forr =3
and u = 1, where 7* is given by (63).

Fig.2 Behavior of DR method
and RASPC metod

T T T
——©6— RASPC method
—¥— DR method 4
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Fig.3 Behavior of DR method and EADC method

Example 4.10 Let us come back to Example 2.14 and to iteration (13), where «, 8 €
(=00, 1) and & > 0. We suppose for simplicity, that uy is constant, uy = u > 0.
Because 7T is an a-demicontraction with FixT = A~ (FixS) = A~'(Q) and U is a -
demicontraction with FixU = C, Corollary 2.7 yields that 7} is a y-demicontraction
withy = 1— I_T“ and U, is a §-demicontraction with§ = 1— =8 Note that, contrary
to Example 2.14, T; is not SQNE if A > 1 —« and U, is not SQNE if u > 1 — B.

If y + 8 < yé then, by Corollary 3.9, U, T; is a v-demicontraction with v = yy_fﬁ'
Now Corollary 4.6 yields that the operator V := (U, T3)1/; with T := fffgfi)a isa

cutter and the sequence generated by the iteration x**! = Vs (x*), where x° € H
is arbitrary and Ay € [g, 2 — €] for some ¢ € (0, 1), converges weakly to an element
of F := C N A~'(Q). Note that Moudafi supposed in [39] that A € (0,1 — ),
nwe@,1—-p8),r=1and rr = 1.

Appendix

Lemma4.11 Let A, u > 0. If A < 4, then A + 1 > ApL.

Proof Let A < 4. If A < 1, then
A+udl—=2)>1>0

which yields A + & > Ap. Let now A > 1 and suppose that A + © < Ap. Then, we

obtain s
(=27 _

5 =

a contradiction. O

4
02 At p(l=2) >kt (1= 1) = 0,
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Lemma4.12 Leto, B € (—o0, 1).

(i)lfot+,3<ocﬁthenoc+,3<00nd%<1_

(ii)If% < 1 and at most one of a, B > O then o + B < ofs.

Proof (i) Define f(x) = 1 — % for x > 0. Then, (i) follows from Lemma 4.11 by
setting = f(A) and B = f(1).

(ii) Let 0% < lL.Ifa,B < Othen @ + B < 0, consequently, «f > o + B. By
the symmetry it is enough to consider the case « < 0, 8 > 0. If § = 0 then
a+ﬁ=a<0=a,3.lfﬂ>0then%>lwhichyieldsa+ﬂ<a,3. O
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