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Abstract

We establish convergence analysis for Hermite-type interpolations for L?(R)-entire
functions of exponential type whose linear canonical transforms (LCT) are compactly
supported. The results bridges the theoretical gap in implementing the derivative sam-
pling theorems for band-limited signals in the LCT domain. Both complex analysis
and real analysis techniques are established to derive the convergence analysis. The
truncation error is also investigated and rigorous estimates for it are given. Never-
theless, the convergence rate is O (1/ \/N ), which is slow. Consequently the work on
regularization techniques is required.

Keywords Linear canonical transform - Sampling theory - Truncation error

1 Introduction

The linear canonical transform (LCT), extends the fractional Fourier transform (FrFT),
and it plays a major role in signal and image processing, approximation theory, optics,
as well as many other disciplines, see [8, 12, 15, 16, 20, 22, 28, 32]. For f < LZ(R)
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the definition of the LCT, cf. [9, 18, 21, 25], is a four-parameter transform

LY@ =LY [f(z) (x)
d 2+a,\2

Ji2nh / f(Z)e ) 4z, b £0,
l 7T
Ve 297 f(dx), b =0,

(1.1

where a, b, ¢, d are real numbers satisfying ad —cb = 1. We exclude the case b = 0
in our study as it is trivial. When (a, b, ¢, d) = (cos(x), sin(«), — sin(«), cos()), the
LCT becomes the FRFT. If (a, b, ¢, d) = (0, 1, —1, 0, ) the LCT reduces to the Fourier
transform (FT). Fresnel transform is the special case when (a, b, c,d) = (1, b, 0, 0).
For more details see [26, 33, 35, 36]. The sampling theorem expansions for LCT and
FRFT have been derived in many works, cf., e.g., [5, 18, 19, 27, 30-32, 34]. Let
o > 0 be fixed and let B2 be the class of bandlimited signals in the LCT domain with
band-width o, i.e., [18],

= {f(z)eLz(]R): L?(x):O, |x] >o}.

ItpP Wg denotes the classical Paley-Wiener space of band-limited functions with band-
width o, cf. [11], then f € B if and only if there is f, € PW_,, b > 0, such that

f(z) = e~1@/2D)Z £ () The interpolation sampling theorem associated with the LCT
states that, see, e.g., [18, 23, 24, 30, 32, 34], if f € B2 then

@)= Z e HEE) £(2,)8,(2), z € R, (1.2)

n=—0oo
nih .
where z,, := ——, n € 7Z, are equidistant samples and
o

sin (% (z — zn)

. o _ M, zZ# n,

Su(@) 1= sine (=@ —2)) =1 -z, (13)
bm

17 Z=2n-.
Series (1.2) converges absolutely on C and uniformly on compact subsets of C and on
R as well. The error analysis for truncation, amplitude and jitter errors associated with
the sampling representation (1.2) are considered in [4, 29, 32]. If we take (a, b, d) =
(0, 1, 0) in (1.2), series (1.2) turns to be the classical sampling theorem of Whittaker,
Kotelnikov and Shannon (WKS),

f) = Z f( )smc (%—n),zeR, (1.4)

n=—oo
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cf. [6, 11].If f € PW220, then f can reconstructed via the following Hermite inter-
polation sampling theorem

fl@= i {f(g)—l—(z—g)f’(g)}sincz((;—z—n), zeR. (1.5

n=—oo

Expansion (1.5) is also called the derivative sampling theorem, see [11]. Series (1.5)
converges locally uniformly on C. The Hermite sampling representation was first
established by Jagerman and Fogel (1956) in [14]. Li and Fang (2006) discussed the
aliasing error associated with (1.5) in [17]. In [3], truncation, amplitude and jitter
errors associated with (1.5) are investigated.

The Hermite sampling theorem or derivative sampling theorem associated with the
LCT is given in [18], see also [19], but nothing is said about the types of convergence
of this theorem. Therefore the main outcomes of this paper are itemized as follows.

e The convergence analysis for the Hermite sampling theorem associated with the
LCT is established in Section 2.

e We employ complex analysis techniques, which allow us to derive new important
cases in different spaces of entire functions with prescribed growth.

e The truncation error is estimated in both local (pointwise) and global (uniform)
manners in Section 3. Moreover, in Section 4 we estimate the error when the
truncation error is accompanied with other types of errors.

The experimental results are presented to show the accuracy and usefulness of derived
results in Section 5.

2 LCT-Hermite interpolations

Let f € Bzza. Define the Hermite interpolation series associated with the LCT, to be:

ﬂm~Huym:};éfﬁwﬁbﬂﬁ+%@@—@0fm> o

+@—mf@4$@,

nmwb
z€C,zg = —,n € Z,and a,b € R, b > 0 are arbitrary. We give sufficient

o
conditions for which the H[ f](z) converges to f. We will also derive estimates for
the remainder

RN[f1(2) == f(2) = HNLf1(2), 2.2
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where

HNIfl(z) = Z e iz -z {(l + —Zn(Z Zn)) f(zn)
2.3)

+(z— Zn)f/(Zn)} S2(z), N eN.

In the following Dy denotes the closed square

1\ 7b
DN:={z=x+iy:x,y€IRi,IxI,|y|S<N+§)n—}EC, 2.4
o

N e N. We also denote by Cy = 9Dy to the boundary of Dy . All contours are taken
to be positively oriented. We denote by DY, to the interior of Dy . The following lemma
gives a Cauchy-type representation for the remainder Ry (f(+)).

Lemma1 Let f € 13225. Then for any interior point 7 of Dy, i.e. z € D, N € N,

R B sin? (%z) e~ i) J )5
V1@ = 2 .AN(é—Z)m Trriaks 25)

Proof Notice that Ry[f1("ZL) = 0, since Hy[f1("Z) is merely f("Z2), n =
—N, ---, N.Therefore (2.5) holds true forz = z,, = ’”;—b, n| < N.Forz € D?w 7%
Zn, define the kernel function

sin? (§2) 7B pg)
2mi (¢ —2)sin (5 ) '

K:(8) = (2.6)

As a function of ¢, IC;(¢) is a meromorphic function of ¢ with a simple pole at ¢ = z
and with double poles at ¢ = z,, n € Z. By the residue theorem, we obtain

N
/ K,(¢)de = 2mi Res(K,; z) + 2mi Z Res(KCz; zn)s 2 # Zns 2.7)
n=—N

where Res(/C;; w) denotes the residue of /C; at w. Obviously

Res(KC;; z) = hm (g“ —2) X K;(¢) = f](:l). 2.8)
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Res(ii ) = lim 2 [(6 = 20° x Kx(0)]

—1 {(1 =+ Zn(Z Zn)) f(Zn) + (z — Z"l)f/(zn)} (2.9)
~ 27 b

x sinc? (%(Z — Zn)) i35 =z3)

Substituting from (2.8) and (2.9) into (2.7), we obtain (2.5).

Before proving the main convergence results of this section, we introduce the following
important estimate.

Lemma2 For f € B%U, there exists K > 0, such that

2
eB*Y o T

lf()] < KW,

z=x+iyeC. (2.10)

Proof The proof is based on the fact that f € 3220 iff there exists fo € P sza /b such
that
f@ =e W), zeC. @.11)

From [10, p. 158] there exist K > 0 such that for z = x 4+ iy € C, we have

20
1yl
N <K—00o . 2.12
Moreover, z = x + iy,
‘efi(a/Zb)zz — By (2.13)

Combining (2.11), (2.12) and (2.13), we obtain (2.10).
Theorem 2.1 Let f € Bzza. Then H[ f1(z) is locally uniformly convergent to f on C.

Proof Let 2 C C be compact. We show that H[ f](-) converges uniformly to f(-) on
£2 by showing that Ry [ f](-) = 0 uniformly on 2. Indeed, let N, € N be such that
2 C D})Vo. Now fix z € £2, N € N, for which Dy, € Dy. Denote the integrals in
(2.5) coming from the two horizontal legs of Cy by / Ij;, where + and — refer to the
upper and the lower line segments, respectively, and the integrals coming from the two
vertical legs of Cy by / ‘f, where + and — refer to the right and the left line segments,
respectively. Then

_l(Zb)(Z =) n L
_ dc=1,+1, +1;+1,, 2.14
/CN pererce QUL RRNT: 2.14)
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and direct substitutions leads immediately to

(NJ,-%)%b *i(z%)<z27(tii(1v+%>%b)2)

IF = f
H=T 7<N 1)”” (t:l:z(N+ ) — z)sin? (

SIS
—
-~
H
L=
=
+
J
a3
S—"
QU
uN

. i/(’”;)@b e_i(%)(zz_(i(N+%)%b+it) >f (E(N+5) 2 +ir)
£

~(ve3) e (E(N +3) 22 it — 2y sin® (§ (£ (N + 5) 22 +ir))

Inequality (2.10), implies

b e%(N+%)t eZﬂ(N-&-%)
‘f(t:i:l(N—l-z) G>’5K(1 7 2.17)

Also similar to (2.13), we have

1(2,,)(zﬂ:z(1\ur )7,0)2| _ e_%(zw%)z. (2.18)

Thus, the integrals (2.15) can be estimated using (2.13), (2.17), and (2.18) to obtain

K e%xy eZn(N+%)

11| <

(2.19)
f(f\“fi)’ffb dt
X .
()2 e =i (N + 5 2 s (5 (i (N +3) D)
Since | b | b
t:l:z(N—}——)n——z 2<N+—>n——|y|, telR, (2.20)
2) o 2) o
and

‘sin (%z)‘ > ‘sinh (%y)‘ = (1 - e—%|Y‘), i=x+iyeC, (221)
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then

;] <

8Kmb (N+1) et
= 5. (2.22)

(e ) (e pz ) (1-emD)

which approaches zero as N — oo without depending on z. Now, we estimate / \j,t
Inequality (2.10), implies

TV T K—e%(w%)te%’m 2.23
) 2= 40l < . .
f( ( +2)o+’)— TN 223

Moreover,

SO (Vb)) | e (ved)r (2.24)

Using (2.23), (2.24), and (2.13) leads us to the estimate

|Ii‘ < Ke%xy/ N+%)%b 6276'”
v ~(v+1)z (D!

(2.25)
1
x 0N b -2 (o BT
|(£ (N +5)Z2 +it — 2)sin (F(:E(N+§)7+lt))|
Again
1 b 1 b
‘:I:(N—i——)n——}—it—z z(N+—)”——|x|, ‘R, (2.26)
2] o 2) o
and,forz::l:(N—i—%)”?b—i—iy, N € N, we have
o o et I
(sm (Zz)’ = cosh 2 () = 5 (2.27)
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Combining (2.26), (2.27) and (2.25), we obtain

1y] <

4K eb™ (v+4)z (F %)

(N"‘%)”?b—lxI/(Nﬁ Wdt
8K XY (N+%

DK IXI/

6K (1 (v ) 2)

(V)P

1
it (2.28)

(1+0)172

12

which tends to zero as N — oo without depending on z. From (2.5) we conclude that
Rn[f1(-) = 0 uniformly on £2 and the proof is complete.

As we have seen above the order of convergence of H[ f](-) to f(-) is O(I/W) as
N — oo. This order is very slow to establish uniform convergence on R. However
if f(-) satisfies a faster decay than that of Bzzﬂ -functions, we can prove uniform con-
vergence on R as in the next theorem. The proof is established using real analysis
techniques.

Theorem 2.2 If f € B3, X f(z) € L*(R), for some k € 7, then the series (2.1)
converges absolutely and uniformly on R to f.

Proof Let z € R. Applying the triangle inequality to the convergent series (2.1), we
obtain

HIF1Q)] < \f(z,»sz( |+ < fsin (2 )\ Z 20 f @S0 (2)]

: (2.29)
+;\sm( )( Z 7@, )]
Using Cauchy-Schwarz inequality yields
HIf 1) < (Z |f<zn)|2) 2+@< 3 |znf(zn>|2>l/2
n=—o00 o n=—00
(2.30)

b 00 1/2 00 1/2
9 ’ 2 2
+= (;oo | /()| ) <n;oo|sn<z)| ) :

where we have used the fact [S,(z)| < 1,z € R. Since f € 3220, then Parseval’s
equality takes the form

/_ If @) dz—— Z 'f ("”b>' . 2.31)

n=—oo
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It is easy to see that 7f (z) € B220, and hence

00 &) 2 2
/ f @ dz =2 3 <@) 'f <@> (2.32)
- % o o
For f(z) € B2a, Bernstein’s inequality, cf [11, p. 49],
2
112 = S0 e (233)
implies f'(z) € L%(R). Hence [7, p. 201, the Fourier transform F(f'(-)) is
F(f' @) () = —ia F(f(2)(a), ack. (2.34)
Then f'(z) € B3, and, [11, p. 59],
o J— b\
/ /@[ dz = ”? S <%) (2.35)

n=—oo

Substituting from (2.31),(2.32),(2.33) and (2.35) into (2.30), we get

(z)l_(\/7||f||2+ lal I|Zf||2+2\/7||f||2)(nzoomn(mz) .
(\/>||f||2+

00 1/2
= |12/ ||z> ( > ISn(z)I2> : (2.36)
Now let p, ¢ > 1 be such that L —+— = = 1. Using the inequality, [11, pp. 114-115]

Nn=—00

00 1/q
( > I&(z)l") <p. (2.37)

n=—0o0

and substituting from (2.37) in (2.36) with p = ¢ = 2, we obtain

THLf 1) < 2< Vgt —7—= || fllz) (2.38)
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Thus, series (2.1) converges absolutely on R. Now let N > 1 and ox(z) be the
remainder

on(2) = [RLf1(z) = Ay 1]

Z ei(a/Zb)Z% if(zn)sr%(Z) + iﬁZn.f(Zt1)Sn (z) sin (g(z - Z”)>
o b

|n|>N

-+§f%aoxxmsm(%(z—zm)}y (2:39)

Using Cauchy-Schwarz inequality yields

1/2 1/2
@ =1 [ rer] 9 mrer
[n|>N |n|>N
12 1/2
b
| X el 3 18,1
[n|>N [n|>N
1/2 1/2
<2 T ireor] + 9 Y kreor
[n|>N |n|>N
1/2
b , 2

|n|>N

Therefore, from Bessel’s inequality, on (z) — 0 as N — oo without depending on
z € R, which implies uniform convergence on R.

3 Truncation error estimates

In this section, we will investigate the truncation error estimates associated with the
Hermite sampling series (2.1). For N € Z™, z € R, the truncated series of (2.1) is

N .
fu@ = 3 e e {(1 + 2o - zn>) e+ G —zn)f’<zn>} 52(2),
= 3.1)
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and the associated truncation error is

TNIA1@) = £2) = fv (@)
= Y i) {(1 + - zn)) Fln) + G~ zn)f’(zn)} $2().

|n|>N

3.2)

Theorem 3.1 Let f € BZZU and 7* f () € L*(R), for some k € 7. Then, for z € R,
|z < Nmb/o, we have

Jsin (%) =" [ & Ex ! :
|TN[f](Z)| = (N + 1)k { \/§ ((N;-[ — (%)1)3/2 + (Nm + (%)2)3/2>

g ! + ! : (3.3)
SNT =z N+ Gz

where
(lalV + DA 12 ) Pdz + /7 & [(0/b) Ex + KEi1])
Nk = (34
o
and

Eo 0 . 2 B (G/b)k+1/2 35
k= /_Oo|Zf(Z)| 2, gk'_nkH\/TTk). (3.5)

Proof Let N € Z*, z € R with |z] < Nmb/o. Applying the triangle inequality to
(3.2), we obtain

IRGIEEY ]f(zn>53(z>]+|f,—| 2.
[n|>N In|>N

+§ Y |7 @sin (S - ) 5.0

|n|>N

Znf (zn) sin (%(z - zn)) S, (z)]

f Gn)sin (§)z
((§)z = nm)’

|a| an (Zn) sin2 (%)Z
+ - o
s 2 | (@) )

f Gn)sin (§)z
((5)z = nm)’

|a| an(zn) sin2 (%)Z
+ — o
o 2| (@) )

>

n<—N

+2

n>N

n<—N n>N
b [l @nysin® (Pz| b [ (zn) sin® ($)z
+— —_—— |+ = . (3.6
s 2 @) | o & @)
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Cauchy-Schwarz inequality implies

1/2 \sin(g)z|4 1/2 1/2
1T f1G)] < (Z |f(zn)|2> (Z 7b4> + ( > \f(zn)|2>

n>N n>N (}’L?T - (F)Z) n<—N

Isin(9z4 "2l 2 sin (22l "2
el + = n - 2 et
(Z (nn(“)zr) o (Z'Z 1 ”) (Z om—(%)zﬂ)

b n>N n>N

lal 172 \ﬂil‘l(a)z|4 1/2 b 1/2
laj 2 b b 2 ’ 2
+ (Z |z f (zn)] ) (Z 7(’”1_(%)02) + (Z Fenl )

n<—N n<—N n>N

sin (et \ b ) sin et \"q s
X ZW 2 Z!f(zn)‘ ZW . (3.7

n>N n<—N n<—N

Recalling that |z| < Nmb/o, we have for « > 0, cf. [2, p. 340],

1 1
. 3.8
L o " e w (G o e
Since f(z) € B22(r and z¥ £ (z) € L*>(R), then we have, cf. [13, p. 716],
172
2 VTEEY
(i;vwzm ) = T (3.9)
and, cf. [3, p. 1303]
V2 e [(0b) Ex + KEq 1]
Yo rel) =¥ Lol (3.10)
+n>N (N + 1)

Moreover,

1/2 o
( Z |an(Zn)|2> < ‘// lzf (2)|%dz. (3.11)
+n>N N

Applying (3.8) with ¢ = 3 in the first two sums and & = 1 in the last four ones in
(3.7), and substituting from (3.9)-(3.11) into (3.7), we obtain (3.3).

Corollary 1 Let f € Bzzﬂ and 7* f (z) € L*(R), for some k € Z*. Then

2, 2
VLA = 2 {25 (1+ )+ (14 7)) |- G2

uniformly on |z| < Nmtb/o.
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Proof By simple calculations, we find that the left hand side in (3.3) has absolute
maximum

V27 28 Ex ( 1 ) ( 1 )}
(N + D { J3r I+ (4N — 1)3/2 {1+ AN —1 — (" (3.13)

atz = =(N — 1/2)brr/o. This completes the proof.

In the following we establish a global error estimate for the truncation error on R.

Theorem 3.2 Suppose that [ € Bzzﬂ satisfies a decay condition of the form

A
[f(@)] =< T 7#0, (3.14)

where A > 0and 1/2 < B < 1 are constants. Then for z € Rand N € Z*, we have

b | M N 2 M
TVA@I = { l(pjﬁ” Ly e (p0N) + /2GR ) +4)

N la|br? M }
V2Q2B = 1) o2NE-1/2 "

(3.15)
where

=2 (1014 a(Z)) = a(2) 0@ =y 410
1.—7Tb j'[b ’ 2 .= ]Tb ,,OZ»—)/ gZ’
(3.16)

and y is the Euler-Mascheroni constant. Moreover if N > 8, then for z € R we have
the improved estimate

2be | Mip(N?)  Mio(N?)  |a|ba’M,
Ty Lf1(2)] < . : N VA oin InN, (3.17)
where
0(x) := (p (2x) + /2 + 2). (3.18)

Proof Let N € Z™, z € R. Applying triangle inequality to (3.2) we obtain

INGETEDY |f(z,,)sg(z)‘+ﬂ )3
[n|>N N

b
T2

In|>N

anf Gsin (T =) $,()]

o

f' (zn) sin (b (z— Zn)) Sn(z)] . (3.19)
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Using Cauchy-Schwarz inequality and since |S,(z)| < 1, we obtain

12 172
2 la 2
TN [f1(2)] < Z Lf (zn)l + - Z |zn f (zn)]
[n|>N |n|>N
12 12
b
s DORTACHI 3 18,
[n|>N |n|>N

Inequality (3.14) implies

(=

|n|>N

o N, ] 2 b 21
<a(Z) 7 ) =M2<7>\/%W. (3.20)

) 1/2 1/2 1/2
nmh o \B+! 1 o \B+1 1
nro <A (—) . =4 (—) 23—

f< o )‘ ) - b ( Z nzﬁ“) b n>ZN n2b+2

Similarly,
nmh nrh\|? " o \B 1 v o \B 1 2
IEN (T>f<7)‘ =4(5;) ENW =4(23) <ZZN ﬁﬁ)

o \B o 172 ab\* | 2 1
SVETY EUTNES e s

Since f € 322(7 and it decays according to (3.14), then we have, cf. [3, p. 1304]

1/2

, (nb\|? My (p(N)+2) My (p(2N) +4)
(Zr)) e iz o
+n>N

Hence,
5\ /2

(b 2M (p(N)+2)  2M; (p(2N) + 4)

Yo (T) < T (3.23)
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Substituting from (3.20), (3.21), and (3.23) in (3.20) yields

b |2My (p(N) +2) M; 2
ITn[f1(2)] < p { TN + NI |:7r /2,34-1 +2(/0(2N)~|—4)}

12
2 |Cl|l?7't’2 M )
* \ 28 — 1 62NB-172 } (IZ:N IS (2] : (3.24)

Substituting from (2.37) in (3.24) with p = g = 2 we obtain (3.15).
Now let N > 8. Using Holder’s inequality, (2.37), and |S,,(z)| < 1, inequality (3.19)
turns out to

1/p 1/p
Tl f1)] < (Z |f<zn>|P) +'Z—'(Z |znf(zn>|P)

<

n|>N |n|>N

) 1/p 1/q

+- ( doF (zn>|”) (Z |Sn(z)|‘f) :
[n|>N [n|>N

1/p 1/p

< (Z |f<zn>|l’) + ( ) |znf<zn>|f’)

n|>N |n|>N

b 1/p
+= ( SOF (zn>|”) P (3.25)

|[n|>N

Using (3.14) and choosing p > 2 we get

1/p
nb\|” b 2 Up i

and

(52) ()

Moreover, cf. [3, p. 1309],

f (ﬂ)
o

b\ xb\? 2 \Yr
<M, (= . (327
() (5=1) v 02

(3.28)

1/
5 P\ Mip(N?) | My (p2N?) +2)
NI=1/p NB+1=1/p ’

+n>N
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and then

1/p
P 2Mip(N?)  2M, (p(2N?) +2)
NLI-1/p NB+1=1/p

2.

In|>N

(3.29)

f’ (@)
o

Combining (3.25), (3.26), (3.27), and (3.29), for p > 2 yields

M],O(Nz) 2 P a1 b M,
NI-1/p pB—1 o2NB-1/p
(3.30)

1/
+Nﬂﬂffl/p |:71 <p,3+2p—1) p+2(p(21v2)+2)“p.

Letting p :=In N and p > 2 we can see using elementary calculus that

2 1/p 2 1/p 1
<—> <2, ( ) <2, NVUP=_, (3.31)

pB+p—1 pB—1 e

b |2
TN 1) = —{
o

Combining (3.30) and (3.31) we get (3.17).

4 Combining various types of errors

Several types of errors arise when (2.1) is used other than the truncation error, among
which are amplitude and jitter errors. The amplitude error associated with (2.1) arises
when the exact samples f (z,), f' (zn),n € Z are replaced by approximate closer
ones f(z,,) , f’ (zn) in the sampling series (2.1). Let ¢, := f (z,) — f(zn), g =
f'(zn) — f' (zn) be uniformly bounded by &, i.c., |e,], lep| < & for a sufficiently
small ¢ > 0. The amplitude error is defined for z € R by

Adﬂ@::;;fﬁwﬁﬁ[O+%@@—m)U@m—fWHMD

+@—@Hf@m—ﬁ@uﬂ$@y

Iffe Bzza satisfies the condition (3.14) and

lenl < If @)l lenl < [ (zn)

, nelz, 4.2)
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then, for 0 < ¢ < min{wb/o, o/7b, 1/4/e}, (4.1) is estimated in [1] by

Il ALF1@) lloo < (ﬁH){ﬁe(o+b)+g(-1°)+f|a|( )38%

2nb? (8_10)+\/§|a|<ﬂ—> Mz}elog(l/e), 4.3)
o o

where M1, M3, p(x) and o(x) are defined in (3.16) and (3.18).

The jitter error associated with (2.1) arises when the nodes z,,, n € Z of (2.1) are
deviated from the exact nodes. Let §,,, 8;, n € Z denote the set of deviation values,
such that |8,], 18| < & for a sufficiently small § > 0. For z € R, the jitter error
associated with (2.1) is defined by

L) = Y el (35) =) {(1 + %azn(z - zn)) {f @) = f(zn+80)}

n=—oo

+@ =z f @) — f (zn +6)) }} S2(2). (4.4)

Let f € Bzza satisfy the condition (3.14). For 0 < § < min{wb/o,o/mb,1/./e},
(4.4) is estimated in [1] by

el/4 , . 4xb*Myp (5719)
I Js[f1(2) lloo < m {C”f loo +V3bell f" oo + — ——=
3
1242 |a| M3 <”_b> +20 (5‘0)} 5log(1/8), (4.5)
o
where 3
C .= «/5063/4 + «/§|a|6_l/ﬁ+1 <i) , (4.6)
b

M1, M3, p(x) and o(x) are defined in (3.16) and (3.18).
Since only a finite number of samples are available in particular applications, the
amplitude and jitter errors are the truncated ones

N
f@ = Iv@|=|f@— Y &G+ (a/b)za — 2a)) Flan)

n=—N
+z = z) f(z0)} $a (D]
< B(N, f;2) + Ale, f), 4.7)
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and
N . 2 2
1f@ = fn@. 2l = |f@) = Y e FETHA+ (a/b)zn = ) £n + )
n=—N
+(z— Zn)f,(Zn + 6;,)} Su(2)
< B(N, fi2) +JE, f), 4.8)
where

v@ =Y &G A+ (a/b)anz — 2)) Fan) + @ — 20 F'@n)} Su2),

[n|<N
(4.9)
N2 = 3 E BG4 (a/b)za(z = 20)) fn +80)
[n|<N
+ =z [ @0+ 8} Su(2), (4.10)

and B(N, f;z2), A(e, f), and J (8, f) denote to the bound of the truncation error in
(3.3), the bound of the amplitude error in (4.3), and the bound of jitter error in (4.5)
respectively.

5 Numerical examples

In this section, we introduce several numerical examples and comparisons between
Hermite sampling approximations with LCT which introduced in this paper and the
classical sampling with LCT. We also give tables illustrating the error for some numer-
ical values. Furthermore, the results are depicted in various figures to demonstrate the
accuracy of the approximations. All of the results in the following examples confirm
the correctness and accuracy of the conclusions we reached in this paper. We have
used Mathematica to derive these examples. It is convenient to introduce the follow-
ing notations. Let f € B2 C B3 .Forz € R, N € ZT, we denote by f5 (z) and
f 1\7 (z) to the truncated expansions:

N

fﬁ(z) = n;N e_"za*b(zz_zz)f(zn) sinc [% (z — zn)] , z€C, 5.1
N . 2.2 ia
@ = n:Z_N ¢35 (%) {(1 + ;zn(z - zn)) f(zn)
+(z — Zn)f/(zn)} S,%(Z), zeC. (5.2)
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Example 1 Consider the B2-function

e”é (—an cos(v/2mz) + ﬁsin(ﬁnz))

5.3
127273 (5-3)

fl@) =

This function has both Lagrange-type and Hermite-type sampling expansions.

Table 1 exhibits comparison between fﬁ (z) and fNH (z) at some points z; € R, when
N = 20, 30, 50. We apply Theorem 2.1 of [4] and (3.3) to compute the error bounds
| f(z) — flg () and | f(z) — flf,{ (z)| respectively. As Table 1 indicates, the precision
improves when N increases for both techniques. However, the Hermite interpolation
approximations are better than the classical sampling representation of f(z) in terms
of the absolute errors. In addition, the error bound for the Hermite interpolations is also
better than the error bound for the Shannon-type interpolations. The real and imagi-
nary parts of the complex signal f(z) and reconstructed signals fl(\f (z) and fNH (z) are

plotted in Figs. 1 and 2 when 7] <2 C C,N = 15.Herea =b =d = 1/\/5.

Example 2 In this example we investigate the closeness between the exact error and
the obtained error estimates. The function

e~i27 sin 2mz)
272z (1 —22)

f@)= (54

Table 1 Comparison between f 1\(’; (z) and f 1\1}1 (z) of Example 1

i N |fG)-f5G)  Bound If ) — fH @)l Bound
20 8.16951 x 1078 4.75991 x 1073 2.42076 x 10~10 2.73428 x 10°
0.7 30 2.48032 x 1078 2.63141 x 1075 4.94701 x 1011 1.53971 x 106
50  5.46396 x 1079 1.23863 x 107 6.58691 x 10~12 7.47049 x 1077
20 3.27996 x 1077 9.54151 x 107 9.77546 x 10~10 1.09572 x 1073
14 30  9.93519 x 1078 5.26666 x 107> 1.98623 x 1010 6.16035 x 1076
50  2.18601 x 1078 247712 x 1077 2.63668 x 10~ 2.98655 x 107
20  7.42610 x 10~/ 1.43674 x 1074 2.23501 x 1079 2.47304 x 1073
2.1 30 2.24067 x 1077 7.90969 x 1075 4.49716 x 10~10 1.38666 x 1077
50 4.92011 x 1078 3.71533 x 107 5.93981 x 10~ 11 6.71355 x 107°
20 1.33194 x 1076 1.92619 x 10~4 4.06516 x 1079 4.41618 x 1073
28 30 3.99660 x 1077 1.05646 x 1074 8.06619 x 10~10 2.46669 x 107>
50  8.75084 x 108 4.95313 x 1075 1.05779 x 1010 1.19199 x 105
20 2.10542 x 107° 242525 x 1074 6.54592 x 10~ 6.94136 x 107
3.5 30 6.27153 x 1077 1.32357 x 1074 1.27498 x 1079 3.85737 x 107
50 1.36813 x 1077 6.19041 x 107> 1.65649 x 10710 1.85941 x 107
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2 W Ref(z)
u Re fi(z)

7“2 W Ref(2)
W Re f(2)

(a) (b)

Fig. 1 Illustrations for Example 1 when |z| < 2, z € C. The orange surfaces in (a) and (b) are real part of
f(2), while the blue surfaces in (a) and (b) are real parts of f 1C5 (z) and flI'SI (z) respectively

is a B%—function, where a = d = +/3/2,b = 1/2. Table 2 demonstrates compari-
son between the pointwise truncation error 7(N, f; z) := Ty[f](z) and its bound,
denoted above by B(N, f; z). Figure 3 exhibits the absolute error |7 (N, f; z)| and
the bound B(N, f; z) on the interval [—2, 2]. It is noted that the error bounds are quite
realistic. Here we take N = 15; 20; 25 respectively.

Example 3 In this example, we consider the function

(1 = cos (5))°

f@ =" € B (5.5

Here we compare between the uniform bound truncation error in Theorem 3.1, which
is denoted by U], and the uniform bound truncation error in Theorem 3.2, which is
denoted by ;. Table 3 exhibits the truncation error 7' (N, f; z), bound truncation error
B(N, f;z), U1, and Uy on the interval [—15, 15], where N = 15; 20; 25 respectively.
The uniform bound /] in (3.12) is smaller than the uniform bound U/, in (3.15).

9 m Im f(z)
u Im ffi(z)

(a) (b)

Fig.2 The orange surfaces in (a) and (b) are imaginary part of f(z), while the blue surfaces in (a) and (b)
are imaginary parts of flc5 (z) and fg (z) respectively. Here |z| <2,z € C
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4.x107°8 —

B15.52) ||
B20f2) ||
B(25f2) ||

Tasfal || 0010
[ Tof2) | [
3.x1070F IT(25 £:2)| 0.008 -

t 0.006 -
2.x1076 [
0.004
1.x1076 [
0.002

0.000

(a) (b)

Fig. 3 Figures for |T(N, f;z)| (a), B(N, f;z) (b), f is given in (5.4), where z € [—2,2] and N =
15, 20, 25. Notice that due to the difference both figures cannot be gathered in one graph

Figure 4 illustrates the absolute error |7 (N, f; z)| and the bound B(N, f; z) on the
interval [—15, 15], where N = 15; 20; 25 respectively. Here we takea =d = 0,b =
1,0 =m/4.

Example 4 This example is devoted to comparison between the absolute amplitude
error |f(z) — fn (z)| and its bound B(N, f; z) + A(e, f) for the Bfr/4-function

e—iz% (ﬁnz cos (2”7%) — 6sin (2]%))
247273 ’

f@)=

(5.6)

wherea =d =1/2,b = ﬁ /2, and N = 20. Table 4 demonstrates numerical results
when e = 6 x 1077,4 x 1077,2 x 107 respectively. It indicates the effect of & on
the amplitude error. Graphs of |f(z) — fN(z)| and its bound B(N, f; z) + A(e, f)
where z € [—10,10]and ¢ = 6 x 1077, 4 x 1077,2 x 10~ are exhibited in Figure
5. As Table 5 indicates, the error bounds are quite realistic. Moreover, the accuracy
improves when ¢ decreases.

Table 3 Exact, bound and uniform bound errors of Example 3

N max T(N, f; max B(N, f: U, U

z€[715,15]‘ (N, f;2)] 26[715,15]{ (N, fi2)} 1 h
15 1.59553x 10~ 11 2.59883x 107 9.34249x 107 5.42094x 1073
20 5.17309x 10~ 12 1.29148x 1077 5.35165x 107 4.94719x1073
25 1.38273x10712 7.49456x 108 3.45957x 107 4.60044x 1073
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ax107[ ' | I ] i
25x107"1 ! ' ! | = 80sf2) ||
! ' ! || = Bos2) |
2.x1071" 3.x1077 : : I ;
15x1071
2.x107
1.x1071
1.x1077
5.x10712
of ol

Fig. 4 Illustrations associated with Example 3. (a) |T (N, f; z)|. (b) B(N, f; z). Here z € [—15, 15] and
N =15,20,25

Example 5 Consider the following szt /z—function

e"é cos (%)
(5.7)

f(Z)=m.

Here we take a = b = d = 1/+/2. In this example, we compare between the abso-
lute jitter error | f(z) — fn (8, z)| and its associated bound B(N, f;z) + J(, f).
Table 5 and Fig. 6 show the results when N = 20 and § = 6 x 107°,4%107%,2x107°
respectively. We notice that the precision increases when § decreases.

1.4x1078 0.0014
1.2x1078 0.0012
1.x106 =
= :z“j 0.0010f - -
N -7
N gx107F T
=Y P
s -7 N 0.0008 -
T 6x107 | iy
~ o
) ~ S
& 4x107 -~ & 0.0006
2.x107 - -
0.0004
0 1
-10 -5 0 5 10
4 4
(a) (b)

Fig. 5 Tlustrative figures for | £(2) — f20(2)| (@). B0, f:2) + A(e, f) (b). where z € [~10, 10] and
e=6x10"7,4x10"7,2x 1077 respectively
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B(20,f;2)+1(6,f;2)

(a) (b)

Fig.6 Illustrations associated with Example 5. | f(z) — f20(8, 2)| (@), B(20, f;2) + T (8, f; z) (b), where
z€[-3,3]and § =6 x 10_6, 4 x 10_6, 2x 107 respectively

6 Conclusions

In this paper we investigated the convergence and the error analysis of the Hermite
sampling theorem associated with the LCT. We first established a rigorous conver-
gence analysis on C and R. Both harmonic analysis and complex analysis approaches
are utilized. The estimation of the remainder is rigorously derived as well, in both
pointwise and uniform settings. It is worthwhile to emphasis that the convergence
rate is as slow as O(1/+/N) as N — oo for band-limited functions. However, as
in the classical case it will be improved if the band-limited function satisfies better
smoothness conditions. Therefore there is a theoretical demand to derive regularized
techniques to fasten the convergence rate. This can be established by incorporating
the sampling representation with smoothing convergence kernels. The paper closes a
gap in the convergence analysis associated with Hermite sampling representation for
entire functions of exponential type.
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