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Abstract

In this paper, the solution to a bivariate Appell interpolation problem proposed in
a previous work is given. Bounds of the truncation error are considered. Ten new
interpolants for real, regular, bivariate functions are constructed. Numerical examples
and comparisons with bivariate Bernstein polynomials are considered.
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1 Introduction

Interpolation theory for real functions is a classic problem both in mathematical and

numerical analysis. In fact, on the one hand, it is connected to representability of
oo

an analytic function f(x) as a series chqﬁn (x), where {¢,},cn is a prescribed
n=0

sequence of functions, called basis functions, and ¢, are real constants related to

the function f [3, 6]. On the other hand, interpolation is fundamental in numeri-

cal approximation of functions, numerical quadrature and cubature, boundary value

methods, etc. [12, 16, 17, 28]. In an interpolation problem the choice of basic

functions, that is the system {¢, },,c. 1S very important.
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In this paper we will consider the bivariate interpolation problem proposed in [11].
We will give the unique solution expressed in the basis of the so-called bivariate,
general Appell polynomial sequences [21]. It can be so formulated: let X be the linear
space of bivariate, real continuous functions having continuous partial derivatives of
all necessary orders, defined in a domain D C R?. Usually, for simplicity, D =
[0, 1] x [0, 1]. We look for, if there exists, the bivariate polynomial i,[ f], n € IN,
such that, for any f € X

k k:
L(a f>:L<a ’”[f]), k=0,....N. NeN,

W dxk

where L is a linear functional on X such that L(1) # 0.

Bivariate and, in general, multivariate interpolation has widely employed in the
literature (see for example [18, 19, 23, 24, 27, 29, 30] and the references therein).

This paper is organized as follows. In order to make the work as autonomous as
possible, Section 2 is a preliminary section. In fact, it includes some known defini-
tions and results that we need in the paper. In Section 3, we find the unique solution
of the bivariate interpolation problem mentioned above and give, also, a “comple-
mentary” polynomial interpolant. The remainder is analyzed in Section 4 by using
the well-known Sard’s formula. Then, in Section 5, we give some particular exam-
ples of interpolants that doesn’t appear in the literature. Section 6 contains numerical
examples of bivariate real functions approximations. Comparisons of the new inter-
polants with the bivariate Bernstein approximation is also given. Finally, in Section 7,
we provide some concluding remarks.

2 Preliminaries

Let A(¢) and ¢ (v, t) be two power series such that

A=) g SO0 =3 k() (1)
k=0 k=0
with g = @o(y) = 1, ax € R, k > 1 and ¢ (y) are real polynomials of degree k in
the variable y.
The sequences (o)ren and (¢r)ren generate the elements of the bivariate
polynomial sequence {rn}z o (the superscript b stands for bivariate) satisfying [11]

irn(x9Y)=”rn—l(xs)’)v n21 (23)
0x
ra (0, y) = /; (Z)an_kwn_k(yx (2b)
ro(x,y) = 1. (2¢)

Remark 1 Differential relation (2a) is known in the literature (see, for example,
[1, 11, 16] and references therein), but in different contexts and with different
approaches.
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It has been proved [11] that Vn € IN

n

n k
k .
HOOEDY (Z)an_kpkoc, n=y > <Z) <l.)ak_ix‘¢n_k(y), 3)

k=0 k=0 i=0

where { pk}i < 18 the so-called elementary bivariate Appell sequence whose elements
are defined as

n

ICRED (Z)x"gon_k(yx vn e N. )

k=0

It is also known that the elements of the bivariate sequences {rk}z o and { pk}ze]N
have as generating functions

F(x,y;t) = A0e"¢(y,1) and G (x,y;1) =e"dp(y, 1), (&)

respectively, that is,

AV B0 =Y D P00 =Y p s ©)

n=0 n=0
For any k € IN, let pi(x, y) be the following polynomial of degree k

k k

k : k .
Py =) (l.)u -Digi =) (l.)(—l)’“p,- (x, ).

i=0 i=0
Furthermore, let (Bx);cn be the numerical sequence defined by

n

E n—k Pk n0»
k=0 k

that is, if A(¢) is as in (1), then
(k

1 o0
YT =I§)ﬁkﬁ. 8)

The determinant forms for r,, (x, y) and p,(x, y) [11], respectively, are fundamen-
tal in the sequel:

po(x,y) p1(x,y) pa(x,y) --- pa(x,y)
Bo B1 B - B

P, y)= (D" 0 Bo DB - DB |, n>0. (9

0 0 Bo (,")B
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po(x,y) p1(x,y) pa(x,y) -+ pPulx,y)
1 ~1 1 (="

pn(x,y)=(=D"| 0 1 -3 - (DL n>0. (10)
0 01 (")

Moreover, the following recurrence relation holds:

n—1

n
ro(x,y) =1, rn(X,y) = pn(x,y) — Z <j>ﬁn—./rj(x, y), nx=1 (1D

J=0

From (7) we get

1
o) = —,
0 Bo
Bi Bo 0O ... 0
2
B2 (1B Bo 0 --- 0
NI : : (12)
Oll<=(k+)1 , k=1,...,n,
By : : : .o
Bi—1 (i;)ﬁk—z (:;),Bk—3 k/30
Bx (k—l)'Bk—l (k—z)ﬂk—2 """ (1):31
and, by symmetry, we can obtain B¢, k =0, ..., n.
We define
S i=span{pg, ..., pn}, n €N,

with py as in (4) or in (10) for all £ € IN. Observe that Vn € IN, {pg, ..., pn}isa
set of n 4 1 linear independent bivariate polynomials.

In the sequel of the paper any fundamental notation and hypothesis introduced so
far will be used without references, unless otherwise specified.

3 Bivariate general Appell interpolation

Let X be the linear space of bivariate real functions defined in D C IR? and belonging
to CN(D). Note that Vn € N, .%, C X.
Let L be a linear functional on X with L(1) # 0. Vpy € {pu}ﬁelN, we set

L (pe) = B k=0,....n, po=1 preR, k=1 (13)

We consider the numerical sequence (o )reN defined in (7), (Bx) ke being as in (13).
In addition, we consider the general bivariate Appell polynomial sequence {rn}z N
defined equivalently as in (2a) or (9).

In this case we say that the bivariate polynomial sequence {r,,}fzEJN is associated

. . . b
with the functional L and, when necessary, we denote it by {rnL }n N

The generating function of the bivariate Appell polynomial sequence {rnL }:ew is
connected to the linear functional L by means of the following result.
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Proposition 1 For the generating function F (x, y; t) of the general bivariate Appell
sequence {rnL }ie v the following identity holds:

e'e (v, 1)
LYY (e¥¢ (y, 1)
where L*Y means that the linear functional L acts on e*' ¢ (y, t) with respect to the
variables x and y.

Fx,y;t)= (14)

Proof Relation (14) follows from (5), (8), (13), the second equality in (6) and the
linearity of the functional:

F ey = CrR0 D _ e oG e P(y. 1) ()

R > K\ L (e p(y. 1)

Ao Db LLy(Zpk(x,y)ﬁ) ( )
k=0 ’ ’

k=0

For every f € X we look for, if there exists, the bivariate polynomial i, [ f] such

that Vk € IN, k < n,
ak ok f
k (W’”[f ]) =t (a—k>

We call this problem the general bivariate Appell interpolation problem. If, Vn € IN,
in[ f]exists, we call it the bivariate Appell interpolant of f of order n associated with
the functional L. O

We note that this problem is very closely related to the corresponding univariate
problem in [10, p. 101]. Therefore, we say that it is its “natural” bivariate extension.

In the sequel we will adopt the following notation for the derivatives of a bivariate
function f:

8i+jf

i 2 ")
f xiays’

r=r 0 fYep = y) :
x,y)=(a.p)

Theorem 1 (The main theorem) [11] For every f € X the bivariate polynomial of
total degree n given by

n L
10 = 3L (p60) 22 (15)

i!
i=0

is the unique element of ., such that

L (in[f](-j’o)) —L (vaO)) . j=0,....n, (16)

that is, i,| ] is the bivariate Appell interpolant of [ associated with the functional L.

Proof Let’s define the linear functionals

Lo(f) = L(f), Lk(f)zL(f(k’O)), k=1,....n.
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We get
(j,0) il k )
Lj(pr) —L(p ) " Bk—j> j =<k

Then for the sequence {r- from (9) we have L ( ) =k!j, j=0,...,k,

*nere

n }:e]N are biorthogonal [14]. Hence the polyno-
mial (15) satisfies the interpolation conditions (16). The uniqueness follows from the
linear independence of the linear functionals L, j =0, ..., n. O

that is the systems {L, },c and {r}

Corollary 1 Forany f € %, i,[f1(x,y) = f(x,y), ¥(x,y) € D.

Remark 2 In order to remove the calculation of L ( f) from the bivariate Appell inter-
polant of f (15), we consider an arbitrary fixed point (1, v) € D. Then we get the
bivariate polynomial

iy [f10Ge, y) = flu,v) +inlf1x, y) = inl 1, v)

n L I
— &0\ Tk X, y) —r(u, v)
—f(u,v)+k§=1L<f ) - .

7

The polynomial ii[ f](x, y) satisfies the interpolation conditions:

FLAw) = fau,v), L (i;,*[f](k'())) —L (f<’<’°>) . k=1,....n

We note that the interpolant i'[ f] replaces the calculation of the functional
L(f) by the evaluation of the function in a suitable point. Therefore, we call it
complementary Appell interpolant of f related to functional L.

Remark 3 We observe that the Appell interpolant and its complementary interpolant
can be considered finite Appell polynomial expansions of bivariate functions. They
are the natural extensions to the bivariate polynomial case of the following univariate
formulas, respectively, [10, Th. 7.1, p. 101]

L(f9)
PLalf1(x) = Z (f a.i(x)

i=0

and [10, p. 103]
5 f(’))
PLalf10) = f(z )+Z [ar,i(x) —ari()],

where {aL,l- } is the univariate Appell polynomial sequence associated with the

. ieIlN
functional L.
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4 Remainder for Appell interpolation

For the Appell bivariate interpolants i, [ f] defined as in (15) and i)’ [ ] defined as in
(17), we consider the error at any (x, y) € D.

Definition 1 For any f € X, (x,y) € D, the remainder for the interpolants (15)
and (17) are, respectively, the linear functionals

En[f](xv)’)=f(x,)’)—in[f](xv)’)’ (18)
and

Ey[f1Ge,y) = f G, y) =iy [f1(x,p). 19)

Remark 4 'We observe that for any g € %, E, [¢q] (x, y) = 0 and E,’; [q](x,y) =0,
V (x,y) € D.In this case we say that E, [ f] and E; [ f] have order n with respect to

Q.

In order to estimate errors (18) and (19), in the following theorem we remember
Sard’s formula [17, 29].

Theorem 2 (Sard’s formula for bivariate functions) Ler f € C"! (5) Then for
oddn,n =2k + 1,

flx,y) = Z Z %<V>x"“y”f(”“’”)(0, 0)
v=0 u=0 Ve AR
1 k n *
+- ( ) {y”/ (x — u)"H FOID (4 0) du
o\ 0

n!
I,L:
Y 1
4 x“/ (y — U)n—uf(u,n+ —,4)(0’ v) dv}
0

1 xory
+W/ / (x — wk(y — )k FEHLEHD 0y dy du,
. . O O

and for even n, n = 2k,
n v 1 v
flx,y) = Z Z J( )xvuf(vu,u)(()’ 0)
v=0u=0 s
1 <&/ *
M ( ) {y“ f (x — )" O, 0) du
n! w 0

u=0

y
+ x/t/O (y _ U)n—uf(/t,n+l—/t)(0’ v) dv}

; * Y _ k—1 _ k—1 _ (k+1,k)
+2(k—1)!k!/(; A (x=—uw)""(y—v) [(x u) f (u, v)

+(y —v) fEFD v)] dudv,
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k

1
h E’ = - _ .
wereu_oau 2ao+ + ax—1 + axk

Now, let T, [ f]1 = E, [f]or E} [f].

Theorem 3 Let f € C"*! (m For the remainder T, [ f] the following representa-
tion holds:

1 < 4
T,[f1 = ;Z*(Z) |:/0 K{‘ ) f(n—&-l—uyli) (u,0)du

u=0

+ [ kg @ s 0 dv}
O
: ’// Ky p(u, v) fPTLPED 4 vy dudv
p

forn=2p+1;

P T
T,0f] = (”) [/ K () £ (0, 0) du
o \uw/ Lo

n!
ll,:
(e
+ / KL () fH 710, v) dv]
0
P (p+1,p)
+2(p “Dip! {//D Kp p—1(u,v) f (u, v)dudv

—i—// Kp_l,p(u,v)f(p’p+1)(u,v)dudv}
D

forn = 2p, where
Z* _ >, n=2p+1
X n=2p,
T =1(y) >0 0 =o0(x) > 0are numbers such that (t,y), (x,o) € dD. Kf(u),
Ké‘(v), K; j(u,v) are the Sard kernel functions of T;, [ f] [17] defined as

K u) = [ Hx — )’r“], w=0,....p, (x,y) €D
K5 @) =T [ = o] w=0.....p, x,y) €D

Kppu,v) =T, [c—wi(y-vi], n=20+1, (,y)eD
Kppor@0) =T [ =wfov -0 n=20.  .yeD,
Ko =T [c=w 0= 2]. n=20.  .yeD,

where T, is the functional T, with respect to the variables x and y.
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Proof The error functional T, [ f] vanishes at each element of .#,, according to
Remark 4. The result follows from Th. 3.2.2 in [17, p. 105]. ]

If all the Sard kernels have constant sign, from the general mean value theorem,
there exist points (&;, 0), (0, &) and (17, 0) , (1, 61) , (12, 62) in D such that, for f €
Cn—H (D),

p

1 1
T,[f]= 12*(/’1) [f("“‘“””(éu,o) /0 Kl ) du + fU" 171 (0, ) /0 Kl (v)dvi|

n=0
pp,f(p-!—l p+1)(77 9)// Kp p(u,v)dudv, n=2p+1,
+ 1 (p+1,p) ff
Y TN ’ ,0 K, o—1(u,v)dud
200 — Dip! {f (n1,61) Ko 1, v)dudv
+ P (1, 6) f/ Kpfl,p(u,v)dudv}, n=2p.
D

In order to get error bounds for E, [ f] we can apply Holder’s inequality, for

example in the case of the sup norm || - ||. Let £ € C"*! (D). We set
Mij= swp | fO0 ). 20)
(x, V)GD
Then we get
1 P «( 7 "
|Tn[f]|<_Z i M- — L, L ‘K (u)‘du+MMi1+l —n ‘K (v)‘dv
P“p*‘ /j’l{pp(u v)‘dudv n=2p+1,
plp!
T ! K dud
2('0_1)‘ Mpi1,p ‘ p0,p— 1(u, U)‘ uav
+Mp,p+1//‘Kp_l,p(u,v)‘dudv}, n=2p.
D

Now we consider some important examples of functionals L. For each func-

tional we determine the two interpolants i,[ f] and i¥[ f], and an error bound in the
case of i,[f] (for i[ ] an analogous bound can be obtained). In the expressions

of the error bound we set M = ma%( M; ;, with M; ; defined as in (20) and
i,j>
i+j<n+l1
R = max rkL(x,y)‘.
B

Example 1 (Evaluating functional) Assuming

L(f) = f (x0.y0), (x0.y0) € D fixed,
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the bivariate Appell interpolating polynomial becomes

: ( y)
in[f1(x, y) = f (x0, yo) + Zf<k O (xg, yo) 22 1)
k=1
k

. L k
Remembering that r;” (x, y) = Z <,>o¢kip,- (x, y), where oy are related to B by

l

i=0

the relation (7) and by substituting in (21), we get

,0) (i,0)
il f1x, y) = Zif (X0, Y0) ,+Zl"“”"(x Y e Zf 0. 30)

= @i —k)!
(22)
From Theorem 3 we get the following estimate:
M MQ+R) S (n+1
|Edlf1] < ——|[3+R(2" —1 +7Z< )
(n—l—l)![ ( )] (n+1)! SN K n=2p+1
M
p+1 _
+(p+1)!(p+1)![1+R(2 D]
and
M ndl M n+1
|ELf1] 572@“)![3“%(2 1)]+("+1)'~,;< )(Z—I—R) .

M
+7[1 +R (2” 427 l)]
(p + Dp!

We call polynomial (21), or equivalently (22), general partial Taylor formula for
f at the initial point (xg, yo)-

Example 2 (Integral functional) Assuming

1l
L(f)=/0/0 f(x,y)dxdy, (23)

the bivariate Appell interpolating polynomial related to the integral functional (23)
becomes

asien = [ [ o, dsdy +3 0 7i ) 2[4 1 - 5479 0,9 ay,
4
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After easy calculations we get

n n 1
pk(-xa y) a‘—k [ —
il f100y) = ) =, = fo A0y dy,
i=

— |
= p (i—k)!
(25)
being Af (y) = f(1,y) — £ (0, y).
From Theorem 3 we obtain the following estimate:
M 2% 2 2p+1 R
|Eqlf]] < [ +22"+‘R+—}+
Cp+D! [p+2 (0 +2)(p+3)
n=2p+1
M 1 2p 1
+ + ,
(o + D!p! |:p+l p+2]
and
M22P [ 2 2p+1 R
Eqlf]] < [—+22" +—]+
| E:L11] 2p)! (p+D(p+2)
n=2p.
M [2 20tLR 2P R }
+ - + ,
20 =D+ D!p P (p+2)

We call the interpolant (24) (or (25)) integral of first forward difference.
The complementary interpolant associated with the functional (23) is

LG ) = f v>+2 i V- al ”)/ FEDA )= 47 0, ] dy.

Example 3 (Arithmetic mean functional) Let (xo, yp) be an arbitrary fixed point of
D. Assuming

[ Go+1, yo+ 1)+ f (xo + 1, yo)+ f (x0, yo + D+ f (x0, yo)

L(f)= 1 =M (f),
(26)
we get the bivariate Appell interpolating polynomial
n L
. _ &0\ Tk (x,y)
inLF1Ge, ) = oy () + )ty (F40) A2,

k=1

After easy calculations we obtain

i1,y = 30 ) e

k!
k=0

K = 5 ety [FO0 (o Lyo+ D+ £ o+ 1. 30)
+ £ (xo, yo + 1) + £4O (x0, y0)]

and «; are as in (1).
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From Theorem 3 we get the following estimate:

M . n+1 n—u+1 n—1 1
|E"[f]|§(n+1>!z<u)[2+R<2 2 _EH

n=0

+L2[1+R(2p“—1)},

(o+1)

n=2p+1

and

M n+l _
|En[f]|§m|:3+R(2 1)i|

M I n+1 1
24 R 2mrHlqon-l_Z n=2p.
+(n+1)!2<u>[+ ( A g

pn=1

+L[1 TR (2P 4201 1) ]
ol(p + 1) ’

The complementary interpolant is

U = fluw + 3 PO Z P e

k=1

5 Some particular examples of bivariate Appell interpolation

Now we will give some particular examples of interpolants in the case D = [0, 1] x
[0, 1].

A. Leto (y,1) =e.
It is known [11] that the related bivariate elementary Appell sequence is
{Px }ZE]N’ with
PGy =+t VkeN. 27)
In the literature [4, 5, 7, 15] pr(x, y) is denoted also by Hn(l)(x, y) and called

bivariate Hermite polynomial.
Now we consider different functionals.

Al. Evaluating functional.
Let L(f) be defined as

L(f) = f(0,0), VfeX
In this case Vk € IN we get

1 k=0
ﬂk=L<pk)=L(<x+y>k)={o o
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Consequently, from (7),

I k=0
ay =
0 k>0.

Then the general partial Taylor formula, that in this case we denote by
t,[ f], becomes

k
Wl = £0.00+ 3 r400. 0"t

k=1

We call this polynomial partial-Taylor formula at starting point (0, 0).
We observe that this formula is quite different from the generalized
Taylor formula in [16].
From Example 1 we get the following estimate:

2M 2\ (n+1 _
| Ealf1] < (2"+2+Z< )(2” ‘+1))
(n+1)! — %
u=1 n= 2p+1,
+ 2M (20 + 1)
(p+ Dlp+ D! ’
and
n+1
=141 (2“—1 1)
| En f]‘—(+1)'( ++Z( ) +
n=2p,
2M
+——— (2t gy 24 1),
(o + 1)!p!(
where M = max M; ;, with M; ; defined as in (20).

i,j=0,i+j<n+1
A2. Integral functional.
For any f € X let’s consider the integral functional L as in (23). From

(13) we have

2 (2k+l _ 1)

1 pl
_ _ k N .
Vk € N, ,Bk—L(Pk)—/O/O (x+y) dxdy—(k+1)(k+2)-

The bivariate Appell sequence associated with L is given by the recur-
rence formula (see (11))

k()

roGy) =1, @y = <x+y>—22 TG @ k=0,
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or, equivalently, by the determinant form

Lx+y @4+y% - e+ pF
| | 7 . 2(2k+1-1)
6 (k+1)(k+2)
0 1 5 2(2F-1)
ro(,y)=1, r(x,y)=D"| ka' , k>0.
0 .- 0 1 k

From Proposition 1, the generating function of the sequence {r;, }Z N 18

X1 oyt t2

e

1 1 = 2

//e(x+y)'dxdy (¢ =1)
0 Jo

In order to give an explicit expression of r,, from (28) we can write

[ 2 o0 t”
(x+y)t _ _
(e’—l) e = E rn(x,y)n!.

n=0

etV

Fx,y:0) = (28)

Hence
n

ra(x,y) = Z (Z) Béz)(x)yn—k’

k=0

(29)

B.? (x) being the Bernoulli polynomial of order 2 [8, 13, 22, 26] defined
by the generating function

¢ 2 ) m
xt __ 2)
(ef—l) e = E B, (x)—n!.

n=0

Bernoulli polynomial of order 2 can be written also in terms of Bernoulli
numbers of order 2, as follows

n
n\ L) n—
B’(lz)(x) — Z (k) BIE )t k (30)
k=0
with B,Ez) given by
2
t _ @t
(e,_l) —ZE} C 31)
From (31) we get
Ny
2
B =" (l.)B,-Bk,»,
i=0
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where B; is the jth Bernoulli number. Finally, from (29), (30) and (31),
after calculations, we get

. y) =y (Z) B )y k=3 (Z) Bi()Bui(y). (32)

k=0 k=0

We note that { B,E”} N is a univariate Appell sequence; therefore, from
ne
(29), according to Theorem 6.13 in [10, p. 90], we get

ra(x,y) = B (x + ).
The bivariate Appell sequence {rk}ielN defined in (29) or, equiv-

alently in (32), does not appear in the literature. We call it natural
bivariate Bernoulli polynomial sequence of order 2 and we denote it by

@?
{%’k } . Hence, we have
kelN

BP(x,y) =) (Z) BBtk (y) = BP (x +y).  (33)
k=0

The first natural bivariate Bernoulli polynomials of order 2 are
B y=1, BP0y =x+y—1,

B (x.y) = @+ )7 =20 +y) + 2

By (x.y) = (@ +)° =30+ ) + g(x +y) - %

B (x.y) = @+ =40+ )P+ 5@+ )7 =20 +3) + 110

Other properties of these polynomials will be studied in a future work.
The integral Appell interpolant is

A1) = fofy Fix, y)dady
~|—ZZ | Q ()C })f [f(k 1) (1 y) f(k—l) (0’ y)] ?§)4)

Formula (34) can be called, also, polynomial expansion of a bivariate
real function in natural bivariate Bernoulli polynomials of order 2.
The complementary integral Appell interpolant is

2Lf1Gx, y) = £(0,0)

B2 (x,y)-B (0,0) _ iy
A P B RO P D (1, y) — D (0, )] dy.
(35)
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Remark 5 Formulas (34) and (35) are the bivariate extensions of univari-
ate formulas (8.68) and (8.77) in [10] that are, respectively,

P V) - pE D0
Pa(x) = fP(x)+Z Aot O,
k=1 :

and

B
f) = f(O)+Z "(x) [ “D(1) = fEDO) ] + Ral £100).

A3. Arithmetic mean functional.
For any f € X let’s consider the functional .#{ (f) defined in (26).
In particular, for (xg, yo) = (0, 0), we get

1,1 1,0 0,1 0,0
PRV IEACH ES (DRSNS (O]

Therefore, Bp = 1 and Vk € IN, k > 1,

(36)

1 42Kt
—

Then, the bivariate Appell sequence associated with the functional .
is given by the recurrence formula

Bk = Mo ((x + y)k) =

n—1 i
n\ 142771
ro(x,y) =1, rn(x,y>=<x+y>"—2(j>Trj(x,y>, nx1,

j=0

or, equivalently, by

Lx4+y x+»> x+y)7° - x+y)"
11 3 5 2n=141
2 2 2
0 1 2 3 n22+l
ra (x, y)=(=D" 2,,%3 , n>0

+1

o o0 1 ! (B)=—

0 0 1 (nzl)

To give the series expansion of rk/// (x, y), from Proposition 1 we have

(x+y)t
F(x,yi1)= G S S SR
My (e(x+y)’> (¢' + 1)2
Hence
2\ et % o
XY _ =
n=|
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In order to give an explicit expression of r,, from (37) we get

n

ra(x,y) =y (’;) EZ (x)y" ™, (38)

k=0

E,(lz) (x) being the Euler polynomial of order 2 [2, 9] defined by the
generating function

xt 2 :
<el+l> ¢ = Ex (x)n!

n=0
or by
", (n
2 () —k
EP() =) (k) EZ 0)x"*, (39)
k=0
with E ’gz) (0) given by
2 2 > 2) tk
(e’—}—l) :ZEk (O)E. (40)
k=0
From Corollary 1.9 in [2] we get
£k
EP0) = ZO (l.)Ei (0)Ex—i(0),
1=

where E(0) is the value of the jth univariate Euler polynomial E;(x) at
x =0.
Finally, from (38), (39) and (40), after calculations, we get

n

) =Y (’,Z) EPwy =Y (Z) Ex()Eni(y).  (41)

k=0 k=0

{E ,(12)} N is a univariate Appell sequence; therefore, from (38), accord-
ne
ing to Theorem 6.13 in [10, p. 90], we get
ra(x,y) = EP (x + ).

To the authors knowledge the bivariate sequence {rk},l:e]N defined in

(38) or, equivalently in (41), does not appear in the literature. We call it

b

bivariate natural Euler polynomial of order 2 and denote it by {(g,n(Z) }k N
€

EXw, =) (") Ex()E, () = EP(x +y).  (42)

k=0 k
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The first bivariate natural Euler polynomials of order 2 are

2 2
&2 =1 &P =x+y-1,

1
EP ) =@+ )2 =2 +y) + 5

3 1
EP @ y) = @+’ =3+ 0+ S+ + 3,
EP ) = @A 4+ F3a )2 20+ ) — L
The mean Appell interpolant is

&P (x,y)

in [£1Gx,y) = Mo (f)+ ) Mo (f<k,0)) .

_SAD+ FA0 T+ 0.0

4
+ 3 L0 D40, 0+ 7400, D+ 700, 0 & (e y)
P 4 k! ’
(43)

It is also the polynomial expansion of a bivariate real function in bivari-
ate natural Euler polynomials of order 2. We note that interpolant (43)
approximates a functions by only boundary values. In addition, it is the
natural extension to the bivariate case of the univariate polynomial [10, p.
133]

noor @ ,
f(1)+f(0)+zf @)+ f70) Eix)

2 5 2 2
i=1

Pl f1(x) =

The complementary Appell interpolant is

&2 (x,y) — &2 (0,0)
k! ’

L) = 0,00+ ) ( f(k’0)>
k=1

B. Letp(y, 1) =",
It is known [11] that in this case the elementary Appell sequence is {p, }f’l eN®
with
L3 ok ok

X y
pax,y) = HP(x,y) =n!y (44)
k=0

k!(n — 2k)!

The polynomials Héz) (x, y) are called Hermite-Kampé de Fériet (HKF) poly-
nomials [4, 5, 7, 13, 20].

B1. Evaluating functional
Assuming L (f) = f (0,0), Vk € IN we have

p=e () ={o 450
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B2.

The Appell interpolant is

H®
in[f1(x,y) = f(0,0) + Zf(k 90, O)M.

k=1
This means that the partial Taylor HKF-based polynomial provides also
an expansion for a bivariate function in terms of HKF polynomials.
Integral functional.
Vf € X let’s consider the integral functional as in (23). In order to
determine the bivariate Appell sequence associated with functional (23),
we get

1

!
.E%U+1Mk_%+4ﬂ~ (45)

VkeN, Bi= (Qﬁz
Thus we obtain the bivariate Appell sequence {rn}fl e such that
ro.y) =1, ry(x.y) =H (x,y)- Z( )ﬁn jritey). n=1.

For the generating function of {rn}n <N from Proposition 1 we get

R 3exiHyt?
ey = /f xt+yt? dx dy ( 1)( - ) o
Hence t3gXt+yt2 - y
@ e ;}mx, ) (47)

We call {r,,}ﬁEJN bivariate Bernoulli HKF-based polynomial sequence

associated with functional (23) and denote it by {%’i{}zew The first
polynomials of this sequence are

1 5
J(x,y) =1, %(x,y)=x—§, «%”z(x,y)=x2—x+2y—g,

3 5 3
%(x,y)=x3——x2——x—3y+6xy+—,

2 2 2
29
Fa(x,y) =x* —2x3 =542 +6x+12y + 12x? y—12xy— 10y+%
From (47),
n
H(x,y) =y <’7>anjH}2)(x, »., o=l (48)

; J

j=0
where

£

e RN
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and
15)
By_»;B
Olk—k!z " k=2j 7 s
ik = 2)!

with B; the sth Bernoulli number.

Remark 6 From (7) and (12), for k = 1,...,n, we get the following

identity:
B 1 0 erens 0
B (DA 1 0. 0
15 : : :
| By—2jB; ——Df .
i Sk =2t : : : SR
Br—1 (i ;),3/{—2 (l,ﬁié)ﬂk—3 1
Be (S )B=t (So)Bi— oo oo W

where 8;, j = 1,..., k, are defined as in (45).

We note that the numbers «t;, j = 0, ..., n, and the sequence {%}zem
appear in [13], but in a different context.
The bivariate Appell interpolant related to the sequence {%}zeN is

1,1 n I 1,1
il fie = [ [ reydrdye Y P2 00, ydxay,
k=1 :

which provides an expansion of a bivariate function in terms of HKF
polynomials.
The complementary Appell interpolant is

n I , — , 1,1
LA ) = 00+ 7(x,y) . i (xo yo)/O/O FED (¢ y)dx dy.
k=1 '

B3. Arithmetic mean functional
Let’s consider the functional as in (36). In this case

]

2 |

1 k! = N even

i E — 41 ) L k> 1.
4 i =2))! { 0 nodd

Po=1, =t (HP)=
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Then the bivariate Appell sequence associated with the functional .# is
given by the recurrence formula

n—1
ra(x,y) = HP(x,0) =) (")ﬁnkrk(x, »).

k=0 k

From Proposition 1 the generating function is

ext+yt2
Fx,y;0) = My (57
s (e’ + 1) (e’z + l)
Since .4 <ex’+y’ ) = 2 , then
4ext+yt2 o0 e
_ = ra(x, y)—.
(e +1) (e’2 + 1) nX:(:) " n!
Setting
4 >, gtk
= Ok,
(e +1)(e” +1) ,; k!
we have

¢]

1 Ex(0) Ex2,(0)

%= sitk—2s)!

where E,(x) is the classic Euler polynomial of degree n. Then, from (3)
we obtain

n

ZEREDY (’;)an_kH,i” (x, ). (49)

k=0

Remark 7 The bivariate Appell sequence {rn}z <N appears in [13], but in
a different context. We call it bivariate Euler HKF-based polynomial

b
sequence of order 2 and denote it by {%(2) } N
ne
The first bivariate Euler HKF-based polynomials of order 2 are:
1

A =1 Ay =emg AT ) = a2y - L

3 7
Jig(z)(x, y)=x> — Exz —3x—3y+6xy+ T
AP (x,y) = x* =203 —6x? + Tx 4+ 12)% + 1247y — 12xy — 12y.
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Finally, the bivariate Appell interpolant is

22 (x, y)

in [f1(x.y) = Mo (f) + Y _ Mo (f<k,0)) -

k=1

The complementary interpolant is

A2 (x, y) = 22 (0,0)
k! '

ir[f1(x,y) = f(0,0) + Z‘//ZO (f(k,0)>
k=1

Remark 8 All the bivariate HKF-based Appell interpolants satisfy the
known heat equation.

Remark 9 All the bivariate Appell interpolants connected to the arithmetic
mean linear functional use only boundary values.

Table 1 contains the list of the considered polynomial sequences and the related
Appell interpolants.

6 Numerical results

In order to verify the previous theoretical results we consider the comparison between
some functions and the related bivariate Appell interpolant. Particularly, we consider
the following functions

- filx,y) =sin(x +y)
- falxy) = 1n(X+y+5)

- filx,y)=e i

and their interpolants. For every function we calculate the maximum error

Eq = | i) = inl fe)

(x, y)e [0, 1]>< [0,1]

withn=1,...,10,k =1,2,3 and Qe {Al, A2, A3, B1, B2, BS}.

In order to compare the numerical results of our interpolant with other approxi-
mants, we consider the well-known bivariate Bernstein polynomial [25].

Tables 2, 3, and 4 show the results for fi, f and f3 respectively. The last column
of each table contains the maximum error in the case of approximation by means of
bivariate Bernstein polynomials.

From the previous tables we can observe that the results obtained by the inter-
polants based on H,fl) (cases Al, A2, A3) are satisfactory and comparable favorably
with those obtained by Bernstein approximations. The interpolants based on H,Sz)
(cases B1, B2, B3) need a more in depth study from a computational point of view,
particularly taking into account stability and accuracy.
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Table2 Eq for fi(x, y) =sin(x +y)

n Ea1 En2 Ea3 Epi Era Eg3 Egem
1 1.09e+00 3.61e-01 2.31e-01 8.41e-01 5.25e-01 4.40e-01 2.01e-01
2 1.09e+00 4.54e-02 7.32e-02 8.41e-01 8.47e-01 7.64e-01 1.05e-01
3 2.42e-01 5.26e-03 3.52e-02 1.07e+00 7.31e-01 6.42¢-01 7.13e-02
4 2.42e-01 8.51e-04 9.63e-03 1.07e+00 8.03e-01 6.55e-01 5.41e-02
5 2.40e-02 1.65e-04 4.78e-03 8.42e-01 7.97e-01 6.47e-01 4.35e-02
6 2.40e-02 2.28e-05 1.22¢-03 8.42¢-01 8.00e-01 6.23e-01 3.64e-02
7 1.36e-03 5.81e-06 6.07e-04 8.66e-01 8.00e-01 6.27e-01 3.13e-02
8 1.36e-03 1.21e-06 1.51e-04 8.66e-01 7.99e-01 6.25e-01 2.75e-02
9 5.00e-05 8.40e-07 7.40e-05 8.57e-01 7.99e-01 6.25e-01 2.45e-02
10 5.00e-05 6.85e-07 1.80e-05 8.57e-01 7.99¢-01 6.28e-01 2.21e-02
Table3 Eq for fo(x,y) =In(x +y+5)

Eal En2 Ea3 EBi1 Eg> Eg3 EBem
1 6.35e-02 1.25e-02 7.85e-03 1.82e-01 9.62¢-02 9.15e-02 7.13e-03
2 1.64e-02 8.07e-04 1.20e-03 2.22e-01 1.08e-01 1.06e-01 3.57e-03
3 4.86e-03 3.33e-05 2.34e-04 2.22e-01 1.10e-01 1.08e-01 2.38e-03
4 1.53e-03 6.82e-06 6.16e-05 2.27e-01 1.10e-01 1.08e-01 1.79e-03
5 5.09¢e-04 2.19e-06 2.01e-05 2.27e-01 1.10e-01 1.08e-01 1.43e-03
6 1.73e-04 1.76e-06 7.70e-06 2.28e-01 1.10e-01 1.07e-01 1.19¢-03
7 6.04e-05 1.70e-06 3.46e-06 2.28e-01 1.10e-01 1.07e-01 1.02e-03
8 2.14e-05 1.70e-06 1.77e-06 2.28e-01 1.10e-01 1.07e-01 8.93e-04
9 7.69¢-06 1.70e-06 1.01e-06 2.28e-01 1.10e-01 1.07e-01 7.94e-04
10 2.79e-06 1.69¢-06 6.54¢-07 2.29e-01 1.10e-01 1.07e-01 7.14e-04

_ a2

Table4 Eg for f3(x,y) =e ¥+

Eal En Ea3 Egi Eg> Ep3 EBem
1 1.71e-02 7.27e-03 7.57e-03 8.21e-03 3.87e-03 3.87e-03 6.11e-04
2 1.51e-02 7.22e-03 7.39e-03 6.73e-03 3.61e-03 3.51e-03 3.11e-04
3 1.53e-02 7.22e-03 7.38e-03 6.86e-03 3.63e-03 3.53e-03 2.08e-04
4 1.53e-02 7.22e-03 7.38e-03 6.85e-03 3.62e-03 3.53e-03 1.56e-04
5 1.52e-02 7.22e-03 7.38e-03 6.85e-03 3.62¢-03 3.53e-03 1.25e-04
6 1.52e-02 7.22e-03 7.38e-03 6.85e-03 3.62e-03 3.53e-03 1.04e-04
7 1.52e-02 7.22e-03 7.38e-03 6.85e-03 3.62¢-03 3.53e-03 8.94e-05
8 1.52e-02 7.22e-03 7.38e-03 6.85e-03 3.62e-03 3.53e-03 7.82e-05
9 1.52e-02 7.22e-03 7.38e-03 6.85e-03 3.62¢-03 3.53e-03 6.95e-05
10 1.52e-02 7.22e-03 7.38e-03 6.85e-03 3.62e-03 3.53e-03 6.26e-05
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7 Conclusions

In this paper we proposed a new type of linear interpolation for bivariate functions,
called bivariate Appell interpolation. The interpolant conditions are not usual, but
they are expressed in terms of a linear functional L, with L(1) # 0, on the space
CN(X), N > 1, where X is a linear space of bivariate real functions defined in
D C R?. We proved that for every f € CN(X) there exists a unique bivariate
polynomial i,[ f1(x, ) such that L (i,[ f1V'9) = L (fU9), j = 0,...,n. To the
bivariate Appell interpolant i, [ ], which depends on the functional L, is associated
the complementary interpolant i}[ f], in which L(f) is substituted by f'(u, v), being
(u, v) an arbitrary fixed point. The truncation error for the bivariate interpolants are
defined and bounds are given by Sard’s Theorem. As examples we considered the
bivariate Appell polynomials based on H,gi)(x, y),i = 1,2, and, for every family,
three different linear functionals. So we obtained ten new bivariate interpolants for
real, regular bivariate functions. We gave also numerical examples and comparisons
with the bivariate Berstein polynomial. The comparison is advantageous except in
the case of Hn(z) (x, y), for which further investigations are needed.

Further developments are possible. Beside the aforementioned computational
aspects, the study of interpolant series for analytic functions with particular proper-
ties seems to be of interest. Other developments can be applications of interpolants,
such as numerical cubature and numerical solution of boundary value problems for
partial differential equations. Furthermore, theoretical attention can be given to the
role of two variables in the definition of bivariate Appell extension.
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