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Abstract In this paper, the stochastic optimal con-
trol of a tri-stable energy harvester (TEH) under a
standard rectifier circuit driven by correlated colored
noises is considered. From the view of physical
intuition, the control force is directly separated into
conservative component and dissipative one. Then,
the stationary probability density function (SPDF) and
the DC power of the controlled electromechanical
coupled TEH can be derived by using the stochastic
averaging based on energy-dependent frequency. The
weighted combination of mean DC power and recti-
fication efficiency is regarded as a performance index
to transform the stochastic optimal control problem
into an extremum problem of a multivariable function.
The stochastic direct optimal control strategy devel-
oped in this paper avoids the trouble of dealing with
complex differential equations. In contrast with the
uncontrolled case, the TEH under direct optimal
control achieves significant optimization of harvesting
performance. The cross-correlation between the addi-
tive and multiplicative colored noises can break the
symmetry of SPDF to induce random transition. The
power conversion efficiency of the harvesting system
can be optimized by choosing the appropriate noise
intensities.
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1 Introduction

With the rapid development of microelectronics and
microfabrication technologies, the vibration energy
harvesting that converts ambient vibration into elec-
trical energy has been flourishing in recent years [1, 2].
Compared with the chemical battery, it is a potential
way to provide a continuous scalable energy source.
Many researches [3—-6] have shown that the nonlinear
vibration energy harvesters (VEHs) (such as mono-
stable VEH [4], bi-stable VEH [7, 8], TEH [9, 10])
constructed by intentionally introducing nonlinear
restoring force can effectively enhance power output
with a higher harvesting potential. The TEH has
received extensive attention because of its sustained
high output level even under low frequency or ultra-
low frequency vibration [10-13]. For instance, Kim
et al. [10] established a mathematical model of the
TEH to study its multi-stable state and nonlinear
dynamic behavior. They pointed out that the harvester
system can exhibit multi-stable behavior, which
depended on the position and distance of the magnets.
Zhang et al. [12] investigated the dynamics of mono-,
bi- and tri-stable VEHs under colored noise and
periodic excitation. They found that the mean
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harvested power of TEH was better than that of mono-
and bi-stable VEHs. Unfortunately, the alternating
current harvested by the harvester from ambient
vibration cannot directly supply electronics. It must
be converted into direct current through a nonlinear
rectifier circuit to achieve the purpose of supplying
power to the external electronics [14]. However, the
nonlinear rectifier circuit will bring complex mutual
coupling behavior to the harvesting system, which
leads researchers to tend to simplify it as a load
resistance [15-17]. Besides, the previous investiga-
tions on TEHs under nonlinear rectifier circuits rarely
consider random excitation, especially in the case of
correlated additive and multiplicative colored noises.

Most researches on TEHs are used to employ the
deterministic harmonic excitation or Gaussian white
noise to replace the actual environmental excitation
[18-21]. In fact, engineering systems are usually
related to random ambient vibrations [22-24]. In
addition, Gaussian white noise is an ideal case of the
stochastic fluctuations with zero correlation time [25].
Yet, the environmental vibration often deviates from
the ideal case in actual applications. The colored noise
with nonzero correlation time is necessary to be
chosen to describe the random fluctuating vibration
with large correlation time [26-28]. In energy har-
vesting applications, noise is usually assumed to be
additive. In fact, multiplicative noise is ubiquitous in
nature, such as the roll motion of a ship under random
wave [29] and the energy harvesting through pendu-
lum motion [30]. In fact, energy harvesting driven by
correlated additive and multiplicative noises has
gradually attracted the attention of researchers
[31-34]. For example, Vocca et al. [32] compared
the energy harvesting of nonlinear cantilever beams
and buckled beams driven by correlated Gaussian
white noise. Liu et al. [34] proposed a new quasi-
conservative stochastic averaging to analyze the
probabilistic response of nonlinear vibration energy
harvesting system driven by exponentially correlated
Gaussian colored noise. Thus, the correlated colored
noises are considered in this paper to simulate the
ambient vibration to drive the coupled TEH.

How to improve the efficiency of the harvesting
device to efficiently supply electronic equipment has
always been a crucial issue. The control method is
considered to be a promising technology to improve
energy harvesting, which can enhance the interaction
between environmental excitation and cantilever

@ Springer

vibration [35]. In fact, the control strategy has been
successfully applied to the performance optimization
of the harvester [36—47]. For example, Scruggs et al.
[36] presented a technique to optimize the power
generated from random vibration using a resonant
energy harvester to enhance wave energy harvesting.
Zhang et al. [37] proposed a sliding mode control
algorithm to improve energy harvesting. They pointed
out that for mono-stable VEH or bi-stable one in the
multi-solution region, the rotatable magnet based on
sliding mode control is beneficial to reach the high-
energy orbit. Zhang et al. [42] constructed the time-
delay feedback control as an electromechanical cou-
pled VEH mounted on a rotational tire to improve the
performance of a bi-stable VEH. Mohammadpour
et al. [43] proposed the control of chaos based on a
chaos detection algorithm and delayed feedback
control to improve the efficiency of a bi-stable energy
harvester. Telles Ribeiro et al. [45] realized the chaos
control mechanism by combining a displacement
actuator and a digital controller to stabilize the system
dynamics. Kumar et al. [46] utilized Ott Grebogi
Yorke [48] chaotic control method combined with
Linear Quadratic Regulator to design the control force
to maintain high-energy orbit, which improved the
output power of the harvester. From the perspective of
optimal energy harvesting, the stochastic optimal
control can be employed to optimize the harvesting
system [49]. However, traditional stochastic optimal
control strategies usually involve complex differential
equations [50]. Moreover, few researchers have car-
ried out stochastic optimal control for the TEHs with
strong nonlinear electromechanical coupled. There-
fore, to achieve the performance optimization, this
paper is devoted to using stochastic direct optimal
control to realize the performance optimization of the
TEH interfaced with a standard circuit driven by
correlated colored noises. Where, the stochastic aver-
aging based on energy-dependent frequency is utilized
to solve the strongly nonlinear harvesting system. In
addition, Table 1 gives the potential advantages and
disadvantages of the stochastic optimal control strat-
egy proposed in this paper by comparing with control
of chaos.

The purpose of this work is to investigate the
stochastic optimal control of a TEH interfaced with a
standard rectifier circuit driven by correlated colored
noises to improve the harvesting performance. The
paper is organized as follows: Sect. 2 gives a detailed
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Table 1 Potential advantages and disadvantages of the control strategy

Control of chaos

The proposed stochastic control strategy

Aim of the
control
strategy

Implementation
ideas

Advantages

Disadvantages

The chaotic motion trajectory of the harvesting system
is converted to the desired large orbit periodic orbit to
enhance energy harvesting

The control of chaos mainly includes a chaos detection
algorithm and a feedback control (such as delayed
feedback control in Ref. [43], Linear Quadratic
Regulator in Ref. [46], neural network method in Ref.
[47], Ott Grebogi Yorke (OGY) control in Ref. [48])

(1) It can make the system do large orbital periodic
oscillation to enhance energy harvesting;

(2) The appropriate chaos detection algorithm and
feedback control strategy can be selected according to
the actual system;

(3) The uncertainty of the system model can be solved
by selecting appropriate feedback control strategies
(such as fuzzy control)

(1) The design of the control strategy is complex, which
involves the proper selection of chaos detection
algorithm and feedback control method;

(2) It is necessary to gather enough data to supply the
chaos detection algorithm, which greatly increases
running time;

(3) For energy harvesting under random noise, the
chaotic control is prone to out of control, and it is
difficult to stabilize the large orbital motion for a long
time

(4) The research on chaotic control for strongly
nonlinear tri-stable harvesting system remains to be
developed

The stochastic optimal control problem of the coupled
TEH is transformed into a multivariable function
extremum problem to optimize the performance index
of the harvesting system

From the physical intuition, the optimal control force is
directly divided into conservative component and
dissipative one; The stationary solution is derived by
the stochastic averaging based on energy-dependent
frequency; Then, the expression of the performance
index is further obtained; The optimal control can be
obtained by the optimization algorithm

(1) In contrast with the uncontrolled case, the TEH
under the proposed control achieves significant
optimization of harvesting performance

(2) The proposed control strategy avoids the problem of
solving stochastic dynamic programming equations
and forward-backward stochastic differential
equations in classical stochastic optimal control
theory

(3) The proposed control strategy has a wide range of
applicability, which can be used for strongly
nonlinear multi-stable energy harvesting systems
driven by correlated colored noises

(1) The control design needs to master the information
of the system model;

(2) Using the stochastic averaging based on energy-
dependent frequency to derive the stationary solution
requires a certain theoretical basis of stochastic
dynamics;

(3) The running time of the control algorithm depends
on the selected optimization algorithm

description of the stochastic-optimal-controlled TEH
interfaced with a standard rectifier circuit driven by
correlated colored noises. In Sect. 3, the stochastic
optimal control problem is described in detail. Then,
the SPDF of the controlled system is derived by the
stochastic averaging based on energy-dependent fre-
quency. The effects of correlated colored noises,
control and system parameters on the steady-state
dynamical behaviors of the harvester are further
studied to enhance harvesting performance. Section 4
investigates the performance optimization of the
harvester from the perspectives of stochastic response

analysis and direct optimal control. In Sect. 5, some
specific conclusions are discussed.

2 Stochastic-optimal-controlled electromechanical
TEH

The structure diagram of the stochastic-optimal-con-
trolled electromechanical TEH considered in this
paper is shown in Fig. 1. The harvesting device
consists of a TEH, a standard rectifier circuit and a
stochastic optimal controller. The TEH is coupled with
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Fig. 1 Schematic plot of the controlled TEH interfaced with a standard rectifier circuit

the rectifier circuit to realize the conversion from
vibration to DC power. The correlated multiplicative
and additive colored noises are employed to describe
the actual road excitation. According to Fig. 1, the
dimensionless electromechanical coupled system with
the stochastic optimal control can be written as

dUo(X)

+ BoX + ¢

+ kY = =X, + u(X,X), a
Y+1=X,

where X represents the dimensionless displacement;
B is the dimensionless damping coefficient; k denotes
the electromechanical coupled coefficient; Y is the
piezoelectric voltage; u(X,X) denotes the undeter-
mined feedback control. The dimensionless current /
flowing into the rectifier circuit can be described as [9]

)VYR + OCYR7
I = —}uYR — OCYR,
07 |Y‘ <Yr

Y="Yr
Y=—-Yz, (2)

where A = Cg/Cp is the ratio of the filter capacitance
Ck to the capacitance Cp of the piezoelectric material.
o 1S the time constant ratio. And Yk is the dimension-
less rectified voltage.
The symmetric potential function Uy(X) in Eq. (1)
is
1

1 1
Up(X) = §k1X2 + Zk3x4 + 8ksxf’, (3)
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in which, k; (i=1,3,5) define the dimensionless
linear, cubic and quintic stiffness coefficients,
respectively.

In Eq. (1), —X, represents the base acceleration,
specifically —X), = & (f) + X&,(#). The additive noise
£1(7) and multiplicative noise ¢&,(f) are correlated
colored noises, which satisfy the following statistical
properties

{1(0)=0(&i(0)ci(s) :%lexp {_V_s'],

T1
D
S (w)zﬁéwz’
D, |I—S|
(60) =0.(6x(0)2(9) =2exp | -7,
(%) T2
D
SZ((U):T;)T

(&1(0)&(5)) = (&(0)&i(5))

_ 7\/D1D2‘pr |:_ |I—S|:|

T1T2 T1T2
(4)

where S;(w) (i = 1, 2) are the power spectral densities
of the colored noises &(¢) (i = 1, 2). Dy and D, are the
intensity of colored noises & (¢) and &,(¢), while 7, and
7, are the correlation time. 7 denotes the cross-
correlation between the additive and the multiplicative
colored noises.
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3 Stochastic-optimal-controlled stationary
response

3.1 Description of stochastic optimal control
problem

Motivated by the performance optimization of the
harvester, the stochastic optimal control is employed
to design the feedback control rate u(X ,X) in this
paper. Undoubtedly, the output power is an important
quantitative index of the harvesting performance. In
fact, the rectification capacity of the nonlinear circuit
is also crucial to the evaluation of harvesting perfor-
mance. As shown in Fig. 2, the harvesting device
typically requires two stages to convert the ambient
vibration into direct current for supplying external
electronics. That is, the transducer converts the
mechanical energy in the environmental vibration
into alternating current (AC), and then the harvested
AC is converted into direct current (DC) through the
rectifier circuit. Obviously, it is necessary to consider
the rectification efficiency #% as an index to evaluate
the harvesting capacity.

Unfortunately, the trends of harvested DC power
E[P] and #n are not always consistent. Therefore, in
order to provide a compromise solution for nonlinear
stochastic optimal control problems, the performance
index is introduced as follows:

J=w-EP|+(1—-w)-n, (5)

where E[P] is the mean harvested DC power, while the
n represents the rectification efficiency of the nonlin-
ear circuit. The constant w € [0, 1] is weighted factor,
which balances the distance between output power and
rectification efficiency. Particularly, when w =0,
J =#. In this case, J characterizes the rectification
efficiency. For w = 1, J = E[P], and J measures the
harvested DC power. For index (5), the order of
magnitude of E[P] is different from that of 5. For
achieving multi-objective optimization, they are first
transformed into objective functions E[P] and 7 of the
same order of magnitude, that is,

B =20, ©)
=L )
n n

T

EH ‘

vibration

Mechanical energy

: %
Environmental s

% . L.
Energy s'torage / 1 Rectifier circuit
device

Alternating current

Fig. 2 Energy flowchart of an electromechanical coupled TEH
device

where [mp,np] and [m,,n,| represent the variation
range of E[P] and n, respectively.

Thus, the performance index of the optimal control
can be rewritten as

Jopt =w-E[P]+ (1 —w) -7, (8)

then, the system (1) and performance index (8)
constitute the performance optimization problem of
the controlled harvester. That is, the optimization
problem is to search an optimal control force u* (X, X)
to maximize the index (8).

The feedback control directly depends on the
generalized displacement and momentum. In other
words, the control can change the restoring force (i.e.,
conservative component) and damping force (i.e.,
dissipation one). Therefore, inspired by physical
intuition, the undetermined feedback control u(X ,X)
can be separated into two terms [51], that is

AG(X)

XX = - -

P %)X, )
where G(X) denotes the additional potential energy
introduced by the stochastic direct optimal control
method. And f (H (X, X)) represents the energy-
dependent quasi-linear damping coefficient. The
energy H(X,X) of the controlled system (1), disre-
garding the electromechanical coupling mechanism
[i.e., Kk = 0 in Eq. (1)], can be expressed as

H(X,X) = %X"z + Uo(X) + G(X). (10)

For convenience, H(X,X) is written as H in the
following analysis.

@ Springer
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In addition, for the purpose of ensuring that the
symmetrical tri-stable structure of the harvester is not
destroyed, the G(X) and f (H) in Eq. (9) can be further
approximately expanded into the truncated Taylor
series as follows.

G(X) = b1 X* + boX* 4 b3X5, (11)

f(ﬁ) =ay +aH + a,H?, (12)

where a;, bj(i=0,1,2,j=1,2,3) are the control
parameters.

Then, substituting Egs. (9), (11) and (12) into
Eq. (1), the controlled system (1) can be transformed
as follows

X + [}([-j)x'+dl(]1—§(x)+ kY = &(t) + X& (1),

Y+1=X,
(13)

where ﬁ(l—i) = ﬁo “+ag + alﬁ + azﬁz represents the
equivalent mechanical damping coefficient. The
equivalent potential energy U(X) of the controlled
system (13) can be described as
U(X) =16,X% +16;X* + LosXxC. And,
51 = kl + 2b|, 53 = k3 +4b2 and 55 = k5 + 6b3 rep-
resent the equivalent linear, cubic and quintic stiffness
coefficients, respectively. The U(X ) is a tri-stable po-
tential with three stable equilibria

(X; = ﬂ:\/<—53 + \/5% —45155>/255, 0, i=1,

2, 3) and two saddle

j:\/<—53 - 45155) /255). Then, the

depths of the wells in the middle and on both sides can
be expressed as

unstable points

X, =

1 3 2 3/2
AV =55 6016305 + 03 + (5% — 40105) ]
1 3/2
AV, = — (82 —46,05)7".
b 125§( 3 —40155)
(14)
Then, the well-depth ratio is defined as

Ra= AV, / AV,,. Figure 3a depicts the equivalent

potential function U(X) when the control parameters
are set 0. It is observed that if the total energy is higher
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than the critical value U, the particle will jump among
three potential wells with a higher output performance.
Otherwise, it will be restricted in the well determined
by the initial condition for intra-well vibration. From
Fig. 3b, with the increase in control parameter b, or b3,
AV, decreases while AV;, remains almost unchanged.
This means that the particle will be more likely to fall
into the middle potential well with a mono-stable char-
acteristic. Figure 3c—d investigates the influence of b,
on the shape of the potential function. It is found that
the well-depth ratio R increases with the increase in
by, while AV,, increases but AV;, decreases. Obvi-
ously, the control parameters b;(j = 1,2,3) have an
important influence on the tri-stable potential, which
means that they can affect the harvesting performance.

In short, the stochastic optimal control problem of
the original system (1) is transformed into the
parameter optimization problem of the controlled
system (13), that is, the performance index (8) is
minimized by searching the optimal
a;, b;(i=0,1,2,j=1,2,3).

3.2 Stochastic stationary response of controlled
system

From Eq. (8), to enhance the harvesting performance
by using stochastic optimal control, it is necessary to
obtain the stationary solution of the harvesting system.
Therefore, the stochastic averaging based on energy-
dependent frequency is employed in this paper to solve
the stationary probability density function (SPDF) of
the electromechanical coupled TEH.

According to the generalized harmonic transfor-
mation, the displacement and velocity of the con-
trolled system (13) can be expressed as

X(t) = A(H) cos[w(H)t] + X,

; . (15)
X(t) = —A(H)w(H) sin[ow(H)t],

where H(t) represents the total energy of the controlled
system (13) when considering the rectifier circuit.
X;(i=1,...,5) define the equilibrium points. The
o(H) and A(H) denote the energy-dependent fre-
quency and amplitude, respectively. For convenience,
®(H) is recorded as .

Combined with Egs. (2), (13) and (15) , the
piecewise piezoelectric voltage in Eq. (13) can be
derived as [9]
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Fig. 3 a The equivalent (a)
potential U(X) when the 0.2
control parameters are 0, b

the U(X) under different

control parameters by, b3 )
with by = 0, ¢ the well-depth =y
ratio R versus control

parameter by with b, = 0, 02
b3 = 0, d The variation of
well-depth AV, or AV, with 04 ‘
Ra. The stiffness 2 -1 0 1 2 2 -1 0 1 2
coefficients are k; = 1, X X
k3: —2.6,k5:1
(c) 20 (d) 0.4
15
= 10
5
0 L L
0 0.1 0.2 0.3

by

A(H)(cos(wt) — 1) + Yg, ot € [0,0(w))
—Yg, 0t € [0(w), 7)
A(H)(cos(wt) +1) —
Yr, ot € [0(w) + =, 27]

(16)

where 0(w) € (0,7) is the blocked angle of the
standard rectifier circuit in half one period. Yy is the
rectification voltage. The relationship between the two
is as follows
A(H)(1 —cos
. AW~ cos0(0) )
2

According to Kirchhoff’s current law and Eqs. (2),

(17), the Yg and 0(w) can be derived as

2A(H)
2+ an/w

R =

4
,0(w) = arccos (1 - m)

(18)

In general, the influence of the higher harmonic
component generated by the rectifier circuit on the
VEH can be ignored compared with that caused by the
fundamental one. Thereby, the fundamental harmonic
component Y(r) can be utilized to approximate the
piecewise voltage Y () [9]. That is,

Yr, 0t € [n,0(w) + )’

= 5- (X = X7) (20(w) — sin[20(e)))
X. (19)

Then, substituting Eq. (19) into System (13), the
equivalent uncoupled equation of the controlled
system can be approximately derived as

dU(X)

X+ B(H, )X+T— (1) + X&(1), (20)

where dU(X)/dX = dU(X)/dX + 1/2n - «(20(w)—
sin20(w))) (X —X;). The p(H,0)=p(H) +
)]/nw is the equivalent damping
coefficient.

From Eq. (20), the equivalent potential energy
U(X) and the total energy H (X ,X) of the uncoupled
system can be written as [52]

K(20(w) — sin[20(w)])

K sin?[0(w

UX)=U(X) + g X2, (21)
H(X,X) = %X’Z + U(X). (22)

The controlled equivalent uncoupled system (20)
can be reconstructed by two first-order differential
equations as follows:

@ Springer
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X = £\/2H(X,X) — 2U(X), (23)

H = X& (1) + XX& (1) — Xg (X, X), (24)
where g(X,X) = B(H,w)X — K(20()—sin[20(@)]) ys

2n i
Owing to the energy process in Eq. (24) being an
approximate Markovian, the stochastic averaging
based on energy-dependent frequency is utilized in

this paper to obtain its averaged equation as follows:
dH = m(H) + o(H)dB(r) (25)

where the drift coefficient m(H) and diffusion coef-
ficient 6*(H) can be expressed as

m(H) = 7<X : g(X7X)>t+Sl (w) + Sz(w)<X2>,+2"/ ) W(H) <X>r
0*(H) = 28 (w)(X*) +25:() (X>X?) +4y - W(H)(X*X),,
(26)

in which, S;(), (i = 1,2) represent the power spectral
density of additive colored noise &, (¢) and multiplica-
tive colored noise &, (), which are defined in Eq. (4).
And, W(H)=+/DiD;/[1 + t}tw*(H)]. The (),
denotes the time average, that is,
()= % [y []dr = L §Hax. By making H = U (A) in
Egs. (21) and (22), the closed-loop integral under
different energy envelopes in the absence of stochastic
optimal control is determined. Then, the motion period

can be calculated as T(H) ()2
H(X,X)—2U(X

energy-dependent frequency is w(H) =2n/T(H).
Obviously, U(X) in Eq. (21) contains an unknown
term @, which means that the iterative method is
required to calculate the frequency w.

According to Eq. (25), the SPDF of total energy can
be derived as

C() 2m(H)
P(H) = dH |. 27
o= 27
here, Cy denotes a normalized constant.

Due to P(X;,X,) = P(H)/T(H), the joint SPDF of
system (20) can be derived as

(X*),Co T lamy) 1
o2 (H) pl/o <02(w> <x’2>,)d‘4'

(28)

P(X,X) =

Then, the marginal SPDF can be described as

@ Springer

P(X):/+oop(X,X)dX, o)
—0 29

P(X) = /+Oop(X,X)dX.

3.3 Stochastic response analysis

Motivated to enhance harvesting performance, the
effects of correlated colored noises, stochastic optimal
control and system parameters on the steady-state
dynamical behaviors of the TEH (1) are further studied.

The Monte Carlo simulation (MCS) based on
Euler—-Maruyama scheme [53, 54] for system (1) is
used to validate the improved stochastic averaging
based on energy-dependent frequency. Let X; = X,
X =X, X3 =Y, X, =, Xs = &, the Itd stochastic
differential equation of system (1) can be described as

dX, =X,dr

dUp(X
dXx, = (X4+X1X5+M(X1,X2)—ﬁ0X2— (;))(( l)—KX3)dt
1

dX;= (X2 —])dl

1 1 1
dXy=——Xydt+—+/1 —“,'del (t) +—"/de(1‘)

T1 T1 71

1 1
dXs=——Xs5dt+—dB, (l‘)

T2 T2

(30)

where By(t), (i =1, 2) are the standard Brownian
motion. For convenience, Eq. (30) can be rewritten as
the following matrix form

dX(r) = M(X(¢), t)dr + L(X(z),1)dB(z) (31)

where X = [X|, X2, X3, X4, X5]", B(¢) = [B1 (), B> (1)),
M(X(t),7) is the drift term, and L(X(7),?) is the
diffusion term, that is,

X
dUy (X
X4+ X1 Xs + u(X1,X2) — foXo — % — kX3
1
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(a) Numerical Result
1.5

Fig. 4 The joint SPDF. a Numerical result of system (1) under
step size dr = 0.001, time span [0, 8000] and b theoretical result
based on Eq. (27) . The control parameters are set to 0. Other

(a) 1.2 w
—e—D; = 0.003
1+ ——D; = 0.006|1
--+--D7 = 0.009

g
("4 (3}

0.8

= 0.6
A

0.4

0.2

0

-2 -1 0 1 2
X

Fig. 5 The marginal SPDF of system displacement under
different noises intensities. a D, = 0.003, b D; = 0.003. The
control parameters are set to 0. Other parameters are chosen as

For Euler—-Maruyama scheme, do the following at
each step j,

1. Draw the random variable AB; from the

distribution
AB; ~N(0,D Ar) (32)
2. Compute
X (1) = X(1) + M(X(5),5)Ar
+L(X(), 4)AB (33)
where D = [Dy, D5, At =ty — 1,

AB; = B(t;.1) — B(f)).

(b) Theoretical Result
1.5

parameters are k; = 1, k3 = —2.6, ks = 1, « = 0.05, k = 0.1,
D; =0.003, D, =0.003, 7,=02, 17%b=0.2, f=0.06,
A=100,7=0

(b) 1.2 : ‘

ki =1, k3=-26, ks=1, «=0.05, xk=0.1, 71, =02,

7, =02, f = 0.06, 2 = 100, y

=]

Then, the joint SPDF is plotted based on the
numerical method and the analytical solution (28),
respectively, as shown in Fig. 4. The two show good
consistency, which verifies the effectiveness of the
theoretical method. Motivated to further investigate
the system response, the theoretical solutions (28) and
(29) will be utilized to analyze the stochastic dynamics
of controlled system (20).

Then, the influence of correlated colored noises on
the marginal SPDF based on Eq. (29) is analyzed.
From Fig. 5, P(X) at the equilibrium points on both
sides decreases with the increase in noises intensities.
The P(X) at X =0 increases with increasing the
multiplicative noise intensity D,, while it remains
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Fig. 6 The marginal SPDF of system displacement under
different correlation times. a 7, = 0.2, b t; = 0.2. The control
parameters are set to 0. Other parameters are chosen as k; = 1,

almost unchanged as the additive noise intensity D,
increases. This indicates that the noise intensity of
additive or multiplicative colored noise can strengthen
the transition among the three potential wells, and the
intensity D, plays a more significant role than that of
D;. However, the correlation times of correlated
colored noises play the opposite role. In Fig. 6, the
increase in correlation times increases the peak value
on both sides of P(X) while the middle peak decreases,
and the decrease caused by 7, is more obvious. In this
case, the particle becomes more likely to fall into one
of the potential wells on both sides for intra-well
vibration with a lower output level. As displayed in
Fig. 7, the symmetry of P(X) is destroyed by the cross-
correlation y between the additive and multiplicative
colored noises. When y = 0, the curve of P(X) is
axisymmetric with respect to X = 0. Otherwise, the
peaks on both sides of P(X) are no longer equal, that is,
the curve is tilted. When y > 0, the left peak of P(X) is
higher than the right one (as y = 0.2 in the figure), that
is, the curve of P(X) tilts to the left, while for y <0, it

curve becomes worse. Yet, the tilted curve caused by
the positive or negative value of y is antisymmetric
with respect to X = 0. This implies that the correlation
between additive and multiplicative colored noises
can induce random transition.
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Fig. 7 The marginal SPDF of system displacement under
different noise cross-correlations. The control parameters are set
to 0. Other parameters are chosen as k| = 1, k3 = —2.6,ks = 1,
o=0.05 k=01, D;=0.003, D,=0.003 7,=02,
17, =0.2, f=0.06, 2 =100

4 Performance optimization of the controlled
system

4.1 Energy harvesting performance

According to Egs. (18) and (28), the mean harvested

DC power E[P] can be expressed as

+0o0 +00 4A2 . .

_m/ / _AATH) —————P(X,X)dXdX.
2+ an/w)?

(34)
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Fig. 8 The power conversion efficiency p% and rectification
efficiency #% vary with noise intensity D, under different k. The
control parameters are set to 0. Other parameters are chosen as

@ cof ——a = 0.05.
i ——a =0.10
86 —a—qa = (.20
84
X
a
82
5
80
(——Dgp
T8 .
0.005 0.01 0.015 0.02
D,

Fig. 9 The power conversion efficiency p% and rectification
efficiency #% vary with noise intensity D, under different time
constant ratio o. The control parameters are set to 0. Other

From Fig. 2, energy harvesting involves two con-
version processes, namely, mechanical energy to AC
and AC to DC. The conversion efficiency of the former
is defined by the power conversion ratio p%[31], while
that of the latter is defined as the rectification
efficiency n%[52]. That is,

p% = P./Pn[100%), (35)
1% = Pa/P.[100%), (36)

where Py, = (X (1) + XX& (1)) characterizes the
effective mechanical energy in random environmental

(b) 60 T
50t —e—r = 0.05
——x =0.10
40t —a—r =0.20

0.015

ki =1,ks = —2.6, ks = 1, o = 0.05, D; = 0.003, D, = 0.003,
71 =021 =02, f=006, /=100, =0

(b) 80 "

X ——a = 0.05
——a =0.10
—a—a = 0.20]

60 [

D, R
0 ‘ L ‘ :
0.005 0.01 0.015 0.02
D,
parameters are chosen as k| = 1, k3 = —2.6, ks = 1, k = 0.1,

D, =0.003, 7, =02, 17, =0.2,  =0.06, 2 =100,y =0

vibration. P, = k(Y - I) represents the average alter-
nating current harvested by the TEH from random
vibration. And Py = xa(Y3) is the mean DC power of
circuitt.  The ()=

the nonlinear rectifier

N
[Z lim 1 5” (-)dt} / N is the time average and

=] tn—oo
ensemble average.
Thereby, the expression of performance index Jop
in Eq. (8) can be further obtained as
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-0.5 0 0.5
Y
Fig. 10 The mean DC power E[P] and rectification efficiency

n% vary with noise cross-correlation y under different correla-
tion times 7y, 7. The control parameters are set to 0. Other

3
x10
(@ 9f ‘ - - °
8.5+ ]
8+ .
[
—7.5¢
K
Tr ——(=10.06
——3=0.12
6.5: ——(=0.16| ]
6 1 L L
0 0.005 0.01 0.015 0.02

D,

Fig. 11 The mean DC power E[P] and rectification efficiency
n% vary with noise intensity D; under different damping
coefficient . The control parameters are set to 0. Other

w
Jopt —m,
T dkaA’P (X X)
dxdXx | —m,
(2 4 an/w)*
(1 —w) ’7 m,,
”1 ny
(37)
For convenience, make the function J' = —Jopts
that is,
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parameters are chosen as k; = 1, k3 = —2.6, ks = 1, o = 0.05,
x = 0.1, Dy =0.003, D, = 0.003, f = 0.06, 1 = 100

209

Dlu

0 0.005 0.01
D,

0.015

parameters are chosen as k; = 1, k3 = —2.6, ks = 1, « = 0.05,
k=0.1,D,=0.003,7, =0.2,7,=02,A=100,y=0

J =
o T 4oA’P(XX)
/ / dXdX| —m,
(2 + an/w)?
(I —w) AL
”1 mn.

(38)

Obviously, the stochastic optimal control problem
of system (1) is transformed into searching the optimal
parameters  a; b]’f(i =0,1,2,j=1,2,3) which

17
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Equivalent uncoupled
controlled system equation (20)

The SPDF and DC power derived
by stochastic averaging based on
energy-dependent frequency

Semi-analytical solution
of performance index

Y

v
Parameter optimization of
multivariable and multi-
objective

fminsearch function «

.
Optimal control
parameters / direct
control force

.
Stochastic optimal control and
» performance optimization of
TEH

Fig. 12 The flowchart of stochastic optimal control based on
equivalent uncoupled controlled Eq. (20)

minimizes the performance index (38). And, the direct
control force can be written as

ud(X,X) = u*(X,X)
= —2b1X — 4b3X> — 6b3X°
— [ag + a}H + asH?]X. (39)

4.2 Effects of noises and structure parameters
on harvesting performance

Figure 8 displays the variation of power conversion
efficiency p% in Eq. (35) and rectification efficiency
n% in Eq. (36) with the additive colored noise
intensity D, under different electromechanical cou-
pled coefficient . It is found that with the increase of
Dy, the p% shows a trend of increasing first and then
decreasing, that is, there is an optimal D; to maximize
the power conversion efficiency (e.g., D1 = D;, when
k = 0.05 in Fig. 8a). The increase in k promotes
stronger additive colored noise to be required to
maximize % (as shown in Fig. 8a,
D, <Dy, <D,,,). For smaller , there exists noise
intensity to optimize 7%, e.g., D1 = D, for k = 0.05
in Fig. 8b. Moreover, the increase in k can reduce the
noise intensity required to achieve the optimal #%.
When « is large, the n% decreases monotonically with
the increase of D;. In general, the increase of x can
improve the efficiency of the harvesting system, that
is, k plays a positive role in energy harvesting.

In Fig. 9, the curves of p% and #% with multi-
plicative colored noise intensity D, under different
time constant ratio o are plotted. With the increase in
D,, n% decreases monotonously. The decreasing trend
tends to be fast and then slow. For example, for o =
0.05 and D, > D, in Fig. 9b, n% almost remains
unchanged with D,. However, p% increases first and
then decreases as D, increases, and the optimal power
conversion efficiency can be approximately obtained
at D,, in Fig. 9a. Moreover, a can significantly
improve the harvesting efficiency p% or y%. Fig-
ure 10 further explores the influence of noise cross-
correlation y and correlation times of colored noises
71, T on harvesting performance. It is observed that
the curves of E[P] and n% are axisymmetric about
y =0 with similar trends. Obviously, the optimal
mean DC power and rectification efficiency are
obtained at y = 0. Furthermore, the correlation time
of additive colored noise 7; plays a negative role for
E[P]. The multiplicative or additive colored noise
correlation time can improve the rectification effi-
ciency 1% of the circuit.

Figure 11 depicts the curves of E[P] or #% as a
function of the noise intensity D;. It is observed that
E[P] increases approximately linearly with Dy, while
the damping coefficient f weakens the harvested DC
power. For a smaller damping coefficient (i.e., § =
0.06 in Fig. 11b), n% increases first and then decreases
with the increase in D, which indicates that there is an
appropriate D to maximize #%. When f is large (i.e.,
f =0.12), n% decreases monotonically with D;.
Besides, f§ plays a positive role for #%. Therefore, in
order to obtain a relatively ideal output level, balanc-
ing power output and rectification efficiency is crucial
for the performance optimization of the harvester.

4.3 Performance optimization under different
weighted factors

The stochastic direct optimal control developed in this
paper essentially modifies the system stiffness and
damping term to optimize the performance index. As
shown in Fig. 12, the stochastic optimal control of the
strongly nonlinear coupled TEH driven by correlated
colored noises is transformed into an optimization
problem of multivariable function (38) including
control parameters by, (j=1,2,3) and
a;, (i=0,1,2). From Fig. 3b, the control parameters
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bs* = 0.0211
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Fig. 13 a Optimization process and b the dependence of E[P]
of the controlled and uncontrolled cases on intensity D,. The
weighted factor is w = 1. The control parameters are b; = 0,

100 == . . i
X 0.003
Y 95.0039 | _ o8 —+— Uncontrolled
P v, | —©— Controlled

Dy, Do,
70 ‘ i '
0 0.005 0.01 0.015 0.02
D,

Fig. 14 The dependence of power conversion efficiency p% of
the controlled and uncontrolled cases on D,. The weighted
factor is w = 1. The control parameters are b; = 0,i = 1,2, 3 in
the uncontrolled case, while they are calculated as
by = — 0.0039, b, = 0.0105, b3 = 0.0211 in the controlled case

b;, (j = 1,2,3) have an important influence on the tri-
stable potential structure. In order to simplify the
calculation and improve the operation efficiency, the
control parameters a;, (i = 0, 1,2) related to damping
term are set to O in this paper. Then, the fminsearch
function in MATLAB software is employed to search
the optimal control parameters b}, (j=1,2,3) to

minimize the performance index (38). The other

parameters are chosen as k; = 1, k3 = —2.6, ks = 1,
o =0.05, k=0.1, D, =0.003, 7, =0.2, 1,0, =0.2,
p =006, /4=100, =0, wunless otherwise
mentioned.
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i = 1, 2, 3 in the uncontrolled case, while they are calculated as
by = — 0.0039, b, = 0.0105, b3 = 0.0211 in the controlled case

The weighted factor in the index (38) is firstly set to
w = 1. In this case, the performance index of the
optimal control is to maximize the mean DC power
without considering the magnitude conversion prob-
lem, i.e., my, =0, n, = 1, E[P] = E[P]. In Fig. 13a,
with the increase in the number of iterations, the
performance index J’ first decreases rapidly and then
tends to a fixed constant, which means the optimal
control parameters b}, (i = 1,2,3) that minimize the
index J' have been searched. And the direct control
force in Eq. (39) can be calculated as uq(X) =
0.0078X — 0.0420X> — 0.1266X> for fixed
D, = 0.003 based on the stochastic optimal control
developed in this paper. And, the optimal DC power is
E[P], = 8.149 x 1073, In Fig. 13b, the curves of

mean DC power E[P] with noise intensity D, under
direct control force and uncontrolled case are plotted.
Obviously, for D, = 0.003, the DC power under direct
optimal control is higher than that under uncontrolled
case. That is, the stochastic direct optimal control
based on the improved stochastic averaging can
effectively enhance the output power. Notably,
although the optimal control force is calculated at a
fixed D, = 0.003, it can obtain better output perfor-
mance than the uncontrolled system in its neighbor-
hood (e.g., in the interval [0, Dy,]).

Besides, Fig. 14 depicts the variation of power
conversion efficiency p% with noise intensity D,
where the efficiency of controlled case and uncon-
trolled one are compared. It is found that p% under

opt
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Fig. 15 The optimization process and the dependence of
harvesting performance on D,. The weighted factor is
w=038, and m, =0, n, = 8 1073, my, =0, n, =04. The
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control parameters are b; =0, i = 1, 2, 3 in the uncontrolled

case, while they are b; = 0.0019, b, = 0.0016, b3 = — 0.0351 in
the controlled case

Table 2 The performance comparison between the controlled and uncontrolled cases at different weighted factors

Weighted Optimal control parameters Harvesting performance under Harvesting performance under
factor controlled case uncontrolled case
w=1 bj = [—0.0039,0.0105,0.0211]  E[P],, = 8.149 x 107 p%op = 95.094%  E[P] = 7.495 x 107*p% = 79.568%
j=1,23 0Yoopt = 15.748% n% = 23.970%
w=0.8 bj =[0.0019,0.0016, —0.0351] E[P]Opt: 7.885 x 10*3p%opt = 84.832%
j=1,2,3 17%opt = 29.875%

optimal control is also superior to that under uncon-
trolled case. And the direct optimal control force
reduces the noise intensity required to maximize p%.
Under the above weighted factor (i.e., w = 1), the E[P]
and p% of controlled TEH are enhanced. However,

1% obtained under direct optimal control is lower than
that of the uncontrolled system, as shown in Fig. 15¢
when w = 1. This means that the performance index
designed only with the maximum mean DC power is
not sufficient. #% characterizes the ability of the
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rectifier circuit to convert the alternating current
harvested from random vibration to direct current,
which has an important impact on achieving efficient
power supply.

Thus, the weighted factor in index (38) is reset to
w = 0.8. Figure 15a displays the variation of index
(38) with the number of iterations during the opti-
mization process. In this case, the direct optimal
control force can be calculated as
ug(X) = —0.0038X — 0.0064X> + 0.2106X>,  while
the optimal DC power and rectification ratio are
E[P],,=7.885 x 1072, n%op = 29.875% as shown
in Table 2. From Fig. 15b—d, for D, = 0.003, the E[P]
and efficiencies (p% and %) of the controlled system
are higher than those of the uncontrolled one. In
particular, in the neighborhood of D, = 0.003 (e.g.,
interval [0, D,,]), the harvesting performance under
direct optimal control is also superior to that of
uncontrolled case. It is found that the weighted factor
of the performance index is of great significance to the
optimization of the harvesting performance. By
adjusting the weighted factor to balance the distance
between the output power and the rectification
efficiency, the harvester can obtain a higher output
level.

5 Conclusions

This paper aims to research the stochastic optimal
control of a TEH under a standard rectifier circuit
driven by correlated colored noises to enhance the
performance of harvesting system. From the physical
intuition, the direct control force is divided into
conservative component and dissipative one. The
additional potential gradient is utilized to characterize
the conservative component, while the energy-depen-
dent quasi-linear damping represents the dissipative
one. Then, the analytical expressions of the SPDF and
mean DC power are derived using the stochastic
averaging based on energy-dependent frequency. In
order to balance the distance between harvested power
and harvesting efficiency, the weighted combination
of mean DC power and rectification efficiency is
employed as the performance index of the optimal
control. The semi-analytical expression of the index is
obtained to transform the stochastic optimal control
problem into a multivariable function extremum

@ Springer

problem. The influence of the index under different
weighted factor on the harvesting performance of
controlled TEH is further investigated.

It is found that the stochastic optimal control
strategy based on the improved energy envelope
stochastic averaging avoids solving complex differ-
ential equations. Compared with uncontrolled TEH,
the harvesting performances including DC power,
power conversion efficiency and rectification effi-
ciency under direct optimal control are significantly
improved. By adjusting the weighted factor of the
performance index to balance the output power and the
rectification efficiency, the harvesting system can
achieve a relatively ideal output level. There are
optimal correlated colored noises intensities Dy, D, to
maximize the power conversion efficiency of the
harvester. The cross-correlation of correlated colored
noises can destroy the symmetry of SPDF, which is
conducive to the occurrence of random transition.

Author contributions TZ: methodology, software, data
curation, visualization, investigation, writing-original draft.
YJ: conceptualization, supervision, validation, writing—
review and editing.

Funding This work was supported by the National Natural
Science Foundation of China (Grant Nos. 12072025) and
Beijing Natural Science Foundation (Grant No. 1222015).

Data availability The data that support the findings of this
study are available from the first author upon reasonable request.

Declarations

Conflict of interest All authors certify that they have no
affiliations with or involvement in any organization or entity
with any financial interest or non-financial interest in the subject
matter or materials discussed in this manuscript.

References

1. Wang, H., Jasim, A., Chen, X.D.: Energy harvesting tech-
nologies in roadway and bridge for different applications—
a comprehensive review. Appl. Energy 212, 1083-1094
(2018)

2. Daqaq, M.F., Masana, R., Erturk, A., Quinn, D.D.: On the
role of nonlinearities in vibratory energy harvesting: a
critical review and discussion. Appl. Mech. Rev. 66(4),
040801 (2014)

3. Bonnin, M., Traversa, F.L., Bonani, F.: Leveraging circuit
theory and nonlinear dynamics for the efficiency



Stochastic optimal control of a coupled tri-stable energy harvester

7009

10.

12.

15.

17

18.

19.

20.

21.

improvement of energy harvesting. Nonlinear Dyn. 104(1),
367-382 (2021)

. Naseer, R., Dai, H.L., Abdelkefi, A., Wang, L.: Piezomag-

netoelastic energy harvesting from vortex-induced vibra-
tions using monostable characteristics. Appl. Energy 203,
142-153 (2017)

. Vijayan, K., Friswell, M.I., Khodaparast, H.H., Adhikari,

S.: Non-linear energy harvesting from coupled impacting
beams. Int. J. Mech. Sci. 96-97, 101-109 (2015)

. Nguyen, H.T., Genov, D.A., Bardaweel, H.: Vibration

energy harvesting using magnetic spring based nonlinear
oscillators: Design strategies and insights. Appl. Energy
269, 115102 (2020)

. Cunha, A.: Enhancing the performance of a bistable energy

harvesting device via the cross-entropy method. Nonlinear
Dyn. 103(1), 137-155 (2021)

. Vocca, H., Neri, 1., Travasso, F., Gammaitoni, L.: Kinetic

energy harvesting with bistable oscillators. Appl. Energy
97, 771-776 (2012)

. Zhang, T.T., Jin, Y.F., Xu, Y., Yue, X.L.: Dynamical

response and vibrational resonance of a tri-stable energy
harvester interfaced with a standard rectifier circuit. Chaos
32(9), 093150 (2022)

Kim, P., Seok, J.: Dynamic and energetic characteristics of a
tri-stable magnetopiezoelastic energy harvester. Mech.
Mach. Theory 94, 41-63 (2015)

. Panyam, M., Daqaq, M.F.: Characterizing the effective

bandwidth of tri-stable energy harvesters. J. Sound Vib.
386, 336-358 (2017)

Zhang, Y.X., Jin, Y.F., Xu, P.F.: Dynamics of a coupled
nonlinear energy harvester under colored noise and periodic
excitations. Int. J. Mech. Sci. 172, 105418 (2020)

. Zhang, T.T., Jin, Y.F.: Enhanced DC power delivery from a

rotational tristable energy harvester driven by colored noise
under various constant speeds. Int. J. Nonlinear. Mech. 147,
104196 (2022)

. Lallart, M.: Nonlinear technique and self-powered circuit

for efficient piezoelectric energy harvesting under unloaded
cases. Energy Convers. Manag. 133, 444-457 (2016)

Yang, T., Cao, Q.: Dynamics and performance evaluation of
a novel tristable hybrid energy harvester for ultra-low level
vibration resources. Int. J. Mech. Sci. 156, 123-136 (2019)

. Huang, D.M., Zhou, S.X., Litak, G.: Analytical analysis of

the vibrational tristable energy harvester with a RL resonant
circuit. Nonlinear Dyn. 97(1), 663-677 (2019)

. Nabavi, S.F., Farshidianfar, A., Afsharfard, A., Khoda-

parast, H-H.: An ocean wave-based piezoelectric energy
harvesting system using breaking wave force. Int. J. Mech.
Sci. 151, 498-507 (2019)

Firoozy, P., Khadem, S.E., Pourkiace, S.M.: Power
enhancement of broadband piezoelectric energy harvesting
using a proof mass and nonlinearities in curvature and
inertia. Int. J. Mech. Sci. 133, 227-239 (2017)
Rajarathinam, M., Ali, S.F.: Energy generation in a hybrid
harvester under harmonic excitation. Energy Convers.
Manag. 155, 10-19 (2018)

Belhaq, M., Hamdi, M.: Energy harvesting from quasi-pe-
riodic vibrations. Nonlinear Dyn. 86(4), 2193-2205 (2016)
Yu, T.J., Zhou, S.: Performance investigations of nonlinear
piezoelectric energy harvesters with a resonant circuit under

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

white Gaussian noises. Nonlinear Dyn. 103(1), 183-196
(2021)

Liu, D., Xu, Y., Li, J.: Randomly-disordered-periodic-in-
duced chaos in a piezoelectric vibration energy harvester
system with fractional-order physical properties. J. Sound
Vib. 399, 182-196 (2017)

Xu, M., Li, X.: Stochastic averaging for bistable vibration
energy harvesting system. Int. J. Mech. Sci. 141, 206-212
(2018)

Liu, D., Wu, Y., Xu, Y., Li, J.: Stochastic response of
bistable vibration energy harvesting system subject to fil-
tered Gaussian white noise. Mech. Syst. Signal Process.
130, 201-212 (2019)

Kumar, P., Narayanan, S., Gupta, S.: Bifurcation analysis of
a stochastically excited vibro-impact Duffing-Van der Pol
oscillator with bilateral rigid barriers. Int. J. Mech. Sci. 127,
103-117 (2017)

Hinggi, P., Jung, P., Zerbe, C., Moss, F.: Can colored noise
improve stochastic resonance? J. Stat. Phys. 70, 25-47
(1993)

Bonnin, M., Traversa, F.L., Bonani, F.: Analysis of influ-
ence of nonlinearities and noise correlation time in a single-
DOF energy-harvesting system via power balance descrip-
tion. Nonlinear Dyn. 100(1), 119-133 (2020)

Singh, R.K.: Noise enhanced stability of a metastable state
containing coupled Brownian particles. Physica A 473,
445-450 (2017)

Yerrapragada, K., Ansari, M.H., Amin Karami, M.:
Enhancing power generation of floating wave power gen-
erators by utilization of nonlinear roll-pitch coupling. Smart
Mater. Struct. 26, 094003 (2017)

Avanco, R.H., Tusset, A.M., Suetake, M., Navarro, H.A.,
Balthazar, J.M., Nabarrete, A.: Energy harvesting through
pendulum motion and DC generators. Latin AMER J Solids
Struct. 16(1), e150 (2019)

Zhang, Y.X., Jin, Y.F.: Stochastic dynamics of a piezo-
electric energy harvester with correlated colored noises
from rotational environment. Nonlinear Dyn. 98(1),
501-515 (2019)

Vocca, H., Cottone, F., Neri, 1., Gammaitoni, L.: A com-
parison between nonlinear cantilever and buckled beam for
energy harvesting. Eur. Phys. J. Spec. Top. 222(7),
1699-1705 (2013)

Xiao, S.M., Jin, Y.F.: Response analysis of the piezoelectric
energy harvester under correlated white noise. Nonlinear
Dyn. 90(3), 2069-2082 (2017)

Liu, D., Xu, Y., Li, J.: Probabilistic response analysis of
nonlinear vibration energy harvesting system driven by
Gaussian colored noise. Chaos Solitons Fractals 104,
806-812 (2017)

Cassidy, I.L., Scruggs, J.T., Behrens, S.: Optimization of
partial-state feedback for vibratory energy harvesters sub-
jected to broadband stochastic disturbances. Smart Mater.
Struct. 20(8), 085019 (2011)

Scruggs, J.T., Nie, R.: Disturbance-adaptive stochastic
optimal control of energy harvesters, with application to
ocean wave energy conversion. Annu. Rev. Control. 40,
102115 (2015)

Zhang, Y., Ding, C.S., Wang, J., Cao, J.Y.: High-energy
orbit sliding mode control for nonlinear energy harvesting.
Nonlinear Dyn. 105(1), 191-211 (2021)

@ Springer



7010

T. Zhang, Y. Jin

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

Azadi Yazdi, E.: Optimal control of a broadband vortex-
induced vibration energy harvester. J. Intell. Mater. Syst.
Struct. 31(1), 137-151 (2020)

Ying, Z.G., Zhu, W.Q.: Optimal bounded control for non-
linear stochastic smart structure systems based on extended
Kalman filter. Nonlinear Dyn. 90(1), 105-114 (2017)
Ahmadabadi, Z.N., Khadem, S.: Nonlinear vibration control
and energy harvesting of a beam using a nonlinear energy
sink and a piezoelectric device. J. Sound Vib. 333(19),
44444457 (2014)

Vergados, D.J., Stassinopoulos, G.I.: Adaptive duty cycle
control for optimal stochastic energy harvesting. Wirel.
Pers. Commun. 68, 201-212 (2013)

Zhang, Y.X., Jin, Y.F., Li, Y.: Enhanced energy harvesting
using time-delayed feedback control from random rota-
tional environment. Physica D 422, 132908 (2021)
Mohammadpour, M., Abdelkefi, A., Safarpour, P., Gav-
agsaz-Ghoachani, R., Zandi, M.: Controlling chaos in bi-
stable energy harvesting systems using delayed feedback
control. Meccanica 58(4), 587-606 (2023)

Tan, T., Wang, Z., Zhang, L., Liao, W.H., Yan, Z.: Piezo-
electric autoparametric vibration energy harvesting with
chaos control feature. Mech. Syst. Signal Process. 161(3),
107989 (2021)

Telles Ribeiro, J.G., Pereira, M., Cunha, A., Jr., Lovisolo,
L.: Controlling chaos for energy harvesting via digital
extended time-delay feedback. Eur. Phys. J. Spec. Top.
231(8), 1485-1490 (2022)

Kumar, A., Ali, S.F., Arockiarajan, A.: Enhanced energy
harvesting from nonlinear oscillators via chaos control.
IFAC-Papers OnLine 49(1), 35-40 (2016)

Dehghani, R., Khanlo, H.M.: Radial basis function neural
network chaos control of a piezomagnetoelastic energy
harvesting system. J. Eng. Mech. 25(16), 2191-2203 (2019)

@ Springer

48.

49.

50.

51.

52.

53.

54.

Ott, E., Grebogi, C., Yorke, J.A.: Controlling chaos. Phys.
Rev. Lett. 64, 1196-1199 (1990)

Scruggs, J.T., Cassidy, L.L., Behrens, S.: Multi-objective
optimal control of vibratory energy harvesting systems.
J. Intell. Mater. Syst. Struct. 23(18), 2077-2093 (2008)
Gozzi, F., Masiero, F.: Stochastic optimal control with delay
in the control I: solving the HIB equation through partial
smoothing. SIAM J. Control. Optim. 55(5), 2981-3012
(2017)

Yang, Y., Wang, Y., Huang, Z.: Probabilistic tracking
control of dissipated Hamiltonian systems excited by
Gaussian white noises. Int. J. Syst. Sci. 52(9), 1790-1805
(2021)

Zhang, T.T., Jin, Y.F., Zhang, Y.X.: Stochastic dynamics of
a tri-stable piezoelectric vibration energy harvester inter-
faced with a standard rectifier circuit. J. Sound Vib. 543,
117379 (2023)

Burrage, K., Burrage, P., Higham, D.J., Kloeden, P.E.:
Comment on “Numerical methods for stochastic differen-
tial equations.” Phys. Rev. E 74, 068701 (2006)

Kloeden, P.E., Platen, E.: Numerical Solution of Stochastic
Differential Equations. Springer, Berlin. Third corrected
printing 1998 (1992).

Publisher’s Note Springer Nature remains neutral with

regard to jurisdictional claims in published maps

and

institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner)
holds exclusive rights to this article under a publishing
agreement with the author(s) or other rightsholder(s); author
self-archiving of the accepted manuscript version of this article
is solely governed by the terms of such publishing agreement
and applicable law.



	Stochastic optimal control of a coupled tri-stable energy harvester under correlated colored noises
	Abstract
	Introduction
	Stochastic-optimal-controlled electromechanical TEH
	Stochastic-optimal-controlled stationary response
	Description of stochastic optimal control problem
	Stochastic stationary response of controlled system
	Stochastic response analysis

	Performance optimization of the controlled system
	Energy harvesting performance
	Effects of noises and structure parameters on harvesting performance
	Performance optimization under different weighted factors

	Conclusions
	Author contributions
	Data availability
	References




