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Abstract Parametric identification is an important
part of system theory since knowledge of the parame-
ters allows the analysis and control of the system. The
aim of this paper is to propose a novel robust (against
measurement noise) parameter identification method
for a class of nonlinear fractional-order systems. In
order to solve the parametric identification we carry
out this problem to a state estimation problem,we intro-
duce a Fractional Algebraic Identifiability (FAI) prop-
erty which allows to represent the system parameters
as a function of the inputs and outputs of the system,
this parameter identification method provides an on-
line identification process (while the system is operat-
ing), we also propose a fractional-order differentiator
which allows to reduce the effect of measurement noise
aswell as to provide the estimation of a fractional-order
derivative of the system output. Moreover, we use the
Mittag–Leffler boundedness to demonstrate the con-
vergence of this method, a different approach for this
stability analysis method is given in this paper. Finally,
we illustrate the accuracy and robustness of our pro-
posed method by means of the parametric identifica-
tion of two nonlinear fractional-order systems: a time-
varying nonlinear fractional-order system and a non-
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C
0 Dα

t Caputo fractional-order derivative
α Fractional order
�(·) Gamma function
Eα,β TwoparametersMittag–Leffler type func-

tion
Eα OneparameterMittag–Leffler type func-

tion
‖·‖ Euclidean norm
|·| Absolute value
Xᵀ Transpose of a matrix X
λmax(min)(X) Maximum (minimum) eigenvalue of

matrix X
In×m Identity matrix of dimensions n × m
0n×m Zero matrix of dimensions n × m

1 Introduction

The behavior of a dynamic system can be described
through a mathematical model which is a set of equa-
tions, commonly a set of differential equations or par-
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tial differential equations, which describe the evolution
of the system. Currently, with fractional calculus it is
possible to characterize a system through fractional-
order differential equations, these systems are knownas
fractional-order systems, newly, fractional-order math-
ematical models have become of great research interest
because these models describe the behavior of a phys-
ical system better than a integer-order model, i.e., the
characterization is better fitted to the experimental data.
For instance, viscoelastic materials [1], virus models
[2], electro mechanical systems [3], Lithium–Ion bat-
tery model [4], biological tissues [5], among others.

The knowledge of the system parameters is very
important because it allows the analysis and control
of the system. Actually, parametric identification in
fractional-order systems has been a research topic,
many authors have studied this topic from different
perspectives, each approach has different advantages.
Nevertheless, most proposals have something in com-
mon, the estimation of the system parameters is per-
formed off-line, i.e., excite the system with a specific
signal and collect the response data presented by the
system in order to apply some kind of recursive algo-
rithm and minimizing a cost function. One of the most
commonly used approaches for parametric identifica-
tion in fractional-order systems consists of represent-
ing the fractional-order derivative operator through an
operational matrix, converting the fractional differen-
tial equation into an algebraic equation. For instance
we can mention the works [6–9], where the authors
use block pulse functions operational matrix. More-
over, in [10,11] the identification is based on Legendre
wavelet operational matrix and Haar wavelet opera-
tional matrix, respectively. However, the representa-
tion used in these methods is an approximation of
the fractional-order derivative operator. On the other
hand, there are other works where the operational
matrix approach is not used but they are still recur-
sive algorithms and the identification is off-line, in [12]
two methods are proposed, recursive least square with
state variable filters and the prediction-error. Mean-
while, intelligent algorithms have also been proposed
for the parametric identification of chaotic fractional-
order systems such as the differential evolution algo-
rithm [13], the particle swarm optimization algorithm
[14] and neural networks [15].

As mentioned above, the methods that have been
proposed for parametric identification in fractional-
order systems are performed off-line, and most of the

methods are proposed for time-invariant systems, but
many physical systems exhibit time-varying behavior.
As far as we know these situations have been poorly
studied. For example for the on-line identification we
just can mention the work [16] where the authors pro-
pose a parametric identification method for a class of
linear fractional-order systemsbasedon themodulating
function method, and also consider noise at the output
of the system, meanwhile, for time-varying parame-
ters we mention the studies [17,18] where the authors
propose identification methods for time-varying sys-
tems but they assume that the function form of the
time-varying parameter is known and only estimate the
coefficients.

Taking into account the general overview of para-
metric identification in fractional-order systems. In this
paper we propose a novel robust (against measurement
noise) parameter identification method for a class of
nonlinear fractional-order systems. The proposed iden-
tification method is based on defining an auxiliary vari-
able that will be considered as an extra state of the orig-
inal system, this variable can depend on the states of
the system and only one parameter. With the inclusion
of the auxiliary variable dynamics, the original sys-
tem is transformed into an augmented system where
the dynamics of the extra state is considered unknown,
thus the parametric identification problem is carried out
to a state estimation problem.

In order to design the fractional-order estimator we
introduce a Fractional Algebraic Identifiability (FAI)
property which allows us to represent the system
parameters as a function of the know information of
the systems, in particular, the inputs and outputs of the
system. The most natural way to propose a fractional-
order estimator consists in not requiring a system copy,
so the estimator that we propose is only constructed
with a proportional and fractional-order integral cor-
rection of the estimation error. In addition we propose
a fractional-order differentiator, which allows us to
reduce the effect of measurement noise and provides an
estimate of a fractional-order derivative of the system
output,moreover,we can assign the initial conditions of
the fractional-order estimator and the fractional-order
differentiator freely.

The parameter identification method proposed in
this work provides an on-line identification process,
whichmeans that while the system is working a param-
eter estimate is obtained continuously.
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On the other hand, the mathematical analysis for the
convergence of the proposed method is treated with
the Mittag–Leffler boundedness, this method is used to
analyze the stability in perturbed fractional-order sys-
tems.Wan and Jian [19], the definitions of this stability
analysis method is given, nonetheless, in this paper a
different approach to the Mittag–Leffler boundedness
is given.

Considering the aforementioned, we present the
main contributions of this paper:

1. Provide an alternative approach to the Mittag–
Leffler boundedness and demonstrate its conver-
gence.

2. Aparameter identificationmethod for a class of non-
linear fractional-order systems based on state esti-
mation is presented.

3. A new property about identifiability in fractional-
order systems is introduced.

4. The proposed parameter identification method is
robust against measurement noise and provides an
on-line identification process.

5. Theproposedparameter identificationmethodallows
the estimation of time-varying parameters.

6. Since the parametric identification problem is driven
to a state estimation problem, it is not necessary to
fulfill the well-known persistent excitation condi-
tion.

7. All initial conditions for the identification method
that we propose in this paper can be freely assigned.

The rest of this paper is organized as follows: Sect. 2
provides the mathematical background which includes
some basic definitions of fractional-order derivatives,
Mittag–Leffler type function and stability analysis in
fractional-order systems. The main result of this work
is presented in Sect. 3 which is divided into three parts.
In Sect. 4 the parametric identification of a two non-
linear fractional-order systems: a time-varying nonlin-
ear fractional-order system and a nonlinear fractional-
order mathematical model of a simple pendulum, is
performed and the effectiveness and robustness of the
proposed method is proven by numerical simulation.
Finally, Sect. 5 is devoted to the conclusion.

2 Mathematical background

In this sectionwe give some basic definitions and previ-
ous results about fractional-order derivatives as well as

state the concepts of some special functions. Further-
more, explain a new approach to the Mittag–Leffler
boundedness.

Fractional-order derivatives

In contrast to ordinary calculus, fractional calculus has
different definitions for the derivative operator. The
typical definitions of the fractional-order derivative
are The Caputo, Riemann–Liouville and Grünwald–
Letnikov definition. In general the different definitions
of the fractional-order derivative do not coincide, how-
ever, under certain conditions some definitions may
coincide.

For example, consider the derivative of fractional
order α ∈ R

+ satisfying 0 ≤ n − 1 < α ≤ n with
n ∈ N of a function f (t), then, if we consider a class
of functions which have n continuous derivatives then
the Grünwald–Letnikov and Riemann–Liouville def-
initions coincide, on the other hand, the Caputo and
Riemman–Louville definition agree if the n − 1 ini-
tial conditions are null. Moreover, the definitions of
Grünwald–Letnikov, Riemann–Liouville and Caputo
interpolate to derivatives of integer order, i.e., if α → n
then the n-th derivative of f (t) is obtained [20].

In this paper we use the Caputo fractional-order
derivative to represent fractional-order systemsbecause
the initial conditions have an interpretation in the sense
of a physical system, which is a consequence caused
by the fact that the meaning of the initial conditions
coincides with a integer-order system. Moreover, the
Caputo fractional-order derivative of a constant is zero
and when the derivative operator is applied consecu-
tively there is additivity in the derivative order.

Definition 1 [20] The Caputo derivative of fractional
order α ∈ R

+ of a function f (t) : [0,∞) → R is
defined as follows

C
0 Dα

t f (t) = 1

�(n−α)

∫ t

0
(t−τ)n−α−1 f (n)(τ )dτ (1)

where 0 ≤ n − 1 < α ≤ n is the fractional order with
n ∈ N and �(·) is the gamma function.

Remark 1 In this paper we consider n = 1 thus 0 <

α ≤ 1, in addition, for simplicity we omit the time
dependence of the variables.
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2.1 Mittag–Leffler type function

The Mittag–Leffler type functions play a very impor-
tant role in the theory of fractional calculus, since
they are used to find and represent the solutions of a
fractional-order differential equation.

Definition 2 [20] The special function defined by the
power series

Eα,β(z) =
∞∑
�=0

z�

�(� α + β)
(2)

is known as two-parameter Mittag–Leffler function,
where α > 0 and β, z ∈ C.

Definition 3 When β = 1 the one-parameter Mittag–
Leffler function is obtained

Eα,1(z) = Eα(z) =
∞∑
�=0

z�

�(� α + 1)
(3)

The Mittag–Leffler type functions have many inter-
esting properties and applications which can be
reviewed in [21,22]. In our particular case, one of the
properties that will be very useful is the following [23]

Property 1 The function Eα,β(−z) is completely
monotonic if and only if 0 < α ≤ 1 and β ≥ α,
for all z ≥ 0 with α > 0, β > 0.

2.2 Stability analysis for fractional-order systems

In what follows, we consider the following class of
nonlinear fractional-order system given by

C
0 Dα

t x = f (t, x) + χ(t, x) x(0) = x0 (4)

where 0 < α ≤ 1 is the fractional order, f : [0,∞) ×
	 → R

n is a piecewise continuous function in t and
locally Lipschitz in x on [0,∞) × 	, the vector of
initial conditions is x0 ∈ R

n and 	 ⊂ R
n is a domain

that contains the origin. χ(t, x) : [0,∞)×	 → R
n is

the uncertain vector function, assumed to be bounded
sup

t
‖χ(t, x)‖ = χ̄ ∈ R

+

In contrast to Mittag–Leffler stability [24], Mittag–
Leffler boundedness provides sufficient stability con-
ditions in perturbed fractional-order systems.

Definition 4 The solution trajectories of the fractional-
order system (4) are said to be Mittag–Leffler bounded
if

‖x‖ ≤ [
g(x0) Eα

(−ϑ tα
)+ ϕ

]c (5)

where 0 < α ≤ 1, c, ϑ, ϕ ∈ R
+ and g(x) ≥ 0 is a

locally Lipschitz function on x .

Theorem 1 Let B ⊂ R
n be a domain that contains the

origin and V (t, x) : [0,∞)×B → Rbe a continuously
differentiable function and locally Lipschitz on x such
that

γ1 ‖x‖a ≤ V (t, x) ≤ γ2 ‖x‖ab (6)
C
0 Dα

t V (t, x) ≤ −γ3 ‖x‖ab +  (7)

where 0 < α ≤ 1 is the fractional order, γ1, γ2, γ3,
a, b ∈ R

+,  ∈ R
+ represents the disturbances

and uncertainties of the fractional-order system (4).
Then, the solution trajectories of (4) are Mittag–Leffler
bounded. Moreover, if B = R

n they are globally
Mittag–Leffler bounded.

Proof In light of (6) we can write (7) as follows

C
0 Dα

t V (t, x) ≤ −γ3

γ2
V (t, x) + 

= −γ3

γ2

(
V (t, x) − γ2

γ3


)
(8)

Let V̄ (t, x) := V (t, x) − γ2
γ3
 be a change of vari-

able, then

C
0 Dα

t V̄ (t, x) ≤ −γ3

γ2
V̄ (t, x) (9)

In this way, there exists a non-negative function R(t)
such that

C
0 Dα

t V̄ (t, x) + γ3

γ2
V̄ (t, x) + R(t) = 0 (10)

Taking into account the existence and uniqueness
theorem for fractional-order differential equations (see
[20]), it follows that

V̄ (t, x) = V̄0 Eα

(
−γ3

γ2
tα
)

−
∫ t

0
(t−τ)α−1Eα,α

[
−γ3

γ2
(t−τ)α

]
R(τ )dτ (11)

where V̄0 = V̄ (0, x0) is the initial condition of (10).
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Since (t −τ)α−1, Eα,α

[
− γ3

γ2
(t − τ)α

]
and R(τ ) are

non-negative function, then we can write

V̄ (t, x) ≤ V̄0 Eα

(
−γ3

γ2
tα
)

(12)

Therefore

V (t, x)− γ2

γ3
 ≤

(
V (0, x0)− γ2

γ3


)
Eα

(
−γ3

γ2
tα
)
(13)

In view of (6) we have that

γ1‖x‖a ≤
(

V (0, x0)− γ2

γ3


)
Eα

(
−γ3

γ2
tα
)

+ γ2

γ3
 (14)

Furthermore, it is also true that γ1‖x0‖a ≤
V (0, x0) ≤ γ2‖x0‖ab, thus

‖x‖ ≤
[
1

γ1

(
γ2 ‖x0‖ab − γ2

γ3


)
Eα

(
−γ3

γ2
tα
)

+ γ2

γ1 γ3


]1/a

(15)

According to Definition 4 the theorem is proven. 	

Remark 2 Mittag–Leffler boundedness agrees with
Mittag–Leffler stability if  = 0.

Remark 3 It is clear that, if the trajectories of system
(4) are Mittag–Leffler bounded, then ‖x‖ has an upper
bound, i.e., lim sup

t→∞
‖x‖ = ϕc. In other words, there is

a compact set B := {x ∈ 	 | ‖x‖ ≤ ϕc} where the
trajectories of (4) converge asymptotically and holds
for all initial condition x0.

Remark 4 In view of inequality (13), the compact set
defined by

� :=
{

x ∈ B | V (t, x) ≤ γ2

γ3


}
(16)

is called Mittag–Leffler attractive set. If B = R
n then

it is known as globally Mittag–Leffler attractive set.

Lemma 1 Let x ∈ R
n be a vector of differential func-

tions then for all t ≥ 0 the following inequality

C
0 Dα

t

(
xᵀ P x

) ≤ xᵀ P C
0 Dα

t x +
(

C
0 Dα

t x
)ᵀ

P x (17)

is met, where 0 < α ≤ 1 and P ∈ R
n×n is symmetric

matrix.

Proof Thedemonstrationof this lemmacanbe reviewed
in [25] 	


Lemma 2 The matrix defined as(−κ1 −κ2
κ3 −κ4

)
(18)

is Hurwitz for all positive constants κ1, κ2, κ3, κ4.

Proof Note that the characteristic polynomial of the
matrix (18) is given by

p(λ) = λ2 + (κ1 + κ4) λ + (κ1 κ4 + κ2 κ3) (19)

It is easy to see that if κ1, κ2, κ3, κ4 ∈ R
+ then p(λ)

is a Hurwitz polynomial since the coefficients have the
same sign and therefore matrix (18) is Hurwitz. 	


3 Main result

In this section we present the main contribution of this
work, which is divided into three parts:

1. In the first part, we carry out the parametric identi-
fication problem for a class of nonlinear fractional-
order system to a state estimation problem, in this
way it is sufficient to design a fractional-order esti-
mator in order to obtain an estimate of the system
parameters.

2. The second part shows a methodology in which
through a change of variable we can partially or
totally avoid the use of signals that we consider
unknown such as fractional-order derivatives of the
output and input of the system.

3. In the third part we consider the existence of mea-
surement noise at the system output, in particular
we propose a technique where we can consider-
ably attenuate the effect of this exogenous signal,
in addition we obtain an estimate of a fractional-
order derivative of the output where the measure-
ment noise is being attenuated.

Hence, these three parts provides a robust identifi-
cation method against measurement noise for a class of
nonlinear fractional-order system.

3.1 First part

Firstly, consider the following class of nonlinear
fractional-order system

C
0 Dα

t x = f (x, u, ξ), x(0) = x0

y = h(x) (20)
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where x ∈ R
n is the state vector, u ∈ R

q is the system
input, y ∈ R

m is the system output, ξ ∈ R
l denotes the

set of original parameters (the components of ξ can be
time-varying), f : Rn × R

q × R
l → R

n is a locally
Lipschitz function on x ,u and ξ , h : Rn → R

m is a con-
tinuous function. Meanwhile, α = (α1, α2, . . . , αn), is
the set of fractional orders which satisfy 0 < αi ≤ 1
with i ∈ {1, . . . , n}. x0 ∈ R

n is the vector of initial
conditions.

Remark 5 If α1 = α2 = · · · = αn the nonlinear
fractional-order system (20) is knownas commensurate
nonlinear fractional-order system, otherwise system
(20) is called as incommensurate nonlinear fractional-
order system. In this paperwe assume that the fractional
orders are known.

The aim of the parametric identification is to obtain
an estimate of the elements that compose ξ , in the
sequel we propose an algebraic technique to solve the
parametric identification problem carrying it to a state
estimation problem. In this way, we introduce the fol-
lowing property:

Definition 5 (FAI) A parameter ξi satisfies the Frac-
tional Algebraic Identifiability (FAI) property if it can
be represented as a function of the input and output of
the system alongwith their fractional-order derivatives,
that is

ξi = φi

(
y, C

0 Dα1
t y, . . . , C

0 Dα1+···+αn
t y, u,

C
0 Dα1

t u, . . . , C
0 Dα1+···+αn

t u
)

(21)

where
∑n

j=1 α j ≤ 1 and φi (·) is a continuous function
with i ∈ {1, . . . , l}
Example 1 Let us consider the following nonlinear
fractional-order system

C
0 Dα1

t x1 = ξ x21 + u
C
0 Dα2

t x2 = −x1 − x2

y = x1

(22)

where 0 < α1, α2 ≤ 1 are the fractional orders, ξ is a
parameter which can be time-variant.

Note that ξ fulfills the FAI property (21) since it can
be represented as

ξ = 1

y2

(
C
0 Dα1

t y − u
)

= φ(y, C
0 Dα1

t y, u), y �= 0 (23)

Now, we define an auxiliary variable which can
depend on the states and the unknown parameter
ηi (x, ξi ), in order to define this auxiliary variable, two
situations may occur:

1. If the parameter appears isolated inside of the non-
linear fractional-order system (20), i.e., it does not
affect any state or a relation of them, then the auxil-
iary variable can be defined as the system parame-
ter. for example if we consider C

0 Dα
t x = sin(x)+ ξ ,

where ξ is a parameter, then the auxiliary variable
can be defined as η = ξ .

2. If the parameter affects the states of the system or
a relation of them, then the auxiliary variable can
be defined as the relation of the parameter and the
states, e.g., considering (22) we can define the aux-
iliary variable as η = ξ x21 .

We consider that the dynamics of this auxiliary vari-
able is unknown. It is clear that the number of auxiliary
variables that we need to define depends on the number
of parameters that we need to estimate.

Then, the dynamic equation of auxiliary variables
along with the original system (20) can be written in
the following augmented form
C
0 Dα

t x = f (x, u, η), x(0) = x0
C
0 Dα̊

t η = �(·), η(0) = η0

y = h(x) (24)

where η ∈ R
l is the vector of auxiliary variables, α̊ =

(α̊1, α̊2, . . . , α̊l) is the set of fractional orders for the
auxiliary variables which satisfy 0 < α̊i ≤ 1 with i ∈
{1, . . . , l}, η0 ∈ R

l is the vector of initial conditions for
the auxiliary variables and �(·) is an unknown vector
function.

Note that the auxiliary variables can be considered
as extra states of the augmented system (24), thus it
is sufficient to estimate these extra states in order to
obtain an estimate of the system parameters, therefore
the parametric identification problem becomes a state
estimation problem.

Now, given that we have to solve a state estimation
problem, we establish the following property which
will allow us to design an estimator for the auxiliary
variables.

Definition 6 (IFAO) [26] A state variable ηi satisfies
the Incommensurate Fractional Algebraic Observabil-
ity (IFAO) property if it can be written as a function
of the input and output of the system along with their
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fractional-order derivatives, that is

ηi = ψi

(
y, C

0 Dα1
t y, . . . , C

0 Dα1+···+αn
t y, u,

C
0 Dα1

t u, . . . , C
0 Dα1+···+αn

t u
)

(25)

where
∑n

j=1 α j ≤ 1 andψi (·) is a continuous function
with i ∈ {1, . . . , l}.
Remark 6 It is well known that the composition of the
fractional-order derivatives of a function produces the
derivative of the function where the fractional order
is the sum of the fractional orders of each deriva-
tive applied consecutively, plus terms that refer to the
fractional-order derivatives of the function evaluated at
the initial instant (see [20]).

However in [27] it is shown that if the sum of the
fractional orders is less than or equal to 1 the terms
evaluated at initial instant disappear in Caputo’s defi-
nition, that is why the relationships (21) and (25) are
well defined.

On the other hand, if we would like to remove the
condition

∑n
j=1 α j ≤ 1 and instead have

∑n
j=1 α j ≤

n̄ with n̄ the system order, then in our particular case it
is sufficient to ensure that dy(0)/dt = du(0)/dt = 0
in order to have (21) and (25) valid (see [20]).

Remark 7 The auxiliary variable ηi associatedwith the
parameter ξi satisfies the IFAO property if and only if
the parameter ξi satisfies the FAI property.

Now, let us consider an unknown dynamics of the
augmented system (24)

C
0 Dα̊i

t ηi = �i (·) (26)

where α̊i is an element of α̊, ηi is an element of the
vector η so it is an extra state of (24) and �i (·) is an
element of the vector �(·) consequently is a unknown
function with i ∈ {1, . . . , l}.

In order to ensure the existence and uniqueness of
solution of the fractional-order differential Eq. (26) it
is necessary to make an assumption about the unknown
function �i (·).
Assumption 1 The unknown function �i (·) has an
upper bound 0 < M < ∞, such that sup

t
‖�i (·)‖ = M .

Remark 8 Since the parametric identification problem
and the state estimation problem have no sense for
unstable systems, then in this work we consider stable
nonlinear fractional-order systems and bounded inputs
that is why assumption 1 is reasonable.

Let us consider the following fractional-order sys-
tem
C
0 Dα̊i

t η̂i = k1(ηi − η̂i ) + k2ζi

C
0 Dα̊i

t ζi = k3(ηi − η̂i ) − k4ζi

(27)

where k1, k2, k3, k4 ∈ R
+, η̂i is an estimate of extra

state ηi and ζi is the fractional-order integral part of η̂i

with the initial conditions η̂i (0) = η̂i0 , ζi (0) = ζi0 and
η̂i0 , ζi0 ∈ R.

Based on the aforementioned and defining the esti-
mation error as

η̃i = ηi − η̂i (28)

Then we can establish the following theorem:

Theorem 2 Let us consider the nonlinear fractional-
order system (20) and suppose that the system parame-
ters fulfill the FAI property such that the system (20) can
be expanded to the augmented form (24). Furthermore,
if assumption 1 is satisfied then the fractional-order
system (27) is a fractional Proportional Integral (PI)
estimator for the unknown dynamics (26), whose esti-
mation error is globally Mittag–Leffler bounded and
therefore the estimation error converges asymptotically
and remains in the compact set

B̄1 =
{
ε ∈ R

2

| ‖ε‖ ≤
√
λmax(P)

λmin(P)

λmax(P) M√
λmin(Q) � − �2

}

where ε = ( η̃i ζi )
ᵀ, P, Q ∈ R

2×2 are symmetric pos-
itive definite matrices and � ∈ R

+, 0 < � < λmin(Q).

Proof Compute the derivative of fractional order α̊i of
(28) we have
C
0 Dα̊i

t η̃i = C
0 Dα̊i

t ηi − C
0 Dα̊i

t η̂i (29)

From (26) and (27) it follows that
C
0 Dα̊i

t η̃i = �i (·)− k1 η̃i − k2 ζi (30)

Let us define the vector ε = ( η̃i ζi )
ᵀ, then we can

write the following matrix form

C
0 Dα̊i

t ε = K ε + ℵ (31)

where

K =
(−k1 −k2

k3 −k4

)
; ℵ =

(
�i (·)
0

)
(32)

Consider the quadratic function

V (ε) = εᵀ P ε (33)
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where P ∈ R
2×2 is a symmetric positive definite

matrix. It is clear that V (0) = 0 and V (ε) �= 0 for
all ε �= 0.

Taking into account fractional-order system (31) and
Lemma 1, we have that

C
0 Dα̊i

t V (ε) ≤ εᵀ P C
0 Dα̊i

t ε +
(

C
0 Dα̊i

t ε
)ᵀ

P ε

= εᵀ P (K ε + ℵ) + (εᵀ K ᵀ + ℵᵀ) P ε

= εᵀ (P K + K ᵀ P
)
ε + 2 εᵀ P ℵ (34)

Sincematrix K isHurwitz (seeLemma2), then there
exists a symmetric positive definite matrix Q ∈ R

2×2

such that

P K + K ᵀ P = −Q (35)

Thus, we can express the fractional-order differen-
tial inequality (34) as follows

C
0 Dα̊i

t V (ε) ≤ −εᵀ Q ε + 2 εᵀ P ℵ (36)

Now, by Rayleigh–Ritz inequality λmin(Q)‖ε‖2 ≤
εᵀQε ≤ λmax(Q)‖ε‖2, we have that −εᵀQε ≤
−λmin(Q)‖ε‖2.

On the other hand, using Cauchy–Schwarz inequal-
ity it follows that

|2 εᵀ P ℵ| ≤ 2 ‖εᵀ‖ ‖P‖ ‖ℵ‖ ≤ 2 λmax(P) ‖ε‖ ‖ℵ‖ (37)

Since assumption 1 is satisfied, then ‖ℵ‖ ≤ M , thus

|2 εᵀ P ℵ| ≤ 2ω ‖ε‖ (38)

where ω = λmax(P) M .
In this way, we can write (36) as follows

C
0 Dα̊i

t V (ε) ≤ −λmin(Q) ‖ε‖2 + 2ω ‖ε‖
= −λmin(Q) ‖ε‖2 + 2ω ‖ε‖

+� ‖ε‖2 − � ‖ε‖2
= − [λmin(Q)− �

] ‖ε‖2 − � ‖ε‖2
+2ω ‖ε‖ (39)

with 0 < � < λmin(Q).
Using the fact that for d1, d2 ∈ R we have (d1 −

d2)2 ≥ 0 then −d2
1 + 2d1d2 ≤ d2

2 , it follows that

C
0 Dα̊i

t V (ε) ≤ −θ ‖ε‖2 + μ (40)

where θ = λmin(Q) − � and μ = ω2/�.

Taking into account that the quadratic function (33)
also satisfies theRayleigh–Ritz inequalityλmax(P)‖ε‖2
≤ V (ε) ≤ λmax(P)‖ε‖2 and by theorem 1 we obtain

‖ε‖ ≤
[

1

λmin(P)

(
λmax(P) ‖ε0‖2

−λmax(P)

θ
μ

)
Eα̊i

(
− θ

λmax(P)
t α̊i

)

+ λmax(P)

λmin(P) θ
μ

]1/2
(41)

where ε0 = ε(0) is the initial condition of fractional-
order system (31).

Therefore, the estimation error is globally Mittag–
Leffler bounded, finally according to Remark 3 by
inspection of (41) we have that ϕ1 = λmax(P)μ/
λmin(P)θ and c1 = 1/2, therefore the estimation error
converges asymptotically and remains in the compact
set

B̄1 =
{
ε ∈ R

2

| ‖ε‖ ≤
√
λmax(P)

λmin(P)

λmax(P) M√
λmin(Q) � − �2

}
(42)

for all initial condition ε0 ∈ R
2. 	


Remark 9 The globally Mittag–Leffler attractive set is
defined by (see Remark 4)

�̊ =
{
ε ∈ R

2 | V (ε) ≤ λmax(P)3 M2

λmin(Q) � − �2

}
(43)

Remark 10 It should be noted that the proposed
fractional-order estimator (27) may not require the
complete system information, like the well-known
Luenberger estimator and Kalman filter.

Remark 11 In view of (42) a selection criterion can be
obtained for the estimator gains (27). Fixing P = I ,
then from (35) it follows that

K + K ᵀ = −Q ⇒ Q =
(

2 k1 k2 − k3
k2 − k3 2 k4

)
(44)

if k2 = k3 and k1 > k4 then

B̄1 =
{
ε ∈ R

2 | ‖ε‖ ≤ M√
2 k4 � − �2

}
(45)

By setting � = k4 we obtain

B̄1 =
{
ε ∈ R

2 | ‖ε‖ ≤ M

k4

}
(46)
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In words, according to (46) the size of the compact
set B̄1 is inversely proportional to the gain k4, so the
gain selection criterion would be to set the gain k4 and
fulfill the conditions k1 > k4 and k2 = k3.

Bear in mind that obtaining an estimate of the auxil-
iary variable ηi through the fractional PI estimator (27)
also yields an estimate of the parameter ξi associated
with ηi .

3.2 Second part

Note that the IFAO property suggests the use of signals
that are considered unknown such as the fractional-
order derivatives of the output and input of the system,
inwhat followswe give a simple proposal to partially or
totally avoid the use of these signals, through a change
of variable which can be performed iteratively.

Suppose that the extra state ηi satisfies the IFAO
property (25) so it can be written as follows

ηi =
m∑

ı=1

δ1,ı
C
0 D

α1,ı
t yı +

q∑
j=1

δ2,j
C
0 D

α2,j
t uj + si (y, u)

(47)

where δ1,ı , δ2,j ∈ R, 0 < α1,ı , α2,j ≤ 1 are the
fractional orders and si (u, y) is a continuous function
assumed to be bounded.

Remark 12 In the special casewhenwe can be sure that
dyı (0)/dt = duj (0)/dt = 0 with ı ∈ {1, . . . ,m} and
j ∈ {1, . . . , q} then we have that 0 < α1,ı , α2,j ≤ n̄
where n̄ is the system order.

Without loss of generalitywe consider the casewhen
m = q = 1, in order to illustrate clearly the process of
change of variable. Then

ηi = δ1,1
C
0 D

α1,1
t y1 + δ2,1

C
0 D

α2,1
t u1 + si (y, u) (48)

Since ηi satisfies IFAO then we can find a common
factor ᾱ between α1,1 and α2,1 such that

ηi = δ1,1
C
0 Dᾱ

t

(
C
0 D

α1,1−ᾱ
t y1

)

+δ2,1
C
0 Dᾱ

t

(
C
0 D

α2,1−ᾱ
t u1

)
+ si (y, u) (49)

where 0 < ᾱ ≤ 1, now, we are interested in the form
that the fractional PI estimator will have, so replacing

(49) in (27) and fixing α̊i = ᾱ we obtain

C
0 Dᾱ

t η̂i = k1δ1,1
C
0 Dᾱ

t

(
C
0 D

α1,1−ᾱ
t y1

)

+k1δ2,1
C
0 Dᾱ

t

(
C
0 D

α2,1−ᾱ
t u1

)

+k1si (y, u) − k1η̂i + k2ζi (50)
C
0 Dᾱ

t ζi = k3δ1,1
C
0 Dᾱ

t

(
C
0 D

α1,1−ᾱ
t y1

)

+k3δ2,1
C
0 Dᾱ

t

(
C
0 D

α2,1−ᾱ
t u1

)

+k3si (y, u) − k3η̂i − k4ζi (51)

Let us consider the following change of variable

η̂i = σ1,i + k1δ1,1
C
0 D

α1,1−ᾱ
t y1 + k1δ2,1

C
0 D

α2,1−ᾱ
t u1

(52)

ζi = ρ1,i + k3δ1,1
C
0 D

α1,1−ᾱ
t y1 + k3δ2,1

C
0 D

α2,1−ᾱ
t u1

(53)

where σ1,i and ρ1,i are auxiliary functions which
are considered sufficiently smooth, so computing the
derivative of (52) and (53) of fractional order ᾱ, we
obtain

C
0 Dᾱ

t η̂i = C
0 Dᾱ

t σ1,i + k1δ1,1
C
0 Dᾱ

t

(
C
0 D

α1,1−ᾱ
t y1

)

+ k1δ2,1
C
0 Dᾱ

t

(
C
0 D

α2,1−ᾱ
t u1

)
(54)

C
0 Dᾱ

t ζi = C
0 Dᾱ

t ρ1,i + k3δ1,1
C
0 Dᾱ

t

(
C
0 D

α1,1−ᾱ
t y1

)

+ k3δ2,1
C
0 Dᾱ

t

(
C
0 D

α2,1−ᾱ
t u1

)
(55)

Replacing (52), (53), (54) in (50) and (52),(53), (55)
in (51) we have that

C
0 Dᾱ

t σ1,i = k1si (y, u)

−k1
(
σ1,i + k1δ1,1

C
0 D

α1,1−ᾱ
t y1 + k1δ2,1

C
0 D

α2,1−ᾱ
t u1

)

+k2
(
ρ1,i + k3δ1,1

C
0 D

α1,1−ᾱ
t y1 + k3δ2,1

C
0 D

α2,1−ᾱ
t u1

)

(56)
C
0 Dᾱ

t ρ1,i = k3si (y, u)

−k3
(
σ1,i + k1δ1,1

C
0 D

α1,1−ᾱ
t y1 + k1δ2,1

C
0 D

α2,1−ᾱ
t u1

)

−k4
(
ρ1,i + k3δ1,1

C
0 D

α1,1−ᾱ
t y1 + k3δ2,1

C
0 D

α2,1−ᾱ
t u1

)

(57)
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which leads to
C
0 Dᾱ

t σ1,i = −k1σ1,i + k2ρ1,i + k1si (y, u)

+
(

k2k3 − k21

)
δ1,1

C
0 D

α1,1−ᾱ
t y1

+
(

k2k3 − k21

)
δ2,1

C
0 D

α2,1−ᾱ
t u1 (58)

C
0 Dᾱ

t ρ1,i = −k3σ1,i − k4ρ1,i + k3si (y, u)

+ (−k1k3 − k3k4) δ1,1
C
0 D

α1,1−ᾱ
t y1

+ (−k1k3 − k3k4) δ2,1
C
0 D

α2,1−ᾱ
t u1 (59)

Note that we can obtain η̂i and ζi through (58) and
(59) along with (52) and (53) with the initial conditions
σ1,i (0) = σ1,i0 ∈ R and ρ1,i (0) = ρ1,i0 ∈ R.

The main advantage of using these relations in order
to obtain η̂i and ζi instead of using (50) and (51) directly
is that we avoid the use of the derivative of the output
and input of the systemof fractional orderα1,1 andα2,1,
respectively. Instead we need the derivative of the input
and output of fractional order α1,1 − ᾱ and α2,1 − ᾱ.

This process of changing the variable can be applied
iteratively until the fractional-order derivatives of the
output and input of the systemsatisfies 0 ≤ α1,1−pᾱ ≤
1 and 0 ≤ α2,1− pᾱ ≤ 1, respectivelywith p ∈ N\{0}.

Note that it may still be necessary to use fractional-
order derivatives of the input and the output of the sys-
tem, however, we can design a fractional-order differ-
entiator in order to obtain these signals that in principle
are unknown, this fractional-order differentiator will be
explained later.

In general, after the process of change of variable
we can represent the fractional PI estimator as follows

C
0 Dᾱ

t σp,i = −k1σp,i + k2ρp,i + k1si (y, u)

+
m∑

ı=1

δ̄1,ı
C
0 D

α1,ı −pᾱ
t yı

+
q∑

j=1

δ̄2,j
C
0 D

α2,j−pᾱ
t uj (60)

C
0 Dᾱ

t ρp,i = −k3σp,i − k4ρp,i + k3si (y, u)

+
m∑

ı=1

δ̄3,ı
C
0 D

α1,ı −pᾱ
t yı

+
q∑

j=1

δ̄4,j
C
0 D

α2,j−pᾱ
t uj (61)

where σp,i and ρp,1 are auxiliary functions which are
considered sufficiently smooth, δ̄1,ı , δ̄2,j , δ̄3,ı , δ̄4,j ∈

R, with the initial conditions σp,i (0) = σp,i0 ∈ R and
ρp,i (0) = ρp,i0 ∈ R.

Naturally the question arises, after the change of
variable the fractional PI estimator is stable?, in this
sense we state the following theorem.

Theorem 3 The trajectories of fractional-order sys-
tem formed by Eqs. (60) and (61) are globally Mittag–
Leffler bounded.

Proof The Eqs. (60) and (61) can be written in matrix
form
C
0 Dᾱ

t ε = K̄ ε + � (62)

where

ε =
(
σp,i

ρp,i

)
; K̄ =

(−k1 k2
−k3 −k4

)
(63)

� =

⎛
⎜⎜⎜⎝

k1si (y, u) +
m∑

ı=1
δ̄1,ı

C
0 D

α1,ı −pᾱ
t yı +

q∑
j=1

δ̄2,j
C
0 D

α2,j−pᾱ
t uj

k3si (y, u) +
m∑

ı=1
δ̄3,ı

C
0 D

α1,ı −pᾱ
t yı +

q∑
j=1

δ̄4,j
C
0 D

α2,j−pᾱ
t uj

⎞
⎟⎟⎟⎠(64)

Let us consider the quadratic function

W (ε) = εᵀε (65)

Note that W (0) = 0 and W (ε) > 0 for all ε �= 0.
Let us compute the derivative of (65) of fractional

order ᾱ along the fractional-order system (62) (see
Lemma 1)
C
0 Dᾱ

t W (ε) ≤ εᵀ (K̄ ε + �
)+ (εᵀ K̄ ᵀ + �ᵀ) ε

= εᵀ(K̄ + K̄ ᵀ)ε + εᵀ� + �ᵀε (66)

It is easy to verify that the matrix K̄ is Hurwitz that
is why the following relation is met

K̄ + K̄ ᵀ = −Q̄ (67)

where Q̄ ∈ R
2×2 is a symmetric positive definite

matrix.
On the other hand, using the fact that for any two

matrices in their appropriate dimensions the inequality

XᵀY + Y ᵀ X ≤ wXᵀ X + 1

w
Y ᵀY (68)

is satisfied forw ∈ R
+. In view of (67) and (68) we can

write the fractional-order differential inequality (66) as
follows

C
0 Dᾱ

t W (ε) ≤ −εᵀ Q̄ε + wεᵀε + 1

w
�ᵀ� (69)

Due the fact that matrix Q̄ satisfies the Rayleigh–
Ritz inequality then

C
0 Dᾱ

t W (ε) ≤ − [λmin(Q̄) − w
] ‖ε‖2 + 1

w
‖�‖2 (70)
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Since we work with stable fractional-order systems
and bounded inputs (see Remark 8), then there exists
an upper bound sup

t
‖�‖ = �̄ ∈ R such that

C
0 Dᾱ

t W (ε) ≤ − [λmin(Q̄) − w
] ‖ε‖2 + 1

w
�̄2 (71)

According to Theorem 1, if 0 < w < λmin(Q̄) we
can conclude that the trajectories of fractional-order
system formed by (60) and (61) are globally Mittag–
Leffler bounded. 	


So far we have proposed a parametric identification
scheme in fractional-order systems, carrying it to a state
estimation problem, on the other hand we also propose
a change of variable which can be performed itera-
tively in order to partially or totally avoid the use of sig-
nals that we consider unknown such as fractional-order
derivatives of the system inputs and outputs. However,
we have left aside the effect thatmeasurement noise has
on the estimation of the parameters, so in the sequel we
deal with this problem by means of a fractional-order
differentiator.

3.3 Third part

First of all, let us consider an output of the nonlinear
fractional-order system (20)

yr = ȳr + υ (72)

where ȳr = hr (x) is the system output without noise,
υ is bounded measurement noise with r ∈ {1, . . . ,m}.

Now, we consider a special form of fractional PI
estimator (27) which was proposed in [28], this form
is obtained by setting k2 = 1 and k4 = 0

C
0 Dα̌

t η̂ = k1(η − η̂) + ζ

C
0 Dα̌

t ζ = k3(η − η̂) (73)

where 0 < α̌ ≤ 1 is the fractional order, with the initial
conditions η̂(0) = η̂0, ζ(0) = ζ0 and η̂0, ζ0 ∈ R. if we
select η = yr then (73) has the following form

C
0 Dα̌

t η̂ = k1(ȳr − η̂) + ζ + k1υ
C
0 Dα̌

t ζ = k3(ȳr − η̂) + k3υ (74)

We define the following error variables

e1 := ȳr − η̂, e2 := C
0 Dα̌

t ȳr − ζ (75)

Computing the derivatives of (75) of fractional order
α̌ we get

C
0 Dα̌

t e1 := C
0 Dα̌

t ȳr − C
0 Dα̌

t η̂,

C
0 Dα̌

t e2 := C
0 D2α̌

t ȳr − C
0 Dα̌

t ζ (76)

Taking into account (74), (75) and (76), we can
obtain the following fractional-order system
C
0 Dα̌

t e1 = −k1e1 + e2 − k1υ
C
0 Dα̌

t e2 = −k3e1 − k3υ + C
0 D2α̌

t ȳr (77)

Or in matrix form
C
0 Dα̌

t e = Kee + Kυυ + ! (78)

where

e =
(

e1
e2

)
, Ke =

(−k1 1
−k3 0

)
,

Kυ =
(−k1

−k3

)
, ! =

(
0

C
0 D2α̌

t ȳr

)
(79)

The following theorem gives sufficient conditions
for the stability of the fractional-order system (78)

Theorem 4 If there exists a symmetric positive definite
matrix P̄ and positive constants w1, w2, w3, such that⎛
⎜⎜⎜⎜⎝

P̄ Ke + K ᵀ
e P̄ + w1 P̄ P̄ Kυ P̄

K ᵀ
υ P̄ −w2 01×2

P̄ 02×1 −w3 I2×2

⎞
⎟⎟⎟⎟⎠ < 0 (80)

then the trajectories of fractional-order system (78) are
globally Mittag–Leffler bounded.

Proof Consider the following quadratic function

W̄ (e) = eᵀ P̄e (81)

where P̄ is a symmetric positive definite matrix, it is
clear that W̄ (e) is radially unbounded and W̄ (0) = 0.

The derivative of W̄ (e) of fractional order α̌ along
with (78) is given by (see Lemma 1)

C
0 Dα̌

t W̄ (e) ≤ eᵀ P̄ (Kee + Kυυ + !)

+ (eᵀK ᵀ
e + K ᵀ

υ υ + !ᵀ) P̄e

= eᵀ (P̄ Ke + K ᵀ
e P̄
)

e

+ eᵀ P̄ Kυυ + K ᵀ
υ υ P̄e + eᵀ P̄! + !ᵀ P̄e

(82)

since υ is a scalar then υ = υᵀ so

C
0 Dα̌

t W̄ (e) ≤ eᵀ (P̄ Ke + K ᵀ
e P̄
)

e + eᵀ P̄ Kυυ

+υᵀK ᵀ
υ P̄e + eᵀ P̄! + !ᵀ P̄e (83)
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which leads to

C
0 Dα̌

t W̄ (e)

≤

⎛
⎜⎜⎜⎜⎝

eᵀ

υᵀ

!ᵀ

⎞
⎟⎟⎟⎟⎠

ᵀ⎛
⎜⎜⎜⎜⎝

P̄ Ke+K ᵀ
e P̄ P̄ Kυ P̄

K ᵀ
υ P̄ 0 01×2

P̄ 02×1 02×2

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

e

υ

!

⎞
⎟⎟⎟⎟⎠ (84)

Adding and subtracting the terms w1eᵀ P̄e, w2υ
ᵀυ

and w3!
ᵀ! to (84) we obtain

C
0 Dα̌

t W̄ (e) ≤

⎛
⎜⎜⎜⎜⎝

eᵀ

υᵀ

!ᵀ

⎞
⎟⎟⎟⎟⎠

ᵀ

⎛
⎜⎜⎜⎜⎝

P̄ Ke + K ᵀ
e P̄ + w1 P̄ P̄ Kυ P̄

K ᵀ
υ P̄ −w2 01×2

P̄ 02×1 −w3 I2×2

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

e

υ

!

⎞
⎟⎟⎟⎟⎠

−w1eᵀ P̄e + w2υ
ᵀυ + w3!

ᵀ! (85)

if we ensure⎛
⎜⎜⎜⎜⎝

P̄ Ke + K ᵀ
e P̄ + w1 P̄ P̄ Kυ P̄

K ᵀ
υ P̄ −w2 01×2

P̄ 02×1 −w3 I2×2

⎞
⎟⎟⎟⎟⎠ < 0 (86)

Then

C
0 Dα̌

t W̄ (e) ≤ −w1eᵀ P̄e + w2υ
ᵀυ + w3!

ᵀ! (87)

Since we deal with stable fractional-order systems
(see Remark 8) andwe consider boundedmeasurement
noise, then we have that

sup
t

‖υ‖ = ῡ ∈ R, sup
t

‖!‖ = !̄ ∈ R (88)

And therefore

C
0 Dα̌

t W̄ (e) ≤ −w1W̄ (e) + w2ῡ
2 + w3!̄

2 (89)

Since thequadratic function (81) satisfies theRayleigh–
Ritz inequality, then by Theorem 1 the trajectories
of fractional-order system (78) are globally Mittag–
Leffler bounded. 	

Remark 13 It is easy to verify that the matrix Ke is
Hurwitz for all positive constants k1 and k3 that is why
the LMI (80) is feasible.

We are now interested in how to select constantsw1,
w2 andw3, taking into account Theorem 1 and Remark
3, by inspection of (89) we have that

ϕ2 = w2ῡ
2 + w3!̄

2

λmin(P̄)w1
, c2 = 1

2
(90)

which leads to

lim sup
t→∞

‖e‖ =
(
w2ῡ

2 + w3!̄
2

λmin(P̄)w1

)1/2

(91)

This means that the solution trajectories of (78) con-
verge asymptotically and remain in the compact set

B̄2 =
{

e ∈ R
2 | ‖e‖ ≤

(
w2ῡ

2 + w3!̄
2

λmin(P̄)w1

)1/2
}

(92)

Remark 14 Note that the size of the compact set (92)
is determined by the values of the constants w1, w2

andw3, on the one handw1 acts inversely proportional
while w2 and w3 act directly proportional. In this way,
if we want to reduce the size of (92) it is enough to
increasew1 and decreasew2 andw3 in such a way that
the LMI (80) is still feasible.

Remark 15 With all the above mentioned, it is clear
that (73) is a fractional-order differentiator and it is
justified that ζ is a fractional-order integral part of η̂.

Remark 16 The two advantages of the fractional-order
differentiator (73) are: Reduction of the effect of mea-
surement noise on the output and it allows to obtain a
fractional-order derivative of the output.

Finally, we can summarize in a series of steps
the parametric identification method proposed in this
paper.

1. Take a nonlinear fractional-order system.
2. Prove that the system parameters ξi satisfy the FAI

property (21). If the parameters do not satisfy (21),
then they cannot be identified under the method that
we propose in this work.

3. Define the auxiliary variables ηi (x, ξi ) associated to
the system parameters ξi and write the augmented
form (24), since the parameters satisfy FAI then
the associated auxiliary variables satisfy IFAO (see
Remark 7).

4. Using the expression of the IFAO property of each
auxiliary variable, a fractional PI estimator such as
(27) is constructed for each of them.
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5. If the fractional PI estimator for each auxiliary
variable contain fractional-order derivatives of the
inputs and outputs of the system, then we can use
the change of variable explained in the second part
to partially or totally avoid the use of these signals
that are considered unknown.

6. If after the change of variable one can only partially
avoid the use of fractional-order derivatives of the
output and input of the system, then a fractional-
order differentiator as presented in (73) is designed
in order to estimate these signals.

7. Later, if there is measurement noise at the system
output then a fractional-order differentiator such as
(73) is designed in order to reduce the effect of noise
on the system output.

8. Finally, when the estimate of the auxiliary variables
is obtained, then we will obtain an estimate of the
system parameters, thus the problem of paramet-
ric identification for a class of nonlinear fractional-
order systems is solved.

4 Parametric identification

Here we apply the methodology shown in the previous
section, performing the parameter identification of two
nonlinear fractional-order systems, the first is a time-
varying nonlinear fractional-order system, the second
system is the nonlinear fractional-order mathematical
model of a simple pendulum, in these exampleswe con-
sider the presence of measurement noise at the output.

These examples show the main advantages of the
estimation method proposed in this work, such as the
on-line parameter identification which allows to iden-
tify time-varying parameters and the robustness of the
estimator against measurement noise.

4.1 Example 1: time-varying nonlinear
fractional-order system

Let us consider the following time-varying nonlinear
fractional-order system

C
0 Dα1

t x1 = −ξ1x1 + u
C
0 Dα2

t x2 = ξ2x1 − x2 + cos(x1 + x2)

y =
(

x1
x2

)
(93)

where α1 = α2 = 0.995 are the fractional orders,
ξ1 and ξ2 represent the system parameters, the input
and output of the system are denoted by u = 1 and y,
respectively, with zero initial conditions, i.e., x1(0) =
x2(0) = 0.

It should be noted that both parameters ξ1 and ξ2
satisfy the FAI property, i.e., these can be represented
as follows

ξ1 = 1

y1

(
− C

0 Dα1
t y1 + u

)
= φ1(y1,

C
0 Dα1

t y1, u) (94)

ξ2 = 1

y1

(
C
0 Dα2

t y2 + y2 − cos(y1 + y2)
)

= φ2

(
y1, y2,

C
0 Dα1

t y2
)

(95)

where y1 = x1 and y2 = x2, it is clear that if y1 = 0 the
parameters of the system lose the FAI property (94) and
(95) since there will be a singularity problem, nonethe-
less, this problem can be treated through a character-
istic function which will be explained later. However,
as will be seen below, although there may be singulari-
ties in the FAI property, the auxiliary variables that are
associated to the systemparameterswill not present this
problem in the IFAOproperty, so they can be estimated.

Now, let us defined the auxiliary variables η1 =
ξ1 x1 and η2 = ξ2 x1, since ξ1 and ξ2 satisfy the FAI
property, then, η1 and η2 satisfy IFAO property (see
Remark 7).

η1 = − C
0 Dα1

t y1 + u = ψ1

(
C
0 Dα1

t y1, u
)

(96)

η2 = C
0 Dα2

t y2 + y2 − cos(y1 + y2)

= ψ2(y1, y2,
C
0 Dα2

t y2) (97)

Thus, the fractional-order system (93) can bewritten
in the augmented form (24) as follows

C
0 Dα1

t x1 = −η1 + u
C
0 Dα2

t x2 = η2 − x2 + cos(x1 + x2)

C
0 Dα̊1

t η1 = �1(·)
C
0 Dα̊2

t η2 = �2(·)
y =

(
x1
x2

)
(98)

where 0 < α̊1, α̊2 ≤ 1 are the fractional orders for
the dynamic equations of the auxiliary variables which
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will be assigned later. �1(·) and �2(·) are unknown
functions.

Remark 17 Appendix A gives the stability analysis
of the closed-loop system (93) with a constant input,
where it is demonstrated that the trajectories are glob-
ally Mittag–Leffler bounded so that Assumption 1 is
satisfied.

We can now design fractional-order estimators for
the auxiliary variables η1 and η2.

Fractional PI estimator for η1

Let us consider the following fractional PI estimator

C
0 Dα̊1

t η̂1 = k11(η1 − η̂1) + k21ζ1 (99)

C
0 Dα̊1

t ζ1 = k31(η1 − η̂1) − k41ζ1 (100)

where k11, k21, k31, k41 ∈ R
+ with the initial condi-

tions η̂1(0) = η̂10 , ζ1(0) = ζ10 and η̂10 , ζ10 ∈ R.
Replacing (96) into (99) and (100) we obtain

C
0 Dα̊1

t η̂1 =−k11η̂1+k21ζ1−k11
C
0 Dα1

t y1+k11u

C
0 Dα̊1

t ζ1 =−k31η̂1−k41ζ1−k31
C
0 Dα1

t y1+k31u (101)

Note that the value of α̊1 can be chosen freely only
considering that 0 < α̊1 ≤ 1 must be satisfied, because
C
0 Dα1

t y1 can be obtained through a fractional-order dif-
ferentiator such as the one presented in (73), for sim-
plicity we take α̊1 = α1.

Fractional PI estimator for η2

Consider the fractional PI estimator defined as

C
0 Dα̊2

t η̂2 = k12(η2 − η̂2)+ k22ζ2 (102)

C
0 Dα̊2

t ζ2 = k32(η2 − η̂2)− k42ζ2 (103)

where k12, k22, k32, k42 ∈ R
+ with the initial condi-

tions η̂2(0) = η̂20 , ζ2(0) = ζ20 and η̂20 , ζ20 ∈ R.
Substituting (97) in (102) and (103), we obtain

C
0 Dα̊2

t η̂2 = −k12η̂2 + k22ζ2 + k12
C
0 Dα2

t y2

+k12y2 − k12 cos(y1 + y2)
C
0 Dα̊2

t ζ2 = −k32η̂2 − k42ζ2 + k32
C
0 Dα2

t y2

+k32y2 − k32 cos(y1 + y2) (104)

Also in this case, α̊2 can be chosen free under the
condition 0 < α̊2 ≤ 1, since C

0 Dα2
t y2 can be obtained

bymeans of a fractional-order differentiator, we choose
α̊2 = α2.

Note that so far we have designed fractional PI esti-
mators (101) and (104)which allow us to obtain an esti-
mate of the auxiliary variables η1 and η2, respectively.
However, we are interested in obtaining an estimate of
the system parameters, these can be estimated from the
definition of the auxiliary variables, namely

ξ̂1 = η̂1

y1
, ξ̂2 = η̂2

y1
(105)

where ξ̂1 and ξ̂2 are estimates of the parameters ξ1 and
ξ2, respectively.

It is clear that if y1 = 0 then the relations of (105)
present a singularity problem, as mentioned above, in
order to avoid this problem we can use a characteristic
function, which we define as follows

Definition 7 A characteristic function is defined as

πc(t) := # + (1 − #)π(t) (106)

where π(t) is any function and

# =
{
1, if |π(t)| ≤ ς

0, if |π(t)| > ς
(107)

with ς > 0 is a small constant.

Remark 18 Note that πc(t) �= 0,∀t .

Thus, we can use y1c = #+(1−#)y1 instead of y1
in the relations (105) to avoid the singularity problem.

On the other hand, let us consider the existence of
measurement noise at the outputs of the system, i.e.,

y1 = ȳ1 + υ1 (108)

y2 = ȳ2 + υ2 (109)

where ȳ1 and ȳ2 represent the noise-free outputs of the
system and υ1, υ2 are the measurement noises.

Hence, we can design fractional-order differentiator
such as the one presented in (73) to reduce the effect
of noise.

For y1;

C
0 Dα̌1

t ŷ1 = l11(y1 − ŷ1) + ẙ1
C
0 Dα̌1

t ẙ1 = l21(y1 − ŷ1)
(110)

where 0 < α̌1 ≤ 1 is the fractional order and l11, l21 ∈
R

+ with the initial conditions ŷ1(0) = ŷ10 , ẙ1(0) = ẙ10
and ŷ10 , ẙ10 ∈ R.
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For y2:

C
0 Dα̌2

t ŷ2 = l12(y2 − ŷ2) + ẙ2
C
0 Dα̌2

t ẙ2 = l22(y2 − ŷ2)
(111)

where 0 < α̌2 ≤ 1 is the fractional order and l12, l22 ∈
R

+ with the initial conditions ŷ2(0) = ŷ20 , ẙ2(0) = ẙ20
and ŷ20 , ẙ20 ∈ R.

Naturally the question arises, How to choose α̌1
and α̌2 ?, in the previous section we demonstrated that
through (110) and (111) we can reduce the measure-
ment noise at the outputs, as well as obtain the deriva-
tives of y1 and y2 of fractional order α̌1 and α̌2, respec-
tively. It is clear that we need to choose α̌1 = α1 and
α̌2 = α2 in order to implement estimators (101) and
(104).

Finally, we have the following estimation systems
for the auxiliary variables η1 and η2

For the auxiliary variable η1

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C
0 Dα1

t ŷ1 = l11(y1 − ŷ1) + ẙ1
C
0 Dα1

t ẙ1 = l21(y1 − ŷ1)
C
0 Dα1

t η̂1 = −k11η̂1 + k21ζ1 − k11 ẙ1 + k11u
C
0 Dα1

t ζ1 = −k31η̂1 − k41ζ1 − k31 ẙ1 + k31u

(112)

with the initial conditions ŷ10 , ẙ10 , η̂10 , ζ10 .

For the auxiliary variable η2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C
0 Dα2

t ŷ2 = l12(y2 − ŷ2) + ẙ2
C
0 Dα2

t ẙ2 = l22(y2 − ŷ2)
C
0 Dα2

t η̂2 = −k12η̂2 + k22ζ2 + k12 ẙ2

+ k12 ŷ2 − k12 cos(ŷ1 + ŷ2)
C
0 Dα2

t ζ2 = −k32η̂2 − k42ζ2 + k32 ẙ2

+ k32 ŷ2 − k32 cos(ŷ1 + ŷ2)

(113)

with the initial conditions ŷ20 , ẙ20 , η̂20 , ζ20 .
While the estimates of the system parameters are

obtained by

ξ̂1 = η̂1

ŷ1c

, ξ̂2 = η̂2

ŷ1c

(114)

where ŷ1c = #1 + (1 − #1)ŷ1 and

#1 =
{
1, if |ŷ1| ≤ ς1
0, if |ŷ1| > ς1

(115)

with ς1 > 0 a small constant.

Fig. 1 Behavior of the time-varying fractional-order system (93)

Numerical simulation

Numerical simulation is carriedout inMatlab-Simulink
using the Dormand–Prince integration algorithm [29]
with the integration step equal to 0.001 s.

In order to evaluate the accuracy of the identification
method proposed in this paper, we consider the relative
error as a performance criterion, which is defined as
follows

er = |ξ − ξ̂ |
|ξ | (116)

with ξ �= 0, where ξ̂ is an estimate of parameter ξ .
First, we show the behavior of the time-varying

fractional-order system (93) considering the real value
of the parameters ξ1 = 0.5 and ξ2 = 1.5+sin(π t). Fig-
ure1 depicts the behavior of the fractional-order sys-
tem (93) verifying that the trajectories are bounded as
shown mathematically in “Appendix A”.

In the sequel we select the gains of systems (112)
and (113), in order to identify the parameters ξ1
and ξ2.

For the system (112), in view of Theorem 4 and
Remark 14 we take l11 = 10, l21 = 25, w11 = 5 and
w21 = w31 = 0.2 which leads to

P̄1 =
(

0.0361 −0.0069
−0.0069 0.0024

)
(117)

On the other hand, taking into account Remark 11
we choose k11 = 50, k21 = k31 = 5 and k41 = 45.
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For the system (113) in the same way we set l12 =
14, l22 = 200, w12 = 5, w22 = 3 and w32 = 0.1, then

P̄2 =
(

0.1907 −0.0094
−0.0094 0.0015

)
(118)

Also in this case, we select k12 = 50, k22 = k32 = 5
and k42 = 45.

The initial conditions for systems (112) and (113)
are zero, i.e., ŷ10 = ẙ10 = η̂10 = ζ10 = 0, ŷ20 = ẙ20 =
η̂20 = ζ20 = 0 and we fix ς1 = 0.5.

Now, in order to simulate the measurement noise at
the outputs of the system we consider that

y1 = x1 + υ1 (119)

y2 = x2 + υ2 (120)

where υ1 and υ2 are a zero-mean white Gaussian
noises, with Signal to Noise Ratio SNR = 20 dB.

Figure 2 shows the estimation of the system out-
puts and their fractional-order derivatives, as expected,
a significant reduction of the measurement noise is
achieved.

On the other hand, Fig. 3 shows the results of the
parametric identification. Figure3a and b depict the
identification of the parameters ξ1 and ξ2, respectively,
meanwhile Fig. 3c shows the relative errors.

According to the results obtained (see Figs. 2 and 3)
we can say that through (112), (113), (114) and (115)
we can obtain good estimates of the parameters ξ1 and
ξ2 evenwhen there is measurement noise. Thus, we can
point out the main advantages of the parametric identi-
ficationmethod proposed in this paper, i.e., it is a robust
method against measurement noise, the identification
is performed on-line so it allows the identification of
time-varying parameters and the gain selection criteria
are simple.

4.2 Example 2: nonlinear fractional-order
mathematical model of a simple pendulum

A simple pendulum consists of a mass suspended from
a pivot by a string or a rod of negligible mass (see
Fig. 4).

We consider that there are an external force and the
system is free of friction, it is well known that under
these conditions the motion of the simple pendulum
can be modeled through a differential equation of inte-
ger order, in particular of second order [30]. However

this model can be generalized from the fractional-order
derivatives which can be represented as

C
0 Dα1

t x1 = x2

C
0 Dα2

t x2 = −g

l
sin(x1)+ u

(121)

whereα1 = α2 = 0.95 are the fractional orders, x1 = θ

is the angular displacement, x2 = ω is the angular
velocity, u = 15 is the system input, g represents the
gravity acceleration and l denotes the length of the pen-
dulum, with the initial conditions x1(0) = π/2 and
x2(0) = 0.

Let us consider that we know the angular displace-
ment θ by measuring, i.e., y = x1 in this way, we can
write

g

l
= 1

sin(y)

(
− C

0 Dα2+α1
t y + u

)
= φ

(
y, C

0 Dα2+α1
t y, u

)

(122)

it is clear that g/ l satisfies the FAI property if y �= iπ
with i ∈ N.

We define the auxiliary variable η := (g/ l) sin(x1),
in view of (122) η satisfies IFAO property (see Remark
7) and can be represented as

η = − C
0 Dα2+α1

t y + u (123)

Which leads to the following augmented system

C
0 Dα1

t x1 = x2
C
0 Dα2

t x2 = −η + u
C
0 Dα̊

t η = �(·)
y = x1

(124)

where 0 < α̊ ≤ 1 is the fractional order for the dynamic
equation of the auxiliary variable thatwill be fixed later,
�(·) is a unknown function.

Remark 19 It is well known that the trajectories of the
fractional-order system (121) have bounded oscilla-
tions that converge to the origin when u = 0, however
when u �= 0 but is a constant, the stability of the system
is still preserved. therefore, Assumption 1 is fulfilled.

Now, we can design a fractional PI estimator for
the auxiliary variable η. Let us consider the following
fractional-order estimator

C
0 Dα̊

t η̂ = k1(η − η̂) + k2ζ (125)
C
0 Dα̊

t ζ = k3(η − η̂) − k4ζ (126)

123



Parameter identification for a class of nonlinear fractional-order systems 6395

Fig. 2 Reduction of noise
and estimation of
fractional-order derivatives

123



6396 L. J. Oliva-Gonzalez, R. Martínez-Guerra

Fig. 3 Parametric
identification of
fractional-order system (93)
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Fig. 4 Simple pendulum

where k1, k2, k3, k4 ∈ R
+ with the initial conditions

η̂(0) = η̂0, ζ(0) = ζ0 and η̂0, ζ0 ∈ R.
Substituting (123) in (125) and (126) we have that

C
0 Dα̊

t η̂ = −k1
C
0 Dα2+α1

t y + k1u − k1η̂ + k2ζ (127)
C
0 Dα̊

t ζ = −k3
C
0 Dα2+α1

t y + k3u − k3η̂ − k4ζ (128)

Note that α2 + α1 > 1 then we cannot design a
fractional-order differentiator to estimate this unknown
signal, however we can perform the change of variable
that was explained in the previous section by fixing
α̊ = α2, we define the following change of variable

η̂ = σ − k1
C
0 Dα1

t y (129)

ζ = ρ − k3
C
0 Dα1

t y (130)

where σ and ρ are sufficiently smooth functions, which
leads to

C
0 Dα2

t η̂ = C
0 Dα2

t σ − k1
C
0 Dα2+α1

t y (131)
C
0 Dα2

t ζ = C
0 Dα2

t ρ − k3
C
0 Dα2+α1

t y (132)

Replacing (129), (130) and (131) into (127) we have
that

C
0 Dα2

t σ = −k1σ + k2ρ + (k21 − k2k3)
C
0 Dα1

t y (133)

Likewise, substituting (129), (130) and (132) in
(128) we obtain

C
0 Dα2

t ρ = −k3σ − k4ρ + (k1k3 + k3k4)
C
0 Dα1

t y (134)

Thus, after the change of variable the fractional PI
estimator has the form⎧⎪⎪⎨
⎪⎪⎩

C
0 Dα2

t σ = −k1σ + k2ρ + (k21 − k2k3)
C
0 Dα1

t y
C
0 Dα2

t ρ = −k3σ − k4ρ + (k1k3 + k3k4)
C
0 Dα1

t y

η̂ = σ − k1
C
0 Dα1

t y

(135)

with the initial conditions σ(0) = σ0, ρ(0) = ρ0 and
σ0, ρ0 ∈ R.

It should be noted that (135) does not depend on
C
0 Dα2+α1

t y anymore, insteadC
0 Dα1

t y needs to be known,
but it can be estimated by means of a fractional-order
differentiator. On the other hand, by definition of the
auxiliary variable η we have that

ĝ

l̂
= η̂

sin(y)
(136)

In order to avoid the singularity problems in (136),
a characteristic function can be used (see Definition 7).

We are now interested in the effect thatmeasurement
noise has on the estimation of the auxiliary variable, so
let us consider that

y = ȳ + υ (137)

where ȳ is the noise-free output and υ is the measure-
ment noise.

Thus, let us consider the following fractional-order
differentiator
C
0 Dα̌

t ŷ = l1(y − ŷ) + ẙ
C
0 Dα̌

t ẙ = l2(y − ŷ)
(138)

where 0 < α̌ ≤ 1 is the fractional order, l1, l2 ∈ R
+

with the initial conditions, ŷ(0) = ŷ0, ẙ(0) = ẙ0 and
ŷ0, ẙ0 ∈ R.

As explained in the previous example, the choice
of α̌ depends on the fractional-order derivative that we
need to estimate. In this particular case, we need to esti-
mate C

0 Dα1
t y so we set α̌ = α1, therefore, we obtain the

following estimation system for the auxiliary variable
η⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

C
0 Dα1

t ŷ = l1(y − ŷ)+ ẙ
C
0 Dα1

t ẙ = l2(y − ŷ)
C
0 Dα2

t σ = −k1σ + k2ρ + (k21 − k2k3)ẙ
C
0 Dα2

t ρ = −k3σ − k4ρ + (k1k3 + k3k4)ẙ

η̂ = σ − k1 ẙ

(139)

with the initial conditions ŷ0, ẙ0, σ0, ρ0.
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And the relationship of the system parameters can
be obtained by

ĝ

l̂
= η̂

(sin(ŷ))c
(140)

where (sin(ŷ))c = #2 + (1 − #2) sin(ŷ) and

#2 =
{
1, if |ŷ1| ≤ ς2
0, if |ŷ1| > ς2

(141)

with a small constant ς2.

Numerical simulation

We consider that the real value of the parameters is
g = 9.81 and l = 0.5, first of all, we have to set the
gains of the system (139) in view of Theorem 4 and
Remark 14, we select l1 = 15, l2 = 200, w1 = 6,
w2 = 3, w3 = 0.1 and we obtain

P̄ =
(

0.1887 −0.0097
−0.0097 0.0015

)
(142)

Taking into account, Remark 11 we select k1 = 15,
k2 = k3 = 5 and k4 = 10. Additionally, we consider
null initial conditions for the fractional-order system
(139), i.e., ŷ0 = ẙ0 = σ0 = ρ0 = 0.

Also, in order to simulate the measurement noise at
the output (137), we consider that υ is a zero mean
white Gaussian noise, with SNR = 20 dB.

Figure 5 depicts the measurement noise attenuation
as well as the estimation of the fractional-order deriva-
tive C

0 Dα1
t y, as in the previous example we obtain pos-

itive results.
On the other hand, Fig. 6 shows the estimation of

g/ l, we note that a suitable estimation is achieved in
a short time even when there is measurement noise
through (139) and (140), in addition we identified a
mathematical model that describes the behavior of a
physical system, therefore the identification method
thatwe propose in thiswork can be easily implemented.

5 Conclusion

As a first point in this paper an alternative approach to
theMittag–Leffler boundedness is given and its conver-
gence is proved, this method allows us to analyze the
stability in perturbed fractional-order systems. Later
we introduce a new property related to fractional alge-
braic identifiability which allowed us to translate the
parameter identification problem into a state estimation
problem. The parameter identification method that we

Fig. 5 Reduction of noise and estimation of fractional-order
derivative

propose presents certain advantages with respect to the
methods that have been proposed by different authors,
such as:

• The parametric identification method is applied to
nonlinear fractional-order systems.

• The parameter identification process is performed
on-line, i.e., while the system is working.

• It allows the identification of time-varying param-
eters.

• This method does not require the well-known per-
sistent excitation condition.

• The parameter identification method is robust
against measurement noise.

• The initial conditions considered in thismethod can
be freely assigned.
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Fig. 6 Parametric identification of fractional-order mathemati-
cal model of a simple pendulum

On the other hand, since we translate the parameter
identification to state estimation, we propose a frac-
tional PI estimator in order to obtain an estimate of the
extra states. Finally, the numerical examples show the
accuracy and robustness of the method proposed in this
work, where the identification of a time-varying non-
linear fractional-order system proves that our method
can identify time-varying parameters, while the non-
linear fractional-order mathematical model of a simple
pendulum shows that this method can be implemented
for physical systems.
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Appendix A: Stability analysis of the time-varying
nonlinear fractional-order system

In this section we will test the stability of the time-
varying nonlinear fractional-order system (93).

Let us consider the time-varyingnonlinear fractional-
order system

C
0 Dα1

t x1 = −ξ1x1 + u
C
0 Dα2

t x2 = ξ2x1 − x2 + cos(x1 + x2)
(A1)

where α1 = α2 = 0.995, u = 1, ξ1 = 0.5 and
ξ2 = 1.5+ sin(π t) with the initial conditions x1(0) =
x2(0) = 0.

Note that the system (A1) can be written in the fol-
lowing form

C
0 Dα

t x = A x + ϒ (A2)

where α = α1 = α2 and

x =
(

x1
x2

)
A =

(−ξ1 0
0 −1

)

ϒ =
(

u
ξ2 x1 + cos(x1 + x2)

)
(A3)

We consider the quadratic function

V (x) = xᵀ S x (A4)
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with 0 < Sᵀ = S ∈ R
2×2. Taking into account (A2)

and from lemma 1 we have that

C
0 Dα

t V (x) ≤ xᵀ S C
0 Dα

t x + (C0 Dα
t x)ᵀ S x

= xᵀ S (A x + ϒ) + (xᵀ Aᵀ + ϒᵀ) S x

= xᵀ(S A + Aᵀ S) x + xᵀSϒ + ϒᵀSx

(A5)

Since A is Hurwitz then the equation

S A + Aᵀ S = −& I2×2 (A6)

is met, where & ∈ R
+.

On the other hand, in view of (68) we have that

xᵀSϒ + ϒᵀSx ≤ w̄xᵀSSx + 1

w̄
ϒᵀϒ (A7)

where w̄ ∈ R
+, which leads to

C
0 Dα

t V (x) ≤ −&xᵀx + w̄xᵀSSx + 1

w̄
ϒᵀϒ (A8)

Since S is a symmetric positive definite matrix we
can write

C
0 Dα

t V (x) ≤ −
[
& − w̄λ2max(S)

]
‖x‖2 + 1

w̄
‖ϒ‖2

(A9)

Bear in mind that the quadratic function (A4) sat-
isfies the Rayleigh–Ritz inequality, then if we select
& > w̄λ2max(S) and ‖ϒ‖ has an upper bound ϒ̄ =
sup

t
(‖ϒ‖), therefore according to Theorem 1, the tra-

jectories of system (A1) are globally Mittag–Leffler
bounded.

We now try to find an upper bound for ‖ϒ‖, firstly
note that

ϒ =
(

u
ξ2 x1 + cos(x1 + x2)

)
≤
(

1
ξ2x1 + 1

)
(A10)

So

‖ϒ‖ ≤
√
12 + (ξ2 x1 + 1)2 ≤ 1 + |ξ2 x1 + 1| (A11)

Taking into account that parameter |ξ2| ≤ 2.5 and
using Triangle and Cauchy–Schwarz inequalities it fol-
lows that

‖ϒ‖ ≤ 2 + 2.5 |x1| (A12)

Nevertheless, we have that the behavior of x1 is inde-
pendent of x2 so we can find the solution for x1. We
take the dynamic equation of x1, namely

C
0 Dα1

t x1 = −ξ1 x1 + u (A13)

The solution of (A13) is given by

x1 = x1(0)Eα1

(−ξ1 tα1
)

+
∫ t

0
(t−τ)α1−1Eα1,α1

[−ξ1(t−τ)α1
]

u(τ )dτ(A14)

Since x1(0) = 0 and using Triangle and Cauchy–
Schwarz inequalities it follows that

|x1|≤
∫ t

0
|(t−τ)α1−1||Eα1,α1

[−ξ1(t−τ)α1
]|dτ (A15)

Bear in mind that, (t − τ)α1−1 and Eα1,α1 [−ξ1
(t − τ)α1 ] are non-negative functions, then

|x1|≤
∫ t

0
(t−τ)α1−1Eα1,α1

[−ξ1(t−τ)α1
]

dτ (A16)

Now we consider the following properties of the
Mittag–Leffler functions:

Property 2 [20] The following equality holds for β >

0 and v > 0
∫ t

0
τβ−1Eα,β(−v τα) dτ = tβ Eα,β+1(−v tα) (A17)

Theorem 5 [20] If 0 < α < 2, β ∈ C and ν ∈ R such
that

π α

2
< ν < min(π, πα) (A18)

then for ι ∈ Z with ι ≥ 1 the following expansion
holds:

Eα,β(z) = −
ι∑

j=1

z− j

�(β − α j)
+ O

(
|z|−(ι+1)

)
(A19)

with |z| → ∞, ν ≤ |arg(z)| ≤ π . 	


Using (A17) we can write (A16) as follows

|x1| ≤ tα1 Eα1,α1+1(−ξ1 tα1) (A20)

when t → ∞ we use (A19) with ν = 3πα1/4 then

lim
t→∞ |x1| ≤ lim

t→∞ tα1 Eα1,α1+1(−ξ1 tα1) (A21)

Hence |x1| ≤ 1/ξ1 this implies that the upper bound
for ‖ϒ‖ is given by

‖ϒ‖ ≤ 2 + 2.5

ξ1
= ϒ̄ (A22)
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