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Abstract Variable speed operation of the train cause

easily the wheel-track slipping phenomenon, inducing

strong nonlinear dynamic behavior of the suspended

monorail train and bridge system (SMTBS), especially

under an insufficient wheel-track friction coefficient.

To investigate the coupled vibration features of the

SMTBS under variable speed conditions, a novel 3D

train–bridge interaction model for the monorail sys-

tem considering nonlinear wheel-track slipping behav-

ior is developed. Firstly, based on the D’Alembert

principle, the vibration equations of the vehicle

subsystem are derived by adequately considering the

nonlinear interactive behavior among the vehicle

components. Then, a high-efficiency modeling

method for the large-scale bridge subsystem is

proposed based on the component mode synthesis

(CMS) method. The vehicle and bridge subsystems are

coupled with a spatial wheel-track interaction model

considering the nonlinear wheel-track sliding behav-

ior. Furtherly, by a comprehensive comparison with

the field test data, the effectiveness of the proposed

method is verified, as well as the reasonable modal

truncation frequencies of the bridge subsystem are

determined. On this basis, the dynamics performances

of the SMTBS are evaluated under different initial

braking speeds and wheel-track interfacial adhesion

conditions; besides, the nonlinear wheel-track slipping

characteristics and their influences on the vehicle–

bridge interaction are also revealed. The analysis

results indicate that the proposed model is reliable for

investigating the time-varying dynamic features of

SMTBS under variable train speeds. Both the axle load

transfer phenomenon and longitudinal slip of the

driving tire would be easy to appear under the braking

condition, which would significantly increase the

longitudinal vehicle–bridge dynamic responses. To

ensure a good vehicle–bridge dynamics performance,

it is suggested that the wheel-track interfacial friction

coefficient is larger than 0.35.

Keywords Suspended monorail � Vehicle–bridge

interaction � Coupled vibration features � Wheel-track

slipping behavior � Field test

1 Introduction

With the increase in urban traffic congestion and

pollution, a variety of innovative transportation forms

with new energy have been developed [1, 2], such as

electric vehicles [3–5] and new-type rail transit

systems [6], among which suspended monorail trans-

portation (SMT) represents a promising alternative for

alleviating such congestion due to its advantages

including the strong climbing ability, small turning

radius, low running noise [7]. At present, the SMT has
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been mainly applied in Germany and Japan. In recent

years, the SMT adopting new energy has been created

in China [8–12], which has attracted extensive atten-

tion because of its remarkable advantages and the

potential for integrating new technologies in the future

[13–16].

In practical operating conditions, the suspended

monorail train frequently experiences traction and

braking due to numerous curved lines with small

radius and large slope lines. Drastic fluctuations in

train speed [17, 18] and inadequate adhesion condi-

tions [19] could intensify the coupling vibration

between the vehicle and bridge, thus reducing the

stability of the vehicle and bridge, ride comfort for

passengers, and even threatening the train running

safety. Considering the large-scale thin-walled bridge

structures [8], nonlinear wheel-track contact relation-

ships [9], and strong nonlinear spatial coupling

behavior between vehicle and bridge, the accurate

modelling of the vehicle–bridge interaction (VBI) of

SMT under variable speeds is a challenging research

task. Therefore, to reveal the coupled vibration

features of SMTBS induced by variable speed oper-

ation, it is particularly necessary to develop an

efficient 3D train–bridge interaction model for

SMTBS.

In the field of railway and highway transportation

systems, the VBI has been a prominent research topic

and many researchers have achieved significant

breakthroughs [20, 21], such as theoretical modeling

methodologies for the VBI [22], the effects of

nonlinear parametric excitation [23] and nonlinear

wheel-track contact behavior [24], evaluations of

vehicle running safety [25], as well as developments

in structural health monitoring with various equipment

[26–30]. In contrast to the two systems mentioned

above, the SMT possesses a unique vehicle–bridge

system, in which the vehicle is suspended beneath a

thin-walled box beam with an open bottom, as shown

in Fig. 1. To reveal the vertical-lateral coupling

features of VBI, Cai et al. [8] developed a two-

dimension (2D) coupled dynamics model of the

SMTBS based on the theory of multi-rigid body

dynamics and finite element method (FEM). Jiang

et al. [10] and Yang et al. [31] established a rigid-

flexible coupling dynamics model by the Co-Simula-

tion method, in which the main low-order modes of the

guideway are reserved to simulate its flexibility. On

this basis, many achievements have been made in

investigating coupled vibration characteristics of

SMTBS under different track irregularity conditions

[8, 12], selection of key parameters [9], as well as the

effects of crosswind. Nevertheless, the existing

methodologies primarily focus on studying vertical-

lateral coupling features [8–10, 31] of the SMTBS,

neglecting the longitudinal motion behavior and

coupling effect between the vehicle elements. Nowa-

days, driving safely and favorable humanoid-assisted

human interaction [32–36] have been very important

and hot topics in SMT. To investigate the 3D

dynamics features of SMTBS and ensure good oper-

ations (traction and braking), it is necessary to develop

a 3D vehicle–bridge interaction model by further

considering the longitudinal dynamic interaction. In

terms of the bridge system, research [19] shows that

the braking of a vehicle generates excitation forces

that cover a wide range of frequencies, necessitating

the utilization of numerous vibration modes or DOFs

to accurately predict dynamic responses. The existing

modeling methodologies of the SMT bridge subsys-

tem mainly include FEM [8] and mode superposition

method (MSM) [10], which mainly enable the inves-

tigation of the bridge dynamic responses in some

typical bridge sections with a small scale. Once

applied to the numerical solution or eigenproblem

analysis of the large-scale bridge structures involving

millions of DOFs, the two methodologies discussed

above will require enormous computational resources.

Therefore, to meet the requirements of the modeling of

large-scale bridge structures, it is essential to develop

a high-efficiency modeling method for the monorail

bridge system.

The contact model between the tyres and the bridge

surfaces poses another concern, typically employing a

point contact model to ensure computational effi-

ciency [37, 38]. Some researchers [39, 40] have found

that the numerical model of VBI, which assumes the

contact area as a point, lacks accuracy when consid-

ering road roughness. Besides, considering that the

nonlinear stick–slip vibration of the tyre is highly

dependent on the distribution of tyre normal forces

[41] and wheel-track interfacial friction coefficients,

the point contact model could fail to simulate this

behavior. Especially for SMT, the thin-walled steel

plate is designed as the running track, resulting in

complex local deformation and a non-uniform distri-

bution of normal load [8, 9]. Under variable speed

conditions, the friction-induced wheel-track contact
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behavior of the SMTBS exhibits strong nonlinear

features due to the significant discrepancies in the

wheel structure, rubber material property, and wheel-

track adhesion coefficients. Hence, a patch contact

tyre model that incorporates the stick–slip vibration is

essential for accurately simulating the spatial wheel-

track nonlinear contact behavior. In the highway

system, many mature tyre models have been devel-

oped and extensively applied, such as the Magic

formula model [42], the Ftire model [43], the flexible

ring model [44], and the FEM tyre model. The

investigation of tyre mechanical properties com-

mences with the pure cornering state and subsequently

expands to encompass combined cornering, braking,

and driving conditions [45]. However, the current tyre

models are too complicated to be applied in vehicle–

bridge dynamics simulation [46]. Besides, they are

primarily utilized to research tyre and vehicle handling

performances. Due to the significant coupling effects

between the rubber tyre and thin-walled steel beam in

SMTBS, the friction-induced nonlinear wheel-track

slipping behavior is expected to have a more pro-

nounced impact. Hence, it is necessary to develop a

spatial wheel-track contact model of SMTBS and

conduct a detailed investigation of VBI considering

nonlinear wheel-track slipping behaviors.

To investigate the 3D coupled vibration features of

the SMTBS under variable speed conditions, a novel

3D train–bridge interaction model considering non-

linear wheel-track slipping behavior is first developed

and validated with the field test data in the present

work. The main contributions are summarized as

follows:

• The 3D coupled vibration equations of the vehicle

subsystem of SMTBS are first derived by compre-

hensively considering the nonlinear interactive

behaviour among its components.

• To simulate the nonlinear stick–slip vibration of

the driving tyre reasonably, a simplified explicit

wheel-track spatial contact model is developed by

integrating the patch contact tyre model with the

continuous radial multi-spring-damping element

and the distributed LuGre friction model.

• To achieve high-efficiency and accurate dynamics

simulation, a novel methodology for large-scale

bridge modeling is proposed based on the CMS

method and DMPF. The convergence and accuracy

of the proposed method are discussed using the test

data, and its modal truncation frequencies are

recommended.

2 3D coupling dynamics model of the SMTBS

The section presents a novel 3D coupling dynamics

model of the SMTBS, comprising the train subsystem,

bridge subsystem, and a nonlinear wheel-track contact

model. The train subsystem is modeled as a multi-rigid

body system that considers the dynamic effects

between the vehicle elements. The large-scale bridge

subsystem is discretized as the periodic substructures,

and its DOFs are effectively reduced by employing the

CMS method. To model the nonlinear dynamic

interaction between the driving tyre and the thin-

walled track beam, a spatial wheel-track contact

model considering nonlinear wheel-track stick–slip

Track beam

Monorail train 

Rubber tyre

Thin-walled 
beam

Fig. 1 Test line of the suspended monorail system in China
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behavior is developed. The detailed modeling method-

ologies will be elaborated in Sects. 2.1–2.3.

2.1 Train model

A monorail train is comprised of three locomotives

connected by coupler and buffer systems and the

suspension system is modeled with spring-damping

elements. For each vehicle model, the car body,

bogies, and center pins are all regarded as rigid-body

with six DOFs, namely, longitudinal displacement X,

lateral displacement Y, vertical displacement Z, roll

angle u, pitch angle b, and yaw angle W, as shown in

Fig. 2. The total DOFs of each vehicle are 38, as

shown in Table 1. The main assumptions of this model

are summarized as follows:

Assumption 1 The four-linkage device is decoupled

in the vertical and lateral by adopting two oblique

springs, while its longitudinal mechanical behavior is

represented by linear and torsional springs, enabling

comprehensive 3D dynamics analysis of the train

subsystem.

Assumption 2 Given that the driving tyres are

connected to the bogie via the axles without the

primary suspension, the pitching DOFs of the driving

tyre are considered while other DOFs are coupled with

the bogies.
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Fig. 2 Topological diagram of the vehicle structure: a Front view; b Left view; c Top view
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2.1.1 Equations of motion

Based on the Newton–Euler method, the equations for

the vehicle motion can be described as:

Mv €qv ¼ Fextv þ Fintv

qv ¼ qc qb1 qb2 qt1 qt2 qw1 qw2 qw3 qw4½ �T
�

ð1Þ

where Mv is the mass matrix of the vehicle subsystem.

qv and €qv denote the displacement and acceleration

vectors of the vehicle subsystem, respectively. The

subscripts c, t, h, and w denote the car body, bogie,

bolster, and driving tyre, respectively. Fextv denotes

the external force vector of the train subsystem, which

consists of the gravity force, the nonlinear force of the

driving tyre and guiding tyre, traction/braking force,

etc. Fintv denotes the internal force vector of the train

subsystem, which can be obtained with the secondary

suspension force, the force of the four-linkage sus-

pended device, and the buffer force. The detailed

components of the mass and force matrix can be

referred to in Appendix A.

To investigate the 3D coupled vibration feature of

the SMTBS, the eigenvalue analysis of the vehicle

subsystem is carried out and the first several main

vibration frequencies are listed in Table 2.

2.1.2 Four-linkage device decoupling

Noteworthily, to accurately model the coupled dynam-

ics behavior between the components of the suspended

monorail vehicle, it is imperative to effectively

decouple its four-linkage device, as presented in

Fig. 3a. In the authors’ previous work [8], the four-

linkage device is decoupled in the plane by adopting

two oblique springs, which mainly allow for vibration

analysis in vertical and lateral directions. On this basis,

its longitudinal and pitching motion is decoupled with

linear springs and torsion springs in this work, as

illustrated in Fig. 3b, c.

Here, the coordinates vectors of the two ends of the

oblique springs can be determined based on spatial

coordinate transformation, and the force vectors Frod

can be expressed as:

Frod ¼

Fdxðu;pÞi

FdyðL;RÞi

FdzðL;RÞi
Fdbðu;pÞi

2
6664

3
7775

¼

KdxðXci � Xhi � Hcbbci � HhrbhiÞ
Kspið rpi � rui

�� ��� loÞ cosð/pi � /cÞ
Kspið rpi � rui

�� ��� loÞ sinð/pi � /cÞ
Kdmðbhi � btiÞ

2
66664

3
77775 ð2Þ

where the subscripts ‘u’ and ‘p’ denote the upper and

lower end of the four-linkage suspended device,

respectively. l0 is the length of the oblique springs.

�k k is the second-moment norm of the vector. Fdx(u,p)i,

Fdy(u,p)i, Fdz(u,p)i and Fdb(u,p)i are the longitudinal,

lateral, vertical forces and pitching moment of the

four-linkage device, respectively. rui and rpi are spatial

coordinate vectors for the upper and lower of the hinge

joint, respectively, which can be written as:

Table 1 DOFs of the

vehicle subsystem
Vehicle component Longitudinal Lateral Vertical Roll Pitch Yaw

Car body Xc Yc Zc Uc bc Wc

Bogie frame (i = 1,2) Xti Yti Zti Uti bti Wti

Hanging beam (i = 1,2) Xhi Yhi Zhi Uhi bhi Whi

Wheelset (i = 1–4) – – – – bwi –

Table 2 Main natural

vibration frequencies of the

vehicle

Mode Frequency (Hz) Motion of car body Mode Frequency (Hz) Motion of bogie

1 0.357 Rolling 7 8.283 Rolling

2 1.650 Pitching 8 14.421 Vertical

3 1.690 Yawing 9 16.785 Lateral

4 1.950 Vertical 10 17.176 Pitching

5 2.390 Lateral 11 28.105 Yawing

6 4.080 Longitudinal 12 32.194 Longitudinal
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rui ¼ Tui

yov

zov

� �
þ

Yhi

Zhi � Hfs

� �
;

rpi ¼ Tpi

yow

zow

� �
þ

Yci þ s1Wci

Zci � s1bci � Hcf

� � ð3Þ

where s1 is the longitudinal distance from the car body

centroid to the bogie centroid. (yov, zov) and (yow, zow)

are the coordinates of the upper and lower of the hinge

joint, respectively, v = A, B and w = C, D. Hcf and Hfs

are the vertical distances from the four-linkage device

centroid to link AB and from the car body centroid to

link CD, respectively. Tui and Tpi are transformation

matrices for the upper and lower of the hinge joint,

respectively. The detailed spatial coordinate vectors

can be referred to in Appendix A.

2.1.3 Coupler and buffer model

The coupler and buffer systems serve as crucial

connecting components between the adjacent vehicles

(refer to Fig. 4), playing a pivotal role in transmitting

longitudinal force and mitigating longitudinal impact,

particularly under varying speed conditions [20].

Considering time-varying relative speed and displace-

ment between adjacent vehicles, the buffer force

usually presents strong nonlinear features that can

increase the longitudinal vibrations of the vehicles due

to the dynamic interaction. A nonlinear spring-damp-

ing model is adopted to simulate the mechanical

behavior of the coupler and buffer system of the

monorail vehicle, and its buffer force Fcop (x, Dv)

could be expressed as follows [20]:

Fcopðx;DvÞ¼
0:5 flðxÞþ fuðxÞ½ �þ0:5 flðxÞ� fuðxÞ½ � �signðDvÞ;jDvj[vf

0:5 flðxÞþ fuðxÞ½ �þ0:5 flðxÞ� fuðxÞ½ � �Dv

vf
�signðDvÞ;0\jDvj\vf

8<
:

ð4Þ

where fl (x) and fu(x) denote the loading and unloading

forces of the buffer, respectively. Dv is the relative

speed between adjacent vehicles. vf is the switching

speed between the loading and unloading conditions.

2.2 Nonlinear wheel-track spatial contact model

The SMT has a special wheel-track system, in which

the rubber tyre runs on a thin-walled steel track. The

thin-walled track may produce complex local defor-

mation and vibration induced by moving vehicle

loads, resulting in quite complicated wheel-track

interaction features, especially under complex operat-

ing conditions (traction, braking, etc.), as shown in

Fig. 5a. Considering that the nonlinear stick–slip

vibration of the driving tyre is highly dependent on

the distribution of normal forces and interfacial

friction coefficient, a nonlinear wheel-track spatial

contact model is developed by integrating the patch

contact model and the extended distribution LuGre

friction model [47, 48]. In this model, the non-

uniformly distributed normal force could be modeled

with the continuous radial multi-spring-damping ele-

ment, as illustrated in Fig. 5b
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Fig. 3 The four-linkage mechanism schematic diagram: a Bogie and four-linkage mechanism; b Left view; c Front view
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2.2.1 Wheel-track vertical force

As illustrated in Fig. 5a, considering the local defor-

mation of the track deck, the vertical deformation RDdt

and corresponding change rate _RDdtðf; sÞ of the driving

tyre in the contact region can be expressed as:

RDdtðf;sÞ¼½Zti�s3btiþð�1Þkb4uti�Zbðf;sÞ�ZrþDst�Rtð1�coshÞ�=cosh
_RDdtðf;sÞ¼½ _Zti�s3

_btiþð�1Þkb4 _uti� _Zbðf;sÞ� _ZrþDst�Rtð1�coshÞ�=cosh

�

ð5Þ

where Zb and Zt represent the vertical displacements

of the bridge and wheel, respectively. Zr denotes the

amplitude of track irregularity. Dst is the deformation

Vehicle 
NO.1

Vehicle 
NO.2

BufferDraw bar

C
arbody C

ar
bo

dy

Vehicle 
NO.3

Fig. 4 Coupler and buffer model for monorail train
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of the driving tyre under static load. h is the angle

between the contact point and the axle Z. f and s are

longitudinal and lateral coordinates in the coordinate

system of the contact patch.

The normal contact behavious of the driving tyre is

simulated using the continuous radial multi-spring and

damping element in Fig. 5b. The non-uniform distri-

bution of normal forces can be described as [9]:

fnðf; sÞ ¼ ðkdzRDdtðf; sÞ þ cdz
_RDdtðf; sÞÞcosh; RDdt [ 0

0; RDdt � 0

�

ð6Þ

where kdz and cdz are radial stiffness and the damping

of the driving tyre, respectively. The nonlinear radial

stiffness and the equivalent viscoelastic damping of

the driving tyre can be referred to [9].

Finally, the vertical force of the driving tyre can be

obtained by integrating over the contact region:

Fcdz ¼
Z 2=l

�2=l

Z b

0

fnðf; sÞdf ds ð7Þ

where l and b are the length and width of the contact

patch, respectively.

2.2.2 Wheel-track tangential force

Generally, the wheel-track tangential contact beha-

viour has a strong nonlinear feature, which depends on

the adhesion condition and normal distribution force

between the tyre and track. The LuGre friction model

is adopted to compute the tangential forces that are

affected by the normal contact force and relative

tangential velocity between the tyre and track. In this

model, the friction behaviour is considered as an

interaction of the bristles between two surfaces, as

illustrated in Fig. 5c. The distributed normalized

friction force is determined by the deformation and

the rate of brush bristle [47]:

cðf; tÞ ¼ r0zðf; tÞ þ r1 _zðf; tÞ þ r2vr ð8Þ

where r0 ¼ r0x 0; 0 r0y½ � is the stiffness of bristles.

r1 ¼ r1x 0; 0 r1y½ � is the damping coefficient of brush

bristle. r2 ¼ r2x 0; 0 r2y½ � is viscous friction coeffi-

cient of brush bristle.z ¼ zx zy½ �T and _zðf; tÞ are

deformation and the rate of brush bristle, respec-

tively.vr is the slipping velocity.

To investigate the nonlinear stick–slip behavior

between the wheel and track induced by different

friction coefficients, the Stribeck effect is involved in

this model, which could describe the negative slope

relationship between the friction coefficient and the

relative velocity, as illustrated in Fig. 5d. Hence, the

internal friction states _zðf; tÞ of the tyre on the contact

patch and the transient function gðvrÞ can be described

as [47]:

_zðf; tÞ ¼¼ vr �
r0vr

lrgðvrÞ
� jRe xj j

� �
zðf; tÞ

gðvrÞ ¼
l2

cvr

�� ��
lcvrk k þ

l2
s vr

�� ��
lsvrk k �

l2
cvr

�� ��
lcvrk k

� �
e� vrk k=vsj ja

8>><
>>:

ð9Þ

where vr = [vrx vry]
T and vs denote the relative velocity

between the driving tyre and the driving deck and

Stribeck velocity, respectively. lc = [lcx 0; 0 lcy] and

ls = [lsx 0; 0 lsy] denote the static friction coefficient

and kinetic friction coefficient, respectively. �k k is the

second-moment norm of the vector; a is the decay

factor.

In Eq. (9), the wheel-track slipping behavious

depends on the relative velocity between the tyres

and the track. The track beam will experience flexural

and torsional composite deformation when subjected

to vehicle loads, which has an important influence on

the slipping behaviors of the driving tyres. The relative

velocity between tyres and the track can be defined

based on their kinematic relationship:

vrx ¼ xRe � vtx þ ð�1Þkb wt � wbð Þ
h i

� vbx

vry ¼ vty � _wtLw þ _bthw

� 	i
� vby

8<
:

ð10Þ

where vbx and vby are the longitudinal and lateral

vibration velocities of the driving deck, respectively.

When _zðf; tÞ ¼ 0 the steady-state solutions of the

deformation of brush bristle can be obtained by

integrating along the contact patch and the normalized

friction force yields:

cmðf; tÞ ¼ k1m 1 � exp �f=k2mð Þð Þ

k1m ¼ sgn vrmð Þ lg vrmð Þ
r0x

; k2m ¼ xRe

vrm










 � lg vrmð Þ

r0x

8<
:

ð11Þ

where m = x or y. x and y denote the longitudinal and

lateral directions of the driving tyre, respectively.
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Considering the distribution of normal load in

Eq. (6), longitudinal force and lateral force of driving

tyres can be expressed as:

Fdtm ¼
Z 2=l

�2=l

Z b

0

cmðf; tÞfnðf; sÞdfds ð12Þ

where Fdtm (m = x or y) denotes the longitudinal force

and lateral force. cm is the distributed normalized

coefficient for tangential forces.

Additionally, the aligning moment of the driving

tyre is also considered, which is defined as:

Mz ¼
Z 2=l

�2=l

Z b

0

cyðf; tÞfnðf; sÞðL=2 � fÞdfds ð13Þ

where cy is the distributed normalized coefficient for

the lateral force.

2.3 Bridge model with the CMS method

To realize high-efficiency and accurate dynamics

simulation, a novel methodology for large-scale

bridge modeling is proposed based on the CMS

method and DMPF. The main steps are presented as

follows:

(1) First, the monorail bridge system is divided into

multiple substructures, including the track beam

and pier substructures. The kinetic energy and

potential energy of the shell element are intro-

duced into the Hamilton principle, and the mass

and stiffness matrices of the shell element with 6

DOFs in each node can be obtained [49]. By

assembling matrices of the shell element, the FE

models of track beam and pier substructure are

established, as shown in Fig. 6a, b.

(2) Further, by performing an eigenproblem analy-

sis for each substructure separately, the corre-

sponding eigenfrequencies and eigenmode

matrixes could be obtained. Then, the reduced

mass, stiffness, and mode shape matrixes can be

obtained based on the Craig–Bampton method

[50], in which the fixed-interfaced normal

modes and constrained modes are combined as

their reduced basis.

(3) Finally, a multi-span full-scale bridge subsys-

tem could be reassembled by using the reduced

track beam and pier submodels, in which the

interface equilibrium conditions and

compatibility conditions [51] of the interface

nodes are adopted to connect the track beam and

pier, as shown in Fig. 6c. On this basis, the

equation of bridge motion could be established

by further considering the Rayleigh damping

[52].

2.3.1 Matrix formation and assembling of bridge

substructures

2.3.1.1 Model reduction with the Craig–Bampton

method In the CMS method, the stiffness and mass

matrices of any substructure k are transformed as

partitioned matrices according to the interface DOFs

and internal DOFs. The governing equation of any

undamped substructure k can be written as:

M
ðkÞ
ii sym:

M
ðkÞ
bi M

ðkÞ
bb

" #
€u
ðkÞ
i

€u
ðkÞ
b

" #
þ K

ðkÞ
ii sym:

K
ðkÞ
bi K

ðkÞ
bb

" #
u
ðkÞ
i

u
ðkÞ
b

" #

¼ f
ðkÞ
i

f
ðkÞ
b

" #
ð14Þ

where M, C, and K denote the mass, damping, and

stiffness matrices of each substructure, respectively.

the symbols ‘b’ and ‘i’ denote the internal nodes and

interface nodes, respectively. k is the kth substructure

of the bridge and pier.

Based on the Craig–Bampton method, the trans-

formation relationship from physical coordinate u(k) to

generalized coordinate p(k) can be expressed as [39]:

u
ðkÞ
i

u
ðkÞ
b

" #
¼ TðkÞ p

ðkÞ
i

p
ðkÞ
b

" #
¼ UðkÞ

ir WðkÞ
ib

0 I
ðkÞ
bb

" #
p
ðkÞ
i

p
ðkÞ
b

" #

ð15Þ

where UðkÞ
ir is the reserved fixed-interface normal

mode with mass-normalized. WðkÞ
ib is the constrained

mode. I
ðkÞ
bb is the identity matrix.

To ensure the compatibility conditions of interfa-

cial DOFs between each substructure, constrained

modes are formed with the assumption that a unit

displacement is imposed on one interface DOF and the

other interface DOFs are fixed. This can be expressed

as [39]:

WðkÞ ¼ � K
ðkÞ
ii

h i�1

K
ðkÞ
bb

I
ðkÞ
bb

2
4

3
5 ð16Þ
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Furthermore, the reduced mass matrix and stiffness

matrices of the kth substructure are formulated as

follows:

fMðkÞ ¼ TðkÞ
� 	T

MðkÞTðkÞ; eKðkÞ ¼ TðkÞ
� 	T

KðkÞTðkÞ

ð17Þ

2.3.1.2 Matrix assembling of bridge subsystem In

this research, not all the DOFs of interface nodes

between the track beam and pier are compatible due to

the simply supported constraint. The axis pins are

modeled as a set of torsional springs in the rotational

DOF hy and linear springs in the longitudinal DOF ux,

as shown in Fig. 7. Meanwhile, to reduce the interface

DOFs, a set of hole nodes along the interface are

coupled with a virtual center node (VCN) adopting

multi-point constraints [53]. Hence, the DOFs of

interface nodes above ubf = [uVCN hy
VCN] are coupled

only with force equilibrium conditions by torsional

and linear springs while other DOFs ubr = [vVCN

wVCN hxVCN hzVCN] are compatibility for the

displacements and force equilibrium conditions. The

bottom of the pier is fixed with the fixed constraint

bolted connection.

To facilitate the analysis, all DOFs of the virtual

node are divided into two categories: coupling with

interaction forces (FDOFs) and coupling with dis-

placements (RDOFs), as illustrated in Fig. 7. Accord-

ing to the classification of nodes above, the equation of

motion of reduced substructure in Eq. (14) can be

further partitioned as follows:

fM kð Þ
ii

fM kð Þ
if

fM kð Þ
ir

fM kð Þ
ff

fM kð Þ
fr

sym fM kð Þ
rr

2
664

3
775

€p
kð Þ

i

€u
kð Þ

bf

€u
kð Þ

br

2
664

3
775

þ

eK kð Þ
ii

eK kð Þ
if

eK kð Þ
ir

eK kð Þ
ff

eK kð Þ
fr

sym eK kð Þ
rr

2
664

3
775

p
kð Þ

i

u
kð Þ

bf

u
kð Þ

br

2
664

3
775 ¼

f
ðkÞ
i

f
ðkÞ
int

f
ðkÞ
br

2
664

3
775

ð18Þ

where fM and eK denote reduced mass and stiffness

matrices of the substructure, respectively. Symbols ‘i’,

‘f’, and ‘r’ denote the internal nodes, interface nodes

coupling with force, and interface nodes coupling with

displacement, respectively. Without loss of generality,

the reduced basis T kð Þ in Eq. (17) is also rewritten as:

Substructure generation

Interface 
nodes

Interface nodes

Internal
nodes

(b)
i

j

l

m

v

u

w

Mid-surface

θy

θx Fdtx
Fdty Fdtz

Mdtz

θz

(a)

Shell element with 6 DOFs

Pier.1

Beam.1

Pier.2

Beam.2

Pier.3

Beam.3

Pier.4

Multi-span bridge unit

(c)

Y
Z

XO
Beam.4 Beam.5

Pier.5

Fig. 6 The monorail bridge subsystem: a 4-node doubly curved thin or thick shell element; b 3D FEM of each substructure; c multi-

span full-scale bridge subsystem
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T kð Þ ¼ U kð Þ W kð Þ� �
¼

U kð Þ
it W kð Þ

if W kð Þ
ir

0 I
kð Þ

ff 0

0 0 I kð Þ
rr

2
64

3
75 ð19Þ

where the constrained modes can be obtained with

W kð Þ
if ¼ � eK kð Þ

ii

h i�1 eK kð Þ
if and W kð Þ

ir ¼ � eK kð Þ
ii

h i�1 eK kð Þ
ir ,

respectively.

As shown in Fig. 6c, the full-size uncoupled bridge

subsystem composed of m track beam and m ? 1 piers

is formulated by assembling the reduced mass and

stiffness of the substructure, which can be obtained as:

Me
b ¼ blkdiag fM p1ð Þ;fM b1ð Þ;fM p2ð Þ; . . .;fM pðmþ1Þð Þ

� 	
Ke

b ¼ blkdiag eK p1ð Þ; eK b1ð Þ; eK p2ð Þ; . . .; eK pðmþ1Þð Þ
� 	

8<
:

ð20Þ

where fM psð Þ 2 Rnps�nps and fM btð Þ 2 Rnbt�nbt denote

reduced mass matrices of the track beam and pier

substructure, respectively. eK psð Þ 2 Rnps�nps and

eK btð Þ 2 Rnbt�nbt denote reduced stiffness matrices of

the track beam and pier substructure, respectively.

blockdiag (�) denotes a block diagonal matrix.

The generalized coordinate p ¼
p p1ð Þ; u p1ð Þ; p b1ð Þ; . . .; p pmþ1ð Þ; u pmþ1ð Þ� �

of the entire

bridge subsystem is not independent due to some

interface DOFs shared by multiple substructures. This

can be transformed into a unique generalized coordi-

nate q ¼ q p1ð Þ; q b1ð Þ; q p2ð Þ; . . .; q pmþ1ð Þ� �
with a Boolean

matrix CB. Hence, after the second reduction, the

reduced matrices for the reassembled system yield:

cMe
b ¼ CBð ÞTMe

bCBbKe
b ¼ CBð ÞTKe

bCB

(
ð21Þ

where CB is a Boolean matrix and consists of elements

0 and 1. The matrix composition of CB can be seen in

Appendix B.

As mentioned above, each substructure is coupled

by satisfying interface compatibility and equilibrium

conditions. The governing equation of the entire

bridge subsystem considering system damping could

be further expressed as:

cMc
b €qb þ bCc

b _qb þ bKc
bqb ¼ Fi þ Fint ð22Þ

where Fi and Fint denote generalized external force

and interface force vectors of the entire bridge

subsystem, respectively. Interface force vector

Fint ¼ diag f
ð1Þ
int ; f

ð2Þ
int ; . . .; f

nbtð Þ
int

� 	
, in which the interface

forces of each substructure f
ðkÞ
int ¼ f

ðkÞ
int1; f

ðkÞ
int2

h iT

can be

written as follows:

f
ðkÞ
int ¼

f
ðkÞ
int1h

f
ðkÞ
int2x

f
ðkÞ
int2h

2
664

3
775 ¼ kintubf

¼
kh 0 0

0 kx 0

0 0 kh

2
64

3
75

hðkÞy;VCN � hðk�1Þ
y;VCN

u
ðkþ1Þ
x;VCN � u

ðkÞ
x;VVN

hðkþ1Þ
y;VCN � hðkÞy;VCN

2
6664

3
7775

ð23Þ
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Fig. 7 Interface compatibility conditions of each substructure
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where kx and kh denote the stiffnesses of the torsional

and longitudinal springs, respectively. fint1 and fint2 are

the interaction forces at the left end and right end of the

track beam, respectively.

Furthermore, the modal vectors of the reassembled

reduced system are obtained with the Lanczos method

[54] by solving the eigenproblem as follows:

ð bKc
b � xc

r
cMc

bÞv ¼ 0 ð24Þ

It is worth noting that the vector v has no practical

meaning and is only the eigenvector of the reassem-

bled system. The mode shape of the original model in

physical coordinates is calculated by the multiplica-

tion of the vectors TðkÞCBv. For the convenience of

description, u ¼ TðkÞCBv is introduced.

2.3.2 Governing equation of the bridge

Due to the time-varying traction or braking force,

wheel loads acting on the track deck should be

determined with the time-varying velocity of each

bogie. To obtain the dynamic responses of the track

deck at any position and the time-varying dynamic

interaction forces, the bilinear shape function N(t) for

the 4-node isoparametric shell element is applied. The

dynamic displacement and velocity of the bridge

subsystem in physical coordinates could be expressed

as:

u¼NðtÞTðkÞCBvq¼NðtÞuq

_u¼ou

ot
þou

ox
v¼NsðtÞTðkÞCBv_qþvNðtÞTðkÞCBvq¼NsðtÞu_qþvNðtÞuq

8<
:

ð25Þ

where N(t) and Ns(t) denote the shape function and the

first derivative of the shape function with respect to

coordinates for the shell element, respectively. These

can be referred to in Appendix B.

The dynamic interaction forces will be assigned to

each node d (d = i, j, k, m) adopting the shape function

N(t), as illustrated in Fig. 6a. Furthermore, the gen-

eralized force matrix Pb of distributed normal force

acting on the node of the track deck can be

transformed with:

fd ¼
Pn¼8

j

RR
sNðtÞud

j fnðf; sÞdfdsð Þ � FvgðtÞ
fg ¼

Pn¼8
j

RR
sNðtÞug

j FintðtÞ
Pb ¼ fd þ fg

8<
:

ð26Þ

where Pb denotes the matrix of generalized external

force. fd and fg denote the generalized force matrices

of driving and guiding tyres, respectively. Fintb ¼
Fdtx;Fdty;Fdtz; 0; 0;Mdtz

� �
and Fintg ¼ Fgx;Fgv;

�
0; 0; 0; 0� denote the nonlinear forces of the driving

tyre and guiding tyre, respectively.

Based on the analysis above, the time-varying

governing equation for the bridge subsystem consid-

ering system damping could be further expressed as:

M
c

b €qb þ C
c

b _qb þ K
c

bqb ¼ Pb þ Fintb ð27Þ

where Pb and Fintb denote the matrices of generalized

external force and interaction force, respec-

tively.M
c

b ¼ NðtÞuðtÞMb;

K
c

b ¼ NðtÞuðtÞKb;C
c

b ¼ NðtÞuðtÞCb;Fintb ¼ uFint. Cb

can be obtained with the Rayleigh-damping based on

the equation Cb ¼ aMb þ bKb referred to in the

literature [52].

2.3.3 Determination of the modal truncation

frequencies

The modal truncation frequencies have a crucial

influence on the simulation accuracy of the bridge

model in the CMS method. Generally, the contribution

of a certain vibration mode in the total dynamic

responses of the structure is evaluated utilizing the

modal participation factors (MPF), which are usually

defined with the mass matrix form [55, 56]. This

method only could consider the inherent properties of

the structure, neglecting the structural dynamic inter-

action effect. However, for the vehicle–bridge system

with time-varying features, both the loading frequency

and spatial mass distribution of the moving vehicle

would have important influences on the modal contri-

butions of the bridge.

To determine a reasonable modal truncation num-

ber (MTN) involving the influences of VBI and the

random excitation of track irregularity, a more effec-

tive dynamic modal participation factor (DMPF) is

defined. Taking the vibration acceleration of the

bridge as an example, the DMPF (Cpi) of vibration

mode i is defined as:

Cpi ¼

rmsðukt
i €qiðtÞÞ

rms €ukt
b ðtÞ

 �
maxðukt

i €qiðtÞÞ
maxð€ukt

b ðtÞÞ

8>>><
>>>:

ð28Þ

123

3276 Y. Yang et al.



where ukt
i and €qiðtÞ denote the modal shape vector at

node kt and acceleration modal coordinate in time step

t of vibration mode i, respectively. €ukt
b ðtÞ is the

dynamic response of the bridge subsystem in node kt.

rms (�) and max (�) denote the operation calculating the

root mean square value and maximum value,

respectively.

The convergence criterion for the dynamic

responses of the bridge subsystem is defined as:P
Cpi [ gsum

DCpi\gD

�
ð29Þ

where gsum and gD denote the threshold value of

accumulated contribution participation and the differ-

ence of DMPF between the ith mode and i ? 1th

mode, respectively. When gsum is close to 1 and gD is

small enough, the MTN is determined.

2.4 Modelling of three-dimensional train–bridge

interaction

In terms of a time-varying coupled system, the

governing equations of the vehicle–bridge system

can be written as:

MðtÞq þ CðtÞ _q þ KðtÞq ¼ FðtÞ ð30Þ

where

M ¼
Mv 0

0 M
c

b

� �
;C ¼

Cvv 0

0 Cbb

� �
;K ¼

Kvv 0

0 Kbb

� �
;

q ¼
qv

qb

� �
;F ¼

Fextv þ Fintv

Pb þ Fintb

� �

ð31aÞ

Mv ¼ Mv

M
c

b ¼ NðtÞuðtÞMb

�
;

Cvv ¼ Cv

Cbb ¼ NðtÞuðtÞCb

�
;

Kvv ¼ Kvv

Kbb ¼ NðtÞuðtÞKb þ vCbNsðtÞuðtÞ

� ð31bÞ

where M, C, and K denote the mass, damping, and

stiffness matrices for the SMTBS, respectively; F de-

notes the force matrix including the dynamic interac-

tion force and the gravity; the subscripts v and

b represent the vehicle and the bridge subsystem,

respectively.

Noteworthily, the motion equations of the vehicle

subsystem, bridge vibration equations with the CMS

method, and nonlinear spatial wheel-track contact

relation are all programmed applying the software

MATLAB� in this work, in which the vehicle

dynamics responses are solved with the Zhai method

[57] and the bridge dynamic responses with the

Newmark-b method [58]. The main steps and flow

chart of this work are illustrated in Fig. 8.

3 Model verification

In this section, a full-scale field test is conducted to

verify the effectiveness of the proposed coupling

dynamic model, and its convergence is also carefully

discussed.

3.1 Full-scale field test

The full-scale field test is carried out to obtain the

coupled dynamic responses of the SMTBS based on

the first test line in Chengdu, China. In this test line,

the experimental train consists of three vehicles, and

the test bridge is multi-span simply supported beams

with hollow piers. To obtain the vehicle–bridge

accelerations, several wireless triaxial accelerometers

are used to measure the vibrations of the vehicle and

bridge in longitudinal, lateral, and vertical directions.

The sampling frequency is set as 5000 Hz. Addition-

ally, the mid-span deformation of the bridge is tested

by an advanced displacement test instrument (ADTI).

As shown in Fig. 9, the setting positions of the

acceleration sensor and target for displacement are

presented clearly, respectively. The triaxial

accelerometers are placed on the floor of the car body

according to the standard [59], as shown in Fig. 9a.

For the bridge subsystem, the triaxial accelerometers

are placed on the bottom of the track beam while the

observation point of the displacement is set at the

center of the track beam, as shown in Fig. 9b, c.

3.2 Modal verification

The main vibration frequencies and modal shapes

derived from the CMS method and FEM are compared

with those of the previous field test [8], as shown in

Table 3 and Fig. 10. One can observe that the main

frequencies and modal shapes obtained from the

proposed method are consistent with those of the

traditional FEM. Besides, the simulation results based

on the two methods are close to the test results [8],
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indicating the reliability and accuracy of the proposed

method.

3.3 Selection of the modal truncation frequencies

of the bridge

The impact of track irregularity and loading moving

frequencies on the VBI is significant. To address this

issue, the contribution of each mode is analyzed under

the disturbance of track irregularity and different

loading moving frequencies by adopting the DMPF

(Eq. (28)), as illustrated in Fig. 11. The track irregu-

larity adopts the measured result referred to [8].

As can be seen in Fig. 11a, compared with the case

without the random track irregularity, the DMPFs of

the bridge modes under the random track irregularity

are significantly different, especially at several main

frequency ranges of 3.5–7.0 Hz, 11.0–16.0 Hz, and

17.5–18.9 Hz, respectively. It is indicated that the

track irregularity would stimulate the bridge vibra-

tions at different frequency bands, thus affecting the

contribution of each bridge mode to the vibration

responses. Further, to explore the effects of the loading

moving frequency, the DMPFs under different speeds

are compared, as can be seen from Fig. 11b. Clear

discrepancies can be observed in the range of

4.1–7.1 Hz and 10.9–16.3 Hz, which are mainly

induced by the wheelbase (Lc = 1.6 m) and stronger

dynamic effect due to the increase in velocity,

respectively. It could be concluded that both the track

Bridge subsystem parameters
-Initial modal truncation number

Vehicle subsystem parameters
-Vehicle parameters 
-Track irregularity

-Initial velocity

t=0, set initial 
position of the train

Nonlinear wheel-
track contact model

Output vehicle and bridge 
dynamic responences

Calculating DMPF with Eq.(29)

Track beam FE
Matrix with Eq.(14)

Pier FE matrix
With Eq.(14)

Form reduced matrix for 
each substructure

With Eq.(17)~(20)

p

p

η
ηΔ

⎧ Γ >⎪
⎨ ΔΓ <⎪⎩

∑ i sum

i

Yes
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Start

Motion equation of
each component with 

Eq.(A1)~(A9)
Patch contact normal 

model with Eq.(5)~(7)
LuGre friction model 

with Eq.(8)~(13)
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with Eq.(25)~(27)

Calculate reduced
basis with  Eq.(14)~Eq.(16)
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Vehicle motion        
equation with Eq.(1)      

Solving vehicle- bridge dynamic responses with  hybrid explicit-
implicit integration method

Fig. 8 Flow chart and main step of the proposed 3D train–bridge interaction model
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irregularity disturbance and loading moving frequency

should be adequately considered in the selection of the

bridge MTN. Besides, these results also reveal the

importance of considering the VBI to some extent and

highlight the necessity of the DMPF.

Next, a case study of determining MTN based on

DMPF is presented when the monorail train travels

through the bridge at a constant speed of 40 km/h. The

first 200 modes of the bridge are reserved at the

beginning and the specific value of MTN is deter-

mined according to the convergence criterion in

Eq. (29), as shown in Fig. 12.

The accumulated DMPF of the displacements and

accelerations in longitudinal, lateral and vertical

directions are illustrated in Fig. 12. According to the

convergence criterion in Eq. (29), when the accumu-

lated DMPF is close to 1, the extracted bridge modes

would be reasonable. As depicted in Fig. 12a, the

MTN of the longitudinal, lateral, and vertical dis-

placements should be up to 67, 56, and 108 respec-

tively for ensuring a high simulation accuracy.

According to Fig. 12b, the minimum required MTN

for longitudinal, lateral, and vertical acceleration is

179, 186, and 188 respectively. The results indicate

that it is necessary to extract more modal orders of the

Monorail train

25m

Carbody

Observation point for 
the car body 
acceleartion

Observation point 
for displacement

Observation point 
for acceleration

1.6m

10.8m

22-span bridge:L=550m
v

v:Acceleration: 0~40km/h
     Constant speed:40km/h

Braking: 40~0km/h

(a)

Observation point 
of displacement

Observation point of  
acceleration

ADTI

b

Wireless sensors

(c)Observation point 
of bridge

Fig. 9 Vehicle–bridge interaction model and sensors arrangement in the field test: a Sensors arrangement; b ADTI; c the observation

point of track beam

Table 3 Main natural frequencies of the bridge

Modal order Modal shape Symbol CMS (Hz) FEM(Hz) Test results (Hz)

1 Longitudinal vibration of the bridge fbll 1.95 1.94 –

2 1st coupled lateral-and-torsional vibration fbl1 2.34 2.34 2.27 [8]

3 Lateral bending vibration of the pier fpl 3.33 3.33 –

4 1st vertical bending vibration fbv1 5.43 5.44 5.60 [8]

5 2nd coupled lateral-and-torsional vibration fbl2 9.13 9.14 9.55 [8]

6 2nd vertical bending vibration fbv2 15.92 15.92 15.19 [8]
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bridge to ensure the convergence of bridge accelera-

tion. Hence, based on the convergence criterion in

Eq. (29), the MTN is 188 at least for guaranteeing the

accuracy of the bridge dynamic responses.

3.4 Verification of vehicle–bridge dynamic

responses under variable speed

The vehicle–bridge dynamic responses obtained from

the simulation model are compared with those of the

field test under a complex operating condition encom-

passing the complete running process of vehicle

acceleration, constant speed, and braking.

3.4.1 Vehicle dynamic responses

In this case, the traction or braking torque is exerted on

the wheels and the curves are depicted in Fig. 13. In

this simulation, the track irregularity is referred to [8]

and the main calculation parameters of the monorail

train and bridge are listed in Table 4 and Appendix C.

The bridge model is composed of 22 span track beams

with a total length of 550 m, whose MTN is 200 based

on the proposed DMPF. Based on this, the time-

domain responses of the car body obtained by the

simulation and test are compared when the vehicle

accelerates from 5 km/h to 40 km/h first and then

decelerates to 0 km/h, as shown in Fig. 14.

As shown in Fig. 14, the waveform and amplitudes

of the vehicle accelerations in each direction obtained

from the simulation are well consistent with those of

the test data under constant and variable speeds,

indicating the reliability of the proposed model.

Moreover, it could be observed that the lateral and

vertical accelerations of the car body gradually

increase when the running speed rises from 5 to

40 km/h. Subsequently, it would gradually decrease

when the running speed reduces from 40 km/h to 0. In

particular, regarding the longitudinal vibration of the

car body, Fig. 14a shows a sudden enlargement of the

fbl1 fbl1 fbl1

fbl2 fbl2 fbl2

fbv1 fbv1 fbv1

fbv2 fbv2 fbv2

(a) (b) (c)

Fig. 10 Modal comparison between simulation and field test: a Proposed method; b FEM; c Field test [8]
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vibration at the initial braking position (at the 30 s).

Simultaneously, the vertical acceleration of the car

body exhibits a significant peak value, which may be

attributed to the sudden increase in braking forces.

Besides, the car body will appear oscillatory due to the

inertia force when the braking force decreases to 0 at

the braking ending position (at the 38 s). However,

these oscillations dissipate within a duration of around

3 s.

To reveal the time-varying features of the vehicle

vibration frequency under variable speed conditions,

the time–frequency responses of the car body accel-

erations obtained from simulation and test results

using the continuous wavelet transform method [60]

are compared, as depicted in Fig. 15.

It could be seen from Fig. 16 that the pitching

motion frequency fvp (1.65 Hz), lateral motion fre-

quency fvl (2.39 Hz), and vertical motion frequency fvv
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(1.95 Hz) of the car body identified from the simula-

tion and test results have time-varying features due to

vehicle–bridge interaction. Additionally, one can

observe that the loading frequencies f1 and f2 change

as the variable train running speeds, in which the f1 is

induced by the span of the track beam (LB = 25.0 m),

and the f2 is the double frequency multiplication of the

f1. A similar phenomenon can also be observed from

the loading frequencies f3 and f4, which are induced by

the wheelbase (Lc = 1.6 m) and the space of the

stiffener (Ls = 1.6 m). The abovementioned results

indicate that the simulation results derived from the

proposed model are consistent with the test results at

the main frequency bands. Simultaneously, the time-

varying coupling features of the SMTBS under

variable speed conditions could be also simulated

effectively with the proposed models.

3.4.2 Bridge dynamic responses

To verify the accuracy of the bridge dynamic

responses obtained from the proposed method, the

dynamics simulation results based on the CMS method

and FEM are compared with the field test results when

monorail trains travel through the bridge at a constant

speed of 40 km/h, as depicted in Figs. 16 and 17.

As shown in Figs. 16 and 17, the waveform and

peak of the bridge displacements and accelerations

obtained by the numerical simulation are in good

agreement with the test data in time domains. The

maximum relative error of vertical and lateral dis-

placement between the simulation and measured

results are only 1.9 and 3.2%, respectively. It could

be also observed that the maximum values of bridge

acceleration in longitudinal, lateral, and vertical

directions are about 0.054, 0.30, and 0.21 g, respec-

tively, which means that the monorail bridge has

stronger vibration in the lateral direction due to its

small lateral bending stiffness. Additionally, the

comparison of computational time between the pro-

posed method and the traditional FEM is presented in

Table 5. It can be seen that the computational time of

the proposed method is about 1/5 of the traditional

FEM while almost similar accuracy is achieved. It

indicates that the proposed method based on CMS has

higher computational efficiency and accepted compu-

tational accuracy.

The time–frequency distributions comparison of

bridge accelerations between the proposed model and

field test is illustrated in Fig. 18.

Some characteristic frequencies of the dynamics

system can be identified in the time–frequency

responses. Besides, it can be observed that the load

frequencies and natural frequencies of the bridge

subsystem obtained from the simulation and field test

results are also very close. Taking the vertical

acceleration as an example, the load frequency f1
induced by the span of the bridge (LB = 25 m)

observed from the simulation and field test results

are 0.45 and 0.42 Hz, respectively. Similarly, the

loading frequency f3 induced by the wheelbase

(Lc = 1.6 m) obtained from the simulation and test

results are 6.94 and 6.95 Hz, respectively. As for the

bridge frequencies, the first bending vibrations fre-

quency fbv1 observed from the simulation and test

results are 5.43 and 5.65 Hz, respectively. Meanwhile,

the lateral bending vibration frequency fpl of the pier

observed from the simulation and test results are both

3.33 Hz. Additionally, analogous results can be seen

in longitudinal and lateral accelerations. The
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Fig. 13 Traction and braking characteristic curves of SMV

Table 4 Main parameters of the line

Cross Section of track beam (m) Span of track beam (m) Cross section of pier (m) Height of pier (m) Total length (m)

0.78 9 1.10 25.00 0.80 9 0.80 10.80 550.00
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longitudinal vibration frequency fbll and 1st coupled

lateral-and-torsional vibration frequency fbl1 observed

from the simulation and field test results are also close,

as shown in Fig. 18a, b.

The aforementioned analysis results demonstrate

that the proposed model can effectively capture the

deformation and vibration characteristics of the bridge

subsystem under stochastic excitation.

4 Results and discussions

The major purpose of the present section is to

investigate the impact of variable speed operations

and wheel-track adhesion conditions on the spatial

nonlinear contact behavior between the wheel and

track, as well as the 3D coupling vibration character-

istics of the SMTBS.

4.1 Effects of variable train speed on vehicle–

bridge dynamic responses

To better understand the influences of variable speed

operations on the dynamics performances of SMTBS,

the vehicle–bridge dynamic responses obtained from

the proposed model under the constant speed and

braking conditions are compared.
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Fig. 14 Vibration acceleration of the monorail vehicle: a Longitudinal; b Lateral; c Vertical

123

A novel 3D train–bridge interaction model 3283



(a) Test Simulation

(b) Test Simulation

(c) Test Simulation

Fig. 15 Vibration acceleration of the SMV in the frequency domain: a Longitudinal; b Lateral; c Vertical
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4.1.1 Comparison between constant and variable

speeds

In this case, a train with three vehicles travels through

the track beam under the excitation of track irregular-

ities using a constant friction coefficient of 0.60 [8].

The constant speed condition is 40 km/h and the

braking process decelerates from 40 to 5 km/h. The

wheel-track dynamic responses involving vertical

forces, longitudinal forces, and creepages on different

axles are obtained first, as shown in Fig. 19.

Compared with constant speed, the vertical force on

axle 1 decreases and the vertical force on axle 3

increases during the braking process, as illustrated in

Fig. 19a. The maximum difference values of the

vertical force between two axles are 5.75 kN, which

indicates that a significant redistribution of vertical

load occurs when the vehicle is subjected to braking.

However, the amplitudes of vertical force only

increase below 0.3 Hz during the braking process.

Besides, it can be observed that the longitudinal force

increases dramatically under the braking process and

the amplitudes are mainly presented in the frequency

range of 7–40 Hz. Despite that the longitudinal forces

on both axles are extremely close (in Fig. 19c), axle 1

exhibits a greater longitudinal creepage than axle 3 (in

Fig. 19e). This means that the driving tyre on axle 1

generates a greater slipping velocity to produce

sufficient longitudinal force, owing to the distinct

relationship of the creep force-creepage curve under

varying vertical loads, as depicted in Fig. 19f. The

analysis results indicate that wheel-track stick–slip

behaviors of each diving tyre will present different

characteristics stemming from the asymmetric vertical

load on each axle during the variable speed process.

In conclusion, the variable speed operations result

in a significant redistribution of vertical load and an

increase in longitudinal force. To further reveal the

corresponding effects on the bridge dynamic

responses, Fig. 20 presents the mid-span

displacements of the track beam under constant speed

and braking conditions.

Due to the sudden change of wheel-track longitu-

dinal force when the braking torques are exerted, the

longitudinal displacement of the track beam will

generate an oscillatory with a maximum value of 2.14

times as large as that of constant speed, as shown in

Fig. 20a. Despite the significant redistribution of

vertical load under variable speed operation, the

maximum lateral and vertical displacements have

only slight differences, which may be mainly

attributed to the spacing and way in which wheel-

track forces are applied on the bridge. Although the

vertical force on axle 3 is growing, it is decreasing on

axle 1. Hence, the variation in resultant force is

significantly lower than that of an individual wheel.

The vehicle–bridge system presents different cou-

pling features induced by different operation condi-

tions. Hence, the time histories and frequency

spectrums of vehicle–bridge vibration accelerations

under a low running speed (20 km/h), high running

speed (60 km/h), and deceleration from 60 to 20 km/h

are obtained from the proposed model, as illustrated in

Figs. 21 and 22.

The results depicted in Fig. 21a demonstrate that

variable speed operation leads to a rapid increase in

the peak value of the longitudinal acceleration of the

car body, as compared to those obtained from constant

speed conditions. However, the peak values of lateral

and vertical accelerations at the braking process fall

within the range between those observed at constant

speeds of 20 and 60 km/h. Regarding the frequency

domain, some characteristic frequencies of the dynam-

ics system can be identified at constant speeds. For

instance, the frequencies 0.23, 0.66, 3.46, and 10.4 Hz

are characteristic frequencies induced by the span of

the track beam (LB = 25 m) and wheelbase of the

vehicle (Lt = 1.6 m) at constant speeds of 20 and

60 km/h, respectively. Besides, the pitching (fvp),

lateral (fvl), and vertical (fvv) frequencies of the car

body can also be observed. It is worth noting that the

Table 5 Computational time comparison between the proposed method and FEM

Method Modal analysis Dynamic simulation

DOFs Computational time DOFs Computational time

Proposed method 200 12.5 s 200 56 min

FEM 377,970 1500 s 377,970 308 min
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peak of fvp induced by variable speed operation is

much higher than that under constant speeds of 60 km/

h. In particular, the longitudinal acceleration at the

range of 2–10 Hz and vertical acceleration at the range

of 3–10 Hz are even larger than those at the speed of

60 km/h, indicating that the variable speed operation

will intense the longitudinal and vertical vehicle–

bridge dynamic interactions at a low-frequency range.

In terms of time-history responses of the bridge

accelerations, it can be seen that the longitudinal

(a)
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Simulation

fbl1=2.34Hz
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Fig. 18 Spectra comparison of bridge responses between the simulation model and field test: a Longitudinal; b Lateral; c Vertical
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acceleration of the track beam would significantly

increase when the train was subjected to braking

compared to the constant speeds. Regarding the

frequency domain, some characteristic frequencies

of the dynamics system can also be identified at

constant speeds. Besides, the longitudinal vibration

frequency of the bridge (fbll), lateral bending fre-

quency of the pier (fpl), and the first vertical bending

vibration frequency (fbv) of the bridge can also be

observed. The peak of fbll in the longitudinal vibration

induced by variable speed operation even exceeds that

of 60 km/h, while the peaks of other frequencies

induced by variable speed fall within the range

between those observed at low and high running

speeds. It is worth noting that the longitudinal

accelerations at the range of 0.7–3 Hz induced by

variable speed operation are much larger than those of

the speed of 60 km/h, indicating that the variable

speed operation will intensify the longitudinal vehi-

cle–bridge dynamic interactions at a low-frequency

range.

The above results show that the longitudinal

vibration of the vehicle and bridge increases signifi-

cantly in the lower frequency range due to the variable

speed operation, while only local vertical and lateral

vibrations of the vehicle and bridge are amplified.

4.1.2 Effects of initial braking speed

The initial braking speed has important influences on

the vehicle–bridge dynamics performances, especially

for the longitudinal vibration. To reveal its effects, the

longitudinal dynamic responses under different initial

braking speeds are investigated, as depicted in Fig. 23.

Figure 23 illustrates the longitudinal dynamic

responses of the car body and track beam under
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different braking speeds. One can observe that the

peaks of both the car body and track beam acceleration

exhibit a significant increase as braking speeds rise.

Analogous conclusions can be drawn from the spectral

responses. It is worth noting that the peaks of car-body

pitching frequency fvp, the longitudinal vibration

frequency of the bridge fbll, lateral bending frequency

of the pier fpl all increase with the rising braking

speeds. Further, it can be seen from Fig. 23e that an

increase in the initial braking speed would also

intensify the pitching motion of the car body, which

will cause more notable axle load transformation and

thus change the state of the wheel-track longitudinal

slipping behaviours. In terms of the track beam, an

increase in the initial braking speed would result in a

larger oscillation of the longitudinal displacement, as

portrayed in Fig. 23f. The maximum oscillation

amplitude of the longitudinal displacement even

reaches 3.72 mm at the initial braking speed of

60 km/h. It is revealed that the longitudinal stability

of the bridge would be aggravated due to the

increasing initial braking speeds.

4.2 Evaluation of wheel-track interfacial friction

performance

4.2.1 Effects of interfacial friction coefficient

The wheel-track interfacial friction coefficient highly

depends on the wheel-track interfacial contact status,

such as the interfacial materials and environment.

Noteworthily, the driving track with welded steel may

be moist in winter or the early morning in summer,

which could cause inadequate wheel-track interfacial

friction force and the slip of the driving tyre, and thus

deteriorating vehicle dynamics performances.

To investigate the effects of the wheel-track

interfacial friction coefficient, dynamic responses of
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SMTBS under different contact conditions are derived

from the proposed model, as shown in Figs. 24, 25 and

26. In the simulation, the train is decelerating from 40

to 5 km/h. Specifically, a friction coefficient of 0.6

represents dry adhesion condition while a value of

0.15 indicates wet adhesion condition.

As illustrated in Fig. 24a, under the train braking

condition, the vertical tyre force under the friction

coefficient of 0.60 is slightly larger than that under the

friction coefficient of 0.15, showing that the friction

coefficient has small influences on the redistribution of

vertical axle load. Similar results can be seen in the

frequency domain. However, significant oscillation

can be observed in the longitudinal force under a lower

friction coefficient with a maximum amplitude of

1.3 kN. The increases in amplitudes are mainly

present in all observed frequency bands, as shown in

Fig. 24d. Besides, the longitudinal creepage would

also significantly increase, which implies that too

small wheel-track friction coefficients may cause tyre

slip when the train is subject to brake. The phe-

nomenon is attributed to the distinct relationship of the

creep force-creepage curve under different friction

coefficients, and an unstable state arises when longi-

tudinal forces shift from the linear to nonlinear region,

particularly at low friction coefficients, as shown in

Fig. 24f. In some special operating conditions, this

may pose a threat to the safety of vehicle operation,

especially for the emergency braking of the train

running on a long slope line under urgent conditions.

Furthermore, the vibration acceleration of the car

body and track beam are also extracted, respectively,

as shown in Figs. 25 and 26. The braking process is

highlighted in the green and pink zones.

In the time history, one can observe that a smaller

friction coefficient would cause increases in the
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longitudinal, lateral, and vertical accelerations of the

vehicle. Especially, the longitudinal acceleration of

the car body under the friction coefficient of 0.15 is

1.14 times as large as that under a friction coefficient

of 0.60. In the frequency domain, the increases of the

amplitude mainly are observed between 25–30 Hz and

below 2 Hz. It is worth noting that the amplitudes of

the load frequencies 0.45, 0.90, and 6.89 Hz also

increase under the inadequate friction coefficient. This

can be attributed to the fact that the longitudinal force

of the tyre appears a significant oscillation under wet

adhesion conditions (in Fig. 25c, d). Regarding the

vertical vibration, the acceleration of the car body is

1.08 times greater when the friction coefficient is 0.15

compared to that when it is 0.60, and the frequency

differences are mainly presented in the ranges of

2–7 Hz and 10–40 Hz. However, slight discrepancies

can be seen in the lateral vibration of the car body,

which is mainly concentrated below 10 Hz. The

analysis results indicate that the inadequate friction

coefficient will result in significant longitudinal and

vertical vibrations of the car body.

In terms of the track beam vibration, the analogous

phenomenon can be found in Fig. 26. It can be

observed that the maximum values of longitudinal,

lateral, and vertical accelerations of the track beam

under the friction coefficient of 0.15 are respectively

about 1.8, 1.35 and 1.59 times as large as those under

the friction coefficient of 0.60. As for the frequency

domain, the increase in longitudinal vibration is below

4.13 Hz, whereas the lateral and vertical vibrations

exhibit an increase in higher frequency ranges,

specifically between 7–20 and 4–14 Hz, respectively.

Additionally, an inadequate friction coefficient will

result in significant longitudinal vibration (fbll) and

first bending vibration (fbv1). The research results show

that adhesion conditions have a significant effect on

the VBI of the SMTBS, highlighting the importance of
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Fig. 22 Vibration acceleration of the track beam in time history and frequency domain (Green zone: constant speed; Pink zone:

braking): a Time history; b Frequency domain
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considering wheel-track slipping behavious when

investigating spatial coupling characteristics of

SMTBS under variable speed conditions.

4.2.2 Limit value of interfacial friction coefficient

As presented above, a low friction coefficient may

pose a threat to the running safety of the vehicle.

Hence, it is imperative to determine an appropriate

interfacial friction coefficient between the wheel and

track. Considering that normal load distribution will

affect wheel-track slipping behavior, the longitudinal

responses of monorail vehicles are obtained under

different amplitudes of track irregularity (TI), as

illustrated in Fig. 27. The track excitations are referred

to as road irregularity [61] and the corresponding

wavelength range is 0.1–25 m.

As depicted in Fig. 27, the longitudinal creepage

exhibits a sharp increase when the interfacial friction

coefficient falls below 0.35 (in Fig. 27a), resulting in

more pronounced oscillations of longitudinal forces

(in Fig. 27b). Furthermore, the oscillation amplitude

of longitudinal force rises with increasing track

irregularity amplitude, thereby forming nonlinear

friction boundaries, as indicated by the red line in

Fig. 27b. It can be also observed that the presence of

severe track irregularities can result in violent oscil-

lations of the vertical force and thus leading to

significant changes in longitudinal forces within this

region (in Fig. 27b). When the friction coefficient is

less than 0.35, an increase in the amplitude of track

irregularity results in a decrease in the boundary of the

friction coefficient. Taking 0.25 g as the limit value of

car body longitudinal acceleration, a nonlinear friction
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Fig. 23 Longitudinal responses of SMTBS under different
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track beam acceleration; e Pitching angle of car body;

f Longitudinal displacement of the track beam
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boundary will form, as shown by the red line in

Fig. 27c. The main reason is that the longitudinal

vibration of the vehicle is susceptible to the effect of

wheel-track slipping under lower adhesion.

As mentioned above, vertical loads of the driving

tyre have a significant effect on wheel-track stick–slip

behavior. The worse the track irregularity is, the more

significant the influence is on the wheel-track longi-

tudinal vibration. Hence, the limit value of the friction

coefficient should be determined based on the ampli-

tude of track irregularity. For instance, when the

amplitude is 6 mm, it is recommended to maintain an

interfacial friction coefficient greater than 0.35 during

wet weather conditions to mitigate the longitudinal

impact on monorail vehicles during the braking

process.

5 Conclusion and future works

This work presents an effective 3D train–bridge

interaction model for monorail systems considering

nonlinear wheel-track slipping behavior, aiming to

investigate the spatial wheel-track nonlinear contact

behavior and 3D coupling vibration of the SMTBS. By

comparison of simulation results and test data under

different operating conditions, the reliability of the

proposed model has been validated. On this basis, the

nonlinear wheel-track slipping behaviors and their

influences on the dynamics performances of SMTBS

are researched under variable speed operation. The

reasonable wheel-track interfacial friction coefficient

is also recommended to ensure good vehicle dynamics

performances. The main conclusions can be drawn as

follows:

(1) Dynamic responses obtained by the proposed

coupling dynamics model are in good

Fig. 24 Wheel-track forces of SMTBS under different interfa-

cial friction coefficients: a Vertical force in time domain;

b Vertical force in frequency domain; c Longitudinal force in

time domain; d Longitudinal force in the frequency domain;

e Longitudinal creepage; f Creep force-creepage curve under

different friction coefficient
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agreement with those of the field test data in

time and frequency domains, indicating that the

proposed model is reliable to be used for

investigating the time-varying coupling features

of SMTBS under variable speed conditions.

(2) Both the track irregularity and loading moving

frequency of SMTBS have significant effects on

the DMPF of the bridge. The redefined DMPF

could better assess the influence of the track

irregularity and loading moving frequency on

the convergence of the bridge, which would be

more accurate in the evaluation and selection of

the modal truncation frequencies of the bridge.

(3) Under braking conditions, both significant

redistribution of vertical axle load and longitu-

dinal slip of the driving tyre is likely to occur.

Additionally, the car-body longitudinal accel-

eration and longitudinal displacements of the

tack beam would also generate obvious oscilla-

tory amplitudes. With an increase in the initial

braking speed, the longitudinal vehicle–bridge

dynamic responses would be significantly inten-

sified, especially for the pitching motion of the

car body and longitudinal displacements of the

tack beam.

(4) The developed spatial wheel-track contact

model is capable of simulating the nonlinear

slipping behavior of the wheel-track system

under varying friction coefficients and different

vertical loads. Besides, the longitudinal stick–

slip behavior is significantly affected by the

vertical axle load on the driving tire. As track

(a)

(b)

(c)

Fig. 25 Vibration acceleration of the car body under different adhesion conditions in time history and the frequency domain:

a Longitudinal acceleration; b Lateral acceleration; c Vertical acceleration
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Fig. 26 Vibration acceleration of the track beam under different adhesion conditions in time history and the frequency domain:

a Longitudinal acceleration; b Lateral acceleration; c Vertical acceleration

Fig. 27 Longitudinal dynamic responses under different adhesion conditions and different amplitudes of track irregularity:

a Longitudinal creepage; b Longitudinal force; c Longitudinal acceleration of the car body
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irregularities worsen, this influence becomes

increasingly pronounced in terms of wheel-

track longitudinal vibration. To ensure a good

vehicle–bridge dynamics performance, it is

suggested that the interfacial friction coefficient

should be larger than 0.35.

The proposed 3D train–bridge interaction model for

monorail systems adequately considers the influence

of the nonlinear wheel-track slipping behavior, and it

is comprehensively validated by the field test. The

proposed model could be further applied to evaluate

the spatial wheel-track contact behavior, vehicle

running safety, and bridge dynamic performance of

the SMTBS under complex line conditions in the

future, such as the curved lines with a small radius and

the lines with a steep slope, which could provide a

useful guide for the optimization design and operation

safety of the SMTBS.
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Appendix A

The mass matrices and internal force matrices for

vehicle subsystem can be written as:

Mv ¼ diag Mc Mt1 Mt2 Mh1 Mh2 Mw1 Mw2 Mw3 Mw4½ �
ðA:1Þ

Mc ¼ diag mc mc mc Jcx Jcy Jcz½ �;
Mti ¼ diag mt mt mt Jtx Jty Jtz

� �
Mhi ¼ diag mh mh mh Jhx Jhy Jhc

� �
;

Mwi ¼ diag Jwli Jwri½ �

ðA:2Þ

The internal force matrices for car body,bogie,

suspended rod, the driving wheel can be written as:

Fwkint ¼

Fwkxint

Fwkyint

Fwkzint

Fwkhint

Fwkbint

Fwkuint

2
6666664

3
7777775
¼

Fdtxi � Ftxi

0

0

0

FdtkiRe � Twi

0

2
6666664

3
7777775

ðA:6Þ

Secondary suspension forces Fsec are determined

by the relative motion relationship between the bolster

and the bogie, the matrix form of which can be

expressed as:

Fsec ¼
FsxðL;RÞi

FsyðL;RÞi

FszðL;RÞi

2
64

3
75

¼

Ksx Xhi � Xti � Hbtbhi � Hhfbti

 �
þ Csx

_Xhi � _Xti � Hbt
_bhi � Hhf

_bti

� 	

Ksy Yti � Yhi � Hhf/hi � Hbt/ti

 �
þ Csy

_Yti � _Yhi � Hhf
_/hi � Hbt

_/ti

� 	

Ksz Zhi � Zti � ds/ti � ds/hið Þ þ Csz Zhi � Zti � ds
_/ti � ds

_/hi

� 	

2
666664

3
777775

ðA:7Þ

where the symbol ‘f’, ‘r’,‘L’, and ‘R’ denotes the front,

rear, left, and right of the rigid body, respectively; ‘±’

and ‘;’ are applied on the left and right sides of each

component; Fsx(L,R)i, Fsy(L,R)i and Fsz(L,R)i are the

longitudinal, lateral and vertical force of secondary

suspension, respectively. Fsh, Frb, and Fcop are the

force of the shock absorber, the rubber stop, and the

coupler force between the car body. The force of shock

absorber can be expressed as:

Fshi ¼ ksh Yhi � Yci � b2/ci � b2/hi � s1wcið Þ

þ csh
_Yhi � _Yci � b2

_/ci � b2
_/hi � s1

_wci

� 	

ðA:8Þ

Tui and Tpi are transformation matrices for the

upper and lower of the hinge joint, respectively, which

can be obtained as:

Tui ¼
cos /hi �sin /hi

sin /hi cos /hi

� �
;

Tpi ¼
cos /ci �sin /ci

sin /ci cos /ci

� � ðA:9Þ

Appendix B

The bilinear shape function is shown as follows:

Nti ¼

Nxi

Nvi

Nwi

Nhxi

Nhxi

Nhzi

2
666666664

3
777777775
¼

1 þ ninð Þ 1 þ gigð Þ
1 þ ninð Þ 1 þ gigð Þ
1 þ ninð Þ 1 þ gigð Þ
1 þ ninð Þ 1 þ gigð Þ
1 þ ninð Þ 1 þ gigð Þ
1 þ ninð Þ 1 þ gigð Þ

2
666666664

3
777777775
;

Nsi ¼

Nxi

Nvi

Nwi

Nhxi

Nhxi

Nhxi

2
666666664

3
777777775
¼ 1

4

ni 1 þ gigð Þ
ni 1 þ gigð Þ
ni 1 þ gigð Þ
ni 1 þ gigð Þ
ni 1 þ gigð Þ
ni 1 þ gigð Þ

2
666666664

3
777777775

ðB:1Þ

where

n ¼ x � xcð Þ=a,g ¼ y � ycð Þ=b,ni ¼ xi= xij j,-
. (xc, yc) is the center coordinates of the element. a and

b are the length and width of the element, respectively.

The generalized coordinates p can be transformed

into unique generalized coordinates q with Boolean

matrix CB:
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CB ¼

Ip1
0 0

0 Ipt1
0

0 0 Ib1
. . .

0 Ibt1
0

. .
.

Iptn

� � � Ipn

2
6666666664

3
7777777775

ðB:2Þ

where Ipi and Ibi denote the identity matrix for the

internal DOFs of the track beam and pier substructure,

respectively; Ipti and Ibi denote the identity matrix for

the interface DOFs of the track beam and pier

substructure, respectively.

Table 6 Main notations of the vehicle subsystem and bridge subsystem

Notations Descriptions

Mc, Mt, Mh Mass of car body, hanging beam and bogie

Icx, Icy, Icy X-inertia, Y-inertia, Z-inertia of car body

Itx, Ity, Ity X-inertia, Y-inertia, Z-inertia of bogie

Ihx, Ihy, Ihy X-inertia, Y-inertia, Z-inertia of hanging beam

Ksx, Ksy, Ksz, Longitudinal, lateral and vertical stiffness of the secondary suspension, respectively

Csx, Csy, Csz, Longitudinal, lateral and vertical damping of the secondary suspension, respectively

Lc, Lg and Lt Longitudinal distance between center of the bogie, guiding force and diving tyre, respectively

Kdx, Krl, Kpt Longitudinal, anti-rolling and anti-pitching equivalent stiffness of four-linkage mechanical device, respectively

Kdx, Kdy, Kdz Longitudinal, lateral and vertical stiffness of the driving tyre, respectively

Cdx, Cdy, Cdz Longitudinal, lateral and vertical damping of the driving tyre, respectively

kgy, cgy Vertical stiffness and damping of the guiding tyre, respectively

kdz, cdz Vertical stiffness and damping of the driving tyre, respectively

Hcb Vertical distance from the centroid of the car body to the linkage CD

Hbt Vertical distance from the centroid of the bogie to the lower surface of secondary suspension

Hhf, Hhr Vertical distance from the centroid of the hanging beam to the upper surface of secondary suspension and linkage

AB AB

Fxt, Fyt, Fzt Longitudinal, lateral and vertical force of the secondary suspension, respectively

Fdcx, Mrr Longitudinal force and rolling torque of four-linkage mechanical device, respectively

Fcpf, Fcpr Coupler force of front vehicle and rear vehicle, respectively

Fshf, Fshr Force of front and rear shock absorbers, respectively

Frbl, Frbr Force of front and rear shock absorbers, respectively

Zb, Zr Vertical displacements of the bridge and driving tyre, respectively

RDdt, RDdt Vertical deformation and rate of deformation of the driving tyre, respectively

r0m, r1m, r2m Stiffness and damping coefficient of brush bristle

lc, ls Static friction coefficient and kinetic friction coefficient matrix, respectively

M(k), K(k) Mass and stiffness matrix of kth substructure, respectively

T(k), U(k),
W(k)

Mode basis, fixed-interface normal mode and static mode of kth substructure, respectively

fMðkÞ, eKðkÞ Mass and stiffness matrix of the kth reduced substructure, respectively

Table 7 Main parameter of the vehicle subsystem and bridge

subsystem

Notations Value Unit

Mass of car body (Empty/Normal) 8000/9200 kg

Mass of bogie 2000 kg

Longitudinal spacing of bogies 5.95 m

Longitudinal spacing of guiding tyres 2.49 m

Longitudinal spacing of driving tyres 1.60 m

The lateral span of driving tyres 0.50 m

Elastic modulu 210 GPa

Density 7850 kg/m3

Poisson ratio 0.30 –
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Appendix C

See Table 6 and 7.
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