Nonlinear Dyn (2024) 112:833-863
https://doi.org/10.1007/s11071-023-08982-x

)

Check for
updates

ORIGINAL PAPER

Dynamics of nonlinear beam-propeller system with different

numbers of blades

Jun Wu - Djamel Rezgui - Branislav Titurus

Received: 29 April 2023/ Accepted: 7 October 2023/ Published online: 11 December 2023

© The Author(s) 2023

Abstract The dynamics of elastic systems coupled
with rotating bladed-rotors is rich and complex, and
the blade number may have an influence on the in-
vacuo system dynamics. This paper aims to model its
nonlinear dynamics in-vacuo and study the effects of
blade number on its dynamics. To this end, a nonlinear
model consisting of a nonlinear inextensible beam, a
motor assembly and a rotating propeller is developed.
This model is linearized, and modal analyses are
performed with different blade numbers. It is validated
numerically and experimentally that a two-bladed
propeller introduces time-varying characteristics,
while the system is time-invariant with more than
two blades. For the two-bladed case, frequencies in the
non-rotating condition split into two frequency loci
with increasing rotational speed; while with more than
two blades, one frequency in the non-rotating condi-
tion increases and the other in the same pair decreases
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with increasing speed. A structural instability due to
frequency lock-in is identified in two-bladed config-
uration, while not identified with more than two
blades. The static deformation using the nonlinear
model is calculated and validated against the exper-
iment. In the stable speed range, the frequency
response functions calculated using the nonlinear
and linearized models do not show notable differences.
In the unstable speed range with two-bladed propeller,
the nonlinear model is consistent with the experiment
in terms of unstable frequencies and bounded steady-
state oscillations. The system vibration in the unsta-
ble speed range features forward whirling pattern, in
which the beam vibration is close to the first bending
pattern.

Keywords Nonlinear beam - Blade number -
Propeller-driven aircraft - Beam-propeller system -
Coupled rotor-structures

List of symbols

b, h Width of the cross section of the beam
along y and x axis, respectively

E Young’s modulus of the beam

g Gravitational acceleration

Initial moments of inertia about the x-
and y- axis and the initial xy product
of inertia of each propeller blade,
respectively

Ipr» Ipy07 IpxyO
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I, Moment of inertia of the propeller
about the z- axis

L,I, Second moment of cross-sectional
area of the beam about x and y axis,
respectively

1, Moment of inertia of the motor

assembly about its center around x or

y axis

Unit column basis vectors of the

absolute coordinate system

iOajkaO

i1, jo. ki Unit column basis vectors of the
relative coordinate system after
rotating the absolute one about j,

J Imaginary unit j = v/—1

L Effective length of the beam

L, Total length of the motor assembly

m Mass per unit length of the beam

Mg, My, Masses of the motor assembly and
propeller, respectively

Ny Number of blades in a propeller

t Time

w,v Transverse displacements of the beam
in X and y direction, respectively

Way Vg Transverse displacements of the
motor assembly in x and y direction,
respectively

Wp, Vp Transverse displacements of the
propeller in x and y direction,
respectively

% Distance from the farther end of the
motor assembly to the propeller

%o Initial azimuth angle of the ith blade
of the propeller

o Azimuth angle of the ith blade of the
propeller

Pa Pp Rotational angles of motor assembly
and propeller about j,), respectively

04,0, Rotational angles of motor assembly
and propeller about i;, respectively

Q Rotational speed of the propeller

1 Introduction
An elastic structure coupled with one or more rotors is

a common configuration in novel means of aerial
transport [1, 2]. Especially, in the aerospace field, a
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nacelle or a wing coupled with propellers or rotors is a
typical propulsion system seen in many turboprop
aircraft, tiltrotors and modern electric VTOL con-
cepts. While this system can provide a number of
performance and design advantages, it may introduce
some dynamic and aeroelastic challenges such as
whirl flutter instabilities at high forward speed or
undesirable vibratory loads at certain flight conditions.
These challenges can severely limit the performance
of tiltrotor or propeller-driven aircrafts, so numerous
relevant studies have been carried out to address them
in the past few decades [3, 4]. This research investi-
gates a novel simplified beam-propeller test system
which highlights the nonlinear characteristics in the
structural responses and enables focus on the model-
ing, analytical and experimental challenges.

Even without considering the aerodynamic effects,
the structural dynamics of an elastic structure coupled
with rotors should be studied in detail. Due to the
rotation of the rotor, the gyroscopic effect and the
possible time-varying characteristics are introduced in
the system. The former results in the coupling of
vibrations in two orthogonal directions, and the
change of vibration frequencies with the change of
rotational speed as well as whirling vibration pattern
whose associated mode shapes are known as forward
or backward whirl modes. The latter makes the
dynamics richer and more complicated, e.g., the
occurrence of frequency split, which is the split of a
frequency in the non-rotating condition into two or
more frequencies with the increasing rotational speed
[5-7]. It may also lead to self-excited instability,
which is a kind of structural/mechanical instability
that is similar to ‘ground resonance’ in the helicopter
field [8] and is frequently reported in the studies
concerning the dynamics of spinning wind turbine [9]
and helicopter blades [10-12]. However, the time-
dependency arising from the rotation of propeller is
usually ignored in the studies of whirl flutter.

The study of the influence of the number of hinged
helicopter rotor blades dates back to 1940s [13]. It was
reported that a rotor with two blades does not have
polar symmetry while a rotor with three or more blades
does. Such a difference results in the qualitative
difference in the dynamics for rotors with different
numbers of blades. A rotor with two blades presents a
self-excited instability speed region due to this asym-
metry, while no associated instability region was
observed in the case with three blades. This research
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only takes into account the displacement of the hub in
the plane of rotation and the angular displacements of
the blades. For wind turbines, the modal dynamics
with two- and three-bladed rotors show several
similarities but also significant differences. The blades
can be modeled as beams while the nacelle and tower
as a rigid body [14]. Through experiments and
numerical analysis using software HAWC2, the
Campbell diagrams for two-bladed and three-bladed
turbines show different characteristics, which is
ascribed to the asymmetric inertial property of the
two-bladed turbine [15]. In addition, some studies on
the influence of blade number on the aerodynamic
performance of wind turbines have been carried out
both theoretically and experimentally [16-18]. All
these studies are different from the configuration in
this paper, where the support is modeled as an
inextensible beam, while the propeller and motor as
rigid bodies. The influence of the number of propeller
blades on the structural dynamic characteristics of
propeller-driven system, e.g., Campbell diagram, has
not been investigated in the open literature.

A cantilevered beam can represent a simplified
system for the flexible support structure of the
propeller, e.g., nacelle and engine. The geometrically
nonlinear response of an isolated cantilevered beam
has been studied extensively. The beam is usually
assumed to be inextensible, satisfying an inextensibil-
ity constraint. The two-dimensional nonlinear beam
models were developed to study the nonlinear response
when undergoing large deformation in [19, 20], the
change of resonance under harmonic excitations
[21, 22], as well as the dynamic stability subject to
follower force [23]. In addition, three-dimensional
nonlinear inextensible beam model with flexural-
flexural—torsional coupling was put forward in [24] and
the force response is studied in [25]. Recently, a three-
dimensional geometrically exact inextensible beam
model was developed by Farokhi and Erturk in [26].
However, in all these studies, the beam is the only
component constituting the investigated system. The
coupling of the nonlinear inextensible beam with a
rotating rotor poses more challenges, e.g., the satisfac-
tion of the dynamic constraints, and generates rich and
interesting dynamics phenomena. To the best of
authors’ knowledge, relevant studies have never been
carried out in the open literature.

Motivated by the above background, a simplified
system mainly consisting of an elastic cantilevered

beam in connection with a rotating propeller at the tip
is studied to progress understanding of the nonlinear
dynamics of an elastic structure coupled with one or
more rotors, originally within the framework of the
UK EPSRC funded MENtOR project [27]. Previous
studies were focused on the linear modeling of an
elastic beam coupled with a rotating propeller [28]. It
was found analytically that the number of blades had
an influence on the time-dependency of the rotor rig
system; however, no experimental validation or sys-
tematical analyses of dynamic characteristics with
different numbers of blades were carried out. The
linear model showed a good prediction capability
manifested by the agreement observed in the fre-
quency-speed diagram and the unstable speed range in
the case of a two-bladed propeller. However, when the
system exhibited the unstable behavior due to the
time-varying characteristics, the vibration response in
the linear model increased without limit, while it was
observed as being constrained and entered a bounded
oscillation in the experiments. These insufficiency and
limitations directed this systematic study into the
influence of blade numbers, nonlinear modeling and
simulation of the beam-propeller system.

The rest of the paper is organized as follows: First,
the experimental setup is presented in Sect. 2; then, the
nonlinear modeling of the beam-propeller system is
given in Sect. 3. The nonlinear model is linearized and
the methods for modal analysis and calculating
frequency response function (FRF) are presented in
Sect. 4. The influence of the number of blades on the
system time-dependency and the resultant dynamics is
introduced in Sect. 5. The analyses of the nonlinear
model in terms of the static deformation and dynamic
time-domain responses are carried out in Sect. 6.
Finally, a discussion is givenin Sect. 7 and conclusions
are drawn in Sect. 8.

2 Experimental setup

The detailed experimental setup is shown in Fig. 1. An
aluminum beam with symmetric square cross section
which represents a flexible propeller support is fixed to
a frame using a steel support. The frame is strength-
ened to avoid any resonance in the frequency range of
0-150 Hz. A three-bladed propeller and motor is
linked with the beam using an aluminum adaptor. The
propeller has a diameter of 9 inches (= 22.86 cm) and
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Fig. 1 Experimental setup.
a Full picture b Enlarged
picture of the propeller and
adaptor ¢ RCbenchmark
motor control unit and
modal hammer

modal

RCbenchmark

pitch of 9 inches (=22.86 cm). This geometric
measure of blade pitch is taken as the theoretical
distance a propeller moves forward when it makes a
complete revolution. It is driven by an electric
brushless motor (type: MN2806 KV400) whose rota-
tional speed is controlled by RCbenchmark system
and can be read from RCbenchmark interface. The
motor is linked with the beam via an aluminum
adaptor. While the effective length of beam is
adjustable by controlling the length clamped between
the support and the adaptor, its length was kept
constant as 300 mm during these tests.

Modal tests were carried out for the beam-propeller
system in both the non-rotating and rotating condi-
tions. The purpose of the modal test in the non-rotating
condition was to identify the baseline modal frequen-
cies and system mode shapes. The beam was excited
transversally at 9 locations that divide the beam into
10 equal segments in y-z plane and x-z plane,
respectively, using a modal hammer (PCB 086C03)
(Fig. 1). The acceleration responses were measured by
two single-axis accelerometers (PCB 352A25) that
were attached onto the adaptor in y direction (accl)
and x direction (acc2). The modal test was performed
when one of the blades was aligned in the y—z plane
and directed toward + y direction.

The purpose of the modal tests in the rotating
conditions was to study the influence of the rotational
speed on the modal frequencies of the system. In the
modal test, the beam was excited at location 6 in the x—z
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plane using a modal hammer (PCB 086CO01) while the
acceleration responses were measured in the same way
as in the non-rotating condition. The test was done at a
number of rotational speeds in the range of 0-246 rad/s.
To confirm the influence of aerodynamics on the modal
frequencies, the test was conducted when the propeller
was rotating in both the ‘positive rotation’ (air flow
starting from the leading edge) and the ‘reverse rotation’
(air flow starting from the trailing edge) while the
propeller was kept in the same configuration as shown in
Fig. 1.

In both the non-rotating and rotating conditions, NI
9234 module was used to acquire the input hammer
force and the output accelerations. The FRFs from the
hammer force to the accelerations were calculated and
the modal properties were identified using the
PolyMAX method [29].

To research into the influence of the number of
blades, the results were compared with the test using a
two-bladed propeller which was carried out in a very
similar way and introduced in [28]. The difference lies
in the position of the two accelerometers and the
propeller. The test was conducted in the ‘nominal
case’ where the propeller was spinning in the nominal
thrust generating orientation and creating the tensile
thrust force on the beam, and in the ‘revered case’
where the propeller worked in the reverse orientation
and generated the compressive thrust force on the
beam. In both cases, the air flow started from the
leading edge, but the orientation of the propeller in the
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former case was the same as in Fig. 1 while that in the
latter case was reversed to ensure the required leading
edge first air flow conditions. With the two-bladed
propeller, the acceleration responses were also
acquired when the system exhibited instability.

3 Nonlinear modeling

The conventional commercial tools have their limitation
when addressing the problem posed above. For exam-
ple, the inextensibility constraint of the beam cannot be
satisfied easily; for nonlinear modeling, the stability
usually can only be determined through time-domain
simulation; and it is difficult to couple the structural and
aerodynamic models. To analyze the dynamics of the
test rig rigorously and to enable future coupling with the
propeller aerodynamics, a reduced-order analytical
modeling approach is adopted. To study the underlying
dynamics, the modeling only considers the essential
characteristics while others are simplified or idealized.
The developed nonlinear model of the test rig consists of
a beam, the motor and adaptor (collectively called
“motor assembly”), and the propeller. The beam is
modeled using large deformation Euler—Bernoulli the-
ory with an inextensibility constraint, while the motor
assembly and propeller are modeled as rigid bodies.
Thus, the geometric nonlinearity of the system is
considered. The propeller rotates with a constant speed.
To maintain the focus on the structural dynamics, the
aerodynamics is neglected in the current modeling.

To better describe the vibration, three coordinate
systems are introduced. The first one is the absolute
coordinate system denoted as So = (ip,jo, ko),
where ip, jo and ko represent the unit column basis

vectors. The second coordinate system S; =
(i1,jo, k1)" is a relative one that is derived by rotating
the coordinate system Sy around j,, by an angle y,, and
the third coordinate system S, = (i, j, k)" is derived
by rotating the coordinate system S; around i; by an
angle 7,. The transformation between Sp and S; is
given by

So = Ty(y,)S1, where Ty (7, )
cos Y, 0 siny,
=10 1 0 (1)
—siny; 0 cosvy,

The transformation between S; and S, is given by

837
Si = T.(p,)S,, where Ty(y,)
1 0 0
=10 cosy, —siny, (2)
0 siny, cosy,

The rotational angles y; and 7, differ at different
locations along the beam and for the different modeled
objects.  Specifically, the coordinate system
(i, dps kp)T, which is fixed with the motor assembly
(denoted by subscript a) and non-rotating propeller
(denoted by subscript p) and whose origin is the hub of
the propeller, is derived by rotating the coordinate
system Sp by the rotational angles ¢, (or ¢,) and —0,
(or —0,) around j, and i; in sequence.

The modeling of the beam, the motor assembly and
the propeller as well as the constraints in the system is
introduced in the following subsections, respectively.

3.1 Modeling of the beam

The beam is modeled as a nonlinear inextensible
Euler—Bernoulli beam that is fixed at one and free at
the other end [30]. The inextensibility constraint is
consistent with the physical property of the beam, i.e.,
the axial length of the beam on the neutral line is
unchangeable during deformation [22]. And this
constraint simplifies the mathematical expressions
[30]. Different from the linear modeling by the authors
in [28], the axial vibration of the beam is taken into
account in this study. Therefore, its deformation is
characterized by the transverse displacements (de-
noted by w and v) in two orthogonal directions and
axial displacement u (Fig. 2). The torsion of the beam
is not considered because its natural frequencies are
higher than 1 kHz for the considered beam-propeller
system. The transverse and axial displacements of the
beam are expressed as the summation of the multipli-
cation of the normalized function basis polynomials
and the generalized time-dependent coordinates as

Ny
W=y Wils)quilt) = 4 W(s) (3)
i=1

N,

b= Y V) = VO @

u="y Uis)qu(t) = q;U(s) (5)

@ Springer



838

J. Wu et al.

A
.
/
/—L /T}/l X .
Fixed end i
(0]
y
Jo .
gravity
>
F Motor+

La
ua
va
MP
w
Vp a X
Wp \
PP
’ eavel’\

kOVZ

adaptor

propeller

Jo >,

ds

u+du |

Sp+np

\

\

< \
5S AL

N

w+dw dw

Ky

Beam element

Fig.2 Nonlinear model of the test rig. The inset shows the geometric relation between the undeformed and deformed differential beam

elements

where s is the arc length along the deformed beam, N,,,,
N, and N, are the numbers of terms used in the
summation,

W(Z) = [W] W, WNW ]TE RN“’XI, V(Z) =
[Vl Vv, VNV ]TE RNx1 and
(Ui U, Uy, |"e R¥*! are the vectors con-
sisting of the Chebyshev polynomials satisfying the
‘fixed-free’ geometric boundary conditions of w(0) =
v(0) =w'(0) =V (0) =u(0) =0  generated  as

described in [28];
qw = [QWI qw2 e CIWNW ]TG RNWXl, qv =
(g1 92 - qw, ]TE RNx1 and q, =
(G G2 quN“]TE RV*! are the generalized
coordinate vectors. q0=[q" q qVT]Te

RWw+NANIX1 o the total generalized coordinate

vector of the beam. The vibrations of the motor
assembly and propeller are described by an axial
displacement u,, two transverse displacements w, and
va, and two rotations ¢, and 0,, so the generalized

@ Springer

coordinate vector of the motor assembly and propeller
is expressed as

qmp:[ua Wa Va @q Ha]TE R>!, and qu =

[q,f q,,Tl,, ] Te ¥ s the generalized coordinate
vector of the entire model, and N, = N,, + N, + N, +
5 is the total number of generalized coordinates.

The geometric relation between the undeformed
and deformed differential elements is shown in Fig. 2.
The axial strain of the beam on the neutral line is given
by

e=\J(L+wP +v2 1 w21 (6)

%)
Os °
Applying the inextensibility constraint e = 0 gives

where o' =

2u/ + u/2 +v/2 +W’2 =0 (7)

Because this constraint is dependent on the posi-
tion, it is transformed into the following integral form
in order to satisfy the constraint at any position:
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L
O, = / 2u' 4 u? +V?* +w?)?ds =0 (8)
0

Two consecutive angles ¢ and 6 are used to
describe the rotation from the undeformed position to
the deformed one (Fig. 2). According to Fig. 2, the
geometric relation for the two rotational angles, after
simplification using the inextensibility constraint, is

/ /

sin id id
mao — = )
VU buw) gz VI=V2
1+ M/ 1+M/ (9)
cos @ =

V) 4w Vi

(1 +u/)2+W/2 =1 -2

sin@ =V, cos0 =
(10)

The approximate expressions for the two angles are
derived from Egs. (9)—(10) as

/

V1—v?
:W/_'_lwﬂ_’_lvaw/+§vr4wr+lwr3v12+iW/5
+0(S6) 2 8 4 40

¢@ = arcsin

(11)

1 3
0=arcsinv’:\/+gv'3 +EV’5+O(86) (12)

1 L, L,
D, =—cl4 prds +~cilp p5ds
2 0 2 0

1
2

The curvature vector consisting of the curvatures of
the beam about i, j and k is derived from

[p1 P2 psl=([0 ¢ 0IT,(9)+[-0' 0 0])
T (—0)=[-0 ¢ cos® ¢'sin0]
(13)
The potential energy of the beam due to bending

deformation is given by

1 Ly 1 Ly 1 ton N
U, :EEII A plderEEIz A pzds:EEll A V(1 4+ +vHds

. 2
1 L (W//z + 2w Wy + W//zw/_ + w/rzw/4 + Wuzw/zv/z

~EL o[
+2 2 o +2w”w’v’3v”+2w”w’3v’v”+w’zv’zv”z)ds + (1 )
1
:iqZK»qb + Upne
(14)
where K, = diag(Opn,xn, Ky K,) €

R ANvAN) < (NutNo+Na) o Tinear stiffness matrix of

the beam, K, =EL fOL W'W'Tds € RN N
K, = EI, fOL V'V"Tds € RN>M: Uy, is the nonlinear
part of the potential energy expression due to bending
of the beam.

The Kelvin—Voigt constitutive material model
[31, 32] is chosen to represent the dissipation energy
of the beam due to bending. The corresponding
dissipation energy functional is given by

L
:_Csll / (‘}//2 T v-//2v/2 + 2‘}-//‘)//‘}/1} 4 v~//2v/4 4 vuzv/zv-lz + 4v-//V//V/3V-/)ds
0

(w//z + ZW/W”W/W” + lew//z + ZV//W/WHV'/ + ZV/W/W//V-// + ZWIV//V/W”

+6V”V’2W/W”V', 4 2V/3 Wlwllv'/l 4 ZW,VHV,S W” + 2W’W"V/2W/WN 4 V/2W/2W//2
1 /L +2W”V’W/2 W//v'/ + 4W’V”V’W’2W” + Zv//W/S W//v'/ + ZVIWB W//V-//
0

+ 4W/W/IWI3W” + W/4W//2 + W/ZW/IZWIZ

+§C312

+ vl/2wl2v'/2 + Wl2v/l2v/2

+V’2W/2\5/l2 + 2v//v/W/2V~//v-/ + ZWIV"W”WIZVI + 2W/Vr/vlzwlv-/r + ZW/W,/V/W,ZV”

+2w/v//2vlwlv'/ + ZwlZVNW//vlwl)ds

1. .
=5 qZChqb + Dipnr
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where 0 = dé‘;), ¢, 18 the material coefficient of internal

damping for bending, 1, = ¢,/E is the proportionality
constant of internal damping in bending. C, €
RWNwFNEN) X (Nu+N4N) g the linear damping matrix
of the beam; Dpy; is the nonlinear part of the
dissipation energy functional due to the beam bending
activity.
The kinetic energy of the beam is given by
1 L 2 2 .2 1 T .
Tb:Em W +v+w )ds:Equbqb (16)
0
where m is the mass per unit length of the beam, M, =
diag(M, M, M,)e RWMANAN) X (NuANoAN) - g
the mass matrix of the beam,
M, = m [ UU"ds € RN>M,
M, = m [y WWTds € RNV,
M, =m [, VVTds € RN

3.2 Modeling of motor assembly

The motor assembly is modeled as a rigid body. It has
displacements in the axial direction (denoted by u,)
and two transverse directions (denoted by w, and v,)
as well as rotational angle ¢, and —0, about j, and i,
in sequence.

The angular velocity vector of the motor assembly
about i, jp and k, is derived from the following
equation

[wax Day waz]
([0 ¢, OITy(@,)+[—0, 0 0])T(—0,)
[—Oa ¢, cosl, ¢, sin0a]

Wy

(17)
The kinetic energy of the motor assembly is then

given by

1
T, =g ma (12 + 2 + %) + 51 (0, + o)
1, (65 + qbg cos? Ba)
(18)

where m, is the mass of the motor assembly, and I, is
the moment of inertia of the motor assembly about its
mass center around X Or y axis.

=N =

1
= ma(tig + Vg +7g) +

@ Springer

3.3 Propeller modeling

It is assumed the rotor is isotropic, which means all the
blades are the same. The propeller is modeled as a
rigid body with the center of mass at the hub, and it has
displacements in the axial direction (denoted by u,)
and two transverse directions (denoted by w), and v),)
as well as rotational angles ¢, and —0,, about j, and iy,
respectively.

The rotating propeller is in rigid connection with
the motor assembly, so their displacements and
rotational angles satisfy the following geometric
relationships

Uy = Uy — Zpe(1 — cos 6, cos ¢,)
Wp = Wq + cos U, 8in ¢ ,zp¢

Vp = Vg + 5in 0,2 (19)
0, =0,
bPp = Py

where z,. = z, — 0.5L, is the distance from the center
of the motor assembly to the propeller.

The angular velocity vector of the propeller about
ip, J, and k;, is obtained from the following equation

wp =[wpe Wy W]
:([O @p O}T}'(@p)+
T.(-0,)+[0 0 Q]
=[-0, ¢,cos0, ¢,sinb,+ Q]

<y 0 o)

The moment of inertia matrix of the propeller about
i, and j, is then given by

[II”(@)) [1’;2’(%)} - iT()[’ ’;XYOO]TMT

pxy I pxy0 px
(21)

where I,,0= [y*dm and 1,0 = [x*dm are the initial
moments of inertia of each propeller blade about i,, and
j, axes, respectively; I,y = [xydm is the initial xy
coso —sino
sinoe  cosa

product of inertia. T (x) = { } is the

transformation matrix. o; = Qf + ;9 is the azimuth
angle of the ith blade of the propeller around k,,. Q is
the rotational speed of the propeller, which is positive
if the rotation is clockwise when viewing in + z
direction, and vice versa.

The kinetic energy of the propeller [33] is given by
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1 20, 1
T, = > Mp (uﬁ + vf, + wf,) + Ew,,l,,(t)wg (22)

where m,, is the mass of the propeller, and I,(¢) =

I(t)  =Iy(r) O
—Ipy(t)  Iy() O
0 0 I,
tensor, I,; is the moment of inertia of the propeller
about k,, axis.

is the moment of inertia

3.4 External work

The gravity of the motor assembly and the propeller is
considered and there is an applied external force F;,, at
the location of z,,, from the beam root with an angle of
y with respect to positive x direction in the case of
impulse response (Fig. 2), so the variation of the work
done by the external force is given by

OWext = magoug + mygou, + Fiy, cos pow(Zext)
+ Fi 510 70V (Zext)
= 5q,71'1fext(qmp) (23)

where fex(q,,,) € RM*! is the external force vector.
3.5 Motor assembly-beam dynamic constraint

The tip of the beam is in rigid connection with the
motor assembly, so their displacements and rotations
are nominally equal. The displacement and rotation
continuity leads to the following constraint equations:

u(L,t) —u, —0.5L,(1 — cos 6, cos ¢,)
w(L,t) — (w, — 0.5L, sin ¢, cos 0,)

D = v(L,t) — (vy — 0.5L,sin 0,)
QD(L7 t) — Qq
O(L,t) — 6,
=0

3.6 Equations of motion

To perform the time-domain simulations using the full
nonlinear model, Udwadia-Kalaba method [34] is
used to enforce the constraints in Egs. (8), (24). To
apply this method, the equation of motion without the

constraints is derived first. The total kinetic, potential
and dissipation energies of the system are given, , by

T=T,+T,+T, (25)
U=U, (26)
D=D, (27)

The equation of motion without the constraints is
obtained by substituting the total kinetic energy and
total potential energy into Lagrange’s equation of the
second kind as follows:

T T D
d(@) or U 0 vy 8)

dr\oq,,/ dqy daq; g
The equation of motion of the nonlinear system

without the constraints, summarized in Egs. (8), (24),
expressed in matrix form is given by

M, i}
M2 q,
M,
n [Kb% +bu(q,) + Gy + (9, d)
gnl(qmp7 qmp)

fnl
= fexl(qmp) (29)

where M, € R is the mass matrix of the motor

assembly and propeller; thus, M,,; € RY*M is the mass
matrix of the whole system; b,;(q,) € RM VN>l
and ¢,(qy, q,) € RN HNIXT are the nonlinear
structural force vector of the beam due to the nonlinear
potential energy term Uy, and the dissipation force
vector due to the nonlinear dissipation energy term
Dine: 8u(Gups Gypr 1) € R is the nonlinear struc-
tural force vector of the motor assembly and propeller
due to the kinetic energy; thus, f,; € RY*1 is the
internal force vector of the whole system. The detailed
expressions are provided in Appendix A.

Then, to satisfy the constraints in Egs. (8), (24) in
the spirit of the Udwadia-Kalaba method [34], the final
equation of motion in the state-space form is given by

l:ll =h 1/2 1/2 (30)
h, =a+M,"*(AM,,'*)* (b, — Aa)
where a = M! (fex, — £,), and the generalized coor-

dinate vector in state space is {h]} = {qnl }
h, Lt P
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- — _qT8bs D s OB
A=dar D= a5y~ 259 — 5 and

@(q,) = [gﬂ is the constraint vector. The detailed

expressions are provided in Appendix A.

However, given the differential nature in which the
constraints are introduced in the above formulation,
the direct use of Eq. (30) may lead to the error
accumulation and constraint drift, ultimately leading
to the divergent behavior during the simulation. To
eliminate this drift in the numerical simulation, the
equation of motion is corrected according to the
method proposed in [35] as follows

h; = hy + M, *(AM,"/*)* (b, — Ah, — ® /dr)
h, =a+M,"*(AM,,'*)* (b, — Aa — ®/dr)

nl
(31)

where dt is the integration time step, b, = — % =0,

® is the time derivative of the constraint vector. The
detailed expressions are provided in Appendix A. The
drawback of the correction approach is that it tends to
generate the high-frequency oscillations in the first
and second derivatives of the state variables and the
correction terms do not have physical meaning.

4 Linearized model

To complete the analysis directly in the frequency
domain, the nonlinear model in Sect. 3 is linearized in
this section. The methods of performing modal
analysis and calculating the FRFs for both the time-
invariant and time-varying systems based on the
linearized model are also introduced in this section.

4.1 Equation of motion

This section shows how the nonlinear model with
inextensibility constraint introduced in Sect. 3 is
transformed into the linearized model, and the
relationship between the nonlinear model in this paper
and the linear model in the previous paper [28]. To
proceed with the linear analysis, the nonlinear model
is linearized around the equilibrium position in the
vertical orientation under the influence of gravity.
Since the axial displacements (i.e., u, u, and u),) are
assumed to be of higher order than the transverse
displacements w and v, they are neglected in the
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present linearized model. Adopting the original inex-
tensibility constraint Eq. (7), the axial displacement of
the beam is written in the following approximate form

u =~ —% (v +w'?) (32)

Considering the constraints in Egs. (19), (24), (32),
the external work due to the gravity in the axial
direction in Eq. (23) becomes

OWext = (mg + my,)gou(L, t)
L
1
= (m, + mp)gé/ -3 (v’2 + w’z)ds = —6Up,
0
(33)

Consequently, the potential energy of the beam due
to the axial force is written as

1 L
Upa = 5 (mq +mp)g / (V2 + w?)ds = (mq + my)g
0
L T
e S WwW T ds o d
[qw qv] "L x7rx1T
0 Jovvias|la,

(34)

The generalized coordinate vector of the linearized
model is
q= [qg < W ova @, 9¢,]T6 RNuAHN+4)x1

The small angle approximation is made, so that
sino = o, cos o = 1, where o represents any angle.

In the previous study [28], it was shown that adding
the large artificial springs in the frequency domain is
analogous to applying Udwadia-Kalaba method in the
time domain in terms of satisfying the constraints.
Thus, for the purposes of the linear analysis, the
constraint in Eq. (24) is enforced by adding large
artificial springs. Under the above linearization
assumptions, the corresponding potential energy is
given by

| !
U.=-®! diag(ky k k k)P = EqTch

2
(35)

where k; and k, are the stiffness values of the
translational and rotational artificial springs, respec-
tively; and K.=A'diag(k, k k k)A€
RMwFNH4X(NNA4) s the stiffness matrix due to

the beam-motor connection using these artificial
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Ay +Biy=0 (38)
ings, d A =%aecRHWNtNtd) @ —
springs, an 3q © L where y = [q} € R2WutNut4)x1.
q
w(L,t) — (wg — 0.5L,00,) A — { C. ML:| € REWuANo-4)x2(Ny +N,+4) and
v(L,1) — (va — 0.5L,0,) | . o M, O
is the linearized form
o(L,t) — ¢, B — K, O € REMNANA4)X2N,+N,+4)
O(L,t) — 0, : o M ’

of the kinematic constraints.
The variation of the work done by the external force
(F») is then given by

5WextL = Fim sin VéW(Zext) + Fim cos Vév(zext)
= 5qTFimB(Zext7 V) (36)

where  B(zex,7) = [ W(zen)” cosy V(zext)” siny
01,4]" € RMo+NM+4x1 g the polynomial vector.
Substituting the kinetic energy, dissipation energy,
potential energy and external force vector into the
Lagrange’s equation, the equation of motion for the

linearized model is written as
M. 4+ Crq + Kiq = Fir,B(2ext, 7) (37)

where M; € R(N.11+N.»+4)><(NW+NV+4), (=
RWw+NA+4)x (Nt Ny +4) 404 K; € R(NutNy+4)x (N +N,+4)

are the mass, damping and stiffness matrices of the
linearized model, respectively. C, includes the skew-
symmetric gyroscopic damping matrix and the struc-
tural damping matrix for the beam. After this
linearization, the nonlinear system actually adopts
the form identical to the linear model developed in the
previous study [28] with an exception for the addi-
tional structural damping terms of the beam in C;.

4.2 Modal analysis

As it will be discussed in more detail later, due to the
rotation of the propeller and depending on the number
of blades, the studied system can be either time-
invariant or time-varying. Consequently, modal anal-
ysis is performed using the linearized model according
to one of the method introduced in this subsection.

4.2.1 Time-invariant system

When the system is time-invariant, modal analysis is
performed using the traditional approach. The equa-
tion of motion in Eq. (37) for free vibration is
transformed into the state space as follows

Then, y = Ye* is substituted into Eq. (38), and the
eigenvalues 4; = —(;o; + jwiy/1 — 51.2 and its corre-

sponding eigenvectors Y; are solved, where w; = 27f;
is the ith undamped natural circular frequency, f; is the
ith undamped natural frequency, and {; is the ith
damping ratio.

4.2.2 Time-varying system

When the system is time-varying, modal analysis is
conducted using the coordinate transform method [5].
While the detailed procedure with equations can be
found in the previous study [28], it is summarized
briefly as follows:

(1) The equation of motion Eq. (37) defined in the
real coordinate system is transformed into that
in the complex coordinate system by performing
a coordinate transform which leads to the time-
varying equation of motion with the complex
valued matrices;

(2) The resultant time-varying equation of motion
with the complex valued coefficient matrices is
expanded into an equivalent time-invariant equa-
tion of motion with the infinite coefficient
matrices;

(3) Finally, the equation of motion with the infinite
coefficient matrices is truncated into a finite size
and a state-space eigenvalue problem is formed
from this truncated formulation. Note that ‘xN’
truncation denotes the case where the finite
submatrices are of the size xN, starting from the
center and 2N = N,, + N, + 4.

4.3 Frequency response function
For the same reason, the calculation of the FRFs also

takes into account the time-dependency nature of the
system. The FRFs are calculated using the linearized
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model, and the methods are introduced in this
subsection.

4.3.1 Time-invariant system

When the system is time-invariant, the FRF is
calculated using the traditional approach. The recep-
tance from the applied force to the displacement
response at the location of z.s from beam root at an
angle of f5, from the positive x direction is calculated
as follows

H(®) = B(zses, fo) " (—0*My + joCy
+ K1) ' B(zext, 7) (39)

4.3.2 Time-varying system

When the system is time-varying, the FRFs are
calculated with the help of the coordinate transform
method. The procedure is described as follows while
the details can be found in the previous study [28]:

(1) Following Step 3 in Sect. 4.2.2, the frequency
response matrix (FRM) is calculated using the
truncated time-invariant equation of motion;

(2) The 2N x 2N block in the center of the FRM is
used, where 2N equals N,, + N, + 4, and then
the receptance is calculated using Eq. (40) as
follows

H(CO) = B(Zresv /30)TJ71ﬁtr(w)JB(Zexta V)
(40)

where Hy(w) is the 2N x 2N truncated FRM,
and J is the transformation matrix from the real
generalized coordinate vector to complex gen-
eralized coordinate vector.

5 Comparative analysis between 2- and more-
bladed configurations

As discussed in introduction to this research, there are
qualitative differences between the rotors with two
and more numbers of blades. The attention in this
section is paid to these differences. Initially, the
influence of blade number on the time-dependency of
the system is shown mathematically. Then, two
specific instances of the two-bladed and three-bladed
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propeller configurations are compared, numerically
and experimentally, considering both non-rotating and
rotating operating conditions.

5.1 Time-dependency

The simple proof of the time-dependency is given here
while the details can be found in the previous study [28].
Due to the rotation of the propeller, the system with the
rigid rotor can be time-varying or time-invariant
depending on the number of blades. Under the assump-
tion of a rigid isotropic propeller and evenly-distributed
blades, the moments of inertia of the propeller (/,., 1,
and I,,,) are the only source of potential time-
dependency. From Eq. (21), the moments of inertia
of a propeller with N, blades about i, and j, and the xy
product of inertia are derived as follows:

Ny

L= Zl,uo + 1o Do ;[p\ﬂ

2 €08 20 + Ipny0

i=1

sin 2 — Niy(Ipso + Ipy0) /2, Np>3

' (Tpxo + Ipyo) — (Ipso = Ipyo) €08 2P + 2Lpy0 sin 28, Njp =2

N,
Lo +1, Lo — 1,
Ly = 27" U; 70 | P00 3 79 008 20 — Ihno

=1

sin2o = Niy(Ipno + Ipy0) /2, ) Ny >3

(Ipx0 + Ipy0) + (Ipxo — Ipyo) €082 — 200 sin 23, Ny =2

Ny

Lo — Inyo .
Iy = Zwsm 20 + Ipxyo

i=1
0, N, >3
cos 20; = .
(Ipxo = Ipyo) sin 2B + 2L,0 c0s 2, Nj =2

(41)

where ff=Qf+ay, and o; =27i/N,+ f is the

azimuth angle for ith blade of the propeller around
N, | 2cos2fB, N,=2

k,, >t cos 2 = { 0. N, >3

S sin 20y = { (2)’8111 26, %Z > 32

Equation (41) implies that the two-bladed propeller
differs from the propellers with more than two blades.
The former has the time-varying moments of inertia,
which makes the overall beam-propeller system time-
varying, while the latter is time-invariant. In addition,
the propeller with more than two blades possesses the
moments of inertia with the following symmetric
properties 1, = I,, and I, = 0.

[28].

5.2 Modal analysis using linearized model

In this section, modal analyses using the linearized
model in the non-rotating and rotating conditions with
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Table 1 The parameters of Parameter Value Parameter Value
the beam-propeller model
h 0.003 m 1, 42 x 107* s:m
b 0.003 m Two-bladed propeller
E 70 GPa Np 2
m" 0.0284 kg/m Lt g0 - Tony0 42 x 107, 0, 0 kgm?
L 0.3 m m, 0.0112 kg
I b*h/12 L, 9.5506 x 10~° kgm?
I 3 , 0,
Note that the superscript * : bi"/12 ) 710920 T
means the parameter is g 9.81 ms™ Three-bladed propeller
adjusted during a manual my 0.08 kg Np 3
tuning process L, 0.05 m Ips0 Tpy0-dpsyo 4/3 x 107°, 0, 0 kgm®
*Convergence analysis is I mal2/12 m, 0.0143 kg
conducted to ensure g . N _s N
sufficient polynomials are kl/k,- 10" Nm™ /10" Nmrad Ipz 3.861 x 10 kgm
used for the satisfactory N,/N,,/N,* 5/3/3 001050020,030 0, 2m/3, 471/3
convergence in both the % 0.05 m

frequency and time domains

two-bladed and three-bladed propellers are performed.
The computed results are validated against the exper-
iment. The differences in the dynamic characteristics
for the cases with the different numbers of blades are
analyzed. Due to the small observed modal damping
values, the structural damping of the beam is not
considered in these analyses. The parameters listed in
Table 1 were derived by trial and error via a judicious
adjustment around their baseline values until a good
agreement between the model and experiment was
reached.

5.2.1 Non-rotating condition

In the non-rotating condition, the system is time-
invariant, so the modal analysis is performed using the
traditional approach (Sect. 4.2.1). It is seen from
Table 2 that with both two-bladed and three-bladed
propellers, there are four modes in the considered
frequency range, among which two modes (mode 1
and 3) feature first and second beam bending in x—z
plane, while the other two modes (mode 2 and 4)
feature first and second beam bending in y-z plane.
The blue and the red lines represent the beam and the
motor assembly, and the green dots indicate the
trajectory of the propeller hub. The main found
qualitative difference, when comparing the two pro-
peller cases, is that the bending modes of the same
order in x-z and y—z planes have clearly distinct modal
frequencies in the two-bladed propeller case. This is

caused by the inertial asymmetry of the propeller. In
the two-bladed case, the bending shapes of the beam in
modes 1 and 3 are localized in the same plane as the
propeller, where the mass moment of inertia of the
propeller about the bending direction is at its maxi-
mum. On the contrary, the bending shapes of the beam
in modes 2 and 4 are perpendicular to the propeller,
where the mass moment of inertia of the propeller
about the bending direction is at its minimum. A
counterintuitive observation in this study, however, is
that the system becomes symmetric with the use of the
three-bladed propeller. This is consistent with Eq. (41)
where the moments of inertia of the propeller are
shown to be symmetric. It can also be anticipated that
the symmetry or asymmetry of the propeller is
independent of the initial azimuth angle.

In addition, the achieved agreement between the
model and experiment is satisfactory in terms of both
the modal frequencies and mode shapes in the non-
rotating condition. This means the asymmetry in the
two-bladed configuration and the symmetry in the
three-bladed configuration are validated against the
experiment. The small differences in the experimental
modal frequencies between modes 1 and 2 and
between modes 3 and 4 in the three-bladed configu-
ration are thought to be caused by the slight asymme-
try in the experimental setup, non-ideal propeller
blade structure, the influence of the sensors and the
impact of the measurement and modal identification
errors. From Sect. 5.1, the asymmetry in the moments
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Table 2 The comparison of the modal properties (including mode shape, modal frequency and damping ratio) of the system in the
non-rotating condition between two-bladed propeller and three-bladed propeller

Blade number Two-bladed propeller Three-bladed propeller
Propeller orientation in x—z plane one blade aligned in y-z plane and directed toward + y direction
Experiment Model Experiment Model

Mode 1  Mode shape =

v

Natural frequency 3.28 Hz 3.16 Hz 3.35 Hz
Frequency error 3.0% 6.0%
Damping ratio 0.0070 / 0.0023 /
Mode 2 Mode shape 9 A Bl
0.05
0.1 8
0.15 YE><perww& nt
N 0.2 5
0% > Model
0.
0.35
x 02 el e T
0E oy 0 0.1
v
Natural frequency 3.36 Hz 342 Hz 3.35 Hz
Frequency error 1.8%
Damping ratio 0.0030 / /
Mode 3 Mode shape T o
T Expemn“’em n
. Model<- o
04 / e ﬂ:'
=
Natural frequency 40.22 Hz 41.16 Hz 57.24 Hz 57.57 Hz
Frequency error 2.3% 0.6%
Damping ratio 0.0091 / 0.0078 /
Mode 4 Mode shape —
s
Natural frequency 70.85 Hz 69.90 Hz 58.10 Hz 57.57 Hz
Frequency error 1.3% 0.9%
Damping ratio 0.0235 / 0.0063 /
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Fig.3 The Campbell diagrams for a two-bladed propeller with model size of ‘4N,’ and b three-bladed propeller, both with symmetric
support. The experimental configurations are described in Sect. 2. The superscript F or B denotes forward or backward whirl mode. For
two-bladed case, the subscript k(m) indicates the kth eigensolution in cluster m. For three-bladed case, the subscript k indicates the kth

eigensolution

of inertia of the propeller will introduce the time-
varying characteristics of the system in the rotating
condition, which will lead to qualitatively different
dynamic characteristics for the two-bladed and three-
bladed configurations.

5.2.2 Rotating condition

In the rotating conditions, modal analysis is performed
during different rotational speeds of the propeller in
order to compare the frequency-speed diagrams for the
two-bladed and three-bladed propellers. With the
three-bladed propeller, the system is time-invariant,
and modal analysis is performed using the traditional
method (Sect. 4.2.1); while with the two-bladed
propeller, modal analysis is performed using the
coordinate transform method because of the time-
varying characteristics (Sect. 4.2.2).

The variation of the modal frequencies with the
increasing rotational speed (the so-called Campbell

diagram) is plotted to study the influence of the
propeller rotational speed. The rotational speed range
in the simulation ends slightly higher than the speed
when the instability appears in the two-bladed pro-
peller case. The comparison of these diagrams
between the systems with the two-bladed and the
three-bladed propellers is illustrated in Fig. 3, and the
calculated mode shapes at the rotational speed of
8 rad/s are shown in Table 3.

With the two-bladed propeller and the chosen
model truncation order 4N, each mode in the non-
rotating condition splits into two branches with the
increasing rotational speed. The branches with higher
frequency correspond to the forward whirl modes
(whirling direction same as the rotational direction),
while the branches with lower frequency correspond to
the backward whirl modes (whirling direction oppo-
site to the rotational direction). The frequency differ-
ence between the two branches originating from the
same source is twice the rotational speed. The mode

@ Springer



848

J. Wu et al.

Table 3 The modal property comparison between the two-bladed and three-bladed propeller cases with symmetric support when the
rotational speed is 8 rad/s (the arrow indicates the direction of the propeller hub trajectory). The rotation of the propeller is clockwise

when viewing in 4z direction

Origin in non-rotating condition

Mode shape and modal frequency

Two-bladed propeller

Three-bladed propeller

Mode 1 in Table 2

0
02 01
y

Mode 2 in Table 2

Mode 3 in Table 2

0.1

0 0

X 02 01y
730y 39-88 Hz
Mode 4 in Table 2 -

0 T
o1
03 ) N
04 e .
0

T~ 0
02 o2
x y

240y 68.62 Hz

“oz

0.1

A30): 5.933 Hz

01

02
N 02 02 N

03 —
04 0 N
04 \/7
02 01
0 02
02 y 02 — 0
x I 01
. 02 y

750y 42.43 Hz
0 JB: 5720 Hz

0201 0 g4 g, 02
x

y

Ay 71.16 Hz

245795 Hz

shapes during the rotating conditions feature these
forward or backward whirling characteristics, in
which the bending of the beam is consistent with
those in the non-rotating condition before the split (see
Table 3). In this case, the whirling trajectory (green
dots) for all the mode shapes forms a circle. The
frequency splits are also dependent on the model
truncation order. Higher order frequency splits will
appear as the model order is increased [28].

@ Springer

As is known for the classical theory of rotating
systems, e.g. [36], with the three-bladed propeller and
the symmetric beam support, when increasing the
rotational speed, the frequency branches display split-
like frequency changes. Owing to the symmetry of the
system, there are initially two coalescent modal
frequencies in the non-rotating condition. With the
increase in the rotational speed, one of the modal
frequencies increases in value (forward whirl mode,
i, /14F ), while the other one decreases (backward whirl
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mode, /lf , 1133 ). Furthermore, the frequency difference
between the forward and backward modes in one pair
does not exhibit the previous specific relationship with
the rotational speed. The mode shapes in the rotating
condition feature backward or forward whirling char-
acteristics, in which the bending of the beam is
consistent with those in the corresponding non-rotat-
ing condition (see Table 3). The whirling trajectory
(green dots) for all the mode shapes forms a circle. As
shown in the following diagrams, while the frequency
branches in this case also appear to be like the
frequency splitting, this process is qualitatively dif-
ferent from the process observed in the two-bladed
scenario. Instead, a pair of coalescent frequencies
initially belonging to this symmetric non-rotating
system is subjected to the symmetry breaking action of
the propeller rotation whereby frequencies in this pair
further evolve in the manner with, respectively,
softening and stiffening influence from the rotating
rigid propeller.

The agreement between the modal frequencies
calculated by the model and measured in the exper-
iment is satisfactory with the maximum frequency
difference less than 1 Hz. Due to the slight unbalance
of the propeller, some rotor harmonics (1/rev, 2/rev,
etc.) are also visible in the experiment. The good
consistency between the nominal case and reversed
case with the two-bladed propeller and between the
positive rotation and reverse rotation cases with the
three-bladed propeller indicates that the influence of
still-air aerodynamics on the structural dynamics is
minor. Therefore, this test configuration is accepted as
a sufficiently good approximation of the in-vacuo
model introduced earlier. There are two frequencies
close to each other in the enlarged regions for both
cases. Owing to their magnitude and proximity,
reliable modal identification of this frequency pair
from the measured FRFs was challenging. Hence,
typically, only a single frequency was identified and
presented at each rotational speed in the Campbell
diagrams.

With the two-bladed propeller, there are two
vertically-separated unstable regions in the speed
range of 247.5-260 rad/s due to the frequency lock-
in phenomenon [37, 38]. Such instability was also
observed in the experiment [28]. This self-excited
instability can be explained as a parametric instability
and similar phenomena were reported before, e.g.,

[39, 40]. In this case, the asymmetric property of the
moment of inertia of the propeller generates self-
excitation at the frequency equal to the twice the
rotational speed. The energy supplied to the system
through this route allows the instability to arise.
Specifically, owing to the properties and structure of
the problem, the first instability region arises from the
coalescence between A, (0) and yid 3(0)> While the second

from the coalescence between 25(0) and /® 10)- They
occur in the same speed range because the frequency
differences between /5, (0) and if(o) and between A 10)
and 7% 1(0) are both twice the rotational speed, which
makes the notional 2% 1(0) crossing )“5(0) at the same
speed as /lg(o) crossing A” 1(0) (the mirror image of
/1153(0) crossing Af(o))-

In contrast with the above case, the three- or more-
bladed propeller’s moments of inertia are time-
invariant. This makes the system do not feature the
rotational speed dependent energy supply mechanism.
Furthermore, neglecting the structural and aerody-
namic damping in this numerical study, the system is
conservative since the dissipation work done by the
gyroscopic force is zero and no instability is found in
the model or experiment when the rotational speed is
increased up to 246 rad/s. Fundamentally speaking, a
conservative linear system cannot be made unstable by
gyroscopic forces [41], so the undamped linearized
system will always be stable even when the rotational
speed is increased further.

5.2.3 Influence of the beam support

In the previous analyses, the beam support is sym-
metric. To investigate the influence of the support on
the system dynamics with different numbers of blades,
its second moment of cross-sectional area about y axis
(1) is increased by 1.3 times, creating an asymmetric
support for the propeller. The Campbell diagrams with
this asymmetric support are illustrated in Fig. 4. With
a two-bladed propeller, because of the asymmetry of
both the beam and moments of inertia of the propeller,
the modal frequencies in the non-rotating condition
change with the initial azimuth angle of the blades.
Thus, instead of splitting from the same frequency, the
frequency branches originate from their respective
sources at the two different neighboring frequencies in
the non-rotating condition. The frequency difference
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Fig. 4 The Campbell diagrams for a two-bladed propeller, model size is ‘4N’. b three-bladed propeller, both cases using asymmetric

support

between the two branches associated with the same
source pair is still approximately twice the rotational
speed, except in the low-speed range (< 30 rad/s). The
two unstable regions in the speed range of 266—
279 rad/s due to the frequency lock-in phenomenon
are still present. Different from the case of symmetric
support, however, there are additional veering regions
found between certain frequency branches, e.g.,
between J,f(o) and /15(0), which indicates conditional
inter-modal mixing in the case of asymmetric support.

With a three-bladed propeller, due to the asymme-
try of the beam support, the two originally coalescent
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modal frequencies in the non-rotating condition of
symmetric support become different. With the increas-
ing rotational speed, one of the modal frequencies still
increases in value (forward whirl mode, JF /If ), while
the other one decreases (backward whirl mode, 1%,
J5). The frequency difference between the forward
and backward modes in one pair still does not exhibit a
specific relationship with the rotational speed. The
whirling trajectory of the propeller hub is no longer a
circle, but an ellipse instead.
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Table 4 Summary of the influence of blade number on the undamped linearized system dynamics

Blade number ~ Two-bladed propeller

Three- or more-bladed propeller

Time- Time-varying
dependency
Frequency Frequency split from the same source with the increasing

characteristics
the rotational speed

Instability Structural instability due to frequency lock-in

phenomenon

System type Self-excited system

rotational speed, and the frequency difference is twice

Time-invariant

One frequency in the non-rotating condition increases
while the other decreases with the increasing
rotational speed, and the frequency difference does
not exhibit a specific relationship with rotational
speed

No instability [41]'

Conservative system2

1 A conservative linear system cannot be made unstable by gyroscopic forces [41]

2 The dissipation work done by the gyroscopic force is zero since the gyroscopic damping matrix is skew-symmetric

5.2.4 Summary of the blade number effects

According to Sect. 5.1, when there are more than two
blades in a propeller, the system does not exhibit the
time-varying characteristics, so its dynamic charac-
teristics will be qualitatively equivalent to the case
with the three-bladed propeller. The influence of blade
number on the system dynamics is summarized in
Table 4.

The analysis in this section is based on the
linearized model, which is only valid in the limited
small deformation region. When vibrating about the
equilibrium position, the linear terms dominate over
the nonlinear terms. When the system loses stability in
the case of two-bladed propeller, the vibration ampli-
tude will increase beyond the linear region, which
necessitates the use of the nonlinear model. The
following study is focused on the dynamics of the
nonlinear model and its comparison with the lin-
earized model in the stable speed region.

6 Analysis of nonlinear model

In this section, the nonlinear model is analyzed in
terms of its equilibrium deformation in the non-
rotating condition, the FRFs in the stable rotational
speed region and dynamic response in the unstable ro-
tational speed region. In contrast with the previous
sections, the beam’s structural damping is included
here since this setup will enable realistic free vibration
analysis in the time domain.

6.1 Analysis of nonlinear static responses

First, the nonlinear model is validated by comparing
the numerically calculated static equilibrium defor-
mation of the system with the two-bladed propeller
with the experimental measurement. The experiment
was conducted by measuring the static deformation of
the system in the initial horizontal orientation under
gravity when the beam was clamped at the left end and
free at the right end (Fig. 5a). The deformation was
measured by a ruler.

The equilibrium deformation is calculated by
setting all the time derivative equal to zero in
Eq. (29), while the nonlinear constraints in Egs. (8)
and (24) are satisfied by adding stiff artificial springs.
The nonlinear equation to be solved is given by

[Kb% + bnl(‘]b)] n Uent _

f 42
05><1 aqE[ g(qmp) ( )

Uoy =3 ® diag(k, ki ki ko k )P+
%kﬂDb is the potential energy associated with the

where

artificial springs. fy(q,,) = {OMN“ —mg fOL WTds
Oy, 0 —(mg+mp)g 0 —mygz,ecosl,cos @, my,
8%pesin B, sin (pa]T is the external force vector due to
gravity which is applied in the transversal direction
relative to the horizontally placed undeformed beam.

The nonlinear equation Eq. (42) is solved using
‘fsolve’ function in Matlab. The equilibrium defor-
mation of the system loaded by the two-bladed
propeller under the influence of gravity is shown in

Fig. 5a, from which the deformation of the real system
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Fig. 5 Static deformation with the two-bladed propeller: a the experimental setup; b the comparison between the nonlinear model and

experiment
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Fig. 6 The equilibrium deflection of the system with applied transverse force in x direction from 1 to 14 N: a stroboscopic system

deflection plot, b beam tip displacement-force characteristic

is extracted given that the displacement of the beam tip
is measured by a ruler and compared with the results
calculated by the nonlinear model in Fig. 5b. The
agreement between the model and experiment is good
with the maximum displacement difference less than
1 mm while the tip deflection of the beam reaches
nearly 20 mm. This agreement evidences the correct-
ness of the nonlinear model in terms of elastic and
boundary condition characteristics.
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Then, in the vertical orientation, a horizontal
transverse force is applied at the tip of the beam in
the positive x direction, and the equilibrium deflection
of the system is calculated in the same way, as shown
in Fig. 6. This computational experiment is set up so
that the beam exhibits clear geometric nonlinearity
with the increasing force. When the force exceeds 3 N,
and the beam tip displacement exceeds 5 cm, the tip
displacement starts to deviate from the linear
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Table S The comparison of the driving-point receptances between the linearized model and nonlinear model using impulse forces of

10 N and 100 N in the stable speed region

Rotational speed (rad/s) Blade number

2-bladed propeller

3-bladed propeller

Receptance (m/N)
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The vertical dashed lines indicate the natural frequencies calculated from the damped linearized model

relationship and the displacement-force slope
becomes smaller (Fig. 6b), indicating, in this coordi-
nate format, the hardening nonlinear characteristics.
This analysis gives us a rough idea at what amplitudes
of deformation the system manifests notably nonlinear
behavior.

6.2 Nonlinear response of the rotating system

This section is to compare the nonlinear model with
the linearized model in the stable speed region and
validate the nonlinear response of the system with the
experiment in the case of instability.

In the stable speed region, the purpose is to compare
the FRFs between the linear and nonlinear models. For
the nonlinear model, a force impulse F;,, of 10 and
100 N, respectively, with a duration of 2 x 1073 s is
applied on the beam at the location of 0.12 m (same as
experiment) from the root at the angle of w/4 with
positive x axis. The nonlinear model developed in
Sect. 3 is simulated in the time domain in Matlab’s
Simulink environment using the ‘ode4’ solver with a
fixed step size of 5 x 107> s. After obtaining the time-

marched response of the system, the driving-point
displacement response of the beam is calculated. The
simulation lasts for 30 s. The driving-point receptance
is calculated from the impulse force to the displace-
ment response. For the linearized model, the driving-
point receptance is calculated in the frequency domain
using the method introduced in Sect. 4.3. The reso-
nance peaks in the receptances are also compared with
the natural frequencies of the linearized system
calculated by modal analysis using the methods
introduced in Sect. 4.2 with the structural damping
considered. Table 5 illustrates the comparison of the
driving-point receptances between the linearized
model and the nonlinear model with 2-bladed and
3-bladed propellers at two different rotational speeds.
As expected, it can be seen that the receptances
calculated using the linearized model and nonlinear
model do not differ significantly, and the natural
frequencies calculated using the linearized model are
also consistent with the peaks of the nonlinear model
except that some peaks are not clearly visible in the
receptances. The higher impulse force of 100 N
triggers the nonlinearity more than the 10 N impulse.
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Fig. 7 The comparison between a the nonlinear model and b experiment in terms of accelerations in two transverse directions (upper
row) and the spectrograms of ¥ (lower row) at the location of 27 cm from beam root at the rotational speed of 259 rad/s (within

unstable speed region) with a two-bladed propeller

The receptances of the nonlinear model deviate from
those of the linear model more significantly. The
change of the resonances with the rotating speed can
also be seen by comparing the receptances from across
these two speeds. This indicates that, in the
stable speed region, the use of the developed lin-
earized model is appropriate to approximate the
nonlinear system’s behavior.

In what follows, the nonlinear response of the
system is qualitatively validated against the experi-
ment in the unstable speed region. As shown in
Sect. 5.2, the unstable speed region only exists when
the two-bladed propeller is used in the present test
setup. Here, to enhance the influence of the nonlinear
modeling terms, the nonlinear model is compared with
the experimental measurement completed at the
rotational speed of 259 rad/s where the system loses
stability. This scenario is presented in Fig. 7. In both
the simulation and experiment, the accelerations in
two transverse directions initially increase, while the
dominant frequencies are the two unstable frequencies
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that are consistent with the frequency-speed diagram
in Fig. 3a,e.g., 3.8 Hz and 77 Hz in the model, 3.6 Hz
and 77.4 Hz in the experiment.

After the transient build-up stage, the vibration
levels in both the simulation and experiment reach
bounded values. This behavior primarily emerges in
response to the increasing presence of the geometric
nonlinear terms. Furthermore, these bounded oscilla-
tions manifest richer frequency content compared to
the build-up stage which is effectively dominated only
by the two unstable frequencies. By way of inspecting
the spectrograms included in Fig. 7, after reaching the
bounded and steady-state oscillations, there appear
frequencies of 70.2 Hz and 84.4 Hz in the experiment
while 67 Hz and 85.4 Hz components are found in the
simulation. At the time instant of around 58 s, the
simulated displacement at the beam tip reaches 5 cm
(Fig. 8b), after which the nonlinearity starts to take
effect (see Fig. 6b). This is consistent with the
evidence provided by the spectrogram (Fig. 7a),
where  the  additional frequencies  appear
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Fig.8 The vibration behavior of the system at the rotational speed of 259 rad/s during the first 150 s calculated by the nonlinear model.
a Perspective view, b Top view. Green dots represent the trajectory of the propeller hub. The rotation of the propeller is clockwise when

viewing in + z direction

approximately after 58 s. These dynamic characteris-
tics show a good agreement between the model and
experiment.

The predicted vibration behavior between 0 and
150 s is visualized in Fig. 8. It can be seen that the
vibration response of the system resembles that of the
first forward whirl vibration pattern within which the
beam’s modal activity is close to the first bending.
This is also consistent with the findings in the previous
linear study [28] which showed that the first forward
whirling mode, within which the beam vibration
features the first bending pattern, is unstable. How-
ever, contrary to the linear cases, the nonlinear system
realizations presented here reach and remain in the
bounded oscillation regime.

The differences between the experiment and model
include: (1) the transient vibration build-up rate in the
initial stage is different, i.e., the acceleration increases
faster in the experiment than the model; (2) when
reaching the steady-state and bounded oscillation
regime, the acceleration magnitudes in the experiment
and model are notably different, i.e., approximately
200 m/s* in the model and about 750 m/s” in the
experiment; (3) after reaching the bounded oscilla-
tions, the additional frequency content in the exper-
iment and model is not exactly the same. These
differences imply that the underlying nonlinear

dynamics of the system may be more complicated
due to other unaccounted factors, e.g., material and
interface nonlinearity of the beam, the in-air induced
aerodynamics in the experiment and other types of
damping since only Kelvin—Voigt type beam damping
is considered. Despite these differences, the model
demonstrates sufficient correspondence with the
experiment, and it helps to elucidate the phenomena
encountered after entering the zones of linear
instability.

7 Discussion
7.1 Methods of constraint application

In this paper, the Udwadia-Kalaba method is used in
the time-domain simulations to satisfy the constraints.
Other methods that can be applied include Lagrange
multiplier method [20] and large artificial springs.
However, Lagrange multiplier method will increase
the number of solved unknown functions, thereby
increasing computational effort. In addition, its appli-
cation will lead to a system of differential-algebraic
equations that are subject to the numerical issues such
as drift [42]. Some methods were proposed to address
these problems, e.g., [43], but long simulation time
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first derivative (/)

——constraint

0 25 50 75 100 125 150
time (s)

Fig. 9 The first derivative and inextensibility constraint at the
beam tip at the rotational speed of 259 rad/s with a two-bladed
propeller

still poses challenge. Large artificial springs are used
in the linearized model and the frequency domain
simulation to satisfy the constraints. This method is
particularly suitable for frequency domain analyses
but it can generate high-frequency oscillation in the
time domain and thus results in the reduced step size
and more demand on computational time. Udwadia-
Kalaba method addresses these disadvantages, e.g., it
does not increase the dynamic order of the system or
generate differential-algebraic equation; it does not
require particularly reduced step size, so the simula-
tions are generally significantly faster. Further, in
combination with the constraint drift correction
method in [35], the long-time simulations are no
longer a problem. The example from Figs. 7 to 8 is
further expanded in Fig. 9, in which the first derivative
and inextensibility constraint at the beam tip are
illustrated. It can be seen that with the drift correction
using Eq. (33), the inextensibility constraint Eq. (7)
fluctuates around zero, so the constraint is always
approximately satisfied and the stable progression of
the calculation is ensured. The drawback is that the
correction terms have no physical meaning and result
in high-frequency oscillation in the first and second
derivatives of the state variables.

7.2 Influence of nonlinearity order
The previous simulation is conducted using the

nonlinear model with the 5th order approximations.
The comparison of the displacements calculated using
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the Sth order and 3rd order models is performed in
Fig. 10. The 3rd order model is derived by ignoring all
the higher terms than the 3rd order in the original 5th
order model. It can be seen that there is a slight
difference in the vibration frequency calculated using
these different nonlinearity orders, so as to cause the
varying phase difference in their results. There is also
a slight difference in the vibration magnitudes, e.g., in
the region of increasing vibration magnitudes
(50-70 s) and in the region of the bounded oscillations
(> 75 s). The difference in their results can be
considered acceptable when the 3rd order model
offers reduced analytical complexity or calculational
time compared to the original 5th order model.

7.3 Emergence of instability

With more than two blades, the rotating propeller does
not introduce the time-varying characteristics into the
system, and the moments of inertia about the two in-
plane axes are the same. In this case, the classical Reed’s
model [3] and Johnson’s model [44] with the time-
invariant moments of inertia can be used. However, the
two-bladed propeller is a special case, where its rotation
introduces both the time-varying characteristics and
gyroscopic effects into the system. Consequently, a self-
excited instability can emerge even in the case of
isotropic rotor. Furthermore, owing to its mathematical
structure, the analytical treatment of this case is different.

Fundamentally speaking, the structural/mechanical
instability studied in this paper is a self-excited
instability, similar to the ‘ground resonance’ in the
helicopter field. The principle in the studied case is
that given an initial perturbation, the propeller gener-
ates the periodic moments with the frequency of twice
the rotational speed in the propeller’s pitch and yaw
directions (i.e., propeller in-plane axes), which then
excite the bending vibrations of the supporting beam.
In return, the bending of the beam excites further the
pitch and yaw motion of the propeller. In the specific
propeller speed range where the natural frequencies of
the beam-propeller system satisfy a specific relation-
ship with the rotational speed, the vibration of the
propeller exacerbates that of the beam and vice versa.
In the linear setting, this interaction makes the system
vibration amplitudes grow without bounds, thus
leading to instability. The energy in this case is
extracted from the motor (or rotation). This phe-
nomenon is different from whirl flutter which, in
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Fig. 10 The comparison of the displacements at the beam tip calculated using a 3rd order model and 5th order model at the rotational

speed of 259 rad/s with a two-bladed propeller

effect, is an aeroelastic instability where the energy is
extracted from the airstream through the motion of the
structure and the role of the oscillatory aerodynamic
forces along with the gyroscopic effects is crucial. On
the one hand, while the in-air aerodynamic influences
were inevitably part of the present study too, their
impact on the qualitative attributes of the instability
phenomenon studied here were shown to be minor. On
the other hand, the absence of perfect in-vacuo
conditions is seen as one of the main sources of the
observed quantitative discrepancies, e.g., in terms of
the achieved response amplitudes and the exact
positioning of the instability boundaries.

This study is focused on a propeller with isotropic
characteristics and the conclusions are drawn on this
basis. While not within the scope of this paper, an

anisotropic propeller may lead to instability even with
more than two blades [12, 40].

7.4 Further model improvement

In the nonlinear modeling, the only nonlinearity that is
taken into account is the geometric nonlinearity.
Based on the observation in the experiment that the
beam was prone to break at the root when operating in
the unstable speed region, it can be speculated that the
material was working in the plastic deformation region
where the material nonlinearity needs to be considered
as well. The discrepancy between the model and
experiment can be partly ascribed to the absence of the
material nonlinearity. To take into account the mate-
rial nonlinearity, the linear strain—stress relationship
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can be replaced by a nonlinear one, e.g., Ludwick or
modified Ludwick relation in [45-47].

All the experiments were carried out in air with no
imposed airflow. Although the influence of the aero-
dynamics on the frequencies was shown to be minor,
this factor was found to influence primarily the
unstable speed region. The aerodynamic loads may
have an important influence on the nonlinear response
of the system when the rotational speed of the
propeller is high or where the system responses
become significant. This effect was not considered in
this paper since our main focus was on the structural
dynamics and induced interactions.

The intention behind developing this test rig and its
nonlinear model is to study the whirl flutter phe-
nomenon which is a classical aeroelastic instability
typically associated with tiltrotor or propeller-driven
aircraft. When the aerodynamics is considered and the
imposed airflow speed reaches a certain critical value,
the system will lose stability [48]. However, in these
practical conditions, the vibration magnitude will be
constrained by the effect of the system nonlinearity
and the system is expected to enter a limit-cycle/
bounded oscillation regime. Therefore, this nonlinear
model will be used further to study the nonlinear
dynamics in future research.

8 Conclusion

To study the interactional dynamics of rotating propellers
with different numbers of blades mounted on elastic
supports, a rotor rig is proposed, which consists of a beam,
a motor assembly, and a propeller. The corresponding
nonlinear model consisting of a nonlinear inextensible
beam, a motor assembly and a rotating propeller is
developed, in which the dynamic constraints are satisfied
using the Udwadia-Kalaba method. Simulations in the
frequency domain, using the linearized model, and the
time domain, using the nonlinear model, are conducted.
The key conclusions are summarized as follows:

(1) Two-bladed propeller introduces time-varying
characteristics into the system due to the time-
varying moments of inertia, while the system is
time-invariant for propellers with more than two
blades.

(2) With two blades, as observed in the frequency-
speed diagrams, there are frequency splits
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originating from the non-rotating condition with
increasing rotational speed. The frequency differ-
ence between the frequency splits in one pair is
approximately twice the rotational speed. In the
cases of more than two blades, from the pairs of the
coalescent frequencies in the symmetric non-
rotating case, one frequency increases and the
other decreases with increasing rotational speed. In
this case, there is no specific relationship between
the frequency difference and the rotational speed.

(3) With asymmetric support, the frequency splits in
one modal pair do not originate from the same
frequency in the non-rotating condition in the
case of two-bladed propeller, and there is stronger
coupling between the frequency loci (e.g., veer-
ing). The whirling trajectories in the mode shapes
are elliptically shaped rather than the circles
observed in the case of symmetric support.

(4) There is a structural instability found due to the
frequency lock-in phenomenon when a two-bladed
propeller configuration is considered. However,
there is no comparable instability identified when
more than two-bladed propeller is considered.

(5) The static equilibrium deformation using the
nonlinear model is calculated and validated
against the experiment. The beam starts to
exhibit nonlinearity when the beam tip displace-
ment reaches 5 cm.

(6) In the stable speed range, the receptances
calculated using the nonlinear model and lin-
earized model do not show notable differences.
This indicates that using the linearized model to
approximate the nonlinear system response in
the stable speed region is acceptable.

(7) In the unstable speed range with the two-bladed
propeller, the nonlinear model is consistent with
the experiment in terms of the unstable frequen-
cies and the overall qualitative behavior pri-
marily manifested in terms of the reached
steady-state bounded oscillations. Further, in
both cases, the system vibration in the unsta-
ble speed range features the forward whirling
pattern, in which the vibration of the beam is
close to the first bending mode shape.

Further study will be focused on the influence of
aerodynamics and the nonlinearity on the dynamic
characteristics of the coupled flexible structure-rotor
system.



Dynamics of nonlinear beam-propeller system

859

Author contributions JW contributed to conceptualization,
data curation, investigation, methodology, software, validation,

formal analysis, visualization, writing—original draft,
writing—review and  editing. DR  contributed to
conceptualization,  methodology,  supervision,  project

administration, funding acquisition, writing—review and
editing. BT contributed to conceptualization, methodology,
supervision, project administration, funding acquisition,
writing—review and editing.

Funding This research is part of MENTOR (Methods and
Experiments for Novel Rotorcraft) project, which is funded by
the Engineering and Physical Sciences Research Council
(EPSRC) under Grant No. EP/S010378/1.

Data availability The datasets generated during and/or
analyzed during the current study are available from the
corresponding author on reasonable request.

Appendix A

Detailed expressions

Declarations

Conflict of interest The authors have no relevant financial or
non-financial interests to disclose.

Open Access This article is licensed under a Creative
Commons Attribution 4.0 International License, which permits
use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in
the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds
the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit
http://creativecommons.org/licenses/by/4.0/.

mq + ny, 0 0 —MpZpccoslysing,  —mpzp.sinb,cos @,
0 mg + my, 0 MpZpecos B, cos @, —MpZpesinl, sing,
0 0 mg +m, 0 MyZpe 08 0,
M, = o s P 0 I,co820,+ m,,zzc cos? 0, ! 0
—MpZpeCOs B, 8in g,  mpzpecosf,cos @ ,COS
e ’ oo ‘ ‘ +1,y,c08% 0, + I, 8in* 0, m ‘
| —MpZpesinl, cos @, —myzpesinl,sing, m,zy.cosl, Ixycos 0, I+ mpsz + 1,y
anNL- _anNL_
oa; od,
byu(q,) = OUpnr (@, 6) = ODpn | OUpnp 0Dy 0
I\Yp) — s Cnl\Yp,Yp) — . ’ — UN, %1, 5 N, x 1
oUpnL 0Dy
oq! | o4,

6WN W/Z V/ V//W/ =+ 2W/ V/2 VHZWI

oUpn 1

oqf 2

L
:—EI|/ <2V//V/2V// +2V’V”2V, +2V”V’4V" +4v”2v'3V’>ds
0

ZWIV,V” " + 2W”V’V” ! + ZW//WIZWN + 2W//2W/W/ + 2W//W/4W// + 4W”2WI3W/+
2 W” W/2 VIZW// + 2W//2 W/v/ZW/ + 2W/ v/3 v//W// + ZWU v/3 v//W/ + 2W/3 V, v//wu + ds

1 L /2w W'V + 20wV 4+ 20 W2V 6w WYV 4 2w WAV 4 2wV
+—-FEI, / ds,
0

JF ZWI,WBVIVH + 2W/2v/v//2V/ + 2W/2V/2vllvl/

@ Springer


http://creativecommons.org/licenses/by/4.0/

860 J. Wu et al.

2w W 4 20"V WW 4+ 20"V W 4 20" W W 20 W W 20w W W

D . LT 2V'WW 4 20" W+ WV W W+ 20V WIW + AV WRTW A+ 4V W W

aq}:VTL =-El /0 + 2w WV W 4 20 WV W 20V WYEW 4 25" W WP W 4 20w W ds
+ 6V WVEW 4 20wV WIEW 4 20V W WEW 4 20"V W 2w W W 29V W W
+ 20V WEIW £ 207" W VIW 4 20 ITW 4 203 W 4w W W A W W

:*EII /L( Rl /2V// +2V// / /V// +2V/I 1 /V/ +2V//VI4V// +2V//2 /ZV/V/ +4V” 3 /V// +4V// /! /'§V/)
0

2V/W,W”V”+2V” //V/Jrzvu /3 ”V’+2V/ 3 //V//+2v/3W/W//V//+2V//2W/2V-/V/
L

+§E12/ —|—2V’2W,2V”V”—|—2W’V”V’2W V”—FZWIV/// /2V//_|_2W/ //ZV/W,V,+6V”V WW”V, ds
0

+ 2W//V/W/2W//V/ 4 ZV”V/WIZ v//V/ 4 2V” 112 V/V// 4 ZW/V”W”W/ZV,

—MpZpe (cos 9,,92 cos ¢, — 2sin 0,0, sin @, + cos 0, cos (pa(j)3>
MpZpe (7 cos 0, 92 sin @, — 2 sin 0,0, cos @,P, — cos 0, sin %(bﬁ)

. '2
—M1pZpe 8in 0,0,

. Zpeliq Sin O, sin @0, — tigZpe €08 0, €08 @, @, — WaZpcl, sin 0, cos @,
— 2sin 0, cos 0,0,1,¢, + m,

— WaZpePq €08 O, sin @, — 2z12,(, cos 0, sin 6, éa o
- 2],,),</')a()a cosf,sin0, + I, Z(/'Ja()u cos 0, sin 0, + I,;(¢, sin 0, + Q) cos 0,0, — Ipxy(')i sin 0,

8 (A ) = | — m, (Wazpc <—0a cos ¢, sin0, — ¢, cos 0, sin <pa> — laZpe (—0a sin 0, sin ¢, + ¢, cos 0, cos (pa>>
— UigZpe, €08 0,4 cOS @, + Zpcliq sin O, 8in @@, — Wazpcl, cos O, sin @,

my .
— WaZpe®, 8in 0, cOS ¢, — VaZpel, sin 0,

_ ;Cq’)g sin 0, cos 0y — tiaZpe <9a cos 0, cos ¢, — ¢, sin 0, sin qoa>
—my, . i — Ly @, sin 0,0,
+ WaZpe <— cos 0,0, sin ¢, — sin 0, cos (pa%) — VaZpe sin 0,0,

+I,,g0ac059 sin 0, +Imq)acos(9 sin 0, — I (@, sin 0, + Q) ¢, cos O, +Ipxy0a<pu sin 0,

foxi(Q,,y) = [0, 48, 4n,) Mpg +mag O 0 —mygzyesing,cos, —m,gz,sinl,cos @, }T

. T
+F,»m[01xNu W7 (zext) cosy VT (zey)siny 01X5]
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0 0 B 9 0 o 0 —1
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— = 0 0 0 0 0
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) 5 o*® o’
! M aqz qnl aq atqnl 6t

nl

=

0.5L, [9“ cos 0, cos ¢, — 20,¢,, sin 0, sin @, + @2 cos 0, cos (pa}
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) 3 3 3
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3
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= llrosvw? + v v
oo L
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u 0
(D L
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w 0
oD, L
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v 0

u(L) — u, — 0.5L, (éu sin 0, cos @, + ¢, cos 0, sin (/)a)
W(L) — Wwq + 0.5L, ¢, cos @, cos Oy — 0.5L,0, sin @, sin b,
. V(L) — v, + 0.5L,0, cos 0,
® = | w (L) + 0.5w (L)W (L) + Vv (L)V (L)W (L) + 0.5/ (L)*/ (L) + 1.5V (L)W (L)w' (L)
+ 3/SV’(L)4W’( L) + 3 /4w (L)W (L)V'(L) + 0.5w/(L)*V/(L)V'(L) + 3/8W (L)W' (L) - ¢,
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