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Abstract In the paper, nonlinear vibrations of a sys-
tem with three degrees of freedom having a spheri-
cal pendulum are considered. The system comprises a
mass element suspended from a linear spring and a vis-
cous damper, and a spherical pendulum swung from the
mass element. It is assumed that the fractional viscous
damping occurs in the viscous damper and at the pen-
dulum pivot point. The viscoelastic properties of damp-
ing are assumed to be described using the Riemann—
Liouville fractional derivative. The fractional deriva-
tive of an order of 0 < o < 1is assumed. The nonlinear
vibrations of the system near internal and external res-
onances are analyzed. The equations of motion of the
analyzed system are solved using the multiple-scale
method. The steady-state approximate solution is stud-
ied. The effect of a fractional-order derivative on the
system vibrations is examined.
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1 Introduction

The presented work is a continuation of previous works
by authors dealing with the system of three degrees of
freedom with a spherical pendulum [1-3]. In this work,
a system consisting of a mass element and a spherical
pendulum swung from the mass element is examined.
The mass element is suspended from a linear spring
and a damper. It is assumed that the damping in the
system studied is described by the fractional Riemann—
Liouville derivative [4] and this damping occurs in the
damper and at the pivot point of the spherical pendu-
lum. The considered system with a spherical pendulum
can be used as a model of a real machine or its compo-
nents, which operates in an energy-dissipating environ-
ment. In many scientific works, the systems containing
a spherical pendulum are used to model the dynamics of
certain types of structures, such as cranes [5—10], vibra-
tion absorbers [11-13], energy harvesters [14]. Thus,
the dynamics of systems with a spherical pendulum is
an absorbing issue of scientific research and has been
studied in a number of researches [15]. A brief review
of publications dealing with this issue is presented in
the paper by Han et al. [16].

In previous works, the authors studied autoparamet-
ric systems containing a spherical pendulum with a vis-
cous and magnetorheological energy dissipation sys-
tem. Sado et al. [1] analyzed the influence of initial
conditions on energy transfer between vibrating ele-
ments and the existence of chaotic motion in a sys-
tem with a spherical pendulum. Sado and Freundlich
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[2] studied a dynamical behavior of a three-degree-of-
freedom system having a spherical pendulum. This sys-
tem was controlled by a magnetorheological damper.
The analyzed system consisted of a spherical pendulum
suspended from a mass block which was suspended
from a vertical linear spring and a magnetorheologi-
cal damper. They investigated the influence of magne-
torheological damper parameters on the system vibra-
tion close to internal and external resonances. These
studies revealed that in addition to the regular behavior
of the spherical pendulum, chaotic oscillations for all
coordinates can arise near internal and external reso-
nant regions. In all above-mentioned authors’ works,
the obtained equations of motion were solved using
numerical methods.

It is well known that energy dissipation can have
a significant impact on the dynamic behavior of a
structure or its components. For this reason, various
advanced methods for modeling damping in mechan-
ical systems are being developed. One of these meth-
ods is the use of fractional derivatives to model energy
dissipation. The use of fractional derivatives to model
energy dissipation has increased very significantly over
the past few decades [17-19]. Fractional derivatives are
used to describe viscous damping because these deriva-
tives allow a more accurate description of the damp-
ing phenomenon over a wider frequency range [20,21].
These derivatives have also been employed in model-
ing processes of energy dissipation in systems having
pendulums [22-25]. Thus far, however, there has been
small number of publications investigating dynamical
systems with pendulum and fractional damping, espe-
cially with a spherical pendulum.

Rossikhin and Shitikova [22] investigated damped
oscillations of two-degree-of-freedom system with a
plane pendulum suspended from a mass element which
was attached to a spring. They assumed that the sys-
tem oscillates in a viscous medium whose damping
properties are described by fractional derivatives. Addi-
tionally, the authors assumed small finite amplitudes
of vibrations which allowed the use of multiple-scale
method to solve the problem. They studied the impact
of the damping described by the fractional derivative
on damped free vibrations and the energy transfer in
the system.

Seredyriska and Hanyga [23] studied damped vibra-
tions of a planar, inextensible and extensible pendu-
lums in which the damping was described by a frac-
tional derivative. This analysis was an example of the

@ Springer

presented method for solving nonlinear differential
equations with fractional damping. They determined
the conditions of existence, uniqueness and dissipativ-
ity for a certain class of nonlinear dynamical systems
including systems with fractional damping.

Hedrih [24] analyzed multi-pendulum systems with
fractional-order creep elements. In this study, paral-
lel pendulums were joined with creep elements, which
were modeled using fractional-order derivatives. The
governing equations of the system and its analytical
solution for selected cases of the pendulum system were
presented. The vibration modes of the systems with one
and two pendulums having creep fractional elements
were analyzed. The authors concluded that there is a
mathematical analogy in descriptions between multi-
pendulum systems and chain dynamical systems.

To the our knowledge, thus far only by the authors
have performed the study of vibrations of a spherical
pendulum with fractional damping [3]. In the afore-
mentioned work, the authors assumed fractional damp-
ing only in the damper attached to the mass element [3].
The effect of a fractional-order derivative on the system
vibrations was analyzed using numerical calculations.
The impact of the fractional damping on the system
vibrations waveforms and on the energy transfer in the
system was shown. Thus, this study is a continuation
of the authors’ earlier work.

2 Description of the analyzed system

In this study, we consider a system with a spherical
pendulum suspended from an oscillator excited har-
monically by a force F,(t) = Pjcos(vit) acting in
the vertical direction (Fig.1). Additionally, the pen-
dulum is excited harmonically in horizontal direction
by forces Fy (1) = P> cos(vyt), Fy(t) = P3cos(vat).
The oscillator consists a linear spring and a fractional
damper. Furthermore, it is assumed that there is also
fractional damping in the pendulum pivot point. This
damping is expressed by moments proportional to frac-
tional derivative of order . Thus, the analyzed system
has three degrees of freedom. The motion of the spheri-
cal pendulum can be analyzed using various coordinate
systems [9,26-29]. In this study, the spherical coordi-
nates presented by Leung and Kuang [9], and Aston
[28] are employed to describe the motion of the pen-
dulum. The following generalized coordinates z, 0, ¢
are assumed (Fig. 1). The position of the mass element
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Fig. 1 Schematic diagram of the system analyzed

m is defined by coordinate z, whereas the position of
the pendulum of mass m» and length [ is defined by
the coordinates: z, 6, ¢. The coordinate z is the ver-
tical displacement of the body of mass m; measured
from the static position of equilibrium. The angle 6 is
the angle between the vertical axis and the deflection
of the pendulum in the plane xz. The angle ¢ is the
angle between the deflections of the pendulum in the
plane xz and pendulum. The selected coordinates are
useful in the dynamic analysis of the spherical pendu-
lum [28,29] and enable more interesting results to be
obtained than using the classical spherical coordinates
[1-3].

The position of a pendulum bob of mass mj in
Cartesian coordinates is determined as follows (see
Appendix A)

xy =1l cos¢siné
yy =lsin¢g
72 =l cos¢cosh + 74

6]

21 =2+ Zst

where zg; is the static deflection determined as follows

_(my+ma)g

Zs[ — k (2)

where g is gravitational acceleration

The kinetic energy T of the system can be expressed
as

1. 1 . 1 .
T = Ez%(ml + my) + Emzlquz + §m21292 cos2 ¢

— malz ¢ sin ¢ cos O — malz16 cos ¢ cos O

3

The potential energy V of the system is expressed as

1
V=—(mi+my)z1g—maglcos¢ cos9+§k(z1)2 4)

In this study, a fractional damping characterized by
the damping coefficient ¢4, and the order of the frac-
tional derivative o1 is assumed in the damper, while
for the coordinates 6 and ¢ the damping at the pendu-
lum pivot point is described by the damping coefficient
Cq, and the order of the fractional derivative o. Thus,
the dissipation force R(z®)), moments M (#®) and
M(¢®) (Fig. 1) are determined by following expres-
sions

o] a)

. d . d
RE) = oy e (2(0), MO®) = o

. d*?
M@) = ca,~ (#(1)

0),

(&)

where z(t), 6(¢) and ¢ (¢) are the generalized coordi-
nates, ¢y, , are damping coefficients and % is a frac-
tional derivative of the order o ».

In this analysis, the fractional Riemann—Liouville
derivative [4] is used, which it is defined as

d“ .
—fO=D5(f1) = A0)

S Tm—-wdim | (1 —7)etnm
0

where I'(m — «) is the Euler gamma function [4],
m 1is a positive integer number satisfying inequality
m—1<a <mandt > 0. The fractional derivative
order is assumed to be in arange of 0 < o < 1.

Using the fractional dissipation function D =
%ca (D (z))? [30], the equations of motion of the sys-
tem can be written as
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Z(my +my) — molé cos¢sinf — mzléﬂ sin ¢ cos 6

+ 2mal 6 sin ¢ sin & — m»167 cos ¢ cos O
— malg? cos ¢ cos O + Cay zev
+ kz = Py cosvt,
— molZ cos ¢ sinf
+ mal%6 cos® ¢ — 2mslpb cos ¢ sin ¢
+ mogl cos ¢ sinf + cazé(‘m

= Pyl cos ¢ cos 6 cos vy,
— myl% sin pcosO + mal> ¢
+ mal?6? cos ¢ sin ¢
+ mogl sin ¢ cos ¢ + cazd)(‘m

= — Pyl sin ¢ sin 0 cos vat + P3l cos ¢ cos vat

)

The dimensionless equations can be obtained by
introducing the dimensionless time T = ¢ and defin-
ing the following parameters

k g w -z
wl=—, =2, f=—, I=-,
mi + my l wi l
Vi V2
Ml =-—, M2=—
w1 w1
o] o2
Cay @) o on my
N=——r— s p=—s, A= ——
(my + ma)wi mawil mp +myp
» P Py P3
l = D — = N —_ ———
(m; + mz)w%l mzlw%l mzlw%l
(®)

Using parameters defined in Eq. (8), the equations
of motion (7) can be transformed into a dimensionless
form (where the overbars are omitted for convenience)

7 — ad sin ¢ cos O + 2ad0 sin psind — ab cos ¢ sin O
— ab? cos ¢ cost — ad? cos P cos O + y1 2@ + z
= p1cos(u17),

écosz¢ — Zcos¢sinf — 20¢ cos ¢ sin ¢
+ % cos ¢ sinf + 6@
= pacos ¢ cosb cos(uat),

¢ — Zsing cos + 62 cos ¢ sin ¢ + /32 sin ¢ cos 6
+ 126 = —pysin ¢ sin 6 cos(ua7)

+ p3cos ¢ cos(uat)
)
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3 Method of solution

An approximate solution to Eq. (9) can be obtained
using the multiple-scale method [31]. For small oscu-
lations in the vicinity of equilibrium position, trigono-
metrical functions can be expanded into Maclaurin
series; thus,

3 2
sinqb:d)—%, cos¢>=1—%,
: ”; (10)

sinf =60 — —, cos0 =1— —
6 2

Substituting the approximated trigonometrical func-
tions Eq. (10) into Eq. (9), the following system of
equations is obtained

Z—abb —adp = pycos(uit) +a (q)z + 92)
— ozl
—Z0+0 (1 — ¢2> = pacos (uat) — B20 — 6@
— ¢+ ¢ = pycos (u21) — 6°¢ — B2 — 12
an

Z

The approximate solution of Eq. (11) for small vibra-
tions can be expressed by expansion with different
timescales as shown below [31-33]

() =¢ez1 (To. T, Ta,..) + 222 (To. T1, Ta, ....)
+&53T0.T1. T, .. )+ ...

0(1) =0 (Ty, T1, Ta, ...) + €265 (T, T1, T, .....)
+&30(To, T, Try..) + ...

¢ (1) =e¢1 (To, T1. Ta....) + &2¢ (10, T1. T, ...)
+&¢3(To, T\, T, ..) + ...

(12)
where

T,=¢"t n=0,1,2,3..) (13)

are new independent variables, ¢ is a formal small
parameter, 7o = t is the fast timescale and 77, 7> are
slow timescale [31,32].
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Using the chain rule, the integer-order derivatives
can be expanded in series of a small parameter ¢

d
_=D0+£D1+£2D2+...
dt

2
d—:D2 2¢DyD 2(D? +2DyD
o +2eDoDy + ¢~ (Dy +2DoD>) + ...

dt?
(14)

where D,, = diTn

A fractional-order derivative can be expanded in
series of a small parameter as shown Rossikhin and
Shitikova [18,34]

dt
+eaDZ ' Dy

1 2
+ 56 @ [(a —1)DEADY 21)3‘—11)2]

o d\* 2 ¢ o
D* = = (Do+eDi+2Dy+...) =D

15)

where Dg‘ s Dg ~land Dg ~2 are the Riemann—Liouville
fractional derivatives with respect time 7.
Introducing additional small parameters [33],

VI =EV1, Y2 =€Va, V2 =€,

1
pL=ep1. pr=¢6P2. p3=¢"p3 (1o
Substituting expression (12)-(16) into (11) and equat-
ing terms standing at the equal powers of a small param-
eter ¢ and limiting the approximate solution by terms
of £2, a following system of recurrent equations can be
obtained

for ¢!

D (z1)+21=0

D} @) +B%01 =0 (17)
DG (1) + B2p1 =0

for &2

D3(z3) + 22 = —2DoD; (z1) + aDj (6)) - 6,
+aD} (¢1) - ¢1 + Picos (uit)
M D§ (z1)

+a ((Dé wn) + (03 (91))2)

D3(02) + B%6> = P cos (uat) — 2Do Dy (61)
—Dj (z1) 61 — 72 DS (61)

D3($y) + B2h2 = P3cos (uat) — 2D Dy (61)
—D§ (z1) ¢1 — MDD (¢1)  (18)

Since further in the present analysis the expansions for
displacements are limited by the expressions (18) of
order €2, we assume that the amplitudes A;1, Ag1 and
A1 are functions of time 77 only. Therefore, the sought
solutions to Eq. (17) are as below

21 = A (T + A, (Ty)e™ T
01 = Ag1(T1)e'PTo + Ag (Ty)e FTo (19)
b1 = Ap1 (T)ePT0 1 Ay (Ty)e P10

where A;1, Agy and Ay are arbitrary complex func-
tions of the timescale 77, and overbars denote complex
conjugate functions.

In general, the Riemann-Liouville fractional deriva-
tive of the exponential function may be calculated
according with method presented by Rossikhin and
Shitikova [34,35], namely

o

o o0
. . 4 sinTo u _
D§ (e’“”) = (w)* ' + / e "'du
T 0

Uu+iw
(20)

It can be shown that if the lower limit of the integral
in the definition Eq. (6) is —oo then the Riemann—
Liouville fractional derivative of the exponential func-
tion has a form [4,35]

D% () = (j)® e @1

where D% _is defined as [4,35]

‘
D?f_f([)EF ! d M 0<a<1

(I—aydt J_o (1 —a)®
(22)

The improper integral in Eq. (20) may be omitted
under certain circumstances, which are justified in the
papers by Roshikhin and Shitikova [18,35]. Further-
more, Roshikhin and Shitikova [34] have shown that
the improper integral in Eq. (20) does not affect the
solution obtained by the method of multiple timescales
when it is limited to the first- and second-order approxi-
mations. Thus, in further analysis the simplified deriva-
tive of the exponential function Eq. (21) is used.
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Substituting solution to the fist approximation Eq.
(19) into equations for the second approximation Eq.
(18), the following system of equations is obtained

~ 1 . i
D(z)(Zz) + 20 = plzemlTO — 2A/z1 (T])lelTO
—ap? (
— ap? (

+ap* (A3, (1) €T+ Agy (1)) A1 (T))

(T2 €70 4 Agy (T)) Agr (1))

(Ty) P10 4 Ayy (Ty) Agr (Th)

+ap* (Am(Tl) ¢2PTo 4 Agy (Ty) Agy (T1)>
~ PAa(T)i®e™ + cc.

1. .
D3(62) + B%6, = Pzze'”ﬂo — 241 (Ty) iBe'PTo

+ A1 (Ty) Agy(Ty) € T00=P)
+ Azt (T1) Agi (Ty) e TOBHD
— P Aa1(T1)i%Be'PT0 + ce.
Dj($) + B2 = 153%6’1'“2T0 — 2441 (T}) iBePT0
+ Ag1 (T1) Ay (Ty) 00—
A1 (Ty) Agi (Ty) ' TOPHD

— PrAg1 (T1)i%2BePTo 4 cc.
(23)

where cc. stands for complex conjugate terms.

Then, in order to eliminate the expressions that result
in secular terms, we need to distinguish the following
Caseszﬁzl,ﬂl =1,1—,3=,3,M2=,3aﬂ3=5~
In the analyzed system, the internal resonance occurs
for B = 0.5, whereas the external resonances occur for
u1=1,ur =p and u3 = B . All resonances should
be analyzed separately.

4 A case of the internal resonance for 8 = 0.5 and
the external resonance for 1 =1

We are considering the internal resonance for 8 = 0.5
and the external resonance for n; = 1 . Introducing
detuning parameters o1 and o, we assume that pr, =
p3 =0and

l-p=p—¢co

n1=1-¢o;

(24)
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The secular terms in Eq. (23) may be eliminated if

1., . .
Eple“”“ — (2iA';1 (T)) + Pi® Az (T)))
—ap? (43, (T) + A3, (1)) e~/

+apt (43, (1) e+ 43, (T)) ™71 ) =0

— 2491 (T1) i + Az1 (Th) Agr (T1) 2T
— YA (T)i®B =0

—2A'41 (T1) iB + Az1 (Th) Ay (Th) €721
— Ay (T1) i =0

(25
Assuming that
1 . _ 1 4
Azl = Eazlelwlv Azl - Eazle_”//la
1 . _ 1 4
Ag) = zdme”ﬁz, Ag1 = 5619187”/’2, (26)

1 : _ 1 .
Apl = §a¢1e”/’3, Apr = §a¢1e_”//3

Noting that the amplitudes a;, ag1 and ay; are the
functions of time 77, and considering that 71 = ¢7p,
then substituting expressions (26) into system of Eq.
(25) and separating real and imaginary parts of Eq.
(25), we obtain the following equations

Ta)
—a 1 — —ylazl cos (T)

1
+aa} <ﬂ2 — 1) cos (O))

Lo (a2 1
+Zaa¢1/3 (ﬁ — 1) cos (@2)+§p1 cos ( ®3)
=0

Ty

1
ot — i sin (220)

1 .
+Zaa§1,32 (ﬂz - 1) sin (@1)

Lo (a2 . 1. .
+Zaa¢l/3 (ﬂ — 1) sm(@2)+§p1 sin ( ®3)
=0
Bao1Vy —

az1ae1 cos (®r)

1 5 (na) 0
V22a91 COoS ) =
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By} — azlcos( O — P25 ﬁcos(”;”):o

1
Bay 'y — 0141 COS (=62)
1 T
Y= a¢1,Bcos( > ) =0
1
Ba'y1 — Zazlaqﬂsin (©,)
1 T
- a¢1ﬂsm< - ):o 7)

where

O1 =2Yp — 02Tt — Y1, Oy =2%5 —o0,T1 — Y1,
=0T — Y1, O'1=2¢%",—0r — Yy,

0 =2¢"3 -0, Y|, O3=01 -V
(28)
We assume for steady-state solution that
a.1=0, dp1=0, d4 =0,
z1 ?1 /¢1 29)
=0, ®,=0, ©®3=0
Noticing that

1
V'3 = 5 (02 +01)
(30)

1
v =o1, ¥,h= 5 (02 +01),

and substituting Egs. (29) and (30) into Egs. (27) and
(27) have the form

2a;1 <(rl — Yicos (%)) + %aﬂz (;‘52 - 1)

. (aglcos (®1) —I—aél cos (O, )) + prcos(©@3)=0

v ansin(T9Y & Lag2 (g2
ylazlszn( 5 ) + 2aﬂ <,3 l)
. (aglsin (O1) + a2 5in (6 )) F Fisin(©3) =0

ag (2/5 (02 +01) — az1 cos (1) — 2y cos (%)) =0

) =0
ag) (213 (02 +01) = az1 cos (©2) — 27, cos (%)) =0

"2)) -

agy (a 15in (©1) — 2} B sm(

ag1 (azlsin (@) — 27,8 sin(
(31)

It can be concluded that according to the assumptions
made previously, four cases of the steady-state solution
are possible.

4.1 The case with amplitudes ag; = 0 and ay; = 0

The first case is if amplitudes ag; = 0 and ag; = 0,
in this case the pendulum does not vibrate. The system
corresponds to a one-degree-of-freedom oscillator with
the mass m = m| + m> and the amplitude a; is

(7reos (5
a COS | —
z1 \ V1 )

~ . T ~ .
Yiaz sin (T) = pisin (©3)

) + 201) — ) cos (©3) )

Thus, solving Eq. (32), the amplitude a;; and the phase
angle ®3 can be calculated, namely

i
a;1 = (33)
‘ Y2+ 4% cos (E) o) + 4o
yisin (4
an (@3) = 78 3 (34)

(7 cos (%3*) — 201)

Equation (33) shows that for parameter o7 = 0, ampli-
tude a;; does not depend on the order of the frac-
tional derivative 1. This dependency for small values
of damping coefficient y; and for o7 # 0 is weak.

4.2 The case with amplitudes ag; = 0 and ay; # 0

The second case is if the amplitudes ap; = O and
ag1 # 0, thus a following system of equations may
be formulated

1
2a;) (01 — Yicos (nTal)) + Ea,ﬁ2 ([32 -1) ail cos (@)
+picos(@3) =0
~ . (Ta 1 )
—y1az1sin (Tl> + Eaﬂz (,32 — 1) aélszn (©)
+P1sin (©3) =0
~ Ta)

28 (02 + 01) — az1 cos (@ ) — 255 cos <T) -0
a;1sin (@) — 29 B sin (m; ) =0 35)

Solving Eq. (35), the amplitude a,| and the phase angle
®; can be obtained, viz

a; = 2/3\/(02 +01)* = 2% (02 + 01) cos (%) + 77
(36)

@ Springer



7968

J. Freundlich, D. Sado

yasin (%3%)

tan (®
an (62) = (02 + 01) — P2 cos (T)

(37)

Similarly, the amplitude a1 and the phase angle ©®3
can be calculated using the equations (35)

Equation (36) shows that if 01 = —o2, amplitude
a;1 does not depend on the order of the fractional
derivative az. This dependency for 01 # —o2 and for
small values of damping coefficient 7, is weak.

4.3 The case with amplitudes ap; # 0 and ag; =0

The third case is if the amplitude ag; # 0 and ag; = 0,
then

2a; (al — y1 cos (%)) —+ %aﬁ <,B - )agl cos (O1)
+ picos(®3) =0

— Y1az1 sin (%) +
+ p1sin(©3) =0

28 (02 + 1) — az1 cos (@) — 2§ cos (%) =0

|
Eaﬁz <ﬁ2 - 1) a2, sin (O1)

T
az1 sin (©1) — 29 B sin ( 2 ) =0
(38)

The amplitude a,; and the phase angle ®; can be cal-
culated, namely

az| =

2,3\/(62 +01)* + 72 — 2 (02 + 01) P2 cos (%)
(39)

tan (®1) =

2 sin (%52)
e (40)

(02 + 01) — P2 cos (T52)
The amplitude ag; and the phase angle @3 can be cal-
culated using Eq. (38)

Similarly as in the previous case, if 07 = —02,
amplitude a;; does not depend on the order of the frac-

tional derivative «». This dependency for o1 # —o2
and for small values of damping coefficient y, is weak.

4.4 The case with amplitudes ag; # 0 and agy; # 0

The forth case s if the amplitudes ag1 # Oandag # 0,
then solving Eq. (29), amplitude a;; and angle ®; can
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be derived, namely

a;| =

2,3\/(02 +01)% — 27 cos (” 2) @2+ 00+ 77

41)
and
wsin(E2
tan (©) = rasin(*) 42)
(o2 +01) — zcos(T)
Equation (29) shows that cos®, = cos®; and

sin @, = sin ®. Taking this into account, after some
mathematical transformations, we can find that

a§1a2ﬂ4 <,32 _ 1>2
—2a}a- aqp (B - 1)2-

(Preos (=1 ) 2mees (7))
cos | — — 6@ ojcos | ——
Y1 ) 1 1 )

o

~ ~ v ~
+ azz1 (ylz + 4012 + 4y101 cos (T» —p% =0

(43)

Having expression for a1 and tan (©;), we can derive
expressions for amplitudes ag1 and ag; by solving Eq.
(43).

In this case, amplitude a;; does not depend on the
order of the fractional derivative «». This dependency
for o1 # —o» and for small values of damping coeffi-
cient p, is weak.

5 A case of the internal resonance for 8 = 0.5 and
the external resonance for u, = g

We are considering the internal resonance for 8 = 0.5
and the external resonance for u, = f . Introducing
detuning parameters o] and 03, and assuming that p; =
0 whereas p» # 0 and p3 # 0

l-B=B—¢o

(44)
u2 =1+ ¢€03

The secular terms in Eq. (23) may be eliminated if
—24"51 (T i = ap? (43, (T) + A3, (Ty)) e 72T

+aﬂ4 (Aél (T])e—iEUZTO + Agl (Tl)e—iO'ZTl)



Dynamics of a mechanical system with a spherical

7969

V1A (TDi%* =0
1. ' _ .
p3§em3T1 —24'g) (T1) iB+Az) (T1) Agy (T7) €21
~Y2A01 (T "B =0
1 .
Pa5e!* T — 24"y (T1)ip
+Az1 (T) Agy (T1) ™' T1
—PAg1 (T1)i*?B =0 (45)
Assuming that the amplitudes have the same form
as in section 4 Eq. (26) and noting that the amplitudes
az1, ag1 and ag; are functions of time 77, and consid-
ering that 71 = &¢Tp, then substituting expressions (26)
into system of Eq. (45), and separating real and imag-

inary parts of Eq. (45), the following equations can be
obtained

da, '\ + add B (ﬂ2 - 1) cos (@1)
+ aaélﬂz (ﬂ2 - 1) cos (®2) — 2¥1az cos (%) =0
—4d. + add, B (,32 - 1) sin (®1)
+aa}, B (8% = 1) sin (@2) = 2azsin (50

H=0

2
~ 1
D2c0s (Pg) + 28 agy (f(q) @) + 03 — )

2

1 T
— 501451 COS (®1) — P>Bag1 cos (T> =

o~ . 1 .
Pasin (4) —2Bd’ g1 + Sdz1ag1in (1)
- T
— V2B ag1sin <T) =0
~ 1
7 008 (@3) + fagy (03 = Y1) = 3a:151 05 (P2)

— V2B ap1 cos (%) =0

~ . 1 .
P3sin (P3) —2Bd' g1 + 5dz1ag1sin (@)

— B agisin (%) =0 (46)

where
D =2Yp — 0Ty — Y1, D2 =2¢3 — 02Ty — Y1,
D3 = 03T — Y3, 45/1 = 21ﬁ/2 — 0y — 1,0/1,
<p’2 = 21ﬂ/3 — 0y — W/l, 45/3 =01 — 1//3,

1
Dy 2453—5(‘151—‘152) 47)
We assume for steady-state solution that
a/Zl = Ov a/el = Os a/¢1 = Oy
&' =0, &»,=0, ?3=0 (48)

Noticing that

V') =203 — 0y — 2013 — P,
(49)

1
Vi3=03— &3, ¢¥/h= 5 (@] — D)) + 03— P

and substituting Eqgs. (48) and (49) into Eq. (46), we
obtain following expressions
2a,; (2 (203 — 02) — F1ay1 cos (%))
+ap? (B2~ 1) (@, cos (@)
+ag; cos (9)) =0
ap? (,82 _ 1) (aglsin (@1) + ajysin (@2)>
~ . (Ta
—2y1az18in (—) =0
2
~ 1
p2cos (Py) +2p agroz — 521491 €08 (®1)
naz) —0
2
~ . 1 .
p2sin (Pg) + Fd:1ag15in (@1)
oy
) -0
2
~ 1
P3c0s (P3) + Bagy 03 — 5:141 €08 (®2)
JTOtz) —0
2

~ . 1 .
p3sin (P3) + 5d:1415in (P2)

— 728 ae1COS<
— Y B agysin (
— ) B as COS<

— B agisin (n;x ) =0 (50)

Equation (50) shows that several cases of the steady-
state solution are possible. The first case is if amplitude
a;1 = 0, in this case the mass element does not vibrate.
Amplitudes ag1, a1 are equal and

P2

(51)

agl =agp| =

B\J40}+73 62

The second case is when all amplitudes are not equal
zero. In this case, the relationship between amplitude
ag1 and a; is as below

4)720’3 COoS (%)

agl =
m
VB3 + ha2 + 7262 — 203wy — a1 7ap (cos (@1 + T52))
(52)
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where

~ T
wy = az] cos (@) + 2y, 8 cos <T)

The relationship between amplitude ag; and a;; is
expressed as

ag) =
P3
\/,32032 + 1a2 + 7282 — 2803wy — az1 72 (cos (02 + T52))
(53)
where

~ T
Wy = az1 cos (P2) + 22 cos <T>

The next two cases occur when one of the amplitudes
ag1 = ag1 = 0. Equation (50) shows that this case is
possible when amplitudes p, = p3 = 0; thus, the
pendulum does not vibrate. Another cases occur when
ag1 = 0 and a1 # 0 or ag;y # 0 and ay; = 0. In
these cases, one of the amplitudes pp = 0 or p3 = 0
correspondingly, and the movement of the pendulum is
in one plane.

The dynamic behavior of the system can be also ana-
lyzed when one of the forces ps, p3 is zero. For exam-
ple, if p» = 0 then Eq. (50) shows that the amplitude
a;1 is expressed as

a; = 2,3\/2032 + 93 — o3 cos (%) (54)

The amplitude ag; can be calculated using Eq. (53) and
phase angle @ may be calculated from

Vapsin (%3%)

tan (@) = (21303 — B cos (%))

(55)

Having calculated a,1, ag1 and @1, amplitude a4 and
phase angle @, can be determined using Eq. (50).

Equation (54) shows that amplitude a;; does not
depend on damping coefficient | but it depends on
damping coefficient > and detuning parameters o3. If
o3 = 0, amplitude a;; does not depend on the order of
the fractional derivative «. This relationship for o3 #
0 and for small values of damping coefficient > is
weak.

@ Springer
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Fig. 2 Amplitude a;; as a function of the detuning parameter
01,00 =1.0,a =0.5,8=0.5, py =0.001, a) y» = 0.002, b)
y2 = 0.004

6 Numerical calculations

Example calculations are made for the case of the inter-
nal resonance for 8 = 0.5 and the external resonance
for u; = 1 and the subcase presented in subsection
4.4, namely for ag; # 0 and ag1 # 0. The amplitudes
a;1 and ap) as a function of the detuning parameter
o1 are computed using Egs. (41), (42) and (43). The
calculations are performed for the following system
parameters: oo = 1.0,a = 0.5, 8 = 0.5, y» = 0.002,
y» = 0.004, p; = 0.001 and orders of fractional
derivative ap = 0.25, ap = .50, ap = 0.75, ap = 1.00.
The calculations are made using the “Mathematica”
package. The obtained relationships for amplitude a_
are presented in Fig. 2, whereas for the amplitude ag;
are presented in Fig. 3.
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Fig. 3 Amplitude ag; as a function of the detuning parameter
01,00 =1.0,a =0.5, 8 =0.5, p; =0.001, a) y» = 0.002, b)
y2 = 0.004

Figure2 shows that the amplitude a,; depends
weakly on the order of the fractional derivative, as well
on the damping coefficient y,. Moreover, we can see
that the amplitude a,; = > for o1 = —1.0.

The graph shown in Fig. 3 shows that the amplitude
a1 also depends weakly on the order of the fractional
derivative, virtually all curves coincide. The graphs pre-
sented in Fig.3 show that the order of the fractional
derivative effects on the range of existing real solution
of Eq. (43) for amplitude ag, namely an increase in the
order of the fractional derivative, decreases the range of
the solution. The decrease in the range of the solution
is more noticeable for a higher damping coefficient y».

7 Conclusions

In this paper, analysis of a nonlinear three-degree-
of-freedom system with a spherical pendulum is per-
formed. A fractional damping is assumed in the damper
and in the spherical pendulum pivot point. The approxi-
mate analytical solution is obtained using the multiple-
scale method. Steady-state solutions for different com-
binations of external and internal resonances are stud-
ied. The analysis is performed for two types of excita-
tion. The first excitation case assumes only excitation
by a vertical force acting on the oscillator and for an
internal resonance for 8 = 0.5 and an external reso-
nance for u; = 1.0, while the second case assumes
excitation with a force acting on the pendulum in the
horizontal direction (Fig. 1) and an internal resonance
for B = 0.5 and an external resonance for u, = f.

It is shown that the amplitude a;; depends weakly
on the order of the fractional derivative, as well on the
damping coefficient. Similarly, the amplitudes ag; and
ag1 depend weakly on the order of the fractional deriva-
tive. The study can be extended to a transient analysis
and analysis of other external and internal resonances.
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Appendix A

Relationship between Cartesian and generalized coor-
dinates Eq. (1) can be obtained by analyzing the appro-
priate distances and the triangles OCB and ABO
shown in Fig. 4. The triangle OCB lies in the plane
Ox3z>. The triangle ABO lies in the plane perpen-
dicular to the plane Ox»z» and passing through the
pendulum ‘O A: thus, the segment AB is perpendicular
to the segment O B and the angle at the vertex B is a
right angle. The angle 6 lies in the plane Ox>z> and
it is between the vertical axis Oz» and the orthogonal
projection of the pendulum OA on the plane Ox>z3,
i.e., the segment O B. The angle ¢ is the angle between
the deflections of the pendulum in the plane x;z; and
the pendulum [9].

It can be seen from the triangle AA B O (Fig.4) that

AB| = |OA|sing =Isin¢ (A.1)
|OB| = |0OA|cos¢ =1lcos¢ (A.2)

The triangle A OC B (Fig.4) shows that
x» = |CB| = |OB|sinf = [ cos ¢ sin b (A.3)
Figure4 shows that

2 =21+ |0C] (A.4)

m;

Fig. 4 Schematic diagram for calculation generalized coordi-
nates

@ Springer

The triangle AOC B shows that

|OC| = |OB|cos6 = 1cos ¢ cos b (A.5)
thus
22 =21 +1lcos¢cosb (A.6)

Therefore, the relationship between the Cartesian coor-
dinates and the generalized coordinates used is as
follows

xy =l cos¢siné
yo =1[sin¢ (A7)
72 =lcos¢cost + 71
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