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Abstract The energy dissipation in sinusoidally
driven particle dampers is highly dependent on the
motion mode of the particle bed. Especially, for appli-
cations of low acceleration intensity, i.e., acceleration
amplitude below gravitational acceleration, only small
energy dissipation rates are obtained so far, due to
sticking of particles. Here, a new and more efficient
design of particle dampers is introduced for such appli-
cations, whereby the focus is on horizontal vibrations.
The proposed design makes use of the rolling property
of spheres inside particle containers with flat bases.
First, a cuboid container shape is studied. Two differ-
ent motion modes are observed experimentally within
this container shape. For low driving amplitudes, the
particle bed is showing a scattered behavior resulting
in a low damping efficiency. For high driving ampli-
tudes instead, the rolling collect-and-collide state is
observed resulting in much higher efficiency. Analyti-
cal descriptions for the energy dissipation are derived
for both motion modes, being in good agreement with
experimentalmeasurements. It is obtained that the opti-
mal working point of such dampers, i.e., the optimal
stroke, is only depending on the filling ratio of the
damper. Additionally, the optimal working point sepa-
rates both motion modes. For lower strokes as the opti-
mal one, the scattered state is observed,while for higher
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strokes the rolling collect-and-collide mode is seen.
Sensitivity analyses are performed using the experi-
mental setup and discrete element simulations. It is
obtained that especially a low friction coefficient and a
high particle radius are beneficial. On the other hand,
a small tilt around the container’s longitudinal or pitch
axis might significantly decrease the efficiency of the
damper. Besides the cuboid container, the effect of a
cylindrical container heading against gravity is ana-
lyzed. While the particle bed motion modes are only
little influenced, the efficiency of the damper becomes
independent of the excitation direction in the horizontal
plane. Thus, such dampers could be applied to a large
field of applications in mechanical and civil engineer-
ing.

Keywords Particle damper · Rolling bed · Horizontal
vibrations · Granular material · Complex power
method

1 Introduction

Subjecting a container partially filled with granular
material with a harmonic motion, a variety of different
motion modes of the particle bed have been observed
by multiple authors, e.g., [30,31,36,37]. These motion
modes depend on specific particle properties and oper-
ation conditions, like particle size, excitation direction
and intensity, or gravity. An important property of each
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motion mode is the energy dissipation inside the mov-
ing granular material, which may vary a lot.

Applications of such containers filled with granular
material are particle dampers. They are used to reduce
structural vibrations and are becoming more and more
popular. Hereby, the granular containers are attached
to the vibrating structure. By structural vibrations,
momentum is transferred to the granularmaterialwhich
interacts with each other. As a result, energy is dissi-
pated by impacts and frictional phenomena between
the particles.

Particle dampers are cost-efficient devices, add only
little mass to the primary system [14], and might be
applied to a wide frequency range [5]. Furthermore,
they are robust against harsh environmental conditions
[28,33], like in spacecraft applications [27]. Although
particle dampers show huge potential, their design
is still a challenging task. This is because motion
modes and energy dissipation correlate in a non-trivial
way, which is often poorly understood. Identifying
these correlations is still part of ongoing research, see
[2,7,8,18,19,31,34,36,38].

By Mehta and Luck [21], the completely inelastic
bouncing ball was studied. Inspired by this, recently,
an analytical equation for the energy dissipation of the
bouncing collect-and-collidemotionmodewas derived
by Bannerman et al. [3] and Sack et al. [30] under the
condition ofweightlessness, i.e., in the absence of grav-
ity. In this motion mode, the particles move as one sin-
gle particle block, colliding inelastically with the con-
tainer walls. Bannerman et al. [3] and Sack et al. [30]
obtain that the center of mass of the particles moves
synchronously with the driven particle container. To
validate their analytical predictions, their experiments
were performed during parabolic flights. While Sack et
al. [30] subjected their particle container to a harmonic
motion via a linear drive, Bannerman et al. [3] mounted
their damper at the tip of a simple beam-like struc-
ture. Either way, they found a good agreement between
their analytical equation and their experimental results.
Finally, they conducted that the optimal working point
of the bouncing collect-and-collide motion mode is
only depending on the filling ratio of the damper but
not on the excitation frequency. In [23], it is shown that
their analytical formula is even still valid under the
effect of gravity for horizontal and vertical vibrations
and high acceleration intensities.

However, for applications of low acceleration inten-
sities, i.e., acceleration amplitude below gravitational

acceleration, andunder the effect of gravity, the formula
of Bannerman et al. [3] and Sack et al. [30] is losing
validity. This is because particles begin to stick and no
synchronous motion with the particle container is seen
anymore [17]. To overcome this problem, the rolling
attribute of spheres can be used [4,13,16]. Instead of
sticking, the particles slide and roll over the container
base. In this paper, the spheres rolling attribute is used
within flat container bases for applications of lowaccel-
eration intensities. Hereby, the focus is on horizontal
excitations, i.e., perpendicular to gravity. Hence, a syn-
chronous particle motion with the driven container is
achieved.

At first, a cuboid container shape is studied exper-
imentally and numerically using the discrete ele-
ment method (DEM). Two different motion modes are
observed within this container shape, i.e., the scattered
and rolling collect-and-collide motion mode. For low
driving amplitudes, the scattered state is seen, while for
high driving amplitudes the rolling collect-and-collide
motion mode is obtained. The highest damper effi-
ciency occurs at the transition between both motion
modes, i.e., at the optimal stroke. It turns out that this
optimal stroke is only depending on the filling ratio of
the damper. Also, analytical descriptions for the energy
dissipation for both motion modes are derived as well
as for the optimal stroke.

Sensitivity analyses are performed using the exper-
imental setup and discrete element simulations. Multi-
ple particle properties, like Young’s modulus, density,
coefficient of restitution (COR), friction coefficient,
particle radius, or particle number, are studied. Also,
the effect of a tilt around the container’s axis is inves-
tigated. Besides the cuboid container shape, the effect
of a cylindrical container shape which axis oriented in
direction of gravity is finally analyzed.

This paper is organized in the following way: In
Sects. 2 and 3, the experimental setup and numerical
model are introduced to analyze the motion modes and
energy dissipation inside the particle container. Their
results are given in Sect. 4. In the following Sect. 5,
analytical equations for the energy dissipation of the
scattered and rolling collect-and-collide motion mode
are derived and compared to the experimental mea-
surements and numerical simulations. Further influ-
ence parameters on the energy dissipation are inves-
tigated by sensitivity analyses in Sect. 6. Finally, the
conclusion is given in Sect. 7.
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Fig. 1 Experimental setup to analyze motion modes and energy
dissipation of the driven particle bed

2 Experimental setup

The main idea of the new damper design is to use the
rolling attribute of spheres to obtain a high damper effi-
ciency for low acceleration intensity vibrations. In con-
trast to the design of other authors, e.g., [3,10], a par-
ticle container with a cuboid shape and spherical par-
ticles is used. By only using one layer of particles, the
particles roll and slide over the container base instead
of sticking together.

The experimental setup to analyze the particle bed
motion modes and energy dissipation under horizon-
tal forced vibration is shown in Fig. 1. It consists of
a cuboid particle container mounted via a force trans-
ducer on a linear drive. Thus, the excitation force act-
ing on the particle container is measured. The particle
container is made of polyvinyl chloride (PVC) and has
a quadratic cross section with an inner edge width w

and height h of 40mm and a length L of 120mm in
excitation direction. The container is filled with steel
(S235) spheres of r = 5mm radius throughout this
paper. As these spheres are also used for ball bear-
ings in the hardened form, they have a high degree of
roundness. To reduce friction, the particles are lubri-
cated with a little bit oil. Between particle container
and linear drive, the force transducer Gamma- - SI- -
32- - 2.5 from company Schunk is mounted to mea-
sure the excitation force. The linear drive is from SKF
and Siemens, named LTSE 165. Its position is mea-
sured by the incremental encoder LIA20 of Numeric
Jena with a resolution of 20µm. The control of the
linear drive is done by the motion controller Simotion

D435–2 of Siemens and the Sinamics variable-speed
drive with a sampling frequency of 8kHz. Thus, this
setting ensures accurate control and fast reaction on
safety issues. For further details, see [25,26]. The mea-
sured results, which are the container motion and the
driving force acting on the container, are saved with a
sampling frequency of 1kHz for later post-processing.

In the experiments, the linear drive excites the
particle container sinusoidally as xc = X sin(Ωt),
with the container amplitude X and angular frequency
Ω = 2π f . The corresponding container velocity and
acceleration follow as ẋc = V cos(Ωt) and ẍc =
−A sin(Ωt) with V = XΩ and A = XΩ2. To ana-
lyze the different effects and influence parameters, the
excitation amplitude varies between X = 0.5mm till
X = 50mm using 40 sample points and a logarithmic
distribution. The excitation frequency is set exemplary
to f = 2Hz. Indeed, it turns out that there exist a lower
and upper limit for the excitation frequency, which is
discussed later. Each sample point is measured for 20
vibration cycles. After measuring each sample point,
the linear drive pauses, so the particles can come to
rest. As only the stationary state of the system shall be
analyzed, during post-processing the first two vibration
cycles are cut off to remove the irregular movement of
the particles thru their initial state.

3 Numerical model

To study the particle damper numerically, the discrete
element method (DEM) [6] is used. It is a discrete
simulation method for granular materials. Every par-
ticle is considered as an unconstrained moving body
only influenced by applied forces. The dynamics are
described by Newton’s and Euler’s equation of motion
for every particle [29] and are mainly influenced by
contacts between particles themselves and walls. To
model a contact, the contact partners are treated as rigid,
thus contact occurs only at a single point. This contact
modeling allows the contact partners to overlap contin-
uously. The overlap δ is counteracted by the resulting
contact forces.

In this research, the algorithms presented in [22] are
used. For the contact search, the verlet list in combina-
tion with the link cell algorithm is applied. The formula
of Gonthier [11] is used for the normal contact forces
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and reads

FN = kδ3/2
(
1 + d δ̇

)
. (1)

It is based on the contact law of Hertz [12] using phys-
ical parameters of the contact partners to describe the
contact stiffness k, namely the particle radius r , the
Young’s modulus E , and the Poisson’s ratio ν. The
nonlinear damping parameter d depends mainly on the
coefficient of restitution (COR) ε, which controls the
amount of energy dissipation during the contact. For
ε = 1, the contact procedure is fully elastic, while
for ε = 0, the contact procedure is fully inelastic.
In DEM simulations, often a constant COR value is
used. Indeed, this is in reality not the case, as the COR
shows a high dependency on impact velocity, which
can be determined experimentally or numerically using
the finite element method [23,24]. For the tangential
forces, sliding friction with friction coefficient μ using
a smoothinghyperbolic tangent function to avoid jumps
in the friction forces at zero velocity [1] is utilized,
reading

FR = −μ|FN| tanh(τ |vtP|), (2)

with vtP being the relative, tangential velocity at the
contact point P and τ the smoothing parameter. The
friction coefficient is set to 0.1 for all contacts [24]. The
time integration is performed using a variable time step
fifth-order Gear predictor–corrector algorithm [9].

For the numerical analysis, the same excitation and
post-processing parameters as in the experiments are
chosen, see Sect. 2. The used material and contact
data are listed in Table 1. Although the experimental
testbed is set up very precisely, still littlemanufacturing
and mounting inaccuracies exist. Especially, the con-
tainer width is slightly higher with a value of about

40.4mm. Also, little tilts around the container axis are
observed using a spirit level. To account for these lit-
tle tilts, a tilt of 0.1◦ around all container axis is used
for the simulations if not stated differently. It should be
noted that these adjustments seem to be ofminor impor-
tance. However, neglecting these inaccuracies can lead
to abnormal or unrealistic behavior in the simulations.

4 Experimental and numerical results

In this section, the experimental and numerical results
of the previously introduced models are presented. For
the data analysis the complex power method, intro-
duced in Sect. 4.1, is used. The results are then pre-
sented in the following Sect. 4.2.

4.1 Complex power

To analyze the energy dissipation and the efficiency of
the particle damper, the complex power method, intro-
duced by Yang [35], is used. The complex power is
determined to

P = 1

2
F∗�V̄ ∗. (3)

Hereby, F∗ denotes the complex amplitude calculated
by the fast Fourier transform (FFT) of the driving force
signal acting on the container and V̄ ∗ is the conjugate
complex amplitude by FFT of the velocity signal of the
container motion. The dissipated energy per cycle Ẽdiss

follows from the complex power to

Ẽdiss = 2π Ediss = 2π

Ω
Real(P). (4)

Table 1 Material parameters of spheres and container

Material Sphere S235 Container PVC

Young’s modulus [GPa] 208 3

Poisson’s ratio [–] 0.3 0.38

Density [kg/m3] 7900 1400

Friction coefficient [–] 0.1 for all contacts

Coefficient of restitution [–] Velocity dependent, see [23,24]

Dimensions r = 5mm L , w, h = 120, 40.4, 40.0mm
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(a
)

(b
)

Fig. 2 Observed motion modes at different container strokes. Top: Scattered state. Bottom: Rolling collect-and-collide

To judge the damper’s efficiency the reduced loss
factor η∗ [18,23] is used. It is calculated by a scal-
ing of the dissipated energy with the kinetic energy of
the particle system Ekin using the mass of the particle
bed mbed, i.e., the mass of all particles, to

η∗ = Ediss

Ekin
= Ediss

1
2mbed|V ∗

Ω |2 , (5)

with V ∗
Ω being the complex amplitude by FFT of the

velocity signal at the driving frequency. As conse-
quence, the reduced loss factor is independent of the
container and particle mass and enables the compari-
son of different particle settings.

4.2 Results

For the experiments, the particle container is filled with
Np = 36 and Np = 44 particles, respectively. Themax-
imum particle number necessary to cover the container
base with one layer of particles is Np,max = 48. The
clearance h, i.e., the distance from the particle bed to
the opposite containerwall, see also Fig. 1, is calculated
as

h = L

(
1 − Np

Np,max

)
. (6)

The clearance is thus calculated to h36 = 30mm and
h44 = 10mm for the two different particle settings.

During all experiments, the particle bed does not
take off the container base. Only in rare cases, single
particles take off. This happens especially for high con-
tainer amplitudes. However, after a couple of vibration
cycles these flying particles normally sequence again
into the particle bed. This happens as the container
acceleration amplitude A stays always below the grav-
itational acceleration g = 9.81m/s2. Hence, the grav-
itational acceleration is the upper bound for the con-
tainer acceleration and thus for the container stroke and
excitation frequency. Increasing the container accelera-
tion amplitude above g the particle bed becomes first in
a state of fluidization and turns finally in the bouncing
collect-and-collidemotionmode. Indeed, the transition
between the motion modes is smooth, but these anal-
yses are above the scope of this paper, see [24] for a
detailed discussion.

During the conducted experiments, two different
motion modes of the particle bed are observed. Snap-
shot of these motion modes is shown in Fig. 2 for dif-
ferent container positions.

The resulting particle trajectories obtained from
DEM simulations are shown in Fig. 3.

For low excitation amplitudes, the system is in
the so-called scattering motion mode. Due to friction,
almost no particle movement and only few collisions
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(a)

(b)

Fig. 3 Particles trajectories obtained fromDEM simulations for
different container strokes. a Scattered state. b Rolling collect-
and-collide

with the container walls are seen. Hence, no regular or
synchronous motion of the particles is obtained, i.e.,
each particle moves in a different way. When the con-
tainer amplitude reaches a certain threshold amplitude
Xopt the system turns suddenly into the rolling collect-
and-collide motion mode. Here, the particle bed stays
together as one particle block and rolls in the ideal
case over the container base. However, the case of
ideal rolling might not always hold and thus additional
slip occurs. The collisions with the container walls are
inelastic, i.e., after impact the particle bed has adopted
the container’s velocity and does not rebound from it.
This happens due to multiple inter-particle collisions
during impact. For further explanations see [3,20,32].
Hence, a synchronous particle motion with the con-
tainer is achieved. However, for both particle numbers,
i.e., for 36 and 44 particles, the container stroke for
which the particle system switches its motion mode
differs with Xopt,36 = 12mm and Xopt,44 = 4mm.

(a)

(b)

Fig. 4 Reduced loss factor of a 36 particles and b 44 particles.
The threshold amplitude Xopt refers to Eq. (17)

It could be expected that within the scattered motion
mode, a subharmonic response of the rolling collect-
and-collide motion mode might occur. This question
has been dealt with for the case of weightlessness
by Kollmer [15]. It is found that such a subharmonic
response is only theoretically possible for highly inelas-
tic particle collisions (very low COR’s) and is, hence,
not observed here.

In Fig. 4, the reduced loss factors of the conducted
experiments and numerical analysis are shown. The
legend entry “ana. formulas” will be explained later
in Sect. 5.

First, the experimental results are discussed. For
small excitation amplitudes X < Xopt, both systems
are in the scattered state. Here, only small reduced loss
factor values 0 < η∗ < 0.4 are obtained. At X ≈ Xopt,
both systems switch to the rolling collect-and-collide
motion mode. Here, the highest reduced loss factors
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are seen, with η∗
max,36 = 0.75 and η∗

max,44 = 0.6.
The shape of the reduced loss factor is quite similar
for the different particle numbers. The reduced loss
factor starts at the high values and reduces slowly to
higher excitation amplitudes. However, as Xopt is dif-
ferent for both settings, shifted excitation amplitudes
are observed.

From these observations, it follows that the rolling
collect-and-collide motion mode is of much higher
interest for the damper design for an underlying struc-
ture as a higher damper efficiency is achieved. Espe-
cially, an operation within the maximum reduced loss
factors should be aimed. Thus, the rolling collect-and-
collide motion mode and its influence parameters are
of major interest in this paper.

The numerical DEM results for the reduced loss fac-
tor are also pictured in Fig. 4. For the scattered motion
mode, i.e., X < Xopt, the results are on the same scale
as the experimental results. However, neither a qualita-
tive nor quantitative agreement of the observed curves
for this area is achieved. As the reduced loss factor
and the kinetic energy of the particles are low for this
motion mode, very low energy dissipation is achieved
in this regime, see Eq. (5). Hence, the energy dissipa-
tion of this regime might be very sensitive. This will be
further analyzed in Sect. 6. For the rolling collect-and-
collide motion mode, i.e., X > Xopt, a good qualita-
tive agreement with the experiments is observed. For
strokes around the optimal one X ≈ Xopt, the DEM
leads to higher reduced loss factor values compared
to the experiments. For the 36 and 44 particle, set-
ting differences up to 0.2 and 0.3, respectively, are
obtained. For strokes significantly above the optimal
stroke, experimental and numerical results converge
against each other for both particle numbers.

5 Analytical description

As seen in Fig. 4, the reduced loss factor and thus,
the energy dissipation of the particle bed are strongly
related to the two different motion modes. While for
the scattered state rather low values are obtained, the
rolling collect-and-collide leads especially in the area
of Xopt to high reduced loss factor values. For both
motion modes, an analytical equation shall be found in
the following to describe the energy dissipation of the
particle bed.

5.1 Scattered state

This motion mode is characterized by its non-regular
movement. It is similar to the gas-like state observed by
Sack et al. [30] under the condition of weightlessness.
Thus, it can be assumed that the dissipated energy is
proportional to the number of particle–wall collisions.
This collision number depends on the volume swept
by the container. As the particles hitting the container
walls at random phases, a higher excitation stroke leads
tomore collisions while a higher clearance to less colli-
sions. Furthermore, the dissipated energy is assumed to
scale with the particles kinetic energy. Using an empir-
ical approach to derive an analytical equation for the
energy dissipation considering the above-mentioned
observations results finally in

Ediss = κ
X

h
Ekin = κ

X

h

1

2
mbedV 2, (7)

with κ being a scaling factor. For this energy dissipa-
tion, the reduced loss factor is then achieved to

η∗ = κ
X

h
, (8)

yielding a linear increase with increasing excitation
amplitude. Besides the excitation amplitude, Eq. (8) is
only further depending on the clearance and thus on the
dampers filling ratio. This analytical solution is shown
for κ = 1 in Fig. 4 for X < Xopt, i.e., the scattering
motion mode. For the 36 particle setting, see Fig. 4a,
only a rough approximation is achieved. First, the ana-
lytical formula underestimates the reduced loss factor
and later on overestimates it. For the 44 particle set-
ting instead, a good quantitative agreement is seen for
the whole scattering state, see Fig. 4b. These different
matches of experiments and analytical formula can be
explained as Eqs. (7) and (8) are derived empirically
and not by formulas describing the physical behavior
of the motion of the particles. One should also keep in
mind that for the scattered state as well the reduced loss
factor as the dissipated energy of the particle system are
low. Thus, this regime should be avoided for practical
applications and an accurate description of the energy
dissipation is not of such high practical importance as
for the rolling collect-and-collide motion mode.
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5.2 Rolling collect-and-collide

From the experiments, it is observed that in the rolling
collect-and-collide motion mode, i.e., for X > Xopt,
the particle bed moves as one single particle block,
see Figs. 2 and 3. Thus, the translational and rotational
velocities of every single particle are assumed to be
identical. It is also observed that the particle bed is
first pushed by the container wall. Then, the particle
bed leaves the pushing container wall at the container’s
maximum velocity, i.e., at Ωt = nπ with n ∈ N. At
this time point, the container velocity is maximal with
ẋc = ±V . As the particle bed is pushed by the con-
tainer until, it leaves the container wall, up to this time
point almost no rotational movement is seen. Hence,
it is assumed to be zero until the particles are leaving
the container wall. After leaving the container wall, the
particles begin to roll due to friction between particles
and container base. Here, a perfect instantaneous tran-
sition from sliding to rolling of the particles is assumed.
Hence, energy conservation is supposed until the par-
ticle bed impacts with the opposite container wall. The
conservation of energy balance for a single particle
before and after leaving the pushing container wall fol-
lows to

1

2
mpV 2 = 1

2
mp ẋ2p + 1

2
I ϕ̇2, (9)

with ẋp being the particles absolute translational veloc-
ity, mp and I being the mass and moment of inertia
of a single spherical particle, and ϕ̇ being the parti-
cles angular velocity. Hereby, ẋp and ϕ̇ are assumed to
be identical for all particles. To solve for the particles
absolute translational velocity ẋp, the angular particles
velocity ϕ̇ has to be expressed by it. Using the rolling
condition, reading ϕ̇ = (ẋp − ẋc)/r , one obtains

ẋp = 1

7
V

(
2 cos (Ωt) +

√
25 + 10 sin2 (Ωt)

)
. (10)

The relative velocity between particle bed and con-
tainer Δẋcp = ẋp − ẋc follows to

Δẋcp = 1

7
V

(√
25 + 10 sin2 (Ωt) − 5 cos(Ωt)

)
.

(11)

Interestingly, Eqs. (10) and (11) only depend on the
container’s velocity amplitude V and the excitation

angle Ωt , but are independent of the particle’s prop-
erties, like mass or radius.

Next, the particle bed collides with velocity ẋ−
p (ti)

inelastically with the opposite container wall at the
impact time point ti. The impact time point is limited
by Ωti = π . For this time point, the container is again
located at xc = 0 but moves in the other direction, i.e.,
ẋc = −V . If the particle bed hits the container at a
later instant of time, the observation that the particle
bed leaves the container wall at xc = 0 would be vio-
lated for the next vibration cycle. In the experiments,
the scattering state is observed instead if the leave con-
dition is violated.

In Fig. 5a, the position of the particle bed and the
positions of the pushing (solid line) and impacting
(dashed line) container wall normalized by the con-
tainer position X during the particles rolling phase are
shown. As the distance between both container walls
depends on the clearance h, the position of the impact-
ing containerwall (dashed line) indicates just onepossi-
ble configuration. It should be noted that for the rolling
motion mode the particle impact could occur at any
instance of time up to Ωt = π depending on the clear-
ance h. In Fig. 5b, the absolute velocities of the par-
ticles ẋp and relative velocities to the container Δẋcp
normalized by the container velocity V are shown.

The particles’ velocities decrease monotonically
until impact due to the rolling condition. However,
the relative velocity between particles and container
is monotonically increasing. It should be noted that a
higher container amplitude X and thus, a higher con-
tainer velocity V leads to an earlier impact of the par-
ticle bed with the opposite container wall, i.e., Ωt
decreases. Consequently, the velocity ratio Δẋcp/V
decreases as X increases.

To obtain the particles impact velocity with the
opposite container wall ẋ−

p (ti), the impact time point
ti is necessary. It describes the time the particle bed
needs to travel from the pushing to the opposite con-
tainer wall. It is achieved by solving

∫ ti

0
ẋp(t)dt

︸ ︷︷ ︸
particle motion

= X sin(Ωti)︸ ︷︷ ︸
container motion

+ h︸︷︷︸
clearance

. (12)

Using Eq. (10), Eq. (12) can now be solved numerically
for the impact time point ti.
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Fig. 5 a Position of particle
bed and positions of
pushing (solid line) and
impacting (dashed line)
container wall normalized
by the container amplitude
X . The dashed line indicates
just one possible
configuration. b Absolute
and relative velocities of the
particles normalized by the
container velocity V

(a) (b)

During the impact of the particle bed with the con-
tainer wall an inelastic collision occurs. Thus, the par-
ticle bed adopts the velocity of the container, i.e.,
ẋ+
p (ti) = ẋ+

c (ti). During this impact, the rotational
movement of the particles stops. In sum, two impacts
(left wall, right wall) occur during one vibration cycle.
Accordingly, the dissipated energy per cycle follows to

Ẽdiss = 2

(
1

2
mbedΔẋ2cp(ti) + 1

2
Ibedϕ̇

2(ti)

)
, (13)

with Ibed being the sum of the particles’ moment of
inertia terms.

Using the rolling condition and inserting Eq. (11)
into Eq. (13) yields for the dissipated energy per cycle
to

Ẽdiss = 1

35
mbedV 2

(√
25 + 10 sin2(Ωti)

−5 cos (Ωti)

)2

. (14)

Finally, the reduced loss factor η∗ is obtained by
Eq. (5) and V ∗

Ω = V .
As seen in Fig. 5b, the highest relative velocity

and thus, the highest dampers efficiency of the rolling
collect-and-collide motion mode are achieved at an
impact time point of Ωti = π , i.e., at the switch point
to the scattering state. This has already been observed
experimentally, see Fig. 4. By inserting Ωti = π into
Eq. (14), the maximum dissipated energy per cycle
Ẽmax
diss and the maximum reduced loss factor η∗

max are
obtained to

Ẽmax
diss = 20

7
mbedV 2, (15)

η∗
max = 20

7π
≈ 0.91. (16)

Hence, this theoretical optimal value of the reduced
loss factor can be used to judge different dampers and
settings about their efficiency.

To obtain the container stroke X for which Ωti = π

holds true, i.e., the stroke of maximum efficiency,
Eq. (12) is solved with Eq. (10) numerically using this
impact time point. This yields the optimal stroke as

Xopt ≈ 0.4h. (17)

In agreement with the experimental results, see Fig. 4,
this optimal stroke is only dependingon the clearanceh.
It is remarkable that no dependency on the excitation
frequency Ω exists.

To validate the analytical formula for the dissipated
energyEq. (14), the reduced loss factors and theoptimal
strokes are compared in Fig. 4 to the conducted exper-
iments for 36 and 44 particles of the rolling collect-
and-collide motion mode, i.e., X > Xopt. The theo-
retical threshold Xopt shows only minor differences to
the experimentally observed ones. Also, the curve pro-
gression of the reduced loss factor agrees well with the
experiments. However, the obtained values are above
the experimentally measured ones for all excitation
amplitudes. This starts at the optimal strokeswith rather
high differences of about 0.2 and 0.3 for the 36 and 44
particle settings, respectively. Indeed, as the excitation
amplitude increases, the differences decrease to 0.08
and 0.02. These differences are on the same magni-
tude as for the DEM. Although some quantitative dif-
ferences between analytical formula and experimen-
tal results exist, the qualitative validity of the derived
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formula is shown. Hence, the formulas for the optimal
stroke Eq. (17) and dissipated energy Eq. (14) provide a
powerful tool to support the design of a particle damper
for an underlying structure.

Interestingly, the DEM simulations are in much bet-
ter agreement with the analytical formula as the exper-
iments. This might be attributable to the fact that some
influence parameters affecting the experiments are nei-
ther reproduced by the analytical formula nor the DEM
simulations. This will be further investigated in Sect. 6.

6 Sensitivity analysis

In order to obtain a deeper understanding of the influ-
ence parameters affecting the reduced loss factor, sen-
sitivity analyses are performed on selected parameters
in this section using the experimental setup and the
numerical DEM model. First, different particle prop-
erties are studied in Sect. 6.1. Afterward, the influ-
ence of a container tilt is analyzed in Sect. 6.2. Finally,
the effect of the container’s shape is investigated in
Sect. 6.3.

6.1 Particle properties

Using both, experiment and DEM, the effect of single
particle properties on the reduced loss factor are inves-
tigated in the following. As only one property is varied
at a time, independent results are obtained.

Young’s modulus The Young’s modulus of the par-
ticles is changed using the DEM to the values of PVC
and tungsten, i.e., 3 and 405GPa compared to 210GPa
of steel, using DEM simulations. Indeed, only minor
differences of the reduced loss factor for 36 and 44 par-
ticles are obtained. Thus, the influence of the Young’s
modulus is negligible.

Density Likewise to the Young’s modulus, the den-
sity values of PVC and tungsten are studied, i.e.,
1400kg/m3 and 19,250kg/m3 compared to 7900kg/m3

of steel, by DEM simulations. Again, only a negligi-
ble influence onto the reduced loss factor is obtained.
However, it should be noted that the dissipated energy
of the system is depending via Eq. (5) on the kinetic
energy of the particles and thus on the particle mass
as Ediss = η∗Ekin = η∗ 1

2mbedV 2. Thus, using the par-
ticles density, the amount of dissipated energy can be
influenced.

(a)

(b)

Fig. 6 Reduced loss factor of a 36 particles andb 44 particles for
different friction coefficients analyzed by DEM. The threshold
amplitude Xopt refers to Eq. (17)

Friction coefficient For the analysis of the friction
coefficient, values ofμ = 0.01 andμ = 1 are addition-
ally analyzed by DEM and compared to the baseline
simulation of μ = 0.1. The results are shown for 36
and 44 particles in Fig. 6.

For both particle numbers, the same observations
can be made. For low excitation amplitudes, i.e., the
scattered state, only a little dependency on the friction
coefficient is seen, which is not of higher importance.

At the optimal strokes, completely different results
are obtained for the different friction coefficients. The
higher the friction coefficient, the higher the optimal
stroke, but the lower the maximum reduced loss factor.
Differences up to a factor of 1.7 are seen in the reduced
loss factor here, i.e., η∗ ≈ 0.7 for μ = 1 to η∗ ≈ 1.15
for μ = 0.01. This behavior can be explained, as
a higher friction coefficient leads to more frictional
energy dissipation. Hence, the particles’ translational
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velocity during impact with the opposite container wall
is lower, leading to lower reduced loss factors. In addi-
tion, due to the lower translational velocity, the impact
time point occurs later. Hence, the optimal stroke is
shifted to higher values. For container strokes above
the optimal strokes, the results of the different fric-
tion coefficients converge against each other, showing
onlyminor differences. Thus, in these areas, the friction
coefficient is of minor influence.

Using this knowledge, the differences in Fig. 4
between experimental results and DEM simulations
with μ = 0.1 might be explained. Especially, at the
optimal strokes, the experiments lead to lower reduced
loss factors, while for excitation amplitudes above the
optimal strokes a convergence is observed. This behav-
ior can partially be explained by an underestimation of
the friction coefficient in the simulations.

Coefficient of restitution To investigate in the coef-
ficient of restitution, instead of a velocity-dependent
COR, three constant values of ε = 0.8, ε = 0.9, and
ε = 0.95 are analyzed by DEM. One could expect a
negative influence for high COR’s, as instead of an
inelastic collision particles might rebound from the
impacting container wall for the rolling collect-and-
collide motion mode. However, none of the values is
showing a major influence on the reduced loss factor.
Only for very highCOR’s ε → 1, thismight be the case
[23]. However, as such a high value is not of practical
importance, this is not further studied here.

Particle number and radius To analyze the effect of
the particle number experimentally, these are stepwise
reduced starting from 36 and 44 particles. By using a
partition wall, the clearance is kept constant at h =
3 cm and h = 1 cm, respectively. No major influence
on the reduced loss factor could be observed as long as
more than three particles in length and width direction
of the container are used. Only for a lower number
of particle rows, the inelastic collision behavior of the
particles is negatively influenced, which results in a
lower reduced loss factor.

To analyze the effect of the particle radius exper-
imentally, spheres of 2.5mm radius instead of 5mm
radius are investigated. The particle number to cover
the container base with one layer of particles changes
to Np,max = 192.Tokeep the clearance ath = 3 cm and
h = 1 cm, 144 and 176 particles, respectively, are uti-
lized. From the analytical formula Eq. (14), no depen-
dency on the particle radius is obtained. However, in
the experiments, a much lower particle movement is

observed around the optimal strokes for the lower parti-
cle radius. This leads to much smaller reduced loss fac-
tors in this area. The other areas are only little affected.
An explanation for this might be the highly increased
surface area of the particles. Due to the strong influ-
ence of friction, as discussed earlier in this section, the
lower particle movement might occur around the opti-
mal stroke. Hence, bigger particles are beneficial. Also,
for high excitation amplitudes, more particles take off
the container base. This movement might already be
classified as fluidization mode. However, further stud-
ies on this are above the scope of this paper.

It should be noted that the mass of the particle bed
and thus the amount of dissipated energy can also be
influenced by the number of particles and the particle
radius. Thus, particle radius, particle number, and par-
ticle density should be considered during the design
phase of the particle damper.

6.2 Tilt

In this section, an additional tilt around the three con-
tainer axis, see Fig. 1, is analyzed. For high acceleration
intensity applications, it is shown in [23] that such a tilt
is not significantly affecting the dampers’ energy dis-
sipation. However, here the rolling property of spheres
is used. This might lead to a different dependency on
the container’s tilt. In Fig. 7, the reduced loss factor
is shown for an additional tilt α of 3◦ around the con-
tainers x-, y-, and z-axis for 36 and 44 particles using
DEM simulations. The results are compared to the sys-
tem with only a minor tilt of 0.1◦, also called baseline
setting in the following.

y-axis A tilt around the containers y-axis has only
a minor influence on the reduced loss factor for both
particle settings. It can thus be considered negligible.

z-axis A tilt around the z-axis is showing a major
influence. For the 36 particle setting, the reduced loss
factor is first close to η∗ ≈ 0 and thus, even lower as
the baseline setting. When the container stroke reaches
X = 4mm, the reduced loss factor sharply increases
and reaches values about η∗ ≈ 0.5. Around the optimal
stroke, i.e., X ≈ Xopt,36, no sharp transition between
scattered state and rolling collect-and-collide motion
mode is seen. Here, much lower values compared to
the baseline setting are obtained, i.e., values of about
η∗ ≈ 0.4 compared to η∗ ≈ 0.7. At the highest reduced
loss factor, this difference reduces with values of about
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(a)

(b)

Fig. 7 Reduced loss factor of a 36 particles andb 44 particles for
a container tilt of 3◦ around all its three axis byDEMsimulations.
The threshold amplitude Xopt refers to Eq. (17)

η∗ ≈ 0.8 and η∗ ≈ 0.9. For X � Xopt,36, the envelope
of the reduced loss factor looks similar to the baseline
setting.

For the 44 particle setting, the reduced loss factor is
first also close to η∗ ≈ 0. When the container stroke
reaches X = Xopt,44 = 4mm, the reduced loss factor
increases up to η∗ ≈ 0.55. However, big differences to
the baseline setting are seen around Xopt,44. For strokes
above X > 9mm, the envelope of the reduced loss
factor is similar to the baseline setting.

To explain the observed behavior, the container’s
acceleration has to be considered. Due to the containers
tilt, the particle bed will collect on the lower container
wall for both motion modes. The particle bed can only
leave the lower container wall if A cos(α) > g sin(α)

holds true. Hence, one obtains A > 0.51m/s2. At the
optimal strokes, the container accelerations follow for

36 particles to A(Xopt,36 = 12mm) = 1.9m/s2 and
for 44 particles to A(Xopt,44 = 4mm) = 0.63m/s2.

Thus, for excitation amplitudes up to X = 4mm
the particles barely take off the lower container wall
resulting in very low energy dissipation. Hence, only
very low reduced loss factor values are seen for both
particle numbers up to this container stroke. For higher
container strokes, a newmotion mode is observed. The
particles leave the lower container wall, but they do
not reach the other container side. Instead, single-sided
contacts with the lower container wall are seen leading
to reduced loss factors of about η∗ ≈ 0.1 − 0.55.

The rolling collect-and-collide motion mode occurs
if the container acceleration gets high enough, such
that the particle bed will reach the other container side.
However, the maximum reduced loss factor is reduced
in value and shifted to higher excitation strokes. Like-
wise, the higher the acceleration at the optimal stroke,
the lower the influence due to the tilt. Hence, the
reduced loss factor of the 36 particle setting is not as
much affected as of the 44 particle setting.

For container strokes above the maximum reduced
loss factor, the influence of the tilt becomes more and
more negligible as the container acceleration increases.
Thus, baseline setting and z-axis tilt look similar in
this regime. In summary, to avoid a major influence
of a container’s z-axis tilt, one should make sure
A cos(α) � g sin(α) holds at the point of operation of
the particle damper. This condition is hence the lower
bound for the container acceleration and thus, for the
container stroke and excitation frequency.

x-axis The envelope of the reduced loss factor looks
very similar for a tilt around x- and z-axis for both parti-
cle numbers. Only for very small excitation amplitudes
up to X = 4mm, major differences are seen. Here,
reduced loss factors between η∗ ≈ 0.1−0.5 instead of
η∗ ≈ 0 are observed.

Although the envelope of the reduced loss factor
looks similar for a tilt around x- and z-axis, different
explanations are necessary. For a x-axis tilt, the par-
ticles get also collected at the lower container wall.
Though, this is the sidewall now. Similar to the base-
line setting, scattered and rolling collect-and-collide
state are observed. For the scattered state, the x-axis
tilt is advantageous compared to the baseline setting.
As the particles get collected at the sidewall, more
particle collisions occur, leading to higher energy dis-
sipation. However, for the rolling collect-and-collide
motion mode, the collection of particles hinder each
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Fig. 8 Picture (left) and
schematic representation
(right) of cylinder

others movement. This results in lower reduced loss
factors compared to the baseline setting. Only for high
excitation amplitudes, the tilt’s influence becomes neg-
ligible leading to similar reduced loss factors as the
baseline setting.

Due to the similarity between x- and z-axis tilt, the
same condition of A cos(α) � g sin(α) should be con-
sidered during the dampers design phase. However, it
is hard to derive this formula based on physical consid-
erations for a x-axis tilt.

Comparing the simulation results for a tilt around
x-axis or z-axis of Fig. 7 with the experimental results
shown in Fig. 4, one observes a higher agreement com-
pared to the baseline setting. Thus, besides an under-
estimation of the friction coefficient, a little tilt of the
experimental setup around x-axis or z-axis might fur-
ther explain the differences between experimental and
numerical results.

6.3 Container shape

For the analyzed cuboid container, an excitation in the
horizontal plane in the container’s longitudinal direc-
tion is used until now. However, in some real technical
applications, the excitation might occur in any direc-
tion in the horizontal plane, for instance for high-rise
buildings or crane hooks. In this case, the clearance
and thus, the optimal stroke and the reduced loss factor
of a cuboid container would depend on the excitation
direction, see Eqs. (6) and (17). To make the reduced
loss factor independent of the excitation direction in the
horizontal plane, a cylindrical container shape heading
against gravity, i.e., in y-direction, see Fig. 8, is ana-
lyzed experimentally next. The cylinder has a radius
of R = 3.9 cm. Thus, the same particle number of 48
is necessary to cover the container’s base. Its height is

slightly above the particle’s diameter with 11mm. The
clearance is approximated with Eq. (6) using L = 2R.
To obtain the same clearances and thus, the same opti-
mal strokes as for the cuboid container the particle num-
bers are reduced to 30 and 42.

In Fig. 9, the reduced loss factors are compared
between experimentally obtained results of the cuboid
and cylinder shape. Also, the reduced loss factor for a
DEM simulation for the cylinder is shown.

Between the experimental results of cuboid and
cylinder, only little differences occur in the reduced
loss factor for both motion modes. Especially, for the
rolling collect-and-collide of the 36 particle setting,
slightly lower reduced loss factors are seen. For the
DEM results, the same observations as for the cuboid
DEM results, see Fig. 4, are obtained. The scattered
state is only roughly approximated,while for the rolling
collect-and-collide a good qualitative agreement with
some quantitative discrepancies, especially around the
optimal stroke, is achieved. In sum, the cylindrical con-
tainer shape is well suited if the excitation direction in
the horizontal plane is not well known. Also, the DEM
model can be used for further sensitivity analysis.

Likewise, to the cuboid container shape, a tilt of
3◦ around the cylinders x- and z-axis, see Fig. 8, is
analyzed byDEMsimulations. From the results, shown
in Fig. 10, the same statements as for a tilt of the cuboid
of Fig. 7 can be drawn.

While for the scattered state, partially higher reduced
loss factors are obtained, the optimal stroke of the
rolling collect-and-collide is shifted slightly to higher
values, but lower reduced loss factors are received.
Likewise to the cuboid shape, the 42 particle setting is
more influenced than the 30 particle setting. This hap-
pens as the container acceleration at the optimal stroke
of the 42 particle setting is much lower compared to
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(a)

(b)

Fig. 9 Reduced loss factor ofa36 (cuboid) and30 (cylinder) par-
ticles andb 44 (cuboid) and 42 (cylinder) particles. The threshold
amplitude Xopt refers to Eq. (17)

the 30 particle setting, i.e., A(Xopt,30 = 12mm) =
1.9m/s2 to A(Xopt,44 = 4mm) = 0.63m/s2. Thus,
the tilt of the container has more effect on the higher
particle number due to the lower clearance. The results
for a tilt around x- and z-axis are again only of minor
differences. Likewise to the cuboid container shape,
the condition of A cos(α) � g sin(α) should be con-
sidered during the dampers design phase to avoid a
large influence due to a tilt.

7 Conclusion

The attributes of particle dampers for low accelera-
tion horizontal vibrations are analyzed. Using a linear
drive a cuboid particle container is subjected to a har-
monic motion. For low excitation amplitudes, a scat-
tered state of the spherical particles is observed. No

(a)

(b)

Fig. 10 Reduced loss factor of a 30 particles and b 42 particles
for a cylindrical container with tilt of 3◦ around its x- and z-axis
by DEM simulations. The threshold amplitude Xopt refers to
Eq. (17)

regular movement is seen, and the damper’s efficiency
is low. If the excitation amplitude is exceeding a thresh-
old amplitude, which only depends on the clearance of
the particle bed to the opposite container wall, the sys-
tem switches to the rolling collect-and-collide motion
mode. Here, the particles slide and roll as one particle
block over the container base and collide inelastically
with the container’s walls. This synchronous motion
leads first to a high damper efficiency with a low reduc-
tion to higher container amplitudes.

While for the scattered state, an empirical formula is
found to describe the energy dissipation, for the rolling
collect-and-collide motion mode an analytical expres-
sion is derived. Especially, this analytical expression
is in good agreement with the experimental measure-
ments. Also, an analytical expression for the threshold
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amplitude separating bothmotionmodes is derived, fit-
ting well to the measurements.

To obtain a deeper understanding of the dynamical
processes inside the damper, experimental and numer-
ical sensitivity analyses are performed. The numerical
discrete element model is validated by comparisons to
the conducted experiments, showing a good agreement.
Most of the particle properties, like Young’s modulus,
density, coefficient of restitution, or particle number
have a negligible influence on the damper’s efficiency.
However, it turns out that a low friction coefficient and
a high particle radius are beneficial. Also, a tilt around
the damper’s axis are studied. Hereby, a little tilt around
the dampers yaw axis is showing only little influence
on the damper’s efficiency. However, a tilt around its
longitudinal or pitch axis might significantly decrease
the efficiency of the rolling collect-and-collide motion
mode. Finally, the container shape is analyzed experi-
mentally and numerically. The cuboid shape is replaced
by a cylindrical shape heading against gravity. While
the efficiency of the damper is only a little reduced,
this cylindrical shape is showing the great advantage
of applying to vibrations in the whole horizontal plane.
Thus, this new efficient damper design for low acceler-
ation vibrations opens a completely new area of appli-
cations for particle dampers in mechanical and civil
engineering.
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