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Abstract Parametric vibrations of the single-layered
graphene sheet (SLGS) are studied in the presented
work. The equations of motion govern geometrically
nonlinear oscillations. The appearance of small effects
is analysed due to the application of the nonlocal elas-
ticity theory. The approach is developed for rectangu-
lar simply supported small-scale plate and it employs
the Bubnov–Galerkin method with a double mode
model, which reduces the problem to investigation
of the system of the second-order ordinary differen-
tial equations (ODEs). The dynamic behaviour of the
micro/nanoplate with varying excitation parameter is
analysed to determine the chaotic regimes. As well the
influence of small-scale effects to change the nature of
vibrations is studied. The bifurcation diagrams, phase
plots, Poincaré sections and the largest Lyapunov expo-
nent are constructed and analysed. It is established that
the use of nonlocal equations in the dynamic analysis
of graphene sheets leads to a significant alteration in
the character of oscillations, including the appearance
of chaotic attractors.
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1 Introduction

It is clear that nanotechnology has taken a large
place in modern industry in recent years. This is due
to the fact that micro and nanoobjects have excel-
lent mechanical, chemical, electrical, and magnetic
properties. Such objects are widely used as elements
of the micro(nano)electromechanical systems (MEMS
and NEMS), resonators, sensors, atomic force micro-
scopes, DNA detectors, thin films, and others [1–
7]. However, the experimental and theoretical stud-
ies carried out have shown that the classical (size-
independent) theory in the investigation of objects with
dimensions in nano/microscale cannot guarantee cor-
rect outcomes. That is why size-dependent continuum
theories have been developed and applied to various
problems. Mention should be made of the micropolar
elasticity theory by the Cosserat brothers [8], as well
as the couple stress theory by Mindlin and Tiersten,
Toupin, Koiter [9–11]. Applied in our paper the nonlo-
cal elasticity theory by Eringen [12] uses the fact that
the stress at a given point depend on strains at all other
points in the body and introduces the supplementary
nonlocal parameter. It should also be noted the strain
gradient theory established by Lam et al. [13] including
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three material length scale parameters, and the modi-
fied couple stress theory byYang et al. [14], which con-
tains only one additional material length scale param-
eter, moreover, in this case there is a symmetric couple
stress tensor.

As mentioned above, the proposed work uses the
nonlocal theory of elasticity. There are many works in
which linear vibrations and buckling of isotropic and
orthotropic micro and nanoplates are studied [15–19].
A significantly smaller number of works is devoted to
solving problems in a geometrically nonlinear formu-
lation with various types of loading as well as under
magnetic and electric excitation [20–23]. Moreover, in
these works, periodic regimes are studied based on the
single-mode approximation of the deflection. At the
same time, numerous works based on the classical the-
ory have shown that the use of two or more mode mod-
els makes it possible to detect chaotic regimes [24,25].
It is also worth mentioning here the works where the
nonlocal effects taken into account. Nonlinear modes
of vibration of single-layered graphene sheets are stud-
ied by Ribeiro and Chuaqui [26] by Bubnov–Galerkin
approach as well as harmonic balance method. Awre-
jcewicz et al. [27] analyse the forced nonlinear vibra-
tions of nano/micro plates based on multiple scale
method Furthermore, when the plate is subjected to
periodic in-plane load the parametric resonance may
occur [28,29] and this matter should be investigated
thoroughly.

A literature review showed that this problemof para-
metric vibrations of micro/nanoplates remains insuf-
ficiently studied. Those few recent studies of micro
nanostructures use the classical Bolotin method for
dynamical stability analysis. Gholami et al. studied
axial buckling and dynamic stability of functionally
graded microshells in [20]. The dynamic stability of
Timoshenkonanobeams subjected to an axial load stud-
ied in thework ofBehdad et al. [30], Bolotin’s approach
applied to the investigationof dynamic stability of func-
tionally graded microbeams by Ke and Wang [31],
where authors used the modified couple stress theory.

In our work we considered the orthotropic small-
scale plate compressed by harmonic load in-plane
along the axis Ox . The approach used in this work
is based on the Bubnov–Galerkin method, while the
solution is presented in the Navier form, taking into
account twomodes. This helped us to reduce the resolv-
ing size-dependent partial differential system to ODEs
the coefficients of which contain a nonlocal parame-

Fig. 1 Loaded Graphene sheet

ter. Integration of the obtained system is carried out by
the Runge-Kutta method. The complex behavior was
investigated by varying the load parameter and nonlo-
cal parameter in order to detect chaotic oscillations and
analyse the transition to them.

The manuscript has five parts. The first section is
aimed at the introduction, the next part contains the
formulation of the problem based on the nonlocal elas-
ticity theory. Following the statement part, the third sec-
tion is devoted to describing the method used Bubnov–
Galerkin approach and double mode model. The fourth
part contains the results of numerical simulations and
bifurcation analysis. The paper ends with some conclu-
sions.

2 Mathematical formulation

The presented work is devoted to the investigation of
the parametric vibrations of SLGS. The equations gov-
erning the problem use the nonlocal elasticity theory
as well as are based on Von Kármán nonlinear theory
and Kirchhoff–Love Hypothesis. The nanoplate is sub-
jected to the in-plane uniaxial periodic force, see Fig. 1.

In contrast the classical theory, according to the non-
local elasticity theory the constitutive relation for the
nonlocal stress tensor at a point x is presented in the
following form

σ =
∫
V
K

(
|X ′ − X |, τ

)
σ ′(X ′)dX ′. (1)

In formula (1) σ , σ ′ are nonlocal and local stress

tensors, K
(
|X ′ − X |, τ

)
is the nonlocal modulus,

τ = e0α/ l, where α is the internal characteristic length
(distance between C-C bonds, lattice parameter) and l
stands for external characteristic length, whereas e0 is a
constant appreciating tomaterial for adjusting to exper-
imental results or molecular dynamics results [12,32].
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The system of the movement equation is presented
in the mixed form [33,34], for this, the stress function
F is introduced in the following way

Nx = ∂2F

∂y2
, Ny = ∂2F

∂x2
, Nxy = − ∂2F

∂x∂y
. (2)

where Nx , Ny, Nxy are resultant in-plane forces. Note
that the problem considered assumes neglecting of
propagation of elastic waves in longitudinal equations.
A detailed derivation of the governing system relating
the stress function F and plate deflection w one can
find in [22,23]:

D11
∂4w

∂x4
+ 2 (D12 + 2D66)

∂4w

∂x2∂y2
+ D22

∂4w

∂y4

=
(
1 − μ∇2

) (
−px (t)

∂2w

∂x2
+ L (w, F)

−ρh
∂2,w

∂t2
− ε

∂w

∂t

)
, (3)

where

D11 = E1h3

12(1 − ν12ν21)
, D22 = E2h3

12(1 − ν12ν21)
,

D66 = G12h3

12
, D12 = ν12D22, (4)

E1, E2 are Young’s moduli, ν12, ν21 are Poisson’s
ratios, G12 is shear modulus, h and ρ are thickness and
density of the plate, whereas ε stands for the damping
coefficient, μ is nonlocal parameter, introduced by the
formula, also ∇2 = ( ∂

∂x + ∂
∂y )

2, and

L (w, F) = ∂2w

∂x2
∂2F

∂y2
+ ∂2F

∂x2
∂2w

∂y2

−2
∂2w

∂x∂y

∂2F

∂x∂y
. (5)

Function p(t) is periodic load acting in plane along Ox
axis. The compatibility equation for strains [33,34] in
the middle surface allows to obtain the next equation

(1 − μ∇2)

(
1

E2

∂4F

∂x4
+ 1

E1

∂4F

∂y4

+
(
1

G 12
− 2ν12

E1

)
∂4F

∂x2∂y2

)
=−h

2
L (w,w) , (6)

where

L (w,w) = 2

(
∂2w

∂x2
∂2w

∂y2
−

(
∂2w

∂x∂y

)2
)

. (7)

The study was carried out for the case of a simply sup-
ported plate with movable edges:

w = 0,
∂2w

∂x2
+ ν21

∂2w

∂y2
= 0,

∂2F

∂x∂y
= 0,

∫ b

0

∂2F

∂y2
dy = 0, x = 0, a,

w = 0,
∂2w

∂y2
+ ν12

∂2w

∂x2
= 0,

∂2F

∂x∂y
= 0,

∫ a

0

∂2F

∂x2
dx = 0, y = 0, b.

(8)

3 Bubnov–Galerkin approach with double mode
model

Let us present the deflection of the plate w(x, y, t) in
the Navier form considering two vibration modes as
follows:

w (x, y, t) = w1(t) sin
πx

a
sin

πy

b

+ w2(t) sin
2πx

a
sin

2πy

b
,

(9)

where w1, w2 are bi-modal amplitudes, sin πx
a sin πy

b

and sin 2πx
a sin 2πy

b are shape functions. The presenta-
tion of the stress function follows from the relation (6),
where the expression for the deflection (9) is substituted
in the right-hand side:

(1 − μ∇2)

(
1

E2

∂4F

∂x4
+ 1

E1

∂4F

∂y4

+
(
1

G 12
− 2ν12

E1

)
∂4F

∂x2∂y2

)

= hπ4

2a2b2

(
w2
1 cos

2πx

a
+ w2

1 cos
2πy

b

+16w2
2 cos

4πx

a
+ 16w2

2 cos
4πy

b

+ 8w1w2

(
cos

3πx

a
cos

πy

b
+cos

πx

a
cos

3πy

b

))
,

(10)

thus, the stress function takes the form

F = f1 cos
2πx

a
+ f2 cos

2πy

b

+ f3 cos
4πx

a
+ f4 cos

4πy

b

+ f5 cos
3πx

a
cos

πy

b
+ f6 cos

πx

a
cos

3πy

b
+p1x

2 + p2y
2, (11)

with coefficients defined by formulas
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f1 = w2
0hE2a4

32b2(a2 + 4μπ2)
, f2 = w2

0hE1b4

32a2(b2 + 4μπ2)
,

f3 = w2
2E2ha4

32b2(a2 + 16μπ2)
, f4 = w2

2E1hb4

32a2(b2 + 16μπ2)
,

f5 = 4w1w2E1E2ha4b4(
a4E2 + 9a2b2E1E2

(
1

G12
− 2ν12

E1

)
+ 81b4E1

)
(a2b2 + μπ2(a2 + 9b2))

,

f6 = 4w1w2Eha4b4(
81a4E2 + 9a2b2E1E2

(
1

G12
− 2ν12

E1

)
+ b4E1

)
(a2b2 + μπ2(9a2 + b2))

.

(12)

Relations (8) allows to get coefficients p1 = 0, p2 = 0.
Taking into account (9), (11) and applying theBubnov–
Galerkin method∫ a

0

∫ b

0
X (x, y) sin

(πx

a

)
sin

(πy

b

)
dxdy = 0,

∫ a

0

∫ b

0
X (x, y) sin

(
2πx

a

)
sin

(
2πy

b

)
dxdy = 0,

(13)

where

X = D11
∂4w

∂x4
+ 2 (D12 + 2D66)

∂4w

∂x2∂y2
+ D22

∂4w

∂y4

−
(
1 − μ∇2

) (
−px (t)

∂2w

∂x2
+ L (w, F)

−ρh
∂2w

∂t2
− ε

∂w

∂t

)
, (14)

yields the system of ordinary differential equations:

w
′′
1+ε̄w

′
1+α0w1 − pxαpw1 + α1w1w

2
2 + α2w

3
1 = 0,

w
′′
2 + ε̄w

′
2+β0w2 − pxβpw2 + β1w2w

2
1 + β2w

3
2 = 0

(15)

with coefficients

α0 = π4(D11b4 + D22a4 + 2(D12 + 2D66)a2b2)

ρha2b2(a2b2 + μπ2(a2 + b2))
,

β0 = 16π4(D11b4 + D22a4 + 2(D12 + 2D66)a2b2)

ρha2b2(a2b2 + 4μπ2(a2 + b2))
,

αp = π2

a2ρh
, βp = 4π2

a2ρh
,

α1 = β1 = 16a2b2E1E2π
4

ρ
×

(
1

(81a4E2 + 9a2b2E1E2(
1

G12
− 2ν12

E1
) + b4E1)(a2b2 + μπ2(9a2 + b2))

+ 1(
a4E2 + 9a2b2E1E2

(
1

G12
− 2ν12

E1

)
+ 81b4E1

)
(a2b2 + μπ2(a2 + 9b2))

⎞
⎠ ,

α2 = a2b2π4E1E2

16ρ

( 1

a6E2(b2 + 4μπ2)
+ 1

b6E1(a2 + 4μπ2)

)
,

β2 = a2b2E1E2π
4

ρ

( 1

a6E2(b2 + 16μπ2)
+ 1

b6E1(a2 + 16μπ2)

)
,

ε̄ = ε

ρh
(16)
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We consider the in-plane periodic loading applied
along two opposite edges in the following form px =
p0 cosωt , where p0 andω are excitation amplitude and
frequency. Using the dimensionless ratios

y1 = w1

h
, y2 = w2

h
, τ = ωt

2
(17)

one can get to the system of equations

y
′′
1 + δy

′
1 + ξ0y1 − ξp y1 cos 2τ + ξ1y1y

2
2 + ξ2y

3
1 = 0,

y
′′
2 + δy

′
2 + η0y2 − ηp y2 cos 2τ + η1y2y

2
1 + η2y

3
2 = 0.

(18)

The coefficients of the obtained system are defined
by the formulas

δ = 2̄ε

ω
, ξ0 = 4α0

ω2 , ξp = p0
4αp

ω2 ,

ξ1 = 4α1h2

ω2 , ξ2 = 4α2h2

ω2 , η0 = 4β0

ω2 , ηp = p0
4βp

ω2 ,

η1 = 4β1h2

ω2 , η2 = 4β2h2

ω2 .

(19)

4 Numerical results

Numerical results were obtained for a plate made of
isotropic material with the following properties [15]:

E = 30MPa, ν = 0.3, ρ = 1220 kg/m3,

a = 10 nm, b = a, h = a/10.
(20)

Note that for an isotropic material it follows

E1 = E2 = E; ν12 = ν21 = ν; G12 = E

2(1 + ν)
;

D11 = D22 = D = Eh3

12(1 − ν2)
;

2 (D12 + 2D66) = 2D.

It should be aware of in the literature there is a very lim-
ited number of works devoted to nonlinear vibrations
of micro/nanoplates, so the comparison of the results
was carried out for free linear vibrations with results
published in [15], this comparative study can be viewed
in our previous work [35]. It is also worth noting that in
the case of an isotropic material within the framework
of the classical theory (the nonlocal parameter μ = 0)
and without taking into account the in-plane periodic
load, we get system of nonlinear second-order ordinary
differential equations where the obtained coefficients

coincide with those presented in the work [24], which
also confirms the results of our work.

The numerical simulations are performed for men-
tioned material properties (20), they are assumed to
be fixed as well as the damping parameter δ = 1.
For studying parametrical resonant case we took the
excitation frequency is equal to the double first natural
frequency of plate ω = 2

√
α0. Thus, the dynamical

behaviour of the system, chaotic vibrations appearance
and the manifestation of small-scale effects are anal-
ysed for varying in-plane load parameter ξp (ηp = 4ξp)
and the nonlocal parameter μ.

For numerical solution of ordinary differential equa-
tions we have used the package Wolfram Mathematica
12.0 and the built-in function NDSolve with default
options. Therefore the integration methods and time
steps were selected automatically. The bifurcation dia-
grams and Poincaré sections presented below were
made on the basis of stroboscopic sampling of the sys-
tem state at times satisfying the condition τ = π i
(i ∈ Z). Each bifurcation plot is composed of 600
Poincaré sections performed for 600 constant values of
the bifurcation parameter, evenly distributed over the
range of changes of this parameter. Each Poincaré map
included in the bifurcation plot consists of 300 points
corresponding to the steady state motion after omitting
the initial 100 points of the transient behaviour start-
ing at the end state of the previous Poincare section.
The results of computation the largest Lyapunov expo-
nent presented below were obtained with the use of the
classical algorithm based on the differential equations
of the tested system. The Gramm–Schmidt reorthonor-
malization period equal to 0.2 of the period of external
excitation was applied. The Lyapunov exponent, which
is always zero and related to the external input phase,
is omitted here.

Figures 2, 3, and 4 contain bifurcation diagrams
for variables y1 and y2 with increasing bifurcation
parameter ξp in the range 1 . . . 12. In this calcula-
tions the nonlocal parameter takes the following values
μ = 0, 2.5, 5 nm2, respectively. For the case μ = 0
(without consideration small scale effects) one can
observe that the coordinate y1 starting with ξp = 2.1
passes through the period doubling bifurcations to nar-
row chaotic zone, while y2 remains close to zero until
ξp = 6.3, a complication of the y2 behavior occurs
at ξp > 10.3. Figure 2c shows diagram of the largest
Lyapunov exponent associatedwith the bifurcation dia-
gram presented in Fig. 2a, b. It can be noticed that pos-
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Fig. 2 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter ξp
and for μ = 0(isotropic
plate)

itive values of the largest Lyapunov exponent confirm
domains of chaotic regimes in Fig. 3a, b. Increasing the
value of the small-scale parameter μ = 2.5 nm2, we
observed that the variable y1 for ξp > 2.2 and also the
variable y2 for ξp > 4.1 demonstrate a rich bifurcation
scenario, driving to chaotic behaviour by period dou-
bling bifurcation cascade. Furthermore, for ξp > 8.4
coordinate y1 tends to zero,whereas y2 behaves in com-
plicated manner and chaotic zone is alternated by 4-
periodicwindow.Mentioned behaviour is confirmed by

diagrams of the largest Lyapunov exponent presented
in Fig. 3c.

For the higher value of the nonlocal parameter μ =
5 nm2 one can observe (Fig. 4) a zone of chaotic oscil-
lations, which is preceded by a change in zero solutions
and periodic regimes for both coordinates. Moreover,
it can be seen the narrow chaotic zone for variable y1
(ξp = 7.3), and that y1 tends to zero for ξp > 7.6.
At the same time, coordinate y2 undergoes a complex
behaviour, where chaotic vibrations are replaced by
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Parametric vibrations of graphene sheets 2179

Fig. 3 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter ξp
and for μ = 2.5 nm2

(isotropic plate)

periodic windows and vice versa. Discussed bifurca-
tion scenario is shown in the Fig. 4c with the largest
Lyapunov exponent, where zero values correspond to
bifurcations of the system.

Next case is aimed at bifurcation analysis with μ as
bifurcation parameter in range 0, . . . , 5 nm2. Figure 5a,
b contains bifurcation diagrams for coordinates y1 and
y2 with ξp = 6. One can observe chaotic zone (μ in
0.4..1.5 nm2) for both coordinates with a periodic win-
dow. Stating from μ = 3.8 nm2 variable y1 becomes

close to zero. It can be seen that dynamics reported in
these diagrams is confirmed by the largest Lyapunov
diagram Fig. 5c, where the chaotic and periodic zones
correspond to positive and negative values respectively.
For fixed ξp = 9 rich bifurcation domain can be seen
starting from μ = 1.15 nm2 for coordinate y1 as well
as for coordinate y2 accompanied by double period
bifurcations (Fig. 6a, b). For μ > 1.6 nm2 variable y1
tends to zero in contrast to the y2 variable which has a
chaotic behaviorwith intervals of periodicity. The same
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Fig. 4 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter ξp
and for μ = 5 nm2

(isotropic plate)

chaotic and periodic domains are demonstrated by dia-
gramof the largest Lyapunov exponent, see Fig. 6c. The
highest value of the excitation parameter considered is
ξp = 12, Fig. 7a, b. Here we can see two intervals
corresponded to chaotic regimes for μ > 0.6 nm2 and
μ > 3.5 nm2 separated by periodic and narrow chaotic
zones. The same scenario is depicted in diagram of
the largest Lyapunov exponent, which is presented in
Fig. 7c. Thus, wewould like to note here that the nonlo-
cal parameter significantly affects the vibration regime.

The appearance of small-scale effects can obviously
change the nature of the oscillations with a transition
to chaotic behaviour.

The chaotic attractor observed on bifurcation dia-
grams presented in Fig. 2 without taking into account
the small-scale effect for excitation parameter ξp =
6.2 is considered. The projections of phase plot and
Poincaré section are depicted for varable y1, see Fig. 8a.
Note that y2 tends to zero for this value of ξp. The
associated largest Lyapunov exponent, as a function of
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Fig. 5 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter μ

and for ξp = 6 (isotropic
plate)

the number of periods of forcing, is shown in Fig. 8b.
Figures 9a, b and 10a exhibit chaotic attractors corre-
sponding to bifurcation diagrams presented in Fig. 3
(for ξp = 7), Fig. 4 (for ξp = 12, the varible y1 tends
to zero for this case), whereas Figs. 9c and 10b demon-
strate the corresponding largest Lyapunov exponent.
For the chaotic attractor ( μ = 1.2 nm2) detected in
bifurcation diagrams with the small scale parameter
chosen as bifurcation parameter (see Fig. 5), phase plot,
Poincaré section as well as largest Lyapunov exponent
are constructed, see Fig. 11. The character of phase

plots and Poincaré sections and positive values of the
largest Lyapunov exponent presented in Figs. 8, 9, 10,
and 11 represent the chaotic behavior of the small-scale
plate for the selected values of the excitation and non-
local parameters.

Next, we consider the orthotropic graphene sheet
with the following mechanical parameters [17,36,37]:

E1 = 1765GPa, E2 = 1588GPa,G12 = 678.85GPa,

ρ = 2300 kg/m3, ν12 = 0.3, ν21 = 0.27, (21)
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Fig. 6 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter μ

and for ξp = 9 (isotropic
plate)

and geometrical parameters of the plate are considered
as follows

a = 10.2 nm, h = 0.34 nm, b/a = 1. (22)

For orthotropic plate bifurcation diagrams for coordi-
nates y1, y2 with bifurcation parameter μ (in range
0, . . . , 5 nm2) are constructed taken ξp = 6 (Fig. 12),
ξp = 9 (Fig. 13), ξp = 12 (Fig. 14). Here, as for an
isotropic plate, behaviour of an orthotropic graphene
sheet is characterized by a complex bifurcation sce-
nario. In this case, a change in the load parameter ξp
significantly affects the location and width of chaotic

zones for coordinates y1, y2. The presented results are
confirmed by the corresponded largest Lyapunov expo-
nent diagrams, see Figs. 12c, 13c, 14c. Further, the
chaotic attractor (for μ = 1.2 nm2) that appeared on
bifurcation diagrams with ξp = 6 (see Fig. 12) is anal-
ysed. The obtained projections of phase plot, Poincaré
section for variable y1, y2 as well as the largest Lya-
punov exponent, as a function of the number of periods
of forcing are presented in Fig. 15.
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Fig. 7 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter μ

and for ξp = 12 (isotropic
plate)

5 Concluding remarks

The presented work is devoted to the study of para-
metric oscillations of SLGS. The governing equations
model geometrically nonlinear vibrations of a small-
scale orthotropic plate satisfying the simply supported
boundary conditions. The plate subjected to uni-axial
in-plane periodic force. The parametric resonance case
occurringwhen the excitation frequency coincideswith
the doubled natural frequency is studied. The research
is based on the use of nonlocal theory, Kirchhoff’s

hypothesis, and Von Kármán theory. The Bubnov–
Galerkin method used in this work in combination
with a two-mode approximation of the deflection made
it possible to reduce the problem to the analysis of
ODEs, the coefficients of which were obtained in an
analytical form. By integrating the resulting system of
second-order nonlinear equations, the bifurcation anal-
ysis was performed. Varying the exciting parameter
and the nonlocal parameter, bifurcation diagrams the
largest Lyapunov exponent diagramswere constructed,
demonstrating a significant qualitative change in the
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Fig. 8 Phase plot and
Poincaré section for the
coordinate y1 (the
coordinate y2 tends to zero)
and the largest Lyapunov
exponent as a function of
number of periods n of
parametric forcing for
μ = 0 and ξp = 6.2
(isotropic plate)

nature of oscillationswith an increase in the abovemen-
tioned parameters. At the same time, zones of chaotic
vibrations were discovered as well as transition sce-
narios were studied. The use of the size-dependent the-
ory allowed to observe chaotic attractors that were not

detected using the not size-dependent classical theory
(μ = 0). Phase plots, Poincaré sections and the largest
Lyapunov exponent are presented for the purpose of
analyzing complex chaotic oscillatory regimes.
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Fig. 9 Phase plots and
Poincaré sections for the
coordinates y1, y2 and the
largest Lyapunov exponent
as a function of number of
periods n of parametric
forcing for μ = 2.5 nm2

and ξp = 7 (isotropic plate)
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Fig. 10 Phase plot and
Poincaré section for the
coordinate y2 (the
coordinate y1 tends to zero)
and the largest Lyapunov
exponent as a function of
number of periods n of
parametric forcing for
μ = 2.5 nm2 and ξp = 12
(isotropic plate)
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Fig. 11 Phase plots and
Poincaré sections for the
coordinates y1, y2 and the
largest Lyapunov exponent
as a function of number of
periods n of parametric
forcing for μ = 1.2 nm2

and ξp = 6 (isotropic plate)
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Fig. 12 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter μ

for ξp = 6 (orthotropic
plate)
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Fig. 13 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter μ

and for ξp = 9 (orthotropic
plate)
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Fig. 14 Bifurcation
diagrams of Poincaré
sections (for the coordinates
y1 and y2) and the largest
Lyapunov exponent λ1 with
the bifurcation parameter μ

and for ξp = 12
(orthotropic plate)
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Fig. 15 Phase plots and
Poincaré sections for the
coordinates y1, y2 and the
largest Lyapunov exponent
as a function of number of
periods n of parametric
forcing for μ = 1.2 nm2 and
ξp = 6 (orthotropic plate)
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