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Abstract Pandemicis anunprecedented public health
situation, especially for human beings with comorbid-
ity. Vaccination and non-pharmaceutical interventions
only remain extensive measures carrying a significant
socioeconomic impact to defeating pandemic. Here, we
formulate a mathematical model with comorbidity to
study the transmission dynamics as well as an optimal
control-based framework to diminish COVID-19. This
encompasses modeling the dynamics of invaded pop-
ulation, parameter estimation of the model, study of
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qualitative dynamics, and optimal control problem for
non-pharmaceutical interventions (NPIs) and vaccina-
tion events such that the cost of the combined mea-
sure is minimized. The investigation reveals that dis-
ease persists with the increase in exposed individuals
having comorbidity in society. The extensive computa-
tional efforts show that mean fluctuations in the force
of infection increase with corresponding entropy. This
is a piece of evidence that the outbreak has reached a
significant portion of the population. However, optimal
control strategies with combined measures provide an
assurance of effectively protecting our population from
COVID-19 by minimizing social and economic costs.

Keywords COVID-19 - Comorbidity - Forward
bifurcation - Shannon entropy - Optimal control

1 Introduction

The World health organization (WHO) declared
COVID-19 as a worldwide health hazard at begin-
ning of 2020. The first scenario was observed in China
(Wuhan) [1]. In this connection, COVID-19 has been
transmitted in whole world. In order to conquer the
pandemic, various countries took a measure of a lock-
down scenario as well as successively unlock process
for political impacts and affecting to socioeconomic
condition [2-5]. Further, the mortality and morbidity
rate has been different across different countries in the
world [6,7].
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COVID-19 is transmitted by people through their
respiratory droplets from direct contact with contami-
nated objects and infected people [8,9]. However, vac-
cination is in the beginning process to defeat COVID-
19. Different studies can be available in stages of
comorbidity (like heart disease, diabetes, lung dis-
ease, etc.) within the infected human being. All human
beings with comorbidity or medical illness are at high
risk to get an infection than normal or healthy people
[10-12]. From the statistical data, this is reported that
the patients with COVID-19 having comorbidity like
kidney disease and type-2 diabetes were transferred to
hospital with intensive or critical care unit [13-15].

As the number of COVID-19 follows an increasing—
decreasing trend, entropy leads us to explain the hetero-
geneity in diffusion or force of infection [16]. Different
methods like structural entropy [17] and evolutionary
entropy [18] are used to study the dynamics of infec-
tious disease, and to forecast the pandemic [19,20].
Here, the basis of Shannon entropy is usually applied
and considered for the spread of pandemic due to sig-
nificant analogy which follows Boltzmann’s classical
thermodynamics [21].

In the COVID-19 pandemic, various countries have
implemented different non-pharmaceutical interven-
tions (NPIs) like wearing masks, social distancing and
proper sanitation, etc., to mitigate disease spread. This
process helps to slow but not to stop the spread. The
literature can be found to study the optimal control
strategies [22-27]. Different mathematical models of
epidemiology have been investigated with their cor-
responding transmission dynamics [28,29]. Lie et al.
[34] studied distributed delay-based COVID-19 model.
In COVID-19 model, Khyar et al. [35] investigated
the global dynamics of multi-strain. Moreover, various
authors [36,37] have applied optimal control theory for
mitigation of COVID-19. Different authors studied the
vaccination process in COVID-19, and incorporating
NPIs in the vaccination process has not been yet stud-
ied according to our knowledge [38,39]. Upadhyay et
al. [40] have analyzed the effectiveness of social dis-
tancing measures which has been implemented in the
early stages of infection. Moreover, different model for-
mulations have been done in COVID-19 [41-44].

However, in order to defeat COVID-19 like a pan-
demic, suitable vaccination strategies are essential to be
implemented with NPIs. For this purpose, combined
fundamental strategies are inevitably required under
optimal control problem to defeat COVID-19 like, an
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infectious disease with a minimum cost of the vacci-
nation process. Our main aim is here to investigate the
mathematical model of COVID-19 based on bifurca-
tion theory and also to address the optimal control strat-
egy to defeat COVID-19 under NPIs and vaccination
[45—47]. Data-driven modeling is an essential tool for
investigating transmission dynamics in the landscape of
global health which is employed in our study [48-50].
Further, incorporating comorbidity in the COVID-19
model is one of ongoing research trends [51]. More-
over, it can be noted that the transmission dynamic of
COVID-19 with comorbidity and its optimal control
strategies under the combination of NPIs and vaccina-
tion campaign have not been yet explored to the best
of our knowledge.

The subsequent part of the paper are as follows:
In Sect. 2, a mathematical model of COVID-19 with
comorbidity is proposed and explored. The qualita-
tive dynamics are studied by employing bifurcation
analysis in Sect. 3. In Sect. 4, optimal control prob-
lem is formulated with non-pharmaceutical interven-
tions (NPIs) and vaccination. In Section 5, the model
curve fitting and also sensitivity analysis are performed.
Moreover, the trend in force of infection is investigated
by Shannon entropy. Moreover, numerical simulations
are present for optimal control strategies. Finally, in
Sect. 6, we present our conclusion from our study.

2 The model

We formulate here SEICR model by introducing
comorbidity ininfected individuals for the transmission
dynamics of COVID-19. The mathematical model con-
tains five compartments, susceptible individuals (S),
exposed individuals (E), infected without comorbidity
individuals (I), infected with comorbidity individuals
(C), and recovered individuals (R). It is assumed that
N =S+ E+ 1+ C+ R. We investigate COVID-19
model with and without comorbidity. Based on biolog-
ical viewpoint, the nonlinear mathematical model of
COVID-19 in a short time window is:

BUTOS o

S=Tl, — ,
N
E = w — (ae + WE,
I =&a,E — (vi + )1, (1)

C=(0-8aE — (yc +n)C,



Mathematical model of COVID-19 with comorbidity...

1215

R =yl +y.C — uR,
The initial values are assumed in model (1)

S(to) = So = 0, E(to) = Eo = 0, I(to) = Ip = 0,
C(1) = Co = 0, R(to) = Ro = 0. 2)

Here, it is considered that ¢t > ty, where #y represents
the primary date of disease spreading of COVID-19
model in (1). The external recruitment Il increases
susceptible individuals through by immigration or birth
to the society. The number of the individuals reduces
after getting an infection with a rate %, B j’VC through
from susceptible individuals, infected with and with-
out comorbidity. These interaction produces exposed
individual. It is also considered that the recovery rate
for infected with and without comorbidities is y; and
¢, respectively. The model assumes a normal death
rate u for each subpopulations. Here, the period of dis-
ease incubation is aie, and exposed individuals become
infected with and without comorbidity with a fraction
& and (1 — &), respectively. The scenario of the model
is given in Fig. 1. The description of parameters with
values is provided in Table 1.

3 SEICR model analysis

Now, we investigate a few basic qualitative properties
of the SEICR model (1) at biologically feasible equilib-
ria with (So, Eo, 1o, Co, Ro) € Ri. We have assumed
that following lemmas hold.

Lemma 3.1 The solutions of SEICR model (1) with
initial values (2) lie in Rj_ forallt > 0.

Proof In order to proof the positivity of (1), we con-
sider that any solution in Ri remains positive for all
t > 0.Inthe system(l),weseethat‘é—fm:o =1TIlg >0,
Elpmo = U +0) 20, im0 = §aE = 0,
Eleco= 1= E >0, 98| zg = y;I+y.C > 0.
Here, this is the positivity of solutions in the region Ri.
Ri is established as positive invariant set of SEICR
model. =

Lemma 3.2 The solutions of SEICR model (1) with ini-
tial values (2) are uniformly bounded within the region

=
(="

Proof In order to prove boundedness, we sum up all
equations in the model (1), which provides N = S +
E + I + C + R. Differentiating both sides, we get

dN—H N
a0 AV,

which implies tl_1)rgo supN(t) < % Without loss of
generality, we can express all equations in model (1) as
lin;oi(t) < %; i=S,E, I, C, R. So, abounded set
can be defined

N

I1
E = (S,E,I,C,R)eRi:OgS,E,I,C,Rf— ,
I

which is further a positive invariant set of the SEICR
model (1). Therefore, all solution trajectories initiating
from interior of Ri always remain within the domain
E. This assures that the growth of all individuals cannot
be unbounded or exponential for the time window. O

In the following, numerical results show that the solu-
tions of model (1) are always positive and bounded by
changing the various parameter values.

3.1 Basic reproduction number

The basic reproduction number Ry is a dimensionless
number and measures the expected values of decreas-
ing or increasing outbreak. The infection-free equi-
librium €g is considered as eO(SO, EC 19 9, RO) =
(%, 0,0, 0, 0). The components E, I, C in system (1)
are explicitly appended with a disease transmission.
The matrices F, V represent respective new infection

and transition, given by

C [Bu+o] (@ + WE
F = 0 ,V: —%‘aeE'f'(yl"',bL)I
0 —(1 =&)ae E + (yc +1)C

The dominant eigenvalue of matrix FV ~! represents

. - _dF y _dv
basic reproduction number, where F = oV = 1x

and X = [E, I, C] . So, we obtain

Ry = ﬁsae [ 5 + I_Ei|'
(e +w)|LYvi+m Vet
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Fig. 1 Pictorial scenario of
SEICR model. This shows
various interactions:
susceptible (S), exposed
(E), infected without
comorbidity (I), infected
with commodity (C), and
recovered (R). The inward
and outward arrows
represent the increasing and
decreasing of population,
respectively

3.2 Stability analysis of Infection free equilibrium

Theorem 1 The equilibrium €° becomes unstable Ry >
1 and locally asymptotically stable for Ry < 1.

Proof We get the matrix J of (1) as

—H 0 _ﬂs _,BS 0
0 —(ae+p) Bs Bs 0
J=10 e —(vit+w) 0 0
0 (I-8)e 0 e+ O
0 0 Vi Ye oo W
3)

For our convenience, we consider
Qetpu=k,yi+u=k and y.+pu=ks. (4

The two eigenvalues of matrix J o at eare —p, —pu.
The roots of following equation provide the rest of
eigenvalues:

ﬂsae[(l =&k + 1)+ &(ks + )»)]
—(k1 +A)(ky + A) (k3 + A1) = 0.
which can be expressed as

-t 3 } .,
(ki +20ks +2) ki + ke +7)

Bscte |:

@ Springer

‘ Exposed (E

Infected without
comorbidity (1)

N

))

4
U~9q
)2 :
u
Denote
() 1§ §

GED DR CEDCET)
=n1(A) +n2(A) (say).

Now put A = x + iy, if i(A) > 0, then
1-4%)

— < ni;(x) <n1(0),

ki + Allka + A] = 1) =m0

§
— < mx)<n 0
TSI 2(x) < n2(0)

[n1(M)] <

Ina(M)| =

Consequently, n1(0)4+n2(0) = n(0) = Ry < 1, which
gives [n(L)| < 1.For Ry < 1, we get negative real parts
inequationn(A) = 1. Thus, all eigenvalues are negative
for Ry < 1. Hence, €® becomes local asymptotically
stable for Ry < 1. Again, for Ry > 1,

lim n(A) =0,
A—00

then, n(A) = 1 for A7 > 0. The matrix J,o contains
A} > 0. Thus, for Ry > 1, €Y becomes unstable. O

Theorem 2 The infection-free equilibrium €°(S°, 0,
0, 0, 0) is globally asymptotically stable for the system
(1) if Ry < 1 in the bounded region E.
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Proof We can express the model (1) as

dXx

— =GX,U),
& ( )
dU
— =H(X,U),
dr

where H(X,0) = 0, X = (S, R) € R? shows the
number of susceptible or uninfected individual com-
partments, U = (E, I, C) € R3 shows infected indi-
vidual compartments. EO(SO,O, 0,0,0) is infection-
free equilibrium of the model (1). Now, G(X, U), and
H (X, U) are given as follows:

_ BS _
G(X, U)=|:Hs N +O) MS1| and
Yil +y.C —uR
ES(1+C) = (e + WE
§aE — (i +w)l
(I =8 E — (Yo + 1)C
Now, it can be noted that H(X,0) = 0. In order to
show global asymptotically stability, the following con-
ditions must hold.

H(X,U) =

A. For ‘fj—)f = G(X,0), X* is globally asymptotically
stable,

B. H(X,U) = VU — H(X,U); H(X,U) > 0 for
(X,U) € E,where V = Dy H(X*, 0)isaMetzler
matrix (where non-diagonal components are non-
negative) in the region E.

From the condition (A), the compartments of the model
(1) can be expressed as

o ()= (")

dr \R —uR )’

Solving the above system analytically, we get S(¢) =
% + e H(S(0) — %) and R(1) = e " (R(0)). Now,
S(t) = % and R(t) — Oast — oo. Thus, X* is glob-
ally asymptotically stable for % = G(X, 0). Hence,
the condition (A) holds.

Now the matrix V and H (X, U) for the model (1)
are

_(ae +M) /35 ,35
B = e —(vi+w O] and
(1 —8&ae —(ye+wp) 0
BsI(1— % + B,C(1—3))
HX,U) = 0
0

It can be noted that A (X,U) > 0 for the region E.
Therefore, infection-free equilibrium €° of the system
(1) is globally asymptotically stable in region & for
Ry < 1. O

3.3 Existence of infection present or endemic
equilibrium

Now, we consider the force of infection at endemic
equilibrium €* = (§*, E*, I'*, C*, R*) (say) as

« BT+ CY)
n'=——

N )

By simplifying the (1) at equilibrium state, we

: « I N ox gk efnt ox

obtain S(1 ; e E* = le ,({ 5)_ —kl;z S*,
_ a2e(1=8)n _ aentrye(= Vi

C* = kiks S*, and R* = T[—klk3 —+ W]S*

Replacing into (5), we get the equation in n*
Pin* + Py =0, (6)
where

Py = ukoks + koo (1 — &) (u + ye) +Eacks(u + i),
(7
Py = ukikoks(1 — Ro). (8)

Since P; > 0, it can be noted that the model (1) has a
unique endemic equilibrium point for Ry > 1 and no
positive endemic equilibrium for Ry < 1.

Now, we study the local stability of the unique
endemic equilibrium €*.

3.4 Bifurcation analysis

Theorem 3 The SEICR model (1) is locally asymp-
totically stable around the endemic equilibrium €* for
Ry > 1. Moreover, the system undergoes transcritical
bifurcation at Ry = 1.

Proof For Ry = 1, assuming B, = B; as bifurcation
parameter, center manifold theorem is used for stability
analysis at €*(S*, E*, I'*, C*, R™).

Now, the right eigenvector having zero eigenvalue
to the variational matrix of system (1) at B, = B; is
given by u = [uy, uz, u3, ug, u5]/, where

@ Springer
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u o
ulz——z(ae+u),u2>0,u3: Sae us,
M Vit
(1 —&)ee u2|: Eyiae (1 —i)wote]
Uyp = —————up, U5 = — + .
Ve T 1 MLy +mu Yet+ 1

In similar way, the left eigenvector having zero eigen-
value to variational matrix at §; = B is given by
v = [v1, v2, v3, V4, V5], where

s

vi=0,v >0,v3 = vy, Vg =

Vit Ye

We incorporate a few symbols for SEICR model
system as follows: S = x; E = x0; 1 = x3;C =
x4; R = xs; and %" = fi, wherei = 1,2,...,5.
Now, we calculate f; at €? and get

P wBs 3 2uB S
0Xx20x3 I, * 9x30x3 I, ~ 0x40x3
_ B Pho_ b
I, * 9x50x3 I’
Pho_ ubs fH _ 2ups )
0x20x4 I, * 9x30x4 I, ’ 9x40x4
_ 2uBs b
I, ’ 9x50x43 I~

The rest of derivatives at €’ becomes zero. Again,
we determine the coefficient a and b based on well-
established Theorem 4.1 in Castillo-Chavez et al. [52]

5 2 *
0 fi (0, BY)
a= E vgujuj—————, and
i k=1 8xi8x]'
5 2
d 0,0
bh— Z ol f1(0,0)
i k=1 0xi s

Now, we replace all to find the coefficient a and b at
threshold g* = B, we get

v *
a=— 2ll_fﬁs [urusz + ZM% + 4uzug

s

+ uzus + upuqg + 2u421 + uqus] < 0,

and

ey
0.
. (v3 + vg) >

b=
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va, vs = 0.
+u

Here, the values of a and b are negative and positive,
respectively. The system (1) undergoes forward bifur-
cationat Ry = 1. The endemic equilibrium €* is locally
asymptotically stable for Ry > 1. O

4 Optimal control problem

Control measures play a significant role in the mit-
igation of COVID-19 transmission. Now, we focus
on optimal control strategies for employing non-
pharmaceutical interventions along with the vaccina-
tion process in India. As the vaccination process is
applied to categorized individuals like front-liner work-
ers: doctors, nurses, clinicians, polices, etc., a suit-
able implementation of non-pharmaceutical interven-
tions is thus essential to flatten the disease transmis-
sion. An optimal control approach can help to mini-
mize the combined cost of control [53]. The optimal
control problem is given by introducing time-varying
controls u(t), which represents the implementation of
non-pharmaceutical interventions, and v(¢), which rep-
resents a fraction of the vaccination process.

Bs(1 —u@®)(I +C)S
N
+v()(1 — V)N — us,
i B0 u(r})v)(l +0)s @+ 1DE, ©
[ =(a.E—(yi + W,
C=-8&aE - (y.+nC,

R =yl +y.C+vVN — uR

SZHS_

with satisfying the initial condition (2). Here, our inten-
tion is to mitigate the number of infected individual
with and without comorbidity in the presence of non-
pharmaceutical interventions with ongoing vaccination
process. We construct the objective functional as:

ty 1
J(u,v) = / lei] +€.C + E(euu2 + evvz)]dt,
0
(10)

subject to SEICR model (9). Here, €;, €., €, and v,

represent the weights to balance the factors. %eu u* and

2 measure the relative cost of strategic interven-

%evv
tions and vaccination over time [0, #f]. u?, v? are con-

sidered for nonlinearity due to implication of severe
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strategy. According to our purpose, we only study on a
finite time period [0, # 7 ]. The optimal control is defined
as

JW*, v*) = min{J(u, v) 1 u, v € Q.

Here Q2 is admissible control class defined on [0, #7],
i.e.,

Q = {(u, v) : u, v are measurable, 0 < ¢,,¢, <1 —¢,

Vit € [0,t7]}, where € < 1.

The control pair (u*, v*) is bounded between O and
1. Here, the controls become zero implying no extra
measures and vaccination are implemented. On the
other hand, the controls become the maximum value;
one implying interventions and vaccination are 100%.
Indeed, perfectly implementation is impossible in real-
ity and thus, we consider €, ¢, < 1 — €.

Proposition 4.1 The solutions of the optimal control
(9) exist and bounded for a finite time period [0, tr].

Now, Pontryagin’s maximum principle [54]is applied
to evaluate the necessary conditions for optimality . In
order to find the optimality in the model (9), we have
constructed the augmented Hamiltonian function as the
cost functional

1
H(,C, A, u,v) =¢l +¢€.C+ E(cs,,u2 +e,,v2)

+ A dS—i—)» dE—f-)» dI-I—)\ dc-{-k dR
Var 2 dr dr +dr dr

For optimality, we drive the adjoint equations as fol-
lows:

: (1 — u)(I
)»1=()»1—)»2)/3( u)(I +C)
N
+Arawd=V)—pun),
. (=) +C)S
o = (-2 PEZIIEE)
+ Ap(ae + 1) — A3 — Ag(1 — &), — A5V,
(1 —u)S 1 C
p-ws 1
N N N
+raynyAd=V)+ A3y + ) — As(yi +vV),
(1 —u)S 1 C
p=ws 1 _C
N N N

+ a1y = V) + ra(ye + 1) — As(yi +vV),

S
(l_ﬁ)

+Av(1 =V)

A3 = —€ + (A —22)

ha = —€+ (1 — 22)

hs = As(u —vV),

where adjoint equations satisfy transversality condi-
tions A;(tf) = 0,i = 1,2,...,5. For optimality con-
ditions, the Hamiltonian is to be optimized with respect
to control pair (u*, v*). We have

oH
du

oH
— =0.
av
The corresponding control pair (#*, v*) is given as fol-
lows:

u* = min { max{0, (Ap — AI)M}, 1— e},

ey N

N
u*={()\1+x5)v-)\l}—. (11)

€y

5 Numerical simulation and results validation

Now, we validate the analytical findings. To do this, we
fit the parameter values of the SECIR model.

5.1 Model curve-fitting

We consider April 25, 2020, to January 31, 2021,
for model curve fitting. For this purpose, we take
daily cases of COVID-19 in India [57]. We fit the
model (1) for daily cases of COVID-19 in India.
We enlist the SEICR model parameters in Table 1
by estimating from the data. By fitting the model
to the basis of daily report, four parameters of the
SEICR model have been fitted, which are (a) trans-
mission rate B, (b) fraction & of exposed individu-
als to become infected, (c) recovery rate of infected
with no comorbidity y;, (d) recovery rate of infected
with no comorbidity (y,). The initial values of the
model (1) are assumed as (S, Eg, Iy, Co, Ry) =
(1037297349, 180340169, 9995, 9997, 1).In MATLAB,
Jfmincon inbuilt solver is applied to fit daily cases based
on the nonlinear least square. In Table 1, the estimated
parameters are given by the above technique. The daily
new cases of India are fitted and shown in Fig. 2. The
value of Ry = 1.0607 is computed by taking the param-
eter values of the model from Table 1.

To identify the influential parameters to infected with
and without comorbidity individual, we next execute
sensitivity analysis.

@ Springer
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Table 1 The val}les of the Parameter Description Value Reference
parameters used in the
SEICR model (1) [Iy=pnxN Average recruitment rate 4 % 10* Assumed
Bs Transmission rate 0.4945 Estimated
i Average life expectancy at birth 70.4 years [55]
i COVID-19 incubation period 5.2 days [56]
& Fraction of exposed individuals 0.21 Estimated
Vi Recovery rate of infected with no comorbidity 0.1245 Estimated
Ve Recovery rate of infected with comorbidity 0.1241 Estimated
100 10 ; ; ; . ; . investigate the sensitivity indices corresponding to Ry.
q."'.“ . From Fig. 3c, it can be seen that £ and y, are negatively
S e eases N correlated, and By, o, and y; are positively correlated
% to Rop.
3 Basic reproduction number (Rp) measures the expec-
S tation of variation in the epidemic evolution, and we
a investigate the influence of parameter variation on Ry.
3
o
3 5.3 Effects of parametric variation R

0 50 100 150 200 250
Days: April 25, 2020 to January 31,2021

Fig. 2 The fitted SEICR model (1) to confirmed daily data in
India. Reported confirmed cases are seen in black dots, and the
red line shows the fitted line

5.2 Sensitivity analysis

We perform uncertainty analysis by Latin hypercube
sampling (LHS) method as well as sensitivity analysis
by Partial rank correlation coefficient (PRCC) method.
The whole technique is available in Marino et al. [58].
The sensitivity of the parameters, namely By, [, o,
&, yi, and y,, is based on uniform distribution with
confidence domain 95%. We assign baseline values by
these parameter values. The outputs values and scenar-
ios are reported in Table 2 and seen by bar diagrams
in Fig. 3a, b. From Fig. 3a, it is observed that f;, .,
and y, are sensitive parameters to the infected individ-
uals without comorbidity. On the other hand, Fig. 3b
shows that S, &, y., and y; are sensitive parameters
to the infected individual with comorbidity. We further
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The impact of parameter variations Ry is further inves-
tigated under «, x Bs € [0.01, 1]x[0.2,0.7], y; X Bs €
[0.2,0.7] x [0.2, 0.7], y. x Bs € (0.2,0.7] x (0.2, 0.7]
in Fig. 4. It is also seen that only the increasing value
of Bs can shift Ry < 1 to Ry > 1 in Fig. 4a. Further,
the simultaneously increasing value increase the value
of Ry in Fig. 4b, c.

5.4 Bifurcation diagram

In order to investigate, the existence of endemic equi-
librium in the SEICR model (1), forward bifurcation
occurs with y,. € [0.1,0.6], given in Fig. 5a, where
unique positive endemic equilibrium exists for Ry > 1.
From an epidemiological perspective, the scenario of
forward bifurcation indicates that the disease persists.
It indicates that susceptible individuals must have the
awareness to the disease spreading, like social dis-
tancing, using a mask, maintaining proper sanitation,
etc.

Moreover, it can be observed numerically that a
forward bifurcation region increases gradually with
increases of the value of exposed individuals gets
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Table 2 Sensitivity of the parameters of SEICR model (1) to /, C and Ry, where [;, C;; i= 100, 150, 200th day

Description Bs " o & Ve Vi
T100 0.8124 —0.1042 —0.9018 —0.1251 —0.4871 0.1851
I150 0.8751 —0.4167 —0.8501 —0.0916 -0.7192 0.1473
oo 0.7110 —0.3876 -0.7912 —0.0981 —0.6875 0.0916
Cioo 0.4619 0.2179 0.7901 0.9128 —0.1927 —0.5012
Cis0 0.6972 0.1986 0.2892 0.8715 —0.5102 —0.6179
Coo 0.7125 0.1275 0.1917 0.2571 —0.6171 0.7251
R 0.8912 0.1779 0.7126 —0.5267 —0.9512 0.4576
(a)1q : ; : (b) 4 . ; ; © 4

[ 100th day [ 100th day

05 [ 150th day 05! [ 150th day 05
I 200h day . I 200h day :

0 z 0
0.5 0.5 0.5
-1 ’ -1 : -1
B w e &7 B, v o, & v, By v oa, & 7. 0
Fig. 3 PRCC to a infected individual without comorbidity (I), icance level 0.05. LHS approach and uniform distribution with
b infected individual with comorbidity and ¢ basic reproduction size of sample (500) are considered
number (Rg). PRCC values of different parameters with signif-
(@) o7 (b) o7 (© o7
16
25
0.6 0.6 0.6 14
2 12
0.5 0.5 0.5
< 1 15 !
0.4 0.4 0.4
0.8
1
0.3 0.3 0.3 0.6
0.5
05 0.4

Fig. 4 Matrix plots showing the changing nature in basic reproduction number (Rp) of SEICR model under parametric variations: a
Ro vs (ae, Bs) € 10.01, 1] x [0.2,0.7], b Ry vs (¥4, Bs) € [0.2,0.7] x [0.2,0.7], ¢ Ry vs (¥, Bs) € [0.2,0.7] x [0.20.7]
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infected, & with . e [0.1,0.6], given in Fig. 5b.
Indeed, the region of the curve is essential to be smaller
to reduce the infection like the value R( needs near to
one.

As infection intensity varies, the average of force of
infection is considered for our study.

5.5 Effects on force of infection by varying parameter

Now, the variation in force of infection n* is studied by

N

taking < n* >= % > n*(i), where N represents the
length of series {n*éi)}. Figure 6a—c shows the fluc-
tuations of mean force of infection < n* > under
Bs € [0.2,0.7], y; € [0.2,0.7] and y. € [0.2,0.7],
respectively. Figure 6a shows respective increasing
trend, and Fig. 6b, ¢ shows decreasing trend in < n* >.
Moreover, it can be seen that mean force of infection
increases with the increase of 8y € [0.2,0.7], aver-
age force of infection decreases with the increase of
vi €10.2,0.7] and y, € [0.2, 0.7] in the model (1).

We further study the distribution of the force of
infection by box plot in Fig. 6d—f. The box plot usu-
ally provides more information on dispersion or vari-
ability of the force of infection. It shows an impression
about the disease transmission of COVID-19. This con-
tains five measures, namely lower adjacent (LA), first
quartile (Q1), median (M), third quartile (Q3), upper
adjacent (UA), and outlier (OL). Red (+) sign indicates
outlier events leading to least predictable.

Further, we study the combined effect under para-
metric plane (y;, Bs) € [0.2,0.7] x [0.2,0.7] and
Ve, Bs) €10.2,0.7] x [0.2,0.7] on < n* >; the corre-
sponding matrix plots are given in Fig. 7a, b. In Fig. 7a,
b, it can be noted that the mean force of infection
depends on y; and y, for any value of §;, mentioning
by various color regions of increasing value of < n* >.

As force of infection has disorder trend, Shannon
entropy [21] can be applied to measure the disorder
due to non-uniform distribution of disease spread.

5.6 Entropy within force of infection

Shannon entropy (H) is

N
H ==Y pm)log(p().

i=1

@ Springer

where N represents the event’s length n and p(n) is
the probability of the event n;‘, 1.e., occurrence-based
frequency on non-recurrent-based event 5. The dis-
order of Eh(n:‘) on By, € [0.2,0.7], y; € [0.2,0.7]
and y, € [0.2,0.7] are seen in Fig. 8a—c. Figure 8a
shows the increasing trend of Ej,(n}) with increase of
Bs- En(n}) decrease with y; and y,. in Fig. 8b, c. From
Figs. 6a—c and 8a—c, it can be mentioned that the trend
of Ej, ({i*) is positively correlated with the variation in
force of infection n*. Further, we also study the com-
bined dependency of Ej (n;‘) on (¥, Bs), Ve, Bs) €
[0.2,0.7] x [0.2, 0.7]. In the similar way, comparing
Figs. 7a, b and 8d, e, we see the alike pattern of enhanc-
ing entropy of n* and Ej,(n*). This assures the dynam-
ically disorder in force of infection in (1) for the same
parametric plane.

5.7 Optimal strategies over time

Now, we study the effect of combined measures under
non-pharmaceutical interventions(NPIs) and vaccina-
tion under optimal control strategy. We consider Ry =
1.5 to observe the control scenarios in Fig. 9. Figure 9a
shows that susceptible individual becomes vaccinated
under NPIs near bout 100 days. As whole population
goes through NPIs with vaccination event, the frac-
tion of exposed individual decreases gradually with
increase of vaccinated susceptible in Fig. 9b. In similar
way, it can be observed that infected individual with
and without comorbidity acquire less infection due to
the same reason during vaccination process in Fig. 9c,
d. Figure 9e shows that the number of recovery individ-
uals increases with the decreasing number of the sus-
ceptible individuals along with the infected individuals
under combined measures. How non-pharmaceutical
interventions as well as vaccination event can be imple-
mented, seen in Fig. 9f, g. Further, it can be seen that
although NPIs can be imposed lightly after few days,
indeed needs to be continued till almost all individual
becomes vaccinated. Figure Oh assures that a combined
control strategy decreases the cost of intervention as
well as vaccination event.
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Fig. 5 aRy vs n* plot indicating forward bifurcation of SEICR
model with y,. € [0.1, 0.6]. b Effects of variation in & on forward
bifurcation with y, € [0.1, 0.6]: the figure shows that the bound-

ary of forward bifurcation region increases gradually with the
increasing £. Keeping other parameters value fixed as in Table
1. Here, DFE represents disease (infection)-free equilibrium
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Fig.6 a-crepresent n* vs B plot(with B; € [0.2, 0.7]), n* vs y;
plot (withy; € [0.2, 0.7]) and n* vs y, plot (with y. € [0.2, 0.7]).
d—f: represent box plot where five measures are lower adjacent

(LA), first quartile (Q1), median (M), third quartile (Q3), upper
adjacent (UA) and outlier (OL). Red (+) sign indicates outlier
events leading to least predictable
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Fig. 7 a, b represent n* over (y;, Bs) matrix plot, where

(i, Bs) € [0.2,0.7] x [0.2,0.7] and n* over (y., Bs) matrix
plot, where (y., Bs) € [0.2,0.7] x [0.2, 0.7]. The color bar rep-

03 04 05 06 0.7
’Yc

resents values of n*. The other parameter’s values remained the
same as given in Table 1
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Fig. 8 Variation of E,(n*) by varying a 85 € [0.2,0.7], b y; € [0.2,0.7], ¢ y. € [0.2,0.7] d (1, Bs) € [0.2,0.7] x [0.2,0.7] and e
(Ye, Bs) € 10.2,0.7] x [0.2, 0.7]. The color bar represents values of Ej, (n*). The rest of parameters are fixed as shown in Table 1
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Table 3 Different measures

of box plot corresponding to Box Plot LA i M % vaA oL
Bs, vi and ye B 05x1073  19x1073  27x1073  53x1072  7.3x1073 -
Vi 3.1x1073  33x1073  3.7x1073  44x1073  58x1073 5.9%x1073
Ve 25x1073  32x1073  51x1073  79x1073  13.5x1073 -
x 108 x 10° x 104 104
(a) 2 s (b)4 R (©) 2 - (@) 4" .
15 15 3
1 2 10 2
0.5 5 1
0 0 0 (]
(] 50 100 L] 50 100 0 50 100 0 50 100
Days Days Days Days
4 -9
(e) 1510 () 1522 (g) 1 (h) 4 x10°
R — u cost function
10 — 1
// 0.5 2
5 // 0.5
0 ° ° 00 20 40 60 80 100
0 50 100 (] 50 100 0 50 100
Days Days Days Days

Fig. 9 Dynamics of optimality system (9) resulting from com-
bination of NPIs and vaccination process. The individual counts-
based trajectories of susceptible (S), exposed (E), infected with-
out (I) and with (C) comorbidity and recovered (R) are in (a)—(e).

6 Conclusion

In this article, we have formulated and studied the dis-
ease dynamics of COVID-19 through a mathematical
model considering infected subpopulations as with and
without commodities due to the complexity of infec-
tion transmission. The parameter of the model has
been fitted to new daily COVID-19 cases of India. The
qualitative dynamics have been investigated, and the
basic reproduction number (R() has been derived by
using the next-generation matrix method. The model
is asymptotically stable at infection-free equilibrium
for Ry < 1. Based on the center manifold theorem,
the model experiences forward bifurcation due to an
increase of fraction in the exposed individuals having
commodity. This assures that infection presents in soci-
ety for greater than unity for Ry, basic reproduction
number. From an epidemiological perspective, comor-
bidity individuals get gradually infection due to lack of
precautions and surveillance and like social distancing,
proper sanitation wearing masks, etc. In this situations,

The control trajectories of combined strategies are in (f) and (g)
by the variation of v and u, respectively. The trajectory of cost
functional is in (h). Here, amount of vaccine and weights are
V =0.00000013,¢; =0.1,¢. =0.1,¢, = 0.1, and ¢, = 0.01

susceptible individuals become infected and turned to
exposed individuals. Indeed, exposed individuals can
prevent COVID-19 infection due to strong immunity
in this connection.

On the study of transmission dynamics, the aver-
age fluctuation in the force of infection has an evi-
dence of increasing or decreasing trend with transmis-
sion rate (B;), the recovery rate of infected without and
with comorbidity (y;), (y.), respectively. Further, an
increasing trend to the mean force of infection has been
indicated through the composite effect. Higher Shan-
non entropy production, i.e., more disorder in mean
force of infection, indicated more strengthening the
force of infection according to dynamical perspective.
This might cause a dangerous situation in the popula-
tion. Finally, optimal control strategies have shown that
acombination of non-pharmaceutical interventions and
vaccination events can be effective measures to dimin-
ish COVID-19 by minimizing the social and economic
cost.
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Our study reveals that the production of higher
entropy means more disorder in disease transmission
which can be helpful evidence to understand the state
of the force of infection to computational biologists.
Moreover, proposed strategy in controlling COVID-19
through proper implementations of NPIs and vaccina-
tion events can be fruitful to our society. Moreover, a
study of pulsed vaccination strategies remains as our
future research scope.

Data availability The data that support the findings of this study
are available within the article.

Declarations

Conflict of interest The authors declare that they have no known
competing financial interests or personal relationships that could
have appeared to influence the work reported in this paper.

References

1. Wang, C., Horby, P.W., Hayden, F.G., Gao, G.F.: A novel
coronavirus outbreak of global health concern. Lancet
395(10223), 470473 (2020)

2. Laxminarayan, R., Wahl, B., Dudala, S.R., Gopal, K., Chan-
dra, M.B., Neelima, S., Reddy, K.J., Radhakrishnan, J.,
Lewnard, J.A.: Epidemiology and transmission dynamics of
covid-19 in two indian states. Science 370(6517), 691-697
(2020)

3. Spelta, A., Flori, A., Pierri, F., Bonaccorsi, G., Pammolli, F.:
After the lockdown: simulating mobility, public health and
economic recovery scenarios. Sci. Rep. 10(1), 16950 (2020)

4. Saha, J., Chouhan, P.: Lockdown and unlock for covid-19
and its impact on residential mobility in India: an analysis
of the covid-19 community mobility reports, 2020. Int. J.
Infect. Dis. 104, 382-389 (2020)

5. Acharya, R., Porwal, A.: A vulnerability index for the man-
agement of and response to the covid-19 epidemic in India:
an ecological study. Lancet Glob. Health 8(9), 1142-1151
(2021)

6. Walker, P.T., Whittaker, C., Watson, O.J., et al.: The impact
of covid-19 and strategies for mitigation and suppression
in low- and middle-income countries. Science 369(6502),
413-422 (2020)

7. Singh, A.K., Misra, A.: Impact of covid-19 and comorbidi-
ties on health and economics: focus on developing countries
and India. Diabet. Metab. Syndr. 14(6), 1625-1630 (2020)

8. Hui, D.S., Azhar, E.I., Madani, T.A., Ntoumi, F., et al.:
The continuing 2019-ncov epidemic threat of novel coro-
naviruses to global healthlthe latest 2019 novel coronavirus
outbreak in wuhan, china. Int. J. Infect. Dis. 91, 264-266
(2020)

9. Thompson, R.: Pandemic potential of 2019-ncov. Lancet
Infect Dis 20(3), 280 (2020)

10. Yang, J., Zheng, Y., Gou, X., Pu, K., Chen, Z., et al.: Preva-
lence of comorbidities and its effects in patients infected

@ Springer

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

with sars-cov-2: a systematic review and meta-analysis. Int.
J. Infect. Dis. 94, 91-95 (2020)

Guan, W., Liang, W, et al.: Comorbidity and its impact on
1590 patients with covid-19 in china: a nationwide analysis.
Eur. Respir. J. (2020). https://doi.org/10.1183/13993003.
00547-2020

Carreira, H., Strongman, H., Peppa, M., McDonald, H.,
et al.: Prevalence of covid-19-related risk factors and risk
of severe influenza outcomes in cancer survivors: a matched
cohort study using linked english electronic health records
data. EClinicalMedicine (2020). https://doi.org/10.1016/j.
eclinm.2020.100656

Gupta, R., Hussain, A., Misra, A.: Diabetes and covid-19:
evidence, current status and unanswered research questions.
Eur. J. Clin. Nutr. 74(6), 864-870 (2020)

Lee, S.C., Son, K.J., Han, C.H., Jung, J.Y., Park, S.C.:
Impact of comorbid asthma on severity of coronavirus dis-
ease (covid-19). Sci. Rep. 10(1), 21805 (2020)
Paramasivam, A., Priyadharsini, J.V., Raghunandhakumar,
S., Elumalai, P.: A novel covid-19 and its effects on cardio-
vascular disease. Hypertens. Res. 43(7), 729-730 (2020)
Lucia, U., Deisboeck, T. S., Grisolia, G.: Entropy-based pan-
demics forecasting. Front. Phys., 8, 274 (2020)

Unlu, E.: Structural entropy of daily number of covid-19
related fatalities (2020) https://doi.org/10.1101/2020.10.19.
20215673

Rhodes, C.J., Demetrius, L.: Evolutionary entropy deter-
mines invasion success in emergent epidemics. PLoS ONE
5(9), 1-80 (2010)

Wang, Z., Broccardo, M., Mignan, A., Sornette, D.: The
dynamics of entropy in the covid-19 outbreaks. Nonlinear
Dyn. 101(3), 1847-1869 (2020)

Bandt, C.: Entropy ratio and entropy concentration coeffi-
cient with application to the covid-19 pandemic. Entropy
22,1315 (2020)

Shannon, C.: A mathematical theory of communication. Bell
Syst. Tech. J. 27(3), 379423 (1948)

Zamir, M., Shah, Z., Nadeem, F., Memood, A., Kumam,
P.: Non pharmaceutical interventions for optimal control of
covid-19. Comput. Meth. Prog. Bio. 196, 105642 (2020)
Tsay, C., Lejarza, F., Stadtherr, M.A., Baldea, M.: Modeling,
state estimation, and optimal control for the us covid-19
outbreak. Sci. Rep. 10(1), 10711 (2020)

Perkins, T.A., Espana, G.: Optimal control of the covid-
19 pandemic with non-pharmaceutical interventions. Bull.
Math. Biol. 82(9), 118 (2020)

Egilmez, H.I., Morozov, A.Y., Galyov, E.E.: Modelling
the spatiotemporal complexity of interactions between
pathogenic bacteria and a phage with a temperature-
dependent life cycle switch. Sci. Rep. 11(1), 4382 (2021)
Das, P, Das, S., Das, P., Rihan, F.A., Uzuntarla, M., Ghosh,
D.: Optimal control strategy for cancer remission using com-
binatorial therapy: a mathematical model-based approach.
Chaos Solit. Fract. 145, 110789 (2021)

Das, P, Das, S., Upadhyay, R.K., Das, P.: Optimal treatment
strategies for delayed cancer-immune system with multi-
ple therapeutic approach. Chaos Solit. Fract. 136, 109806
(2020)

Nazarimehr, F., Pham, V., Kapitaniak, T.: Prediction of bifur-
cations by varying critical parameters of covid-19. Nonlinear
Dyn. 101(3), 1681-1692 (2020)


https://doi.org/10.1183/13993003.00547-2020
https://doi.org/10.1183/13993003.00547-2020
https://doi.org/10.1016/j.eclinm.2020.100656
https://doi.org/10.1016/j.eclinm.2020.100656
https://doi.org/10.1101/2020.10.19.20215673
https://doi.org/10.1101/2020.10.19.20215673

Mathematical model of COVID-19 with comorbidity...

1227

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

He, S., Peng, Y., Sun, K.: Seir modeling of the covid-19 and
its dynamics. Nonlinear Dyn. 101(3), 1667-1680 (2020)
Das, P, Das, P, Mukherjee, S.: Stochastic dynamics of
michaelis-menten kinetics based tumor-immune interac-
tions. Phys. A 541, 123603 (2020)

Das, P, Mukherjee, S., Das, P.. An investigation on
Michaelis—Menten kinetics based complex dynamics of
tumor—-immune interaction. Chaos Solit. Fract. 128, 297—
305 (2019)

Das, P., Mukherjee, S., Das, P., Banerjee, S.: Characterizing
chaos and multifractality in noise-assisted tumor-immune
interplay. Nonlinear Dyn. 101(1), 675-685 (2020)

Das, P, Upadhyay, R.K., Das, P.,, Ghosh, D.: Exploring
dynamical complexity in a time-delayed tumor-immune
model. Chaos 30(12), 123118 (2020)

Liu, X., Zheng, X., Balachandran, B.: Covid-19: data-
driven dynamics, statistical and distributed delay models,
and observations. Nonlinear Dyn. 101(3), 1527-1543 (2020)
Khyar, O., Allali, K.: Global dynamics of a multi-strain seir
epidemic model with general incidence rates: application to
covid-19 pandemic. Nonlinear Dyn. 102(1), 489-509 (2020)
Rohith, G., Devika, K.B.: Dynamics and control of covid-
19 pandemic with nonlinear incidence rates. Nonlinear Dyn.
101(3), 2013-2026 (2020)

Huang, J., Qi, G.: Effects of control measures on the dynam-
ics of Covid-19 and double-peak behavior in Spain. Nonlin-
ear Dyn. 101(3), 1889-1899 (2020)

Wahaibi, A.A., Manji, A.A., Maani, A.A., et al.: Covid-
19 epidemic monitoring after non-pharmaceutical interven-
tions: the use of time-varying reproduction number in a
country with a large migrant population. Int. J. Infect. Dis.
99, 466472 (2020)

Mukandavire, Z., Nyabadza, F., Malunguza, N.J., Cuadros,
D.F, et al.: Quantifying early covid-19 outbreak transmis-
sion in south Africa and exploring vaccine efficacy scenar-
ios. PLoS ONE 15(7), 1-11 (2020)

Upadhyay, R.K., Chatterjee, S., Saha, S., Azad, R.K.: Age-
group-targeted testing for covid-19 as anew prevention strat-
egy. Nonlinear Dyn. 101(3), 1921-1932 (2020)

Weitz, J.S., Beckett, S.J., Ashley, R., et al.: Modeling shield
immunity to reduce covid-19 epidemic spread. Nat. Med.
26(6), 849-854 (2020)

Giordano, G., Blanchini, F.,, Bruno, R., et al.: Modelling the
covid-19 epidemic and implementation of population-wide
interventions in italy. Nat. Med. 26(6), 855-860 (2020)
Nadim, S.S., Chattopadhyay, J.: Occurrence of backward
bifurcation and prediction of disease transmission with
imperfect lockdown: a case study on covid-19. Chaos Solit.
Fract. 140, 110163 (2020)

44,

45.

46.

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

57.

58.

Nadim, S.S., Ghosh, I., Chattopadhyay, J.: Short-term pre-
dictions and prevention strategies for covid-2019: a model
based study. Appl. Math. Comput. 404, 126251 (2021)

Li, K., Zhang, H., Zhu, G., Small, M., Fu, X.: Subopti-
mal control and targeted constant control for semi-random
epidemic networks. IEEE Trans. Syst. Man. Cybern. Syst.
51(4), 2602-2610 (2021)

Yu, X., Qi, G., Hu, J.: Analysis of second outbreak of covid-
19 after relaxation of control measures in india. Nonlinear
Dyn. (2020). https://doi.org/10.1007/s11071-020-05989-6
Visscher, A.D.: The covid-19 pandemic: model-based eval-
uation of non-pharmaceutical interventions and prognoses.
Nonlinear Dyn. 101(3), 1871-1887 (2020)

Heesterbeek, H., Anderson, R.M., Andreasen, V., et al.:
Modeling infectious disease dynamics in the complex land-
scape of global health. Science 47(6227), (2015)
Priesemann, V., Balling, R., Brinkmann, M.M., Ciesek, S.,
Czypionka, T., Eckerle, 1., et al.: An action plan for pan-
european defence against new sars-cov-2 variants. Lancet
397(10273), 469-470 (2021)

Perc, M., Miksi, N.G., Slavinec, M., Stozer, A.: Forecasting
covid-19. Front. Phys. 8, 127 (2020)

Das, P, Nadim, S.S., Das, S., Das, P.: Dynamics of covid-
19 transmission with comorbidity: a data driven modelling
based approach. Nonlinear Dyn. (2021). https://doi.org/10.
1007/s11071-021-06324-3

Chavez, C.C., Song, B.: Dynamical models of tuberculosis
and their applications. Math. Bios. Eng. 1(2), 361 (2004)
Lenhart, S., Workman, J.T.: Optimal Control Applied to Bio-
logical Models. Chapman & Hall/CRC, London (2007)
Bittner, L., Pontryagin, L.S., Bltyanskii, V.G., Gamkrelidze,
R.V., Mishechenko, E.F.: The mathematical theory of opti-
mal processes. ZAMM - J. Appl. Math. Mech. 43(10-11),
514-515 (1963)

COVID-19 coronavirus outbreak. https://www.
worldometers.info/coronavirus/repro. Retrieved : 2020-12-
15

Li, Q., Guan, X., Wu, P, Wang, X., Zhou, L., et al.:
Early transmission dynamics in wuhan, china, of novel
coronavirus-infected pneumonia. N. Engl. J. Med. (2020)
India covid-19 tracker. https://www.covidl9india.org/.
Retrieved 03 April 2020

Marino, S., Hogue, I.B., Ray, CJ., Kirschner, D.E.: A
methodology for performing global 20uncertainty and sen-
sitivity analysis in systems biology. J. Theor. Biol. 254(1),
178-196 (2008)

Publisher’s Note Springer Nature remains neutral with regard
to jurisdictional claims in published maps and institutional affil-
iations.

@ Springer


https://doi.org/10.1007/s11071-020-05989-6
https://doi.org/10.1007/s11071-021-06324-3
https://doi.org/10.1007/s11071-021-06324-3
https://www.worldometers.info/coronavirus/repro
https://www.worldometers.info/coronavirus/repro
https://www.covid19india.org/

	Mathematical model of COVID-19 with comorbidity  and controlling using non-pharmaceutical interventions  and vaccination
	Abstract
	1 Introduction
	2 The model
	3 SEICR model analysis
	3.1 Basic reproduction number
	3.2 Stability analysis of Infection free equilibrium
	3.3 Existence of infection present or endemic equilibrium
	3.4 Bifurcation analysis

	4 Optimal control problem
	5 Numerical simulation and results validation
	5.1 Model curve-fitting
	5.2 Sensitivity analysis
	5.3 Effects of parametric variation R0
	5.4 Bifurcation diagram
	5.5 Effects on force of infection by varying parameter
	5.6 Entropy within force of infection
	5.7 Optimal strategies over time

	6 Conclusion
	References




