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Abstract In this study, we consider the experimen-
tally obtained, periodically forced response of a nonlin-
ear structure in the presence of process noise. Control-
based continuation is used to measure both the stable
and unstable periodic solutions, while different levels
of noise are injected into the system. Using these data,
the robustness of the control-based continuation algo-
rithm and its ability to capture the noise-free system
response are assessed by identifying the parameters of
an associated Duffing-like model. We demonstrate that
control-based continuation extracts system information
more robustly, in the presence of a high level of noise,
than open-loop parameter sweeps and so is a valuable
tool for investigating nonlinear structures.
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1 Introduction

Studying physical structures experimentally can be a
challenge if the measurements are polluted with a sig-
nificant amount of noise. Often information is lost
and it becomes difficult to resolve the fine details
of the experiment’s behaviour. In this paper, we pro-
pose control-based continuation as an approach for
robust parameter identification in noisy nonlinear sys-
tems. By tracking the steady-state solutions, we anal-
yse a noise-contaminated experimental rig featuring
nonlinear characteristics and assess the performance of
the control-based continuation algorithm benchmarked
against open-loop parameter sweeps.

Investigatingnonlinear systems is a long-established
field of dynamical analyses [1]. Nonlinear dynamical
models have been used effectively to explain phenom-
ena in many engineering applications [2] as well as in
many other areas such as, amongst others, biological
[3] or economical [4] systems.

From a practical point of view, an essential part
of analysing nonlinear phenomena is building mod-
els which represent the relevant features of the system.
This is often achieved using reduced-order mathemat-
ical models, which requires the identification of the
model parameters.

In the literature, there are numerous studies advo-
cating a range of different methods for parameter iden-
tification. In engineering applications, a common solu-
tion is to measure the restoring force of the system
and directly identify the system parameters as shown
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by Masri et al. [5] and Cammarano et al. [6]. While
this approach can be effective in characterising the sys-
tem, the requiredmeasurements can be difficult to carry
out in some cases. Therefore, many papers focus on
methods that identify model parameters based on the
observed dynamical behaviour. Kerschen et al. [7] and
Noel and Kerschen [8] give a thorough review cover-
ing a range of different techniques of nonlinear sys-
tem identification. A number of these methods, such as
nonlinear auto-regressive moving average with exoge-
nous inputs (NARMAX) modelling [9,10] or the use
of the Hilbert transform are based on the analysis of
time series [11]. Goharoodi [12] andMarchesiello [13]
perform nonlinear subspace identification by a time-
domain study of the system response for a given exci-
tation. A similar approach is followed by Narayanan
[14] using multi-harmonic excitation. Noel and Ker-
schen carry out a similar identification of nonlinear
subspaces in the frequency domain [15] reducing the
computational burden of the method [16].

Another possible strategy is to extend the theory of
(linear) modal analysis to nonlinear systems by consid-
ering nonlinear normal modes [17,18] and measuring
the nonlinear frequency response diagram of the struc-
ture [19,20].

In some cases, when the nonlinearity is weak, a
system may have a quasi-linear frequency response
at small forcing amplitudes with a unique and stable
periodic solution corresponding to every forcing fre-
quency. This may allow the use of linear techniques
in the analysis, e.g. to filter out noise [21,22]. Nev-
ertheless, this study addresses the problem of tracing
steady-state solutions in parameter rangeswhen signifi-
cant nonlinear behaviour (bistability, hysteresis) can be
observed.

In practice, the nonlinear frequency response of
a system can be obtained in several ways for exam-
ple by applying random excitation or impulses to the
system. Peter et al. [23,24] obtain the backbone curve
and frequency response by controlling the phase-shift
between the excitation and the response. In our study,
we focus on the commonly used approach where the
frequency response is extracted by performing parame-
ter sweeps. However, nonlinear systems may have spe-
cific (so-called bistable) parameter domains where two
(or evenmore) stable steady-state solutions exist for the
same set of parameters. The boundary of the domains
of attraction of these stable solutions is referred to as a
separatrix which can be often characterised by another,

unstable, steady-state solution. In an experiment, one
can observe this as a sensitivity of the steady-state
behaviour to the initial conditions. For example, one
may find that a certain level of perturbation is toler-
able and so the dynamics stay within the same basin
of attraction, while a larger perturbation may lead the
system to diverge from its originally observed steady-
state behaviour. This phenomenon also means that by
standard parameter sweeps, only stable solutions can
be captured. Thus, part of the bifurcation diagram may
remain hidden. The presence of process noise can also
contribute to the loss of data by potentially driving the
system away from a stable solutionwith a small domain
of attraction. Unlike measurement noise, which can be
largely eliminated thanks to the current sensor and data
acquisition technology, process noise is an inherent fea-
ture of the observed phenomenon, i.e. certain effects
that are too complex for deterministic modelling are
best captured by a stochastic process. In these cases,
it is an interesting challenge to identify the underlying
deterministic dynamics as its featuresmay be disguised
by the random perturbations.

Continuationmethods trace a family of solutions in a
nonlinear system by applying small parameter changes
to follow the solution branch. In case of mathemati-
cal models, several analytical or numerical techniques,
based on bifurcation analysis, are available to track
steady-state solutions irrespective of their stability [25].
Numerical continuationmethods, in particular, are con-
structed around solving a nonlinear zero problem. For
example, periodic solutions are commonly calculated
using the method of collocation to discretise the solu-
tion over the time-period, while the solution branch
is continued with the pseudo-arclength method with
respect to a system parameter, referred to as bifurca-
tion parameter [26].

Control-based continuation [27] is a method which
incorporates the techniques of numerical continuation
and bifurcation analysis to trace solutions of physical
and numerical experiments where the governing equa-
tions are not explicitly available. Thus, in principle, it
is capable of capturing both stable and unstable steady-
state solutions. Just as is the case for numerical bifurca-
tion analysis, periodic solutions have to be discretised
and composed into an equivalent zero problem, e.g. by
the coefficients of their truncated Fourier series. These
coefficients can be used to design a control which is
stabilising and non-invasive; that is, the steady-state
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Robustness of nonlinear parameter identification in the presence of process 887

solutions of the controlled system are the same as the
steady-state response of the open-loop system.

In our study, we apply the method of control-based
continuation to conduct the experimental bifurcation
analysis of a forced nonlinear oscillator subjected to
noise. The acquired data are then used to identify
parameters for a model of the structure based on the
assumption that it is a one-degree-of-freedom Duffing-
like oscillator, which we use as a model of the exper-
imental rig. While one could use the measured time
profiles for the identification, here, we stick to the S-
shaped amplitude response curves to assess the robust-
ness of control-based continuation to noise directly on
the bifurcation diagrams, which are frequently in the
focus of studies on nonlinear systems.

By physically polluting the system with different
levels of noise, we assess the robustness of control-
based continuation derived data to random perturba-
tions. This is an important factor from the point of
view of the practical effectiveness of the method as,
in general, a heavy noise load may result in losing
relevant information from the system. The robustness
of control-based continuation is tested and compared
against parameter sweeps without control. Thus, we
assess if control-based continuation is capable to cap-
ture the response more accurately and if it is capable to
reveal details from the system which would otherwise
remain undetectable, providing a more robust basis for
model building and parameter identification.

2 Motivation

In case of nonlinear structures, it is a common approach
to use the frequency response to characterise the sys-
tem, see, e.g. [28,29]. This response is often mea-
sured in a forced or base-excitation setting, by per-
forming two frequency sweeps, one with increasing
and another with decreasing forcing frequency. Thus,
in principle, every stable solutions can be captured
even in bistable frequency domains. With the help
of frequency-sweeps, performed at different forcing
amplitudes, one can trace the stable part of the response
surface in the forcing frequency—forcing amplitude
parameter plane.

An example is shown in the left panel of Fig. 1 with
the response surface of the vibration amplitudes X for
the nonlinear oscillator, described in Sect. 3. It can be
observed that, while the frequency-sweeps were per-

Fig. 1 Frequency sweeps (top panel) and control-based contin-
uation (bottom panel)

formed at constant shaker voltage amplitude due to the
internal dynamics of the shaker, the shaker accelera-
tion amplitude Abase varies slightly during each sweep.
We traced the same surface by performing control-
based continuation at constant frequencies (see the
right panel). This method is not only capable of captur-
ing the unstable solutions but the feedback control on
the periodic solution also results in a smoother response
surface.

If the experiment is subject to process noise, it can be
challenging to trace steady-state solutions in parameter
ranges where the system undergoes bistable behaviour.
This bistable behaviour is typically characterised by
the presence of three solution branches within the
same parameter range, where two solution branches are
connected by an unstable branch through saddle-node
bifurcations. If parameter sweeps are performed, in
addition to the lack of information regarding the unsta-
ble solutions, one may erroneously observe that the
vibration amplitude jumps earlier than the saddle-node
bifurcations are located in the solution branch of the
underlying noise-free system. Ultimately, this leads to
a loss of information not only about the unstable branch
but also parts of the stable solution branches.Moreover,
it may not be possible to identify a clear fold point in

123



888 S. Beregi et al.

Fig. 2 Comparison of frequency sweeps (red and blue curves)
in case of low and high levels of process noise. A seventh-order
Duffing-like oscillator best fit is indicated by the dashed black
curves

Fig. 3 The experimental setup: a nonlinear oscillator mounted
on the shaker

the captured solution manifold as the noise may cause
the system to jump repeatedly between the domains of
attraction of two steady-state solutions [30].

This phenomenon is illustrated by the example in
Fig. 2 where two frequency sweeps, carried out on the
nonlinear oscillator, are compared. In both cases, the
oscillator was modelled as a seventh-order Duffing-
like oscillator. The model was fitted to measurement
data using the analytical formulae for the frequency
response. The response of the fitted model is indicated
by the black curves. It can be seen that in the low
noise case, in spite of not having information about
the unstable solutions, the fitted mathematical model
matches with the measured vibration amplitudes rea-
sonably well. However, with higher levels of noise, the
bistable domain is not properly traced and the fitted
model provides an entirely different response to that
using the low-noise data. Note that the parameter-
fitting method used in this motivating example is the
same as that used in the discussion below. The reader
may refer to Sect. 5 and the appendix for details.

Shaker
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Strain gauge Coil

Base Strain gauge

Coil

Permanent
magnets

Permanent magnets

(a)

(b)

Iron
tip mass

Iron core

Iron coreAccelerometer

Fig. 4 The experimental rig: schematics of the nonlinear oscil-
lator on a shaker. a Side view and b top view. For visibility of
the coil and its core, their housing is shown in the background
only

3 The experimental rig

In our study, we investigate the properties of the forced
nonlinear oscillator shown in Fig. 3. This device is
designed to show nonlinear behaviour to make it suit-
able to test the capabilities of experimental algorithms
[31,32], while in former studies, it was also used as
an energy harvester [6]. The structure of the device
is shown in Fig. 4. The nonlinear oscillator is formed
from a thin steel plate, which is clamped to the base as
a cantilever beam. This clamp includes plastic plates
supporting the steel plate to add damping to the con-
tact. At the other end, two iron masses, incorporating
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Fig. 5 The experimental
rig: schematics of the
experimental setup for
control and data acquisition

Amplifier

Strain gauge
amplifier

Current
amplifier

PC

Amplifier

IN1
IN2
IN3

OUT1
OUT2 Shaker

Acceleration

C
oi

l c
ur

re
nt

Strain

Resistor voltage

Shaker
voltage

Real time
controller

R
 =

 1
8Ω

UR

GNDOUT+

Additional noise

four permanent magnets, are attached to the tip of the
plate. The orientation of the poles of these magnets is
indicated by the red arrows in Fig. 4. The resultantmag-
netic field interacts with a stator (see the white block in
Fig. 3), which consists of an electromagnetic coil with
an iron core in an insulated housing.

The rigid base of the oscillator and the stator is
mounted on a shaker, providing forcing to the system.
As the plate vibrates, the magnets at the free end will
move relative to the coil changing the magnetic flux.
The resulting combination of structural, inertial and
magnetic forces results in a nonlinear restoring force.
According to Faraday’s law of electromagnetic induc-
tion, the changingmagnetic flux also generates an elec-
tromotive force, which can be measured as a chang-
ing voltage across the coil. Similarly, a current flowing
through the coil results in a magnetic flux and so gen-
erates a magnetic force, which allows the excitation
of the system through the coil. In our experiments, we
used the coil to pollute the experiment with additional
noise.

Figure 5 shows a schematic of the experimental set
up including data acquisition and control. The data
acquisition and demand generation is carried out by a
real-time controller box built upon aBeagleBoneBlack
board [33]. Three input and two output voltage signals
are handled by the real-time controller. The demand
voltage OUT1 is applied to the shaker using an ampli-
fier, while the demandOUT2 is used to contaminate the
experiment with noise. For this purpose, we use a cur-
rent amplifier to regulate the current flowing through
the coil according to the noisy signal generated by the
controller box.

The vibration of the elastic plate is measured using
a strain-gauge, which is connected to an amplifier in
a quarter-bridge configuration. The voltage, provided
by the strain-gauge amplifier, is measured at the acqui-
sition channel IN1. Channel IN2 is connected to an
accelerometer that is mounted on the top of the base
of the nonlinear oscillator, while IN3 records voltage
that is generated across a resistor by the current flowing
through the coil (see the circuit in Fig. 5).

4 Control-based continuation

We employ the technique of control-based continua-
tion to determine the response of the nonlinear oscilla-
tor to periodic forcing. Let us consider a one-degree-
of-freedom forced nonlinear system as a model of the
experimental rig in the form of

ẍ + g(ẋ, x) = F(t), (1)

where the state variable x is the input voltage from the
strain-gauge (IN1), the dot refers to differentiationwith
respect to time, the function g contains all the nonlin-
earities, while F(t) corresponds to the forcing provided
by the shaker. Despite the fact that this model does
not include the electromagnetic effects in the system
explicitly, we found that the one-degree-of-freedom
model can characterise the response to periodic forc-
ing with good accuracy. Note, that, as demonstrated in
[34], this is not the case for non-periodic excitation.
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The forcing F(t) is composed by two parts: a peri-
odic component and an additional control term Fctrl

F(t) = A cos(ωt) + B sin(ωt) + Fctrl, (2)

whereω is the angular frequency of the forcingwhereas
A and B are constant coefficients. To capture the non-
linear response of the open-loop (uncontrolled) system,
the control has to fulfil two conditions: it has to be sta-
bilising and non-invasive, i.e. the steady-state response
of the controlled system has to be equal to the steady-
state response of the open-loop system. This is ensured
by the proportional-derivative control law given in the
form

Fctrl = kp(x
∗ − x) + kd(ẋ

∗ − ẋ), (3)

where x∗ is the control target, while kp and kd are the
proportional and derivative control gains. Since the
derivative ẋ is not acquired directly in our experiment,
its value at a given time ti is obtained using a backward
difference scheme

ẋ(ti ) ≈ x(ti ) − x(ti−1)

ti − ti−1
. (4)

In the control algorithm, both the desired and mea-
sured strain-gauge voltages are represented by their
truncated Fourier series

x(t) ≈ A0

2
+

N∑

k=1

(Ak cos(kωt) + Bk sin(kωt)) , (5)

x∗(t) ≈ A∗
0

2
+

N∑

k=1

(
A∗
k cos(kωt) + B∗

k sin(kωt)
)
.(6)

In our test, the first seven harmonics were retained
(N = 7).

As a result, the total forcing F(t) also can be
expressed in a similar form

F(t) = AF0

2
+

N∑

k=1

(AFk cos(kωt) + BFk sin(kωt)) ,

(7)

where the coefficients are given by

AF1 = A + kp(A
∗
1 − A1) − kdω(B∗

1 − B1), (8a)

BF1 = B + kp(B
∗
1 − B1) + kdω(A∗

1 − A1), (8b)

AFk = kp(A
∗
k − Ak) − kdkω(B∗

k − Bk) for

k = 0, 2, 3, . . . , N , (8c)

BFk = kp(B
∗
k − Bk) + kdkω(A∗

k − Ak) for

k = 2, 3, . . . , N . (8d)

Studying the expressions (8a) and (8b) reveals that
the fundamental harmonic component of the total forc-

ing � =
√
A2
F1 + B2

F1 is not fully determined by
the open-loop forcing coefficients A and B, as it also
depends on the control target x∗(t) and the response
x(t).Moreover, the control introduces higher-harmonic
components to the total forcing that have to be elimi-
nated to capture the response of the open-loop system.

In our study, control-based continuation is used to
generate the family of steady-state solutions of the sys-
tem across a range of the forcing amplitudes while
keeping the forcing frequency constant. Since, with
keeping the forcing frequency ω constant, a unique
forcing amplitude corresponds to every the vibration
amplitude, it is possible to trace the whole branch of
solutions by a sweep in the target fundamental har-
monic amplitude B∗

1 , with keeping A∗
1 = 0 to fix the

phase of the response. This means that there is a linear
relationship between the continuation parameter and
the forcing F(t), which enables us to use a simplified
version of the ‘full’ continuation algorithm (see [27] for
example). Note that to retrieve the frequency response
at a constant forcing amplitude the full algorithmwould
be required which may be less robust to noise than the
simplified version. This issue is addressed by Schilder
et al. [35] with techniques developed specifically to
cope with noise. Another alternative is presented in
[36] where the full continuation algorithm is used on
a local Gaussian process regression model. Neverthe-
less, the frequency dependence could be equally well
characterised by tracing the response curve at several
frequencies as indicated by Fig. 1, where response sur-
faces above the forcing frequency – forcing amplitude
planes, obtained by the open-loop and control-based
approach, are compared. The simplified control-based
continuation algorithm is briefly described below—a
full description is given in [37]. It is also worth men-
tioning that, for parameter identification, it may be
acceptable for the controller to be invasive, allowing
it to overcome the issues around the Newton iterations.
Our study however, along with [35,37], specifically
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focuses on recovering the bifurcation diagram, while
parameter identification is used as a tool to quantify
the effectiveness of the open-loop and control-based
approaches.

Let us assume that the experiment is running
at a steady state given by the target coefficients
(A j

F1, B
j
F1, A

∗ j
0 , B∗ j

1 , A∗ j
k , B∗ j

k ), k = 2, . . . N , with

A∗ j
1 = 0. Then, to find the next point in the solution

branch, the fundamental harmonic coefficient of the
control target is increased by the desired increment �
as B∗ j+1

1 := B∗ j
1 + �. After waiting for the control

to reach steady state, if necessary, we apply fixed point
iteration to correct the higher-harmonic coefficients of
the control target until coefficients corresponding to
the higher harmonics of the forcing (AFk, BFk, k =
0, 2, 3, . . . N ) are below a pre-defined tolerance. Once
the higher harmonics in the forcing are eliminated, the
actual state, given by (A∗ j+1

0 , B∗ j+1
1 , A∗ j+1

k , B∗ j+1
k ),

k = 2, . . . N , is accepted as the steady-state response
of the open-loop system corresponding to the forcing
amplitude

� j+1 =
√(

A j+1
F1

)2 +
(
B j+1
F1

)2
. (9)

Provided that appropriately chosen control gains are
used, this algorithm ensures a stable, non-invasive con-
trol, which traces the solution branch sweeping across
the vibration amplitudes. A possible alternative could
be to use a secant prediction to provide an initial guess
for the algorithm in the direction obtained from the pre-
vious two points on the branch. This methodmay result
in the algorithm reaching a fixed point in fewer itera-
tion steps in an experiment with low noise; however,
the amplitude sweep is more robust against noise since
with this assumption, noise cannot affect the direction
along the branch in which the next branch point is pre-
dicted which is an effect that can hinder progress along
a branch. A further advantage is that the correction of
the solution is carried out in a derivative-freeway. Thus,
it requires less evaluation at each iteration step, leading
to faster convergence.

Note that while the control feedback given in (3) is
in real time in the experiment, there is no such require-
ment for the continuation algorithm and the setting of
new control targets for the controller. Therefore, these
tasks were carried out by a PC, which was also used
to process the acquired data, rather than the real-time
controller.

4.1 Model of the nonlinear oscillator

We use the experimentally acquired bifurcation dia-
grams to identify the parameters of our model for the
experimental rig, the one-degree-of-freedom nonlinear
oscillator [see Eq. (1)]. We consider a linearly damped,
Duffing-like oscillator with the equation of motion

ẍ+bẋ+ω2
nx+μx3+νx5+ρx7 = δstω

2
n cos(ωt), (10)

where ωn is the linear natural angular frequency, δst is
the equivalent static deflection for the forcing ampli-
tude δstω

2
n (the resulting deflection of ω = 0), while

the damping is given by the parameter b, whereas μ,
ν and ρ characterise the nonlinearities in the system.
Although this model does not describe the physics-
based modelling of the restoring force, our investiga-
tion indicates that considering the odd nonlinear terms
up to seventh order in the Duffing-type model is satis-
factory to characterise the response of the experimen-
tal rig to periodic excitation. The detailed experimental
characterisationof the electromagnetic forces bymeans
of a physics-based model of the device was performed
in [6].

The fundamental harmonic component of the steady-
state system response can be given as X cos(ωt + ϑ)

with amplitude X and phase angle ϑ . Using themethod
of multiple scales [38], an analytical approximate solu-
tion can be obtained for the fundamental harmonic
component if the nonlinearity is weak. Based on this,
for a given vibration amplitude X , the phase angle and
the static deflection can be given as

ϑ = arctan

(
b̃ζ

(ζ 2 − 1) − 35
64 X

6ρ̃ − 5
8 X

4ν̃ − 3
4 X

2μ̃

)
,

(11)

δst =
∣∣∣∣∣

35
64 X

7ρ̃ + 5
8 X

5ν̃ + 3
4 X

3μ̃ − X (ζ 2 − 1)

cos(ϑ)

∣∣∣∣∣ , (12)

with ζ = ω/ωn b̃ := b/ωn, μ̃ := μ/ω2
n, ν̃ := ν/ω2

n,
ρ̃ := ρ/ω2

n. The derivation of these formulae is given
in the appendix.

Substituting (11) into Eq. (12), we obtain the static
deflection by means of the system and forcing param-
eters as well as the amplitude of the fundamental har-
monic component of the steady-state response
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Fig. 6 Comparison of the analytical approximate and numerical
solutions of Eq. (10). In the left panel, the forcing frequency
is kept constant f = 24Hz, while the excitation amplitude is
varied. In the right panel, the frequency response is shown for a
constant forcing amplitude of δstω

2
n = 0.7V/s2

δst = δst(X, μ̃, ν̃, ρ̃, b̃, ζ ). (13)

4.2 Numerical collocation

It has to be noted that the solution presented above is
only accurate for ‘weakly nonlinear’ systemswhere the
nonlinear terms do not dominate over the underlying
linear system.Tocheck the accuracyof the approximate
solution, we carried out the numerical continuation of
the periodic solutions in (10). The results are compared
in Fig. 6 for the parameters μ = 1.499, ν = −0.3921,
ρ = 0.0422, b = 0.3159 and fn = 19.95Hz. Both
frequency and amplitude variation is checked. The
results indicate that the analytical approximation pro-
vides very accurate results in the parameter range of
our interest.

5 Parameter identification

We use the expression in Eq. (13) to identify the system
parameters by fitting it to measurement results, based
on least square errors. However, the amplitude δstω

2
n

of the forcing provided by the shaker is not measured
directly. Instead,wecapture the accelerationabase of the
base of the oscillator. We assume that the base accel-
eration and forcing are proportional: δst = cA Abase,
where Abase is the fundamental harmonic amplitude of
the base acceleration. This leads to an expression for the
base acceleration amplitude that can be directly used
for parameter identification

Abase = 1

cA
δst(X, ζ, μ̃, ν̃, ρ̃, b̃). (14)

Note that the base acceleration is not controlled directly
in the experiment as the real-time controller sets the
shaker voltage instead. In Eq. (14), the frequency ratio
ζ is set by the user (provided the natural angular fre-
quencyωn is a priori determined) whereas the response
amplitude X is measured. Consequently, we aim to
identify the parameters b̃, μ̃, ν̃, ρ̃ and cA such that
they minimise the least square error based on Eq.
(14). Assuming that m measurement points, given by
(Abasei , ζi , Xi ), are acquired, the function to be min-
imised can be expressed as

R =
m∑

i=1

(
Abasei − 1

cA
δst(Xi , ζi , μ̃, ν̃, ρ̃, b̃)

)2

. (15)

The least square fit is obtained by using the gradient-
free principal-axis method of the NLopt package in
Julia [39]. Once the least square fit is performed, the
original model parameters b = b̃ωn, μ = μ̃ω2

n, ν =
ν̃ω2

n, ρ = ρ̃ω2
n can be recovered.

Note that due to the nonlinear nature of the fitting
problem, there is no strong evidence that the identi-
fied parameters correspond to the global minimum of
the objective function in (15). Nevertheless, the visual
assessment of the response of the filled model suggests
that this method provides a good fit to the measurement
data. It is also worth mentioning that one may include
the formula in (11) for the phase-angle ϑ in the param-
eter identification. Nevertheless, since the phase-lag is
changing monotonously with the vibration amplitude
(ϑ ≈ −π for small amplitudes and ϑ ≈ 0 at large
amplitudes) along the S-shaped curve, eliminating it
from the objective function does not change the main
tendencies we observe in this study.

6 Effect of noise on parameter identification

6.1 Underlying linear response

The measurement procedure is as follows. Firstly, the
linear frequency response of the system is extracted by
performing an open-loop frequency sweep with a low
shaker voltage amplitude (Ushaker = 0.01 V)where the
effect of the nonlinearities is marginal. We performed
an up and a down-sweep between 19 and 21 Hz with
an increment of 0.1 Hz (see Fig. 7). One can observe
a slight discrepancy between the two curves which can
be explained by the effect of temperature change during
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Robustness of nonlinear parameter identification in the presence of process 893

Fig. 7 Linear frequency response: up-sweep (blue continuous),
down-sweep (blue, dashed)

the measurement. Estimating the damping with the 3
dB bandwidth method indicated that, at this level of
excitation, the Lehr’s damping ratio of the system is
below 0.01. This means that the difference between
the measurable ‘damped’ and the undamped natural
frequencies is below 0.01%. Therefore, we accepted
the locus of the maximum of a response curve as the
undamped natural frequency. Since the up- and down-
sweeps provided different results, we calculate with the
average of the two peaks fn = 19.95 Hz as the natural
frequency of the system.

6.2 Robustness of solution tracing methods against
process noise

The core of our study was to assess the performance of
control-based continuation against open-loop param-
eter sweeps in scenarios where the experiment was
polluted with different levels of noise. We used the
real-time controller to generate a random demand for
the current flowing through the electromagnetic coil
by generating a series of pseudo-random numbers and
feeding the signal through a low-pass Butterworth fil-
ter resulting in a band-limited noise with a cut-off fre-
quency of 50 Hz [33]. Time profiles of the input and
output signals, without and with additional noise, are
shown in Figs. 8 and 9, respectively. The noise xnoise in
these diagrams is obtained by subtracting the harmonic
components of the strain-gauge voltage x , identified by
the real-time controller.

In the case where no noise is added through the coil,
see Fig. 8, other uncontrolled noise sources provide a
low noise level of below 1% of the vibration amplitude.
The notable peaks in the noise FFT belong to the power
supply frequency and its upper harmonics (50, 100, 150
Hz), while one can also observe smaller peaks (n ×
24 [Hz]) related to numerical errors in the calculationof

(a) (b)

(c) (d)

(e) (f)

Fig. 8 Acquired data and outputs generated by the real-time
controller at low noise level. a Shaker voltageU , b base acceler-
ation abase, c target (red) and actual (blue) strain-gauge voltage
x , d resistor voltage UR, e noise time profile xnoise and f noise
FFT χnoise

the harmonic coefficients. These components become
negligible when significant noise is added to the system
through the coil, resulting in more evenly distributed
frequency components as shown in Fig. 9.

While the control is clearly affected by the added
noise, the algorithm is still capable to stabilise the sys-
tem around the periodic solutions of the underlying
noise-free system even when the noise amplitude is
about 30% of the vibration amplitude.

Also, note how the presence of noise affects the cur-
rent in the coil (measured through the voltage on a resis-
tor): if there is no additional noise in the system, the
coil current appears to be largely harmonic, as its main
source is electromagnetic induction due to the tip mass
passing the iron core. This component practically dis-
appears in the additional noise.

Using control-based continuation in a noise-polluted
environment ismore challenging as error tolerances are
more difficult tomeet.Moreover, if a secant predictor is
used, as is common with the pseudo-arclength method,
the algorithm may fail resulting in repeated, or to the
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(a) (b)

(c) (d)

(e) (f)

Fig. 9 Acquired data and outputs generated by the real-time
controller at high noise level (N10). a Shaker voltage U , b base
acceleration abase, c target (red) and actual (blue) strain-gauge
voltage x , d resistor voltage UR, e noise time profile xnoise and f
noise FFT χnoise

contrary, no coverage of someparts of the solutionman-
ifold.

In our case though, it proved to be sufficient to adjust
the simplified control-based continuation algorithm by
averaging the coefficients of 10 periods and allowing
a higher error tolerance in the noisy measurements. In
some cases though, even increased tolerances were dif-
ficult to meet; therefore, at higher noise levels we omit-
ted the step of the algorithm that corrects the higher
harmonics and accepting the solution we obtained by
simply changing the fundamental harmonic component
of the control target. It is worth mentioning that this is
always the case in the open-loop measurements when
steady-state solutions are accepted without any correc-
tion step.

We also used the fact that, due to the choice of con-
tinuation in amplitude (rather than frequency), a unique
solution exists for every response amplitude. Thus, per-
forming a sweep in the targeted vibration amplitudes
ensured that the continuation of the solution branch did
not stall and the whole branch was covered.

Fig. 10 Amplitude response of the nonlinear oscillator at 24
Hz, at different noise levels. The markers show the measurement
data, while the response of the fitted models is indicated by the
thick continuous lines. The shaded areas and the dashed bound-
aries indicate the 95% approximate confidence intervals for the
identified response curves. The blue markers and curves belong
to parameter sweeps, while the red ones to CBC

Fig. 11 Robustness against noise: the amplitude responses fitted
to amplitude sweeps (left panel) and control-based continuation
(right panel) with base acceleration. The curves belong to noise
levels N2, N4, N5, N6, N8, N10 and N12 with higher noise
indicated by lighter shading. The response curves belonging to
the cases without additional noise (N0) are highlighted in yellow

In Fig. 10, we compared control-based continuation
and open-loop forcing amplitude sweeps under differ-
ent levels of noise load. The labels beginning with N
indicate the magnitude of noise we added through the
coil, e.g. N3 means that the noise magnitude is three
times as the reference N1, while N0 corresponds to the
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case when the experiment was not polluted with noise
through the coil.

In the panels N0, N3 and N5 of Fig. 10, we show
the measurements where we had a maximum tolerance
for the higher harmonics in the control-based contin-
uation algorithm whereas in the measurements shown
in the panels N6, N9 and N12, we accepted the result
without introducing corrections to the higher harmonic
components. Comparing the cases N5 and N6 which
were performed with a similar amount of noise but one
with, and the other without higher harmonic control,
we can see that we did not introduce significant further
error in the experiment by not setting amaximum toler-
ance at higher noise levels. Note that, even in the case
without additional noise, we recorded a few measure-
ment points close to the unstable part of the S-shaped
curves with the open-loop method, even though this
would not be possible without control. This apparent
contradiction can be explained by the fact that we con-
trolled the input voltage of the shaker in the experiment
instead of the base acceleration. The reason for using
the measured acceleration as an input parameter is that
we found that treating the actuator as part of our system
would significantly change its dynamics. As a result,
instead of seeing a sudden drop in the vibration ampli-
tude, as one would expect in the open-loop case, we
found that the transient behaviour, at least initially, kept
the system close to the weakly unstable region of the
branch, and our algorithm identified the slowly diverg-
ing solutions as ‘periodic’ due to the averaging, which
was being used to partly mitigate the effects of noise.

It can be observed that if the experiment is running
with a low amount of noise (see N3) both methods,
the standard open-loop sweep and control-based con-
tinuation provide a response close to the case with no
additional noise (N0), which we take to be the base-
line ‘correct’ solution. However, at medium noise lev-
els (seeN5,N6 andN9) the jumps in the open-loop data
between the low and high amplitude parts of the solu-
tion branch occur significantly earlier than the folds in
the branch of steady-state solutions of the underlying
noise-free system. Meanwhile, control-based contin-
uation is still able to trace the entire family of solu-
tions and to retain the response curve of the low noise
system with reasonable accuracy. This is true even at
high noise level (seeN12) to some extent—even though
control-based continuation begins to struggle in track-
ing the branch, it still provides some information about

the unstable solutions while the bistable region cannot
be recovered by parameter sweeps.

This can be well demonstrated by Fig. 11 where
we compare the response curves obtained by fitting the
parameters of the seventh-order Duffing-like oscillator,
given by Eq. (10), to measurement results acquired at
different noise levels.

The robustness of the parameter identification is
assessed by linearising the model in (14) around the
identified parameters

Abase ≈ 1

c∗
A
δst(X, ζ, μ̃∗, ν̃∗, ρ̃∗, b̃∗)

+ gradp

(
1

cA
δst(X, ζ, μ̃, ν̃, ρ̃, b̃)

)∣∣∣∣
p=p∗

h,

(16)

where theparameter vector readsp = (μ̃, ν̃, ρ̃, b̃, cA)T,
p∗ is theminimiser of the objective function (15), while
h = p − p∗.

Then, the standard deviations of the identified
parameters are estimated by means of the asymptotic
distribution [40]. The identified parameter values and
their estimated standard deviation are listed in Table 1
for both sets of measurements, amplitude-sweeps and
control-based continuation, respectively. Note that, in
case of the damping parameter b̂, our model is singu-
lar at b̂ = 0. Thus, the estimation procedure provided
unrealistic values for the standard deviation for values
of b̂ ≈ 0 (see the noise levels N2, N8 and N10 in
the open-loop case). Moreover, we used the linearised
model to draw the 95% confidence intervals around
the identified S-shaped response curves in Fig. 10
as a visual indicator of the robustness of parameter
fitting.

From these results, it is clear that control-based
continuation is able to preserve the original response
curve better than frequency sweeps. Furthermore, at
low and medium noise levels (N0–N9) the S-shaped
curves, obtained from the control-based continuation
data, are not just better representing the deterministic
dynamics but they fit more robustly to the measure-
ment data than in case of the open-loop measurements.
This changes at high noise level (case N12), where
the open-loop data results in lower standard deviation
in the identified parameters and the confidence inter-
vals of the identified response curves are comparable
for the open-loop and the control-basedmeasurements.
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Table 1 The identified model parameter values (IDV) and esti-
mated standard deviations (ESTD) with open-loop amplitude-
sweeps and control-based continuation at different noise levels:

the coefficients μ̃, ν̃ ρ̃ of the third-, fifth- and seventh-order
terms, the linear viscous damping b̃ and the scaling factor cA
between the forcing and base acceleration

Noise μ̃ ν̃ ρ̃ b̃ cU

IDV ESTD IDV ESTD IDV ESTD IDV ESTD IDV ESTD

Open-loop measurements

N0 0.2997 0.0055 −0.0230 0.0037 −0.00055 0.00056 0.01308 0.00201 0.02669 0.00014

N2 0.3039 0.0122 −0.0268 0.0082 −8.278e–7 0.00126 1.461e–7 249.94 0.02590 0.00031

N3 0.3047 0.0148 −0.0273 0.0100 −6.778e–5 0.00153 0.01589 0.00377 0.02766 0.00040

N4 0.3495 0.0295 −0.0556 0.0192 0.00424 0.00290 0.01146 0.01001 0.02580 0.00073

N5 0.3467 0.0292 −0.0526 0.0213 0.00402 0.00320 0.01403 0.01241 0.02766 0.00081

N6 0.3990 0.0428 −0.0867 0.0195 0.00886 0.00300 0.02175 0.00793 0.02662 0.00094

N8 0.5165 0.0448 −0.1636 0.0293 0.02099 0.00446 1.819e–10 303425.5 0.02717 0.00163

N9 0.5068 0.0438 −0.1602 0.0289 0.01934 0.00446 0.02746 0.01310 0.02075 0.00134

N10 0.6366 0.0533 −0.2413 0.0321 0.03196 0.00463 4.928e–9 499541.7 0.02340 0.00169

N12 0.6448 0.0379 −0.2488 0.0269 0.03319 0.00441 0.00830 0.03163 0.02191 0.00153

Control-based continuation

N0∗ 0.2999 0.0035 −0.0258 0.0025 −0.00025 0.00038 0.00798 0.00184 0.02496 0.00013

N2∗ 0.2989 0.0064 −0.0233 0.0047 −0.00067 0.00075 0.01004 0.00225 0.02538 0.00024

N3∗ 0.2929 0.0106 −0.0186 0.0078 −0.00158 0.00129 0.01018 0.00340 0.02538 0.00037

N4∗ 0.3132 0.0132 −0.0344 0.0098 0.00114 0.00159 0.01217 0.00554 0.02538 0.00047

N5∗ 0.3055 0.0168 −0.0270 0.0132 −0.00031 0.00231 0.00970 0.00648 0.02549 0.00054

N6† 0.2917 0.0187 −0.0206 0.0135 −0.00102 0.00215 0.01124 0.00608 0.02516 0.00065

N8† 0.3032 0.0237 −0.0276 0.0165 −0.00010 0.00252 0.01425 0.00540 0.02512 0.00084

N9† 0.2755 0.0316 −0.0017 0.0237 −0.00493 0.00392 0.01760 0.00734 0.02605 0.00104

N10† 0.3160 0.0292 −0.0365 0.0210 0.00130 0.00332 0.00578 0.01711 0.02460 0.00107

N12† 0.5214 0.0585 −0.1889 0.0444 0.02604 0.00753 0.02189 0.01115 0.01947 0.00186

In case of the control-based continuation data, the symbols ∗ and † refer to measurements with and without a maximum tolerance for
the higher harmonic components of the forcing, respectively

This feature of the control-based continuation data can
also be seen as an advantage, as this indicates that,
at this noise level, there is a significant loss of infor-
mation about the underlying system even with control-
based continuation. In themeantime, fitting to the open-
loop parameter sweeps at this noise level results in
a model that seems to be more robust according to
these measures even though it is clearly less accu-
rate when compared to the response with no additional
noise.

The identifiedmodel parameters are listed in Table 1
for both sets of measurements, the amplitude-sweeps
and control-based continuation, respectively.

7 Conclusions

By investigating the steady-state response of a forced
nonlinear oscillator under different levels of process
noise, the robustness of control-based continuationwas
assessed by comparing it to open-loop measurements.

Based on the acquired data, we carried out parame-
ter identification of a seventh-order Duffing-like oscil-
lator to quantify and characterise the performance of
the two solution tracking methods. We demonstrated
that the ability of control-based continuation to cap-
ture both stable and unstable periodic solutions, and
the fact that we have feedback control on the response,
result in a more robust coverage of the solution branch
than in case of parameter sweeps. Furthermore, while
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an open-loop parameter sweep can perform as well as
control-based continuation at low noise levels, it has a
tendency tomiss parts of the stable solutions in bistable
parameter domains as the additional noise can cause
the system to jump between the domains of attraction
of the co-existing stable solutions. This can result in
poorly identified parameters in the model, while fitting
the model to data obtained by control-based continua-
tion yields a response curve that is closer to the response
of the underlying noise-free system.

As control-based continuation is affected by process
noise, albeit to a lesser degree, it is still an open question
to what extent can one expect recover the response of
the underlying deterministic system in a heavily noise-
contaminated measurement. In general, control-based
continuation is capable to extract more information
from experiments than open-loopmeasurements. Thus,
with the help of control-based continuation, it may
be possible to capture finer, otherwise undetectable,
details about the dynamics of physical systems.
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Appendix:Analytical approximationof the response
of the seventh-order forced Duffing oscillator

To characterise our experimental rig, as a model we use
a seventh-order, Duffing-like oscillator with the equa-
tion of motion given by (10):

ẍ+bẋ+ω2
nx+μx3+νx5+ρx7 = δstω

2
n cos(ωt), (17)

with a linear natural angular frequency ωn, a static
deflection δst, for the viscous damping b, and nonlinear
coefficients μ, ν and ρ.

For the steady-state response of this system, one
can derive an analytical approximate solution using
the method of multiple scales [38]. Accordingly, we
assume that a steady-state solution of (17) can be
expanded in the following form

u(t) = u0(t) + εu1(t) + ε2u2(t) + . . . , (18)

where u0 is the fundamental harmonic component of
the solution, considered as a steady-state solution of
the linear, undamped, homogeneous system

ẍ + ω2x = 0, (19)

with a natural frequency equal to the forcing frequency,
while ε is the perturbation parameter, which is assumed
to be sufficiently small.

To simplify our formulae, we introduce dimension-
less time as τ := ωnt . Using the transformation d/dt =
ωnd/dτ between the derivatives, the equation ofmotion
(10) can be expressed as

x ′′ + b

ωn
x ′ +x+ μ

ω2
n
x3+ ν

ω2
n
x5+ ρ

ω2
n
x7 = δst cos(ωt),

(20)

where primes denote the derivation with respect to the
dimensionless time τ .With the aim to express this equa-
tion with the homogenous system (19) and a nonlin-
ear perturbation, we introduce new coefficients for the
nonlinear, damping and forcing terms μ̂ := μ/(εω2

n),
ν̂ := ν/(εω2

n), ρ̂ := ρ/(εω2
n), b̂ := b/(εωn), as well

as the frequency ratio ζ = ω/ωn. This yields to

x ′′+x = ε

(
δst

ε
cos(ζ τ ) − b̂x ′ − μ̂x3 − ν̂x5 − ρ̂x7

)
.

(21)
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Adding ζ 2x to both sides, this equation can be re-
arranged as

ω2
nx

′′ + ζ 2x =

ε

(
ζ 2 − 1

ε
x − b̂x ′ − μ̂x3 − ν̂x5 − ρ̂x7 − δst

ε
cos(ζ τ )

)
.

(22)

Introducing the parameters � := (ζ 2 −1)/ε and � :=
δ̂st/ε, we can express the equation of motion in the
perturbed form of

ω2
nx

′′ + ζ 2x =
ε
(
�x − b̂x ′ − μ̂x3 − ν̂x5 −ρ̂x7 − � cos(ζ τ )

)
.

(23)

Substituting in the solution (18) and expanding equa-
tion (23) in a power series form by means of the per-
turbation parameter ε one obtains

u′′
0 + ζ 2u0 = 0, (24a)

u′′
1 + ζ 2u1 =
�u0 − b̂u′

0 − μ̂u30 − ν̂u50 − ρ̂u70 + � cos(ζ τ ),

(24b)

u′′
2 + ζ 2u2 = . . . . (24c)

The general solution of the homogenous ODE (24a)
can be given as

u0(τ ) = X cos(ζ τ + ϑ), (25)

with the vibration amplitude X and phase angle ϑ .
Note that this solution also contributes to the ‘forc-

ing’ in the right-hand side of Eq. (24b). Moreover, u
is a steady-state solution of (17) which implies that
the functions uk, k = 1, 2, 3, . . . should be bounded:
|uk(τ )| ≤ M for τ ∈ [0,∞), M ∈ IR+. Thus, the
amplitude X and the phase angle ϑ in (25) should
ensure that a non-resonant forcing is provided in Eq.
(24b).

Substituting the solution (25) in Eq. (24b) yields to

u′′
1 + ζ 2u1 = �X cos(ζ τ + ϑ) + ζ b̂X sin(ζ τ + ϑ)

− μ̂X3 cos3(ζ τ + ϑ) − ν̂X5 cos5(ζ τ + ϑ)

− ρ̂X7 cos7(ζ τ + ϑ) + � cos(ζ τ ).

(26)

The linearisation of the trigonometric expressions in
the equation above provides

u′′
1 + ζ 2u1 =
(
35

64
X7ρ̂ + 5

8
X5ν̂ + 3

4
X3μ̂ − X� − � cos(ϑ)

)

cos(ζ τ + ϑ)

−
(
Xb̂ζ + � sin(ϑ)

)
sin(ζ τ + ϑ) + . . . , (27)

where we include only the base harmonic terms, since
these are the terms which could potentially trigger a
resonance in Eq. (26). This can be avoided only if the
coefficients of cos(ζ τ + ϑ) and sin(ζ τ + ϑ) are zero.
That is

35

64
X7ρ̂ + 5

8
X5ν̂ + 3

4
X3μ̂ − X� − � cos(ϑ) = 0, (28)

Xb̂ζ + � sin(ϑ) = 0. (29)

Using Eqs. (28) and (29), one can derive an expression
for the phase angle and the forcing amplitude each

ϑ = arctan

(
b̂ζ

� − 35
64 X

6ρ̂ − 5
8 X

4ν̂ − 3
4 X

2μ̂

)
, (30)

� =
∣∣∣∣∣

35
64 X

7ρ̂ + 5
8 X

5ν̂ + 3
4 X

3μ̂ − X�

cos(ϑ)

∣∣∣∣∣ . (31)

For the static deflection δst, these provide

ϑ = arctan

(
b̃ζ

(ζ 2 − 1) − 35
64 X

6ρ̃ − 5
8 X

4ν̃ − 3
4 X

2μ̃

)
,

(32)

δst =
∣∣∣∣∣

35
64 X

7ρ̃ + 5
8 X

5ν̃ + 3
4 X

3μ̃ − X (ζ 2 − 1)

cos(ϑ)

∣∣∣∣∣ , (33)

with b̃ := εb̂, μ̃ := εμ̂, ν̃ := εν̂, ρ̃ := ερ̂.
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