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Abstract Although policy makers recommend or
impose various standard measures, such as social dis-
tancing, movement restrictions, wearing face masks
and washing hands, against the spread of the SARS-
CoV-2 pandemic, individuals follow these measures
with varying degrees of meticulousness, as the percep-
tions regarding the impending danger and the efficacy
of the measures are not uniform within a population.
In this paper, a compartmental mathematical model
is presented that takes into account the importance
of personal cautiousness (as evidenced, for example,
by personal hygiene habits and carefully following the
rules) during the COVID-19 pandemic. Two countries,
Turkey and Italy, are studied in detail, as they share
certain social commonalities by their Mediterranean
cultural codes. A mathematical analysis of the model
is performed to find the equilibria and their local stabil-
ity, focusing on the transmission parameters and inves-
tigating the sensitivity with respect to the parameters.
Focusing on the (assumed) viral exposure rate, possi-
ble scenarios for the spread of COVID-19 are examined
by varying the viral exposure of incautious people to
the environment. The presented results emphasize and
quantify the importance of personal cautiousness in the
spread of the disease.
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1 Introduction

Mathematical modelling of the transmission of infec-
tious diseases has a history of about a hundred years
in mathematical epidemiology [18]. The so-called SIR
models have been widely studied for understanding the
spread of many infectious diseases and have become
an important tool for controlling outbreaks and deter-
mining treatment and vaccination policies [1,4,13,21,
34]. The current pandemic, coronavirus disease 2019
(COVID-19), has attracted the interest of researchers
from different scientific areas and once again high-
lighted the importance of appropriate mathematical
modelling in developing control strategies.

COVID-19 is caused by a novel coronavirus iden-
tified as Severe Acute Respiratory Syndrome Coron-
avirus 2 (SARS-CoV-2) by the World Health Orga-
nization (WHO) on January 12, 2020 [36]. Coron-
aviruses (CoVs) are enveloped positive-sense zoonotic
RNA respiratory viruses that cause a variety of dis-
eases in mammals and birds [11]. The native form of
CoVs is rarely transmitted among humans but their
mutant forms are capable of human-to-human trans-
mission [25]. There have been two outbreaks of the of
CoVs in the last twodecades: the SevereAcuteRespira-
tory SyndromeCoronavirus (SARS-CoV, China, 2002)
and the Middle Eastern Respiratory Syndrome Coron-
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avirus (MERS-CoV, Saudi Arabia, 2012). The studies
point out that, despite main differences in their struc-
ture and epidemiology, both SARS-CoV and MERS-
CoV are airborne viruses, and there is also strong evi-
dence of possible airborne transmission of SARS-CoV-
2 [25,39,40]. Virus transmission is thought to occur by
direct (coughing, sneezing, speaking etc.) or indirect
(contaminated surfaces etc.) contact through droplets
and aerosols [24].

By July 12, 2020, the number of confirmed COVID-
19 cases was 12,552,765, with 561,617 deaths, accord-
ing to the Word Health Organization [37]. The fatality
rate of COVID-19 is estimated to be lower than SARS
and MERS but the potential transmissibility seems to
be higher [26]. At the time of writing of this paper there
was still no vaccine available against coronaviruses
for use in humans [41]. Therefore, governments have
implemented several measures, such as social distanc-
ing rules, movement restrictions, and wearing face
masks, against the spread of the disease during the 2020
SARS-CoV-2 pandemic. On the other hand, such mea-
sures have been followed by individuals with varying
degrees ofmeticulousness, as the perceptions regarding
the impending danger and the efficacy of the measures
differed widely within a population.

The Ministry of Health of the Republic of Turkey
declared the first case ofCOVID-19 onMarch 10, 2020.
Partial travel restrictionswere imposed on February 23,
2020, and people who entered Turkey were isolated for
14 days. On March 16, 2020, restrictions were tight-
ened: schools and universities switched to distance edu-
cation and people with chronic diseases or disabilities
and seniors over 60 were given administrative leave
[8]. The Ministry of Health decided to implement a
partial quarantine to control the spread of the disease
and maintain a balance of social and economic fac-
tors. Lock-down rules were imposed on senior peo-
ple of age 65 and above on March 21, 2020, and on
those under the age of 20 on April 3, 2020. Accord-
ing to the official demography report of Turkish Sta-
tistical Institute (TUIK), these two groups constitute
approximately 33% of the total population of Turkey
(83,154,997) [33]. In fact, the proportion in lock-down
might actually be higher since the government has rec-
ommended self-isolation for all citizens and supported
partially working from home. At that point, the self-
discipline of citizens, i.e. being cautious or incautious,
had a role on the spread of the disease.

As of June 2020, Italy had the third highest num-
ber of COVID-19 cases in the world after the USA
and Spain, the fourth highest prevalence of the dis-
ease after Spain, Belgium, and the USA, and the third
highest total number of deaths attributed to COVID-19
after the USA and the UK in the ongoing pandemic
[5]. The first case of COVID-19 in Italy was reported
on January 23, 2020. The Italian government intro-
duced travel restrictions on January 30, and people who
have come into close contactwith confirmed caseswere
directed to amandatory quarantine for 14 days.All pub-
lic events and educational activities were suspended
in five regions of Italy starting February 23. Starting
March 8, all movement of citizens, except those nec-
essary for work, health, or food, were restricted. The
ban was extended to all non-indispensable activities on
March 23, 2020 [20,30].

Since the emergence of the current pandemic, many
researchers have studied various mathematical and
computational models to understand the dynamics of
COVID-19 as it spreads locally and globally [28], in
an effort to provide recommendations to policy mak-
ers to predict the behaviour of the disease and eventu-
ally to bring it under control [2,3,12,16,17,19]. In this
paper, a mathematical model is developed for describ-
ing the transmission dynamics of COVID-19 in Turkey
by taking the cautiousness of people into account. In
this context, cautiousness refers to diligently following
the rules regarding self-isolation and social distance.
The results of this study are compared to the data of
Italy, as both countries share some common elements of
Mediterranean culture (close social distances, crowded
social life, collective eating-drinking habits, and so on)
that might have influenced the transmission rate of the
disease.

The paper is organized as follows. In Sect. 2, the
standard SIR model is modified to distinguish cautious
and incautious individuals. In Sect. 3, the basic repro-
duction numberR0 is calculated and the local stability
of equilibria is studied. In Sect. 4.1, the sensitivity of
the basic reproduction number R0 with respect to the
model parameters is discussed. In Sect. 4.2, transmis-
sion parameters are estimated and numerical simula-
tions are performed according to data from Turkey and
Italy. The paper concludes in Section 5 with a discus-
sion of the results.
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2 Compartmental model with cautious individuals

In this section, a mathematical model is developed
basedon the standard compartmentalmodelling approach
ofKermack andMcKendrick [18]. Here, the focus is on
the effect of cautiousness on the human-to-human dis-
ease transmission during the pandemic. Cautiousness
involves many fuzzy parameters like obeying isolation
rules, wearing face masks, paying attention to social
distances, etc. It is not easy to find data to measure the
efficient probability of being cautious. However, dif-
ferent scenarios could be studied for estimating such
social aspects of the disease dynamics.

In this model, the population is assumed to be dis-
tributed homogeneously and divided into four compart-
ments: SC : cautious susceptible individuals, SI : incau-
tious susceptible individuals, IC : cautious infected
individuals, and II : incautious infected individuals. At
this time there is no scientific consensus on whether
infected individuals gain immunity after recovery.
WHO has reported that there is not enough scien-
tific evidence for the existence of antibody-mediated
immunity; on the other hand, recent studies point to
the possible role of T cells in the long-term protec-
tion from reinfection with SARS-CoV-2. The present
paper concentrates on the transmission mechanism of
the disease, and in particular on the spreading phase
of the infection rather than treatment and reinfection.
A separate compartment for recovered/removed indi-
viduals is not considered due to insufficient medical
and biological knowledge about SARS-CoV-2 [6,38].
It is assumed that the population has a constant size
N = NC + NI = SC + SI + IC + II . The rela-
tion between the compartments SC and SI is ignored,
based on the assumption that cautious individuals try to
minimize contactwith incautious people.An additional
compartment, E , is included that represents the concen-
tration of SARS-CoV-2 viruses in the environment that
are ready for attaching and transferring their genetic
material to humans. It is assumed that the virulence
function has a bounded Hill type form f (E) = E

K+E
with a constant carrying capacity K . With the above
assumptions, the system of Eq. (1) is obtained for
describing the transmission dynamics of the disease:

Fig. 1 Flowchart of the model (1)
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dSC
dt

= pbN − βC SC IC
NC

− βIC SC II
NI

−βCE SC

(
E

K + E

)

− μSC

dIC
dt

= βC SC IC
NC

+ βIC SC II
NI

+βCE SC

(
E

K + E

)

− (μ + d)IC

dSI
dt

= qbN − βI SI II
NI

− βC I SI IC
NC

−βI Er SI

(
E

K + E

)

− μSI

dII
dt

= βI SI II
NI

+ βC I SI IC
NC

+βI Er SI

(
E

K + E

)

− (μ + d)II

dE

dt
= k1 IC + k2 II − wE

(1)

A schematic flowchart describing the model (1) is
given in Fig. 1 and the parameters of the model are
described in Table 1.
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Table 1 Parameters of the model (1)

Parameters Description

b Natural birth rate

p Probability of being cautious

q = 1 − p Probability of being incautious

βC Transmission rate among cautious people

βI Transmission rate among incautious people

βCE Transmission rate from environment to cautious
people

βI E Transmission rate from environment to
incautious people

βIC Transmission rate from incautious to cautious
people

βC I Transmission rate from cautious to incautious
people

r A comparison factor for viral exposure

μ Natural death rate

d Disease-related death rate and recovery rate

k1 Virus exposure rate by cautious people

k2 Virus exposure rate by incautious people

w Decay rate of viruses

K Assumed carrying capacity of the virus reservoir

3 Stability analysis of the model

3.1 Local stability of equilibria

The compartments of infection in model (1) are repre-
sented by the symbols IC , II , and E . The disease-free
equilibrium (DFE) of the model is found by setting the
derivatives to zero and substituting IC = II = 0. Since
there are no infected individuals at the beginning, it is
assumed that there are no viruses in the environment at
all, i.e. E = 0. Thus, the disease-free equilibrium has

the form Ed f = (S∗
C , 0, S∗

I , 0, 0), where S∗
C = pbN

μ

and S∗
I = qbN

μ
.

The endemic equilibrium corresponds to the infec-
tious case and has the form Ed = (S∗

C , I ∗
C , S∗

I , I
∗
I , E∗),

where S∗
C , S

∗
I , and E∗ are given by

S∗
C = pbN − (μ + d)I ∗

C

μ

S∗
I = qbN − (μ + d)I ∗

I

μ

E∗ = k1 I ∗
C + k2 I ∗

I

w
, (2)

and I ∗
C and I ∗

I are the solutions of the equations

A1 I
3
C + B1 I

2
C + C1 IC + D1 I

2
C II

+ E1 IC II + F1 IC I
2
I + G1 I

2
I + H1 II = 0

A2 I
3
I + B2 I

2
I + C2 II + D2 I

2
I IC

+ E2 II IC + F2 II I
2
C + G2 I

2
C + H2 IC = 0.

An algebraic calculation of the associated constants
yields

A1 = (μ + d) k1 βC NI ,

B1 = (μ + d) NI (μk1NC + KwβC + Kk1NCβCE )

− Nbpk1βC NI ,

C1 = μ(μ + d)KwNC NI − NbpK (wβC NI + k1βCE NC NI ),

D1 = (μ + d)(k2βC NI + k1βIC NC ),

E1 = (μ + d)NC (μk2NI + KwβIC + Kk2NIβCE )

− Nbp(k1βIC NC + k2βC NI ),

F1 = (μ + d)k2βIC NC ,

G1 = −Nbpk2NCβIC ,

H1 = −NbpK NC (wβIC + k2NIβCE ),

A2 = (μ + d)k1βC NI ,

B2 = (μ + d) NC (μk2NI + KwβI + r Kk2NIβI E )

− Nbpk1βC NI ,

C2 = μ(μ + d)KwNC NI − NbqK (wβI NC + rk2βI E NC NI ),

D2 = (μ + d)(k1βI NC + k2βC I NI ),

E2 = (μ + d) NI (μk1NC + KwβC I + r Kk1NCβI E )

− Nbp(k2βC I NI + k1βI NC ),

F2 = (μ + d)k1βC I NI ,

G2 = −Nbqk1NIβC I ,

H2 = −NbqK NI (wβC I + k1NCβI E ).

The Jacobian matrix J of the system (1) is given by

J =

⎡

⎢
⎢
⎢
⎢
⎣

− Ā1 − μ −B̄1 0 −C̄1 −D̄1
Ā1 B̄1 − (μ + d) 0 C̄1 D̄1
0 −C̄2 − Ā2 − μ −B̄2 −D̄2
0 C̄2 Ā2 B̄2 − (μ + d) D̄2
0 k1 0 k2 −w

⎤

⎥
⎥
⎥
⎥
⎦

where Ā1 = βC
IC
NC

+ βIC
II
NI

+ βCE
E

K + E
, B̄1 =

βC
SC
NC

, C̄1 = βIC
SC
NI

, D̄1 = βCE SC
K

(K + E)2
, Ā2 =

βI
II
NI

+ βC I
IC
NC

+ βI E
r E

K + E
, B̄2 = βI

SI
NI

, C̄2 =

βC I
SI
NC

, D̄2 = βI E SI
r K

(K + E)2
.

Linearisation of the system (1) around the disease-

free equilibrium Ed f =
(
pbN

μ
, 0,

qbN

μ
, 0, 0

)

yields

the Jacobian matrix
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Jd f =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−μ −βC
b

μ
0 −βIC

pbN

μNI
−βCE

pbN

μK

0 βC
b

μ
− (μ + d) 0 βIC

pbN

μNI
βCE

pbN

μK

0 −βC I
qbN

μNC
−μ −βI

b

μ
−βI E

qbN

μK

0 βC I
qbN

μNC
0 βI

b

μ
− (μ + d) βI E

qbN

μK

0 k1 0 k2 −w

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Two eigenvalues of Jd f are λ1,2 = −μ, which are
negative by biological assumptions. The other eigen-
values of Jd f are calculated through the submatrix J1

J1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

βC
b

μ
− (μ + d) βIC

pbN

μNI
βCE

pbN

μK

βC I
qbN

μNC
βI

b

μ
− (μ + d) βI E

qbN

μK

k1 k2 −w

⎤

⎥
⎥
⎥
⎥
⎥
⎦

=
⎡

⎣
a1 b1 c1
a2 b2 c2
k1 k2 −w

⎤

⎦ .

The characteristic polynomial of J1 has the form

λ3 + Aλ2 + Bλ + C, (3)

where

A = w − a1 − b2,

B = a1b2 − w(a1 + b2) − b1a2 − c1k1 − c2k2,

D = w(a1b2 − b1a2) + (c1k1 + c2k2)(a1 + b2)

− k1(a1c1 + b1c2) − k2(a2c1 + b2c2). (4)

By the Routh–Hurwitz stability criterion, all roots of
the characteristic polynomial have negative real parts
if and only if A > 0 and AB > C > 0. These inequal-
ities constitute the condition for the local asymptotic
stability of the disease-free equilibrium.

The Jacobian matrix Jd of the system (1) at the
endemic equilibrium Ed is

Jd =

⎡

⎢
⎢
⎢
⎢
⎣

−a1 − μ −b1 0 −c1 −d1
a1 b1 − μ − d 0 c1 d1
0 −c2 −a2 − μ −b2 −d2
0 c2 a2 b2 − μ − d d2
0 k1 0 k2 −w

⎤

⎥
⎥
⎥
⎥
⎦

,

where a1 = βC
IC
NC

+ βIC
II
NI

+ βCE
E

K + E
, b1 =

βC
SC
NC

, c1 = βIC
SC
NI

, d1 = βCE SC
K

(K + E)2
, a2 =

βI
II
NI

+ βC I
IC
NC

+ βI E
r E

K + E
, b2 = βI

SI
NI

, c2 =

βC I
SI
NC

, d2 = βI E SI
r K

(K + E)2
.

The corresponding characteristic polynomial has the
form

λ5 + Aλ4 + Bλ3 + Cλ2 + Dλ + F, (5)

where the coefficients can be calculated explicitly (see
“Appendix A”). By the Routh–Hurwitz stability crite-
rion, all roots of the characteristic polynomial (5) have
negative real parts if and only if ABC > C2+A2D and
(AD−F)(ABC−C2−A2D) > F(AB−C)2+AF2.
These inequalities constitute the condition for the local
asymptotic stability of the endemic equilibrium.

3.2 Basic reproduction rateR0

The average number of secondary infections generated
by an infectious individual in a completely susceptible
population is called the basic reproduction numberR0.
In the following,R0 is calculated using the method of
next generationmatrix [9,34]. Thematrix of new infec-
tions F and matrix of the remaining transition terms V
are given by

F =

⎡

⎢
⎢
⎢
⎣

βC
b

μ
βIC

pbN

μNI
βCE

b

μK

βC I
qbN

μNC
βI

b

μ
βI E

b

μK
0 0 0

⎤

⎥
⎥
⎥
⎦

(6)

and

V =
⎡

⎣
μ + d 0 0
0 μ + d 0

−k1 −k2 w

⎤

⎦ , (7)

respectively. The basic reproduction number is then
obtained from the spectral radius of the matrix

FV−1 =
⎡

⎣
a1 + k1b1 c1 + k2b1 (μ + d)b1
c2 + k1b2 a2 + k2b2 (μ + d)b2

0 0 0

⎤

⎦ (8)

where a1 = b βC

μ(μ + d)
, a2 = b βI

μ(μ + d)
, b1 =

b βCE

μ(μ + d)wK
, b2 = b βI E

μ(μ + d)wK
,

c1 = pbN βIC

μ(μ + d)NI
, c2 = qbN βC I

μ(μ + d)NC
. Hence, the

basic reproduction number is calculated as
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Table 2 Parameters of the
model (1) for Turkey

Parameters Value Units Source

b 3.512 × 10−5 day−1 Assumed based on [33]

p 0.4 dim.less Assumed based on
quarantine policy

q = 1 − p 0.6 dim.less Assumed based on
quarantine policy

d 0.0627 day−1 [29]

μ 3.512 × 10−5 day−1 [33]

βC 0.00114 day−1 Estimated

βCE 0.000056 day−1 Estimated

βI 0.00985 day−1 Estimated

βI E 0.000098 day−1 Estimated

βIC 0.00711 day−1 Estimated

k1 1 day−1 Assumed

k2 3 day−1 Assumed

w 5 day−1 Assumed (after [27,32])

K 19,000 copies/day Assumed (after [10])

R0 =

⎧
⎪⎨

⎪⎩

a1 + a2 + b1k1 + b2k2
2

, if Δ ≤ 0

a1 + a2 + b1k1 + b2k2 + √
Δ

2
, if Δ > 0

(9)

whereΔ = a21+a22+b21k
2
1+b22k

2
2+2a2b2k2−2a2a1−

2a2k1b1 − 2a1b2k2 + 2b1k1b2k2 + 2a1b1k1 + 4c1c2 +
4c2k2b1 + 4c1k1b2.

The disease-free equilibrium is locally asymptoti-
cally stable if R0 < 1 and unstable if R0 > 1 accord-
ing to the theorem given in [34].

4 Parameter estimation and simulations

The model (1) is now fitted to the data of confirmed
COVID-19 cases in Turkey and Italy [37]. Since the
main interest will be the estimation of transmission
parameters, some of the disease-specific parameters are
given fixed values based on statistical and biological
knowledge from the literature. The values and units of
the parameters can be found with their associated ref-
erences in Table 2 for Turkey and in Table 3 for Italy.

Turkish Statistical Institute (TUIK) has reported the
life expectancy in Turkey to be around 78 in year 2018
and the total population is around 83 million in 2020
[33]. Therefore, the natural death rate is taken to be

1/78 per year. By the assumption that the total popu-
lation does not change significantly in a few months,
it follows that b = μ = (1/78)/365 per day, i.e., the
natural birth rate and the natural death rate are equal. It
is assumed that 40% of the total population of Turkey is
cautious, based on the quarantine policies consisting of
a curfew effective for 33% of the total population, and
recommendations of self-isolation and working from
home.

The life expectancy in Italy was reported to be
around 83 years in 2018 by the Italian National Insti-
tute of Statistics [15]. Thus, b = μ = (1/83)/365 per
day, i.e., the natural birth rate and the natural death rate
are chosen equal for a period of short time. The total
population is around 60 million in 2020 [15]. Since
Italy set up strict lock-down rules, the percentage of
the cautious people is set at 60% [31].

Viruses belonging to the family Coronaviridae can
survive on inanimate surfaces between three hours and
three days [32,35]. Therefore, the decay rate of virus is
assumed to be between 1/8–3 days and a random value
from this interval is taken. The duration of viral shed-
ding is between 6–37 days from initial viral detection
[23]. Furthermore, it is reported that the asymptomatic
transmission of the COVID-19 is an important point in
understanding the transmission mechanism of the dis-
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Table 3 Parameters of the
model (1) for Italy

Parameters Value Units Source

b 3.3 × 10−5 day−1 Assumed based on [15]

p 0.6 dim.less Assumed based on quarantine policy

q = 1 − p 0.4 dim.less Assumed based on quarantine policy

d 0.085 day−1 [29]

μ 3.3 × 10−5 day−1 [15]

βC 0.0079 day−1 Estimated

βCE 0.000037 day−1 Estimated

βI 0.049 day−1 Estimated

βI E 0.00018 day−1 estimated

βIC 0.009 day−1 Estimated

k1 1 day−1 Assumed

k2 3 day−1 Assumed

w 5 day−1 Assumed (after [27,32])

K 19,000 copies/day Assumed (after [10])

ease, and the transmissibility of the asymptomatic cases
among close contacts is comparable to the symptomatic
cases [14]. In clinical samples the median concentra-
tions of R- and N-gene RNA for CoVs are detected
between 5.2 × 102 and 1.2 × 106 copies/ml during 4
days of virus replication [10]. In view of these bio-
logical considerations, cautiousness may have a high
impact on minimizing the viral shedding rate. Conse-
quently, it is initially assumed that the virus exposure
rate of an incautious individual is three times higher
than a cautious one, i.e. k1 = 1/day and k2 = 3/day,
respectively.

Intuitively, the interaction between the cautious sus-
ceptible individuals and the incautious infected indi-
viduals should be very low. Therefore, the transmission
rate from cautious one to incautious ones is taken to be
zero for all simulations; i.e., βC I = 0. There are five
remaining model parameters, βC , βCE , βI , βI E , βIC ,
that need to be estimated from real data. The model 1
is fitted to the total number of confirmed infected cases
for Turkey for the period March 13–July 12, and for
Italy for the period February 24–July 12, 2020. The
vector of the parameters q = (βC , βCE , βI , βI E , βIC )

of the model (1) is evaluated by solving a nonlinear
least squares problem with positive constraints accord-
ing to the data set u(t) = II (t)+ IC (t) [7]. An objective
function J (θ) is defined as the sum of the squares of
the errors

J (θ) =
∑

(yi − f (xi , θ))2 (10)

where yi is the points of the data set and f (xi , θ) is the
model function with the vector of unknown parameters
θ . To minimize the objective function J (θ), the non-
linear least square minimization routine ‘lsqnoline’ of
MATLAB is used. The model (1) is numerically solved
using the ODE solver ‘ode45’ [22]. The parameter val-
ues used in the simulations are given in Tables 2 and
3.

4.1 Sensitivity analysis

A sensitivity analysis is carried out to determine the
robustness of the model to the parameter values that
are correlated with the basic reproduction numberR0.
The sensitivity indices are calculated to determine the
parameters that are most efficient by the transmission
of COVID-19 in Turkey and Italy. Following the sensi-
tivity approach given in [21], a normalized sensitivity
index of a variableR0 with respect to the parameter p
is defined as

ε
p
R0

= ∂R0

∂p
× p

R0
. (11)

The values of the sensitivity indices for the param-
eter in Tables 2 and 3 are presented in Table 4, which
shows the significanceofβI E , k2, andw. For both coun-
tries, it can be concluded that an increase of the value
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Table 4 Sensitivity of the
parameters effect the basic
reproduction number R0

Parameters Sensitivity index (Turkey) Sensitivity index (Italy)

βC 0.0002031 0.0011269

βI 0.0273442 0.1380501

βCE 0.0558663 0.0361162

βI E 0.9123331 0.8137572

βIC 0.0042530 0.0109494

k1 0.0601194 0.0470657

k2 0.9080801 0.8028077

w −0.9681995 −0.8498734
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Fig. 2 Cumulative confirmed cases for Turkey for the period
March 13, 2020 to July 12, 2020. Dashed line (red) denotes the
reported cumulative cases and solid line (blue) denotes the sim-
ulation result. (Color figure online)
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Fig. 3 The variation of the infected classes IC (bottom) and II
(top) using the parameters from Table 2
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Fig. 4 Cumulative confirmed cases for Italy for the period
February 24, 2020–July 12, 2020. Dashed line (red) denote the
reported cumulative cases and solid line (blue) denotes the sim-
ulation result. (Color figure online)
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Fig. 5 The variation of the infected classes IC (bottom) and II
(top) using the parameters from Table 3
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Fig. 6 Graphs of IC (t) and II (t) for various values of the trans-
mission rate βI E = 0:000098 (top), βI E = 0:000049 (middle),
βI E = 0:000024 (bottom) for Turkey

of βI E and k2 promote the basic reproduction number,
whereas an increase of the value of w diminishes R0.

4.2 Simulations

The numerical solution of the model (1) is plotted with
estimated parameters in Fig. 2 together with the data
set of Turkey, which explains quite well the spread-
dynamics of COVID-19 in the first 120 days. Since
the model fits the given data set according to the pre-
sented scenario, the possible number of cautious and
incautious infectious people in Turkey over a period
of 200 days is simulated as shown in Fig. 3. It can
be seen from Fig. 2 that the actual number of cases
increases while the model curve starts to flatten more
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Fig. 7 Graphs of IC (t) and II (t) for different values of virus
exposure rate by incautious people; k2 = 1 (bottom), k2 = 2
(middle), k2 = 3 (top) for Turkey

and less after the 100th day of pandemic. This point cor-
relateswellwith the date June 1, 2020, onwhichTurkey
officially announced relaxing most isolation measures,
which explains the increasing behaviour of the data.

Similarly, Fig. 4 indicates the success of parame-
ter estimation using the real data set of Italy. Figure 5
shows the estimates for the number of cautious and
incautious people in Italy over 200 days from the begin-
ning of the pandemic.

Since high sensitivity of the parameters βI E and k2
is observed, these two parameters are manipulated to
observe the change of number of infectious people both
in Turkey and in Italy. The results are shown in Figs. 6,
7, 8, and 9.

Finally, Fig. 10 shows the correlation between two
sensitive parameters βI E and k2 for both countries.
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Fig. 8 Graphs of IC (t) and II (t) for various values of the trans-
mission rate βI E = 0.00018 (top), βI E = 0.00009 (middle),
βI E = 0.000045 (bottom) for Italy

While Fig. 11 indicates a linear increase of R0 with
respect to βI E , the value of R0 remains much higher
for Turkey than for Italy.

5 Conclusions

This paper has proposed a deterministic compartmen-
tal model to understand the effect of cautiousness on
the transmission of COVID-19 in Turkey and Italy, two
countries that have a similar collective life typical of the
Mediterranean region, which involves eating together,
flexible social distance habits, crowded social places,
and tight relationship of families. The local asymptotic
stability of the disease-free and endemic equilibria have
been determined, and the corresponding basic repro-

0 20 40 60 80 100 120 140 160 180 200

Time (days)

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

To
ta

l n
um

be
r o

f I
C

 fo
r I

ta
ly

104

k2=3
k2=2
k2=1

0 20 40 60 80 100 120 140 160 180 200

Time (days)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

To
ta

l n
um

be
r o

f I
I fo

r I
ta

ly

105

k2=3
k2=2
k2=1

Fig. 9 Graphs of IC (t) and II (t) for different values of virus
exposure rate by incautious people; k2 = 1 (bottom), k2 = 2
(middle), k2 = 3 (top) for Italy

duction number R0 has been derived. Personal cau-
tiousness is undoubtedly one of the important factors
affecting the transmission rate of COVID-19 in every
country. However, it is difficult to quantify cautious-
ness and establish the dynamics of spread under many
unknown parameters. The presented results underline
the sensitivity of the transmission rate representing how
incautious individuals are infected from environmental
sources, which implies that small changes in individu-
als’ habits would effect the dynamics of the pandemic
strongly. Themathematical analysis supports in the cur-
rent scenario that personal cautiousness may repress
the pandemic in both countries. Future work may con-
sist of the addition of a recovered compartment and a
vaccination process, whose details can be added to the

123



Modelling personal cautiousness during the COVID-19 pandemic 967

1 2 3 4 5

IE 10-4

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6
k 2

2

4

6

8

10

12

14

16

18

20

(a) Case Turkey

1 2 3 4 5

IE 10-4

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

k 2

2

4

6

8

10

12

14

16

(b) Case Italy

Fig. 10 Correlation between two sensitive parameters βI E and
k2 for the basic reproduction rate
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Fig. 11 Basic reproduction number versus βI E in both countries
(Turkey(top) and Italy(bottom))

model as we continue to increase our knowledge of the
disease, thanks to worldwide research efforts.
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Appendix: the characteristic polynomial of Jd

The characteristic polynomial of the matrix Jd is

λ5 + Aλ4 + Bλ3 + Cλ2 + Dλ + F,

where

A = (2d + w + 4μ + a1 + a2 − b1 − b2) ,

B = 6dμ + 4wμ + 6μ2 + 2da1 + 2da2 − db1 − db2 + wa1

+ wa2 − wb1 − wb2 + 3μa1 + 3μa2 − 3μb1 − 3μb2 + a1a2

− a1b2 − a2b1 + b1b2 − c1c2 − d1k1 − d2k2 + 2dw + d2,

C = 4μ3 + d2w + 6dμ2 + 2d2μ + 6wμ2 + d2a1 + d2a2

+ 3μ2a1 + 3μ2a2 − 3μ2b1 − 3μ2b2 + 6dwμ + 2dwa1

+ 2dwa2 − dwb1 − dwb2 + 4dμa1 + 4dμa2 − 2dμb1

− 2dμb2 + 3wμa1 + 3wμa2 − 3wμb1 − 3wμb2

+ 2da1a2 − da1b2 − da2b1 − dd1k1 − dd2k2 + wa1a2

− wa1b2 − wa2b1 + wb1b2 − wc1c2 + 2μa1a2 − 2μa1b2
− 2μa2b1 + 2μb1b2 − 2μc1c2 − 3μd1k1 − 3μd2k2
− a2d1k1 − a1d2k2 + b2d1k1 + b1d2k2 − c1d2k1 − c2d1k2,

D = d2μ2 + μ4 + 2dμ3 + 4wμ3 + μ3a1 + μ3a2 − μ3b1

− μ3b2 + d2a1a2 + μ2a1a2 − μ2a1b2 − μ2a2b1 + μ2b1b2

− μ2c1c2 − 3μ2d1k1 − 3μ2d2k2 + 6dwμ2 + 2d2wμ

+ d2wa1 + d2wa2 + 2dμ2a1 + d2μa1 + 2dμ2a2 + d2μa2

− dμ2b1 − dμ2b2 + 3wμ2a1 + 3wμ2a2 − 3wμ2b1

− 3wμ2b2 − 2μa2d1k1 − 2μa1d2k2 + 2μb2d1k1
+ 2μb1d2k2 − 2μc1d2k1 − 2μc2d1k2 + 4dwμa1

+ 4dwμa2 − 2dwμb1 − 2dwμb2 + 2dwa1a2 − dwa1b2

− dwa2b1 + 2dμa1a2 − dμa1b2 − dμa2b1 − 2dμd1k1

− 2dμd2k2 + 2wμa1a2 − 2wμa1b2 − 2wμa2b1

+ 2wμb1b2 − 2wμc1c2 − da2d1k1 − da1d2k2,

F = wμ4 + d2wμ2 − μ3d1k1 − μ3d2k2 + 2dwμ3 + wμ3a1

+ wμ3a2 − wμ3b1 − wμ3b2 + d2wa1a2 − dμ2d1k1

− dμ2d2k2 + wμ2a1a2 − wμ2a1b2 − wμ2a2b1 + wμ2b1b2

− wμ2c1c2 − μ2a2d1k1 − μ2a1d2k2 + μ2b2d1k1
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+ μ2b1d2k2 − μ2c1d2k1 − μ2c2d1k2 + 2dwμ2a1

+ d2wμa1 + 2dwμ2a2 + d2wμa2 − dwμ2b1 − dwμ2b2

− dμa2d1k1 − dμa1d2k2 + 2dwμa1a2 − dwμa1b2

− dwμa2b1.
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