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Abstract Middle East Respiratory Syndrome Coro-
navirus (MERS-CoV) can cause mild to severe acute
respiratory illness with a high mortality rate. As of Jan-
uary 2020, more than 2500 cases of MERS-CoV result-
ing in around 860 deaths were reported globally. In
the absence of neither effective treatment nor a ready-
to-use vaccine, control measures can be derived from
mathematical models of disease epidemiology. In this
manuscript, we propose and analyze a compartmental
model of zoonotic MERS-CoV transmission with two
co-circulating strains. The human population is consid-
ered with eight compartments while the zoonotic camel
population consist of two compartments. The expres-
sion of basic reproduction numbers are obtained for
both single strain and two strain version of the pro-
posed model. We show that the disease-free equilib-
rium of the system with single stain is globally asymp-
totically stable under some parametric conditions. We
also demonstrate that both models undergo backward
bifurcation phenomenon, which in turn indicates that
only keeping R below unity may not ensure eradica-
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tion. To the best of the authors knowledge, backward
bifurcation was not shown in a MERS-CoV transmis-
sion model previously. Further, we perform normalized
sensitivity analysis of important model parameters with
respect to basic reproduction number of the proposed
model. Furthermore, we perform optimal control anal-
ysis on different combination interventions with four
components namely preventive measures such as use
of masks, isolation of strain-1 infected people, strain-2
infected people and infected camels. Optimal control
analysis suggests that combination of preventive mea-
sures and isolation of infected camels will eventually
eradicate the disease from the community.

Keywords MERS-CoV - Global stability analysis -
Backward bifurcation - Optimal control analysis

1 Introduction

An outbreak of Middle East respiratory syndrome coro-
navirus (MERS-CoV) is ongoing in the Arabian Penin-
sula, with the first case identified in Jeddah, Saudi Ara-
bia, in June 2012 [36]. Phylogenetic analyses have indi-
cated that the virus emerged in July 2011, with a broad
uncertainty range, and that the outbreak results from
multiple introductions of a weakly transmissible virus
that is geographically dispersed [8]. Since Septem-
ber 2012, WHO has been notified of more than 2500
laboratory-confirmed cases of infection with MERS-
CoV and at least 860 deaths related to MERS-CoV.
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Sporadic cases have been imported to Europe, Africa,
Asia and North America via returning travelers from
the Middle East, but no sustained transmission has
been reported in those regions. Sporadic introductions
of MERS-CoV into humans are suspected to involve
bats [15] and/or camels [27] with camels implicated as
the likely source of most zoonotic infections of MERS-
CoV in Saudi Arabia. Meanwhile, there is considerable
uncertainty about the extent of human-to-human trans-
mission and it is unclear whether MERS-CoV has the
potential for epidemic spread. Transmission appears
limited among family members but may be amplified
in health care settings [8]. An understanding of the
MERS-CoV epidemiology and transmission pathways
are critically needed to devise effective surveillance,
prevention and control strategies.

Mathematical models provide a suitable framework
in this situation to understand the transmission dynam-
ics and design of prevention strategies. There are
few modelling approaches related to MERS-CoV epi-
demics. [6] proposed a data-driven model for MERS-
CoV transmission and they found strong support for
Ro < 1( Rp measures the average number of secondary
cases from each infected person) in the initial stage of
the epidemic in Saudi Arabia. [14] used the Richards
model to trace the temporal course of the South Korea
MERS-CoV outbreak. In 2016, a dynamic transmission
model for the 2015 MERS-CoV outbreak in the Repub-
lic of Korea was considered [19]. Later on, an SEIR
type mathematical model for the MERS-CoV outbreak
in South Korea was considered to perform optimal con-
trol analysis [18]. A stochastic epidemiological model
of MERS-CoV with zoonotic and human-to-human
transmission was considered by [26] to quantify the
rates of generation of cases from those two transmission
routes. However, these models were based on single a
strain of MERS-CoV. There is strong evidence in the
literature that there are multiple strains of MERS-CoV
co-circulating in the community [5,28,38]. [29], pro-
posed a two strain model of MERS-CoV to understand
the epidemiological characteristics in three affected
provinces of Saudi Arabia. They found that Riyadh
province is likely to have cases from two strains. Moti-
vated by this we consider a two strain model to have
some insight into the intervention strategies. There is,
however, no mathematical analysis considering two
strain models of MERS-CoV as far as our knowledge
is concerned. The objective of this study is to investi-
gate the qualitative effect of both human-to-human and
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zoonotic disease transmission on the spread of MERS-
CoV. To achieve this goal, a two-strain mathemati-
cal model for MERS-CoV is proposed and analyzed.
We consider transmission from camels to humans as a
zoonotic infection in our analysis [10,21]. For classical
epidemic models, it is common that the basic reproduc-
tion number is a threshold in the sense that a disease will
survive if the basic reproductive number is greater than
one, and it will die out if it is less than one. In some
cases, the basic reproduction number may not reflect
the elimination effort required; instead, the value of
the critical parameter represents the effort at the turning
point. This phenomenon is known as backward bifur-
cation. Thus, it is important to examine the occurrence
of backward bifurcations to achieve thresholds for dis-
ease control. The presence of a backward bifurcation
and the circumstances for its appearance in epidemic
models have been extensively studied over the years.
The problem of determining the causes of backward
bifurcation in some standard deterministic models for
the spread of some emerging and re-emerging diseases
were studied by Gumel [13]. Recently, the necessary
and sufficient conditions for the occurrence of back-
ward bifurcation in general epidemic models have been
studied by [23]. Backward bifurcation has been studied
for several epidemic diseases [11,24,32]. However, we
have studied this phenomenon here for our proposed
models of MERS-CoV transmission. Our objective is
not only to investigate the qualitative effect of disease
transmission but also to effectively control the disease
as quickly and efficiently as possible. Improving con-
trol and finally eradicating MERS-CoV from the pop-
ulation is one of the key reasons for investigating this
infectious disease. There are various types of control
mechanisms that have been studied in literature over the
years. In the literature, several nonlinear control meth-
ods are also suggested. The rapid growth of Networked
control systems has been followed by some thorny
issues, such as network delay, imperfect communica-
tion links and limited communication bandwidth [31].
They studied the state estimation problem for the set
of switched complex dynamic networks affected by the
quantization, in which the switching mechanism is pre-
sumed to obey persistent dwell-time switching regula-
tions. Many researchers have studied to unify a vari-
ety of different performance indexes within a uniform
framework. More general performance called extended
dissipative performance, which addressed four com-
mon performance indexes in a detailed manner within
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Fig.1 Compartmental flow
diagram of the proposed
model. Here green color
indicates the susceptible
compartment and the red
color is for the infected
compartment. The dotted
double arrows denote the
contacts between
susceptible and infected
populations and single sided
blue solid arrows represent
transition from one
compartment to another.
Here the green dotted line
represents the contact
within the human
population and the red
dotted line represents the
contact between the human
and camel population

the same framework [37]. Extended dissipation was
used in several systems analysis. The analyses of the
extended dissipative performance of the closed-loop
PDT SPSSs and a preferable decoupling method deriv-
ing the mode-dependent controller gains are given in
[30]. Time-dependent control strategies may be applied
over a finite time interval to prevent a disease. Optimal
control is a powerful mathematical method that can be
used in this situation to make decisions [20]. Here, we
conduct optimal control analysis on various combined
interventions with four components, namely preven-
tive measures such as mask use, isolation of strain-1
infected individuals, strain-2 infected individuals and
infected camels.

The rest of the paper is organized as follows: in
Sect. 2, we formulate the compartmental model of
MERS-CoV; the single strain version of the proposed
model is analyzed in Sect. 3; optimal control analy-
sis and numerical simulations for the proposed two
strain model is presented in Sect. 4; finally, the obtained
results are discussed for prevention strategies in Sect. 5.

2 Model formulation

We consider two heterogeneous population groups as
host and vector population. Time-dependent state vari-
ables are taken to describe the compartments of the two
populations. Let at time t, N (¢) represents total host
population and N, (¢) represents total camel popula-
tion as vector. We consider an extension of *SEIR’ type

Table 1 Description of variables used in the model

Variables Interpretation

Sh Susceptible human population

E; Exposed human population with strain 7,
i=1,2

I; Un-notified infected human population
with strain i, i = 1,2

H; Hospitalized and/or notified infected
population with straini, i = 1,2

Ry, Recovered human population

Se Susceptible camel population

1. Infected camel population

model for the host population and a ’SI” type model for
the vectors. We subdivide the host population into eight
mutually disjoint classes: susceptible, Sj,; Exposed
with strain-i, E;; un-notified infected with strain-i, /;;
Hospitalized or notified with strain-i, H;; recovered, Ry,
(i=1,2). Thus, at any time t, the size of the human popu-
lation is given by Nj, = S+~ (Ei +1; + Ai) + Ry,
The vector population is divided into two classes such
that at time 7, there are susceptible, S.; and infected, I,
vectors. With this division, the size of the vector pop-
ulation at time ¢ is given by N.(t) = S.(¢) + I.(¢).
A flow diagram of the proposed model is depicted in
Fig. 1.

We assume all newborn hosts are fully susceptible.
The susceptible host population increases at a constant
rate [Tj,. The susceptible population decreases due to
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Table 2 Description of parameters used in the model

Parameters Interpretation Value Reference
11y, Recruitment rate of host 1000 week ! -

Il. Recruitment rate of camel 50 week ™! -

m Natural death rate of host 2.54 x 107* week ™! [35]
e Natural death rate of camel 0.00048 week ! [34]
Bi Transmission rate from strain-1 infected humans to susceptible humans 0.75 -

B Transmission rate from strain-2 infected humans to susceptible humans 0.56 -

B3 Transmission rate from strain-1 infected humans to susceptible camels 0.7 -

Ba Transmission rate from strain-2 infected humans to susceptible camels 0.3 -

Ba Transmission rate from infected camel to susceptible humans 0.75 -

o Modification parameters 2 [6]

m Modification parameter 0.5 -

1/yi Incubation period 0.7429 week [2,38]
1 Proportion of strain-1 infected people who are un-notified 0.6 -

r Proportion of strain-2 infected people who are un-notified 0.8 -

ki; Recovery rate of un-notified infected human class 0.6 week ™! -

koi Recovery rate of hospitalized human class 0.7 week ™! -

n; Transmission rate from infected humans to hospitalized humans 0.001 week ™! -

8i Disease induced mortality rate 2.99 x 10~8 [9,33]

getting infection from infected vectors and infected
hosts and natural mortality at a rate w;, hence the
average life span of the human population in endemic
region is t After getting infection the susceptible
hosts progress to either Eq or E;. From Ej, people
may progress to either /1 or H after incubation period
is over. Similar progression is assumed for strain-2. The
infected human populations /; and H; decreases as a
result of natural death and recovery. We also consider
disease induced mortality in the hospitalized compart-
ment as MERS-CoV has a high case fatality rate. The
average life span of vector population is i, that means
e is the natural mortality rate of camels. The suscep-
tible camel population increases at a constant rate 7.
All the parameters used in the system are described in
Table 2. The above assumptions lead to the following

set of ordinary differential equations:

dsy, Sh

— =11, — 81— H

” h ﬂlNh(1+a1 1)
B2t (I + anHa) — asl s
_goh o _g, 2y ,
2y, (2 + ot e Wi Sh

dE; Sh

—=B1—U H

” ,31Nh(1+0t1 1)
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Sh
+mpBg—1I. — unE1 — N1 E1,
Ny,

dE, 8 Sh (I + ar )
_ = _ o
5 2y, 2+ eath
Sh
+ A =m)Bi—Ic — unEr — y2 E,
Np
dl;
Frie ryiEr — (up + ki +n 1y,
dl,
Frle Y2 Ex — (up + kio +m) b,
dH;
el (I —rOyiEr +ml — (up + ka1 +61) Hy,
dH,
el (I =r)yaEr +n2lo — (p + koo + 82) Ho,
dRy,
vl kith + kiolo + ka1 Hy + koo Hy — pup Ry,
dSC Scll SCIZ
Il - — Ba—— — weSe,
dr c ,33 N ,34 N, Mede
dl. Sc1h ScIp
£ = — uel,. 1
dr :33 N, +,34 N» Mele (1

The variables and all the parameters and their biolog-
ical interpretation are given in Tables 1 and 2, respec-
tively.
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3 Model analysis for single strain

In this section, we analyze the single starin version of
model 1 mathematically. Here we consider the single
strain model as follows:

S _ g B (1 4 e Hy) — Bt S
_ = — _ o — — R
o n— By (h+ et s hSh
dE, Sh Sh

g2 H 2~ uLEy — v Ey,
I ,31Nh(1+051 1)+ﬁth c— mnE1r =y E;
d/

1
— =nykEr — (up + ki + 0,

dN,
dt

=1II. — ucNe
. I,

— lim supN.(t) > —
t—00 122

Cc

Now the system (2) can be written as

dx
— =MX+N
dt

dt where X = (Sy, E1, I1, Hi, Ry, Se, I.)T. The matrix
M is given by
— (61 4 65 + un) 0 0 0 0 0 0
01+ 6> —(un + 1) 0 0 0 0 0
0 riyi —(pup + ki +n1) 0 0 0 0
M= 0 (I =ron n —(up + ko +681) 0 0 0
0 0 ki ka1 — 0 0
0 0 0 0 0 —O3+mu:) 0
0 0 0 0 0 03—
dH, where
X (I —=rpviEr +nidy — (up + k21 + 81) Hy,
dR o, — B1(1 + a1 Hy) g — Bale 0 — B3
h 1 , 02 , 03
?=k1111+k21H1 — unRn, N, N, Np
ds. N T
T I, — B3 N, HeSe, The vector N = (I1;,, 0, 0,0, 0, 0, I1.,0)!. Note that
dI, S.I, M X is a Metzler matrix for all X € Rl. Since N > 0,
i B3 N, — pele. (2) system (2) is positively invariant in RZF [1]. Therefore,

3.1 Mathematical analysis
3.1.1 Positivity and boundedness of the solution

Proposition 1 The system (2) is bounded in the region

2 ={(S, Ev, Iy, H1, Ry, S, 1e) € RLIS)+ E1 +
L+H +Ry < %, Se+1. < %}, which is positively
invariant.

Proof We observed from the system that

wnNp — 81 Hy < Iy, — up Ny

= lim supNy(t) —
11— 00 Mhn

and

every trajectory of the system (2) starting from an initial
state in RZr remains trapped in Rzr.

Therefore, all mathematically and biologically fea-
sible solutions of the model system (2) are attractive
to the region §2. Of this reason, it is now sufficient to
analyze the dynamic properties of the Model (2) in 2.

O

3.1.2 Diseases-free equilibrium and basic
reproduction number

The diseases-free equilibrium can be obtained for the
system (2) by putting E1 = 0,11 =0, H =0,1, =
0, which is denoted by Py = (53,0, 0,0, Ry, S¢, 0),
where

1Ty, Il
SI’LZ_’SCZ_thZ()'
Kn Me
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The basic reproduction number, a key idea in the study

. . . . 0 o
of the spread of infectious diseases, is the threshold 9F 0 %1 10/31 %d
value that specifies the number of infected individuals F= ax o o o ol
generated by one infected individual in a completely 0 B3 ”;’;h 0 0
susceptible population. It is denoted by Ry and calcu- 1+ i 0 0 0
lated as Ry + R,, where Rj is the direct transmission v v —ryt ki 0 0
reproduction number and R, is the vector transmission D¢ —(1—rpy -1 wn+kap+81 0
reproduction number [3]. This dimensionless number 0 0 0 He
is determined by the next generation operator method '
at DFE. For this reason, we assemble the compartments Now the V™" is given by
_L 0 0 0
1 !
iyl 1 0 0
vl = (un+y0) (n+kir+n1) Mh+k1|+171
- riyim+A=r)yi (wn+kin+n1) 1 0
(un+yD) (un+kii+n1) (p+ko1+01) (H«h+kll+771)(ll«h+k21+51) Mh+k21401 |
0 0 0 —
He

Thus, the matrix FV ~! is given as

Biriyi +061/31[r1y1m+(1 royima]l Bi o aiBim B Ba
mymy mymam3 ma mym3  m3  jic

0 0 0 0
Fv=!'=
v 0 0 0o o0}’
Hepp riyr Hepn 1
B3 3 Thpe mima Ps 3T ma 00
where my = up + y1, ma = up + ki1 +n1 and mz =
. M + ka1 + 1.
that 'flre 1nfected from the system (.2) and decorTlpc.)se To find Ry we use g = 0 and B3 = 0 in F, then
the rlght. side as F — V), where ‘7: is the tra.nsmls.smn the direct transmission reproduction number R, for the
part, which e'x'presses t.he geneFatlon of 'new infections, Model (2) is given by
and the transition part is ), which describes the change
in state. 0B 1B 0
s s F_|00 00
Bry- (I +arHy) + Bay-Ie "“loo o of
0 00 0 O
F = ,
Y w7 0 0 0
B3~ In V= —ryr  pn ki 4+m 0 0
“l-a- - + k481 0
W El 4 7 El ( Orl))/l (;71 M 51 1
e
V— —ryiEr + (un + ki +n1)
—(I=royEr —ml + (up + ka1 + 80 H Now the direct transmission reproduction number Ry
tele is the spectral radius of F V1, therefore

Now we calculate the Jacobian of F and V at DFE
Py
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_ Biriyi
 (un + v (o + ki + )
a1 Biriyin
(Mh + v (n +kin +n)(wn + ka1 + 1)
aifi(l —rpy
(n + v (un + ko +81)

To find R, we use f; = 0 in F. Therefore, the vector
transmission reproduction number R, is given by

Therefore, the basic reproduction number is

Roi = Rag + Ry
_ Birivi
(A yD) (4 k40
aiBrriyin
(Mh + yO(un + ki +n0)(wn + ki + 81)
aifi(l —rpyr
(un + vy (un + k21 + 81)
B3Bariyillcpn

0 0 08y
0 0 00 p2 Iy (e =+ y1) (i =+ ki1 +11)
B=lo o oo
0 Be Z;%;h 00 3.1.3 Stability of DFE
fn + 71 0 0 0 Theorem 1 The diseases free equilibrium(DFE) Py =
_ —riyt  patkinn+m 0 0 17,1 1,
V= ,0,0,0,0,=<,0) of the system (2) is locally
-l =rin - n + k21 +61 0 fe
0 0 0 fhe asymptotlcally stable if Rgy < 1 and unstable if
Ro1 > 1.
Proof We calculate the Jacobian of the system (2) at
DFE, and is given by
—Wh 0 —pi —aipi 0 0 —Ba
0 —(un+y1) Bi a1 B 0 0 A
0 ryt - —(un + ki + 1) 0 0 0 0
Jpo=1 0 d—=ron m —(up +ka+8) 0 0 0 [
0 0 k1 ka1 —ur 0 0
e
0 0 —B3 n,'il;ﬁ 0 0 —pue O
ey
0 0 B3 e 0 0 0 —ne

Now the vector transmission reproduction number R,
is the spectral radius of F> vV~ therefore

R, =
v \//,L%

In this calculation, the transition is considered as two
generations. In studying vector transmitted diseases it
is common to consider this as one generations and use
the value by direct approach

BaBariyidleju,
Iy (e + y0) (up + ki +n1)

BaBar1yillciun
WEIT (wn + v1) (n + ki + 1)

Let A be the eigenvalue of the matrix Jp,. Then the
characteristic equation is given by det (Jp, —Al) = 0.
which implies
Biriyime(un + ka1 + 81 + 1) + a1 Biriyite
+arBryipe(l —ri)(pun + ki + m +2)

m
+ BaBeravi(un + ka1 + 61 + k) e

Iy e

—(up + 1+ (up + ki +n1 +A)
(up +ky1+81+1) =0
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Which can be written as

Bir1ivi
(n +y1 + ) + ki +m +24)
aiBiryini
(Mh + 1+ (up + ki + 01+ 2w + k2 + 81 +4)
aipi(l —riy
(n +y1 +2)(n + k2t + 681 +2)
BaBariyidlciin _
P2, (o + v+ M) (i + ki + 1 +4)

Denote
GG = Birivi
(p +y1+ ) (n + ki +m1+2)
aiBiriyini
(Mh + 1+ M) (n + ki + 01+ A (e + ko +61 +4)
n aiBi(l —rpy
(n +y1 + ) (n + ko +61 +2)
B3Bar1yieciin

W2, (uy + v+ 2 (e + ki +01 4+ 1)

We rewrite G(A) as G(A) =
Ga()
Now if Re(A) > 0, A = x + iy, then

Gi(M)+G20)+G3(M)+

Biriyi
+ 1+ AMlwn + ki +m1+ A
<G1(x) =G1(0)

G| =
[

afiriyim

[G2(M)] <
[n + y1 + Mln + ki + 01+ Alpn + ko + 81 + A
< G2(x) < G2(0)
arfi(l —rpyi
[G3(M)] <
[n + y1 + Allun + ko + 81 + A
< G3(x) < G3(0)
B3Barivillejun
W2y 4 1+ Mlpn + ki 4+ n1 + Al
< G4(x) < G4(0)

IGa)] =

Then G1(0) + G2(0) + G3(0) + G4(0) = G(0) =
Ro1 < 1, which implies |G (A)]| < 1.

Thus for Rg; < 1, all the eigenvalues of the charac-
teristics equation G (1) = 1 has negative real parts.

Therefore, if Rg; < 1, all eigenvalues are negative
and hence DFE P is locally asymptotically stable.

Now if we consider Rg; > 11i.e G(0) > 1, then

lim G(1) = 0.
A—00

Then there exist A7 > 0 such that G(A]) = 1.
That means there exists positive eigenvalue A} > 0
of the Jacobian matrix.

@ Springer

Hence, DFE Py is unstable whenever Ry; > 1. O

3.1.4 Global stability of DFE:

Now set X1 = (Sp,, R, S¢) and X = ({1, Hy, 11, EY).
Then the system can be written on the set §2, in a
pseudo-triangular form

X1 = A1 (X0 X1 — X)) + A(X) X2

X2 = A2y(X) X2 3
We express the sub-system X = A(X) (X, — X7) +
A (X)X,

Sp = Iy — pnSh

Ry = —unRy

Sc =TI — eSe 4)

This is a linear system which is globally asymptotically
stable at the equilibrium (I o, Z“) correspondmg to
the DFE which satisfies H1 and H2 [17

The matrix A(X) is given by A2(X)

—He 0 Bin- N,
0 —(un +koy +61) m (1r— r1))/1
0 0 — (1 +k11+'71) iy

S s,
Baw: 1Byt B i
Wthh is an 1rredu01ble matrix.

The upper bound for X € £ is given by A, =

—(un +y1)

~He 0 By i) 0
0 —(un+ko +61) n (I —=rpn
0 0 —(un+kint+m)  nn

Ba ai B Bn —(un +y1)

which is not attained on £2 and which is not the corre-
sponding block in Jacobian matrix of the system at the
DFE. Thus we obtain only sufficient condition.

It is straightforward to check that all hypothesis of
Theorem 4.3 of [17] are satisfied. Hence, we obtained
the condition

B3Bar1yi1.8
Ro1 + 3 <1
wellp (e + y0) (e + ki + n1)
Which implies
I1.6
Roj < 1— B3Bar1y1 1181 _ R <1

w2y (n + y0) (n + ki + )

Obviously Ro; < R{,; and this condition is stronger.
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Theorem 2 The diseases free equilibrium(DFE) Py =
(Sr,0,0,0, Ry, S¢, 0) of the system (1) is globally sta-
ble if Ry < R81'

3.1.5 Endemic equilibrium

In this section we discuss the existence of endemic
equilibria and its stability conditions. Let P* =
(S;f, E;f, I,j‘, H;, RZ, Sk, I¥) be an arbitrary endemic
equilibrium of the system (1). Therefore, equating the
right hand sides of the equations of system (1) to zero,

we have

% 1 *
Sk = —[Mm - & +unEf)
"

I* = Yh *
N ki
1 N1rYn
H*=7{1—r +7}E*
P ( " kg
R = L[ kiryn
i L + ki +m
ko NirVa
+*{(1 —ryn+ 7”E*
b wn +ky+m 4

I ) mryn *
W[nh - E{(l =)+ i +ki+m }Eh]

Sk =
¢ Beryn * Le ryn *
#h+k1y-]i—m Ey+ :Th[n - %{(1 —Nvn+ #hr-]ilkly-li-m }Eh]
Belleryn *
i Je(untki+n1) ~h
¢ Beryn * c r *
e e L e e el
« 1 s nryn .
Nt =—|m-da-rnm+ —21E
" Mh[ " b{( r)y’+uh+k1+m} h]
and E} comes from the equation
[(E}) = QIE}* + Q2E} + 03 =0 (5)
where,
c r od r
0 =ﬂ<ﬁ+da)(uc B Vh)
Mp N a Mh a
_i<ucr3d B ﬂcryh>8d
Mh N a
I, r r dd c
szﬂh h(ﬂ_i_da)[(ﬂc Yho o e )_ﬂ]
h a a 22 22
_:Bdﬁcncryhc _ Hhc(ﬁcryh _ Mc3d>
Whbhea M a M
Iycpdd
_}_%
M
Hzcu
03 = —S(Ro1 = 1)
K
Here

a=pup+ki+ni,
b=pup+k+34,
¢ = Wh + Vn,
— 1 niryl
d={a—rm+ gl
Therefore, if Rg; > 1, then endemic equilibrium exists.
—02%,/ 0340103
20,
Case I If Q% — 40103 > 0, there may exist two
endemic equilibrium
Case Il If Q% — 40103 = 0, there may exists
unique endemic equilibrium.
Caselll If Q%—4Q 103 < 0,there exist no endemic
equilibrium..

Now Ej =

Now from the Tables 3 and 4, itis clear from Case (II)
of both table that, the model (2) has a unique endemic
equilibrium whenever Rg; > 1 and Rp; < 1. In case
(D) in Table 4, we observed that, if Q1 < 0, Q> > 0
and Q3 < 0 then the model (2) may have the possibil-
ity of backward bifurcation where stable disease-free
equilibrium coexists with a stable endemic equilibrium
whenever the basic reproduction number Ry is less
than unity. We explore the details analysis of back-
ward bifurcation in the next section. This phenomenon
is illustrated numerically by simulation of the model
(2)(See Fig. 2).

3.1.6 Backward bifurcation analysis

In this section, we explore the phenomenon of back-
ward bifurcation in system (1). First, we carry out
bifurcation analysis by applying the Center Manifold
Theorem [4]. Let x = (x1,x2, X3, X4, X5, 7). =
(Sn, Ev, I, Hi, Ry, S, I.)T . Thus, the model (2) can
be re-written in the form & = f(x), with f(x) =

dr
(fi(x), ..., f1(x)), as follows:
dx; Brx1(x3 + ayxq)
— = fi=1I)—
dt X1+ x2 +x3 4+ x4+ x5
_ Bax1x7 o
X1+ x2 +x3 + x4 + X5
dxy _ e Bix1(x3 + ar1x4)
dr X1 +x2 4+ x3 + x4 + x5
Baxi1x7
— —_ _|_ X s
X1+ x2 +x3+ x4 + X5 (e +yD)x2
dx3
Tl f3 =riyixa — (un + ki + n)xs,
dxy
P Ja=U —rpyixa +nmix3 — (up + ko1 + 61)x4,
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Table 3 When Ry > 1

Case 01 0> 03 Number of endemic equilibrium
1 + + + No endemic equilibrium
— + Two endemic equilibrium
— + + Unique endemic equilibrium
— — + Unique endemic equilibrium
2 + + + No endemic equilibrium
+ - + Unique endemic equilibrium
— + + Unique endemic equilibrium
— - + No endemic equilibrium
Table 4 When Ry < 1
Case 01 0> 03 Number of endemic equilibrium
1 + + - Unique endemic equilibrium
- - Unique endemic equilibrium
- + - Two endemic equilibrium
— — - No endemic equilibrium
2 + + - No endemic equilibrium
+ — - Unique endemic equilibrium
— + - Unique endemic equilibrium
— — - No endemic equilibrium
(a) 0.18 T T T (b) 0.2
—
0.16 /Stﬁ— 0181 _
Equilibrium E,=0.1612 (Stable EEP)
oa i 0.16
014}
0.12 q
0.12
0.1 T
ur w01
0.08 b
Untable
Endemic 0.08
0.06 Equilibrium
0.06
0.04 1 0.04
0.02 Stable DFE Untable | 0.02
DFE E,=0 (Stable DFE)
0 ‘ ‘ 0 . . ; . :
0.4 05 06 07 08 09 1 1. 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
R Time

01

Fig.2 Backward bifurcation diagram and related time series for
the single strain model 2. The region in the box is the bistable
zone. The following set of hypothetical parameter values are

dX5

el f5s = kiixs + kayxa — ppxs,

dxg B3xex3

— = fo=1,— — McX6,
dr X1 +x2 +x3 4+ x4 + x5

@ Springer

used: [1,=0.007, I1. =0.4817, puj, = 0.00154, p. = 0.009, B, =
0.200, Bz = 0.0025, B = 0.17, a = 0.005, y, =0.035, r = 0.98,
k1 =0.001, k =0.0039, n; = 1.01 and § =0.04

B3xe6x3
X1+ x2 +x3 + x4 + x5

dX7

a7

(6)

= X7

The Jacobian of the system (6) at the DFE Py is given
as,
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—Wh 0 —B —ai1pi 0 0 —Ba
0 —(un+r1) Bi a1 B 0 0 pBa
0 riyi —(n + ki +m) 0 0 0 0
Jpp=| 0 d=ron m —(un+kay+81) 0 0 0 |,
0 0 ki1 ka1 —up 00
B3llcp
0 0 —ﬁW 0 0 —ue O
3Ldc
0 0 %Tuch 0 0 0 —puc
Choose fB; as the bifurcation parameter, then setting
Ro1 = 1 gives ,Bdnc,uh]
N I ’
Pr="5 a1 1 0 0 Ba
vp=—""—"—1v,05 =0,v6 =0, v7 = —vy.
= abe(ugMyac — B3BariyiMein) YT ko ° TR
ppac(riyib +airiyim +ai (1 = ri)yia) ©)

)

The system (6) at the DFE Py evaluated for 81 = B}
has a simple zero eigenvalue and all other eigenvalues
having negative real parts. Hence, we apply the Center
Manifold Theorem to analyze the dynamics of (6) near
Br = By

The Jacobian of (6) at B = P} denoted by
Jpy|B1 = B} has a right eigenvector (associated with
the zero eigenvalue) givenby w = (wy, wa, w3, wa, ws,
we, w7)! , where

(n + y1)
wy = ———wy, wr = wy > 0,

Ih
1y
=——w
(in + ki1 +n1)

(I —=ro)yi(un + ki1 +n1) +mrin
Wy4 = w2,
(n + k11 + 1) (up + ka1 + 81)

k1iws + kajwa
wy = —"",

w3 25

Mh
we = — B3lcpinriy 0
Iy (pn + ki +m) ~
Il
wn B3IIcppr1yt ®)

I (un + kg 4 mp)

Similarly, from Jp, |81 = B}, we obtain a left eigen-
vector v = (v1, v, V3, V4, Vs, Vg, v7)T (associated
with the zero eigenvalue), where

v =0,y =v2 >0, v3
a1 Bini

1
= |+ —
(i + ki1 + 771)[ : (n + ko1 +81)

To show the existence of backward bifurcation, we
calculate the following second-order partial derivatives
of f; at the disease-free equilibrium &g and obtain

0 _ o _
dx30x2 dxp0x3 0x50X3
_
0x30x5
B s 3 3
T M, T dx70xa dx79x3  9x79x4
_ 9 3 fa _ 9 f2
9x70xs  0Zx20xs  0x30xg
Ffr _ *h Pamn PP
- 0x40x6 - 0x50x6 - I, ° 9x30x3
_ 2P P _ P f
IT,  0x40x>  0x20xy4
_3h Bh  apuu 3h
- 0x50Xx4 - 0x40Xx5 - I, 9x40x4
_ 2Py 9°hH =7<I31llh+all31llfh) ¥ f
I, 3x40x3 I, I, 9x30x]
I .
- 0x30Xx2 - 0x10x3 - 0x20x3
_ s s Bl
0x40x3 0x50X3 e
Pf; _ 2BMeu 3% fr
dx30x3 - Mype  9x60x3
_0f B P f
9x30x¢6 I, ° 9x3dxs  9x30xs
— _ /3317(‘/4}1 (10)
Iy e

Now we calculate the coefficients a and b defined in
Theorem 4.1 [4] of Castillo-Chavez and Song as follow
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6 2 *
a = Z vkwiwj—a fk(O,ﬂ)

ki, j=1 8)6,' ax/'
_ 2 ppv7P3
B ITp e
x (wawg — w3(wy + wy + w3 + wg + ws))
- 2'Blﬂ(wzm + w3ws
Iy

+ wowg + (1 + @pwizws + wiws
+ ajwawy + +agwaws)

2ua
- Baw7 (w2 + w3 + wg + ws) (11)
1y
and
: 8% £(0, 0)
b= kgl Ukwiw = v (w3 + ajwy) > 0.

12)

Since the coefficient b is always positive, system (1)
undergoes backward bifurcation at Ry = 1, ifa > O,
namely if

4 Two strain model analysis

4.1 Diseases-free equilibrium and basic reproduction
number

The diseases-free equilibrium can be obtained for the
system (2) by putting £ = 0,E, =0,11 =0, =
0, H1 =0, H, =0, I. = 0, whichisdenoted by Py; =
($2,0,0,0,0,0,0, Ry, S, 0), where

I Il
Shz_sSC:_thZO'
Mh Me

4.1.1 Basic reproduction number

The basic reproduction number has been computed by
next generation approach [16]. It is defined as the aver-
age number of secondary infections produced by a sin-
gle infected individual in a susceptible population and
it is given as

Ro = max{Ro1, Ro2}

where

B3

- HeBrv2(waws + wizws + wows + (1 + ap)wsws + waws + oywaws + ajwaws) + pev2Baw7(Zy, — wi)
v7 B30I (w3we — w3Zy)

)

(13)

where, Z,, = wi + wy + w3 + wyg + ws.
We have established the following conclusion.

Theorem 3 System (1) undergoes a backward bifur-
cation at Ry = 1 whenever the inequality 13 holds.

We numerically shown the existence of backward
bifurcation for the model (2), which verifies our analyt-
ical finding. The bifurcation diagram and related time
series is presented in Fig. 2.

This implies that even if the basic reproduction num-
ber is less than unity, the disease may not be eradicated.
To ensure the global stability of DFE one must reduce
Ry below a certain threshold namely, R, .
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_ Birivi
() (s + ki )
n a; BiriYini
(kn + vi) (un + kii +ni) (n + kai + 8i)
a;Bi(1 —ri)yi
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(a) 0.12 T T T T ;

01F E,=0.0916 (Stable EEP) |

0.08

w” 0.06

0.04

E, =0 (Stable DFE)

Time

®

0 1000 2000 3000 4000 5000 6000

E,=0.0891 (Stable EEP)

E,=0 (Stable DFE) |

0 L L
0 1000 2000 3000 4000 5000 6000
Time

Fig. 3 Time series for the full model 1 showing bistability of the equilibrium values

Table S Normalized sensitivity indices

Bi B3 Ba r ki1 kol
XRU XR() XR() XR]() XR]o XRZ()
0.0431 0.9569 0.9568 0.9392 —0.9797 —0.0183

4.2 Backward bifurcation analysis of the full model

We could not analytically find the conditions for the
existence of backward bifurcation in case of the full
model. Thus, we checked numerically whether this
phenomenon occurs for the full model or not. Inter-
estingly, we find parameters for which the full model
undergoes bistable dynamics even if the basic repro-
duction number is below unity. The time series of bista-
bility is depicted in Fig. 3.

The following set of hypothetical parameter values
are used: [71,=0.007, I1. =0.4817,m = 0.5, a1 = ap =
0.0005; y1 = y2 = 0.035; up, =0.00154, @ = 0.009,
B1=0.2; B =0.17; B3 =0.2; B4 = 0.17; B4=0.0025;
r1 = 0.98, 1=0.7; k11 = k21 = 0.001, k12 = 0.0039,
koo = 0.0017 n1 = n2 = 1.01 and 8; = & =0.04. For
this parameter values, the basic reproduction number is
found to be 0.7941 < 1. This indicates that backward
bifurcation or existence of bistability for Ry < 1 is an
inherent property of MERS-CoV transmission dynam-
ics. In turn, this point out that the control efforts will
need more careful considerations.

4.3 Normalized sensitivity analysis

Due to the complex dynamical behavior of the model,
we calculate the normalized sensitivity indices of the
model parameters with respect to Ry in order to find the
most influential parameters. We consider the following
parameters for this analysis: B1, B2, 83, B4, Bd, T'1, 12,
k11, k12, ko1 and kp». We use the parameter values from
Table 2 for the baseline values. However, the mathe-
matical definition of the normalized forward sensitiv-
ity index of a variable z with respect to a parameter
T (where z depends explicitly on the parameter 1) is

given as:
iz T
T _
XI=—x-.
itz

It is important to note that we used the following
expression for Ry: Ry = w. The sensi-
tivity indices of Ry with respect to the most important
parameters are given in Table 5.

All other parameters have sensitivity indices less
than 0.001. However, the fact that X g; = 0.0431 means
that if we increase 1% in B, keeping other parameters
fixed, will produce 0.0431% increase in R.. Similarly,
X ]13201 = —0.0183 means increasing the parameter k1
by 1%, the value of Ry will be decreased by 0.0183%
keeping the value of other parameters be fixed. Bio-
logically, this indicates that the transmission rate from
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strain-1 infected humans to susceptible camels and
transmission rate from camels to susceptible humans
are very crucial. These two quantities can be decreased
by using personal protection measures. On the other
hand, the recovery rate of un-notified infected with
strain-1 should be increased to reduce the Ry below
unity. This can be achieved by tracing and treating un-
notified infected humans with strain-1.

4.4 Optimal control analysis

In countries such as Saudi Arabia, Republic of Korea,
United Arab Emirates etc, MERS-CoV is of great con-
cern. For MERS-CoV transmission dynamics we for-
mulate an optimal control problem [25]. The goal here
is to demonstrate that time-dependent anti-MERS con-
trol strategies that can be implemented while minimiz-
ing the cost of implementing these measures. There are
several control mechanisms that are put in place to min-
imize disease transmission. We consider four types of
individual control mechanisms to mitigate MERS-CoV
in the community. These single strategies are explained
below:

1. Personal protection (u1(t)): Preventing transmis-
sion of MERS-CoV in society requires the appli-
cation of personal protective measures such as the
use of face masks [7]. In this strategy, the suscep-
tible humans are expected to reduce contacts with
infected humans and camels.

2. Isolation of strain-1 infected notified people (1> (t)):
In this control mechanism, the strain-1 infected
people who are notified are isolated from the other
patients. These patients are given special attention
so as to reduce contact with other people.

3. Isolation of strain-2 infected notified people (u3(t)):
Similarly, strain-2 infected people who are notified
are specially isolated.

4. Isolation of infected camels (u4(t)): Infected camels
are to be found and are to be isolated in a special
healthcare setting.

Note that for bounded Lebesgue measurable con-
trols and non-negative initial conditions, non-negative
bounded solutions to the state system exist [22]. The
control functions uq(t), u(t), u3(t) and u4(t) are
bounded and Lebesgue integrable functions, where the
associated force of infection in the human population
is reduced by a factor of (1 - u(t)), where u(t) mea-
sures the level of successful prevention efforts and the

@ Springer

control functions u»(t), u3(t) and u4(t) represent the
isolation of notified humans infected with strain-1 or
strain-2 and isolation of infected camels, respectively.
Taking the above-mentioned interventions into
account, the model (1) takes the following form

dsy, (I —ur)Sy
=N Ty - p——2 (1 H
& n— B N (11 + a1 Hy)
(I —up)Sp
—pr———— (2 +arH>)
Np
(I —u1)Sh
—ﬂdTlc — WpSh,
dE; (I —up)Sp
— = — H
& B1 N, (1 + a1 Hy)
(I —up)Sh
+mpBg————1Ic — upE1 — Y1 E1,
Np
dE> (I —uyp)Sy
=g H
& B2 N, (I + ax Hp)
(I —up)Sp
+(A—-m)Bg———7———1. — unE2 — y2 E3,
Np
dl;
Frie ryiEr — (up + ki +ni iy,
d/,
E7=UWET—Wh+h2+WﬂL
U 0= rymEr+mi
bkl S T
” DVEL+m
—(up + ko1 + 81 Hy — uzHy,
dH>
el (I —r)nEy+mb
—(pp + koo + 82)Hy — uz Hp,
dRy,
e kith + koo + ka1 Hy + koo Hy — pup Ry,
ds, Sely Sclp
-1 — _ — .S,
dr c— B3 Ny, Ba N» Mede
dl, Sc1h ScIp
— = — el —ugl,. 14
dr :33 N» +,34N Hele — Uqle (14)

The problem is to minimize the cost function [12,
20,25] given as follows:

J(ui, uz, u3, ug)
T 1
=f(am+qm+ah+;w%
0
1 2 1 2 1 2
2 2 2
subject to the state system given by (14). The goal is to

minimize the hospitalized infected human populations,
infected camel population and the cost of implement-
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ing the control. Basically, we assume that the costs are
proportional to the square of the corresponding control
function. Our goal is to find optimal control functions
(u¥, u3, u3, uj) such that

J(uy, uy, u3, u})

=min{J (u1, uz, us, ug)|(u1, uz, uz, ug) € I'}
subject to the system of equations given by (14), where

I' = {(uy, uz, u3, ug)|u;(t) is Lebesgue measurable
on[0,7],0
<ui(t) <b;,i=1,2,3,4} (16)

is the control set.

Pontryagin’s maximum principle [20] can be applied
to find the optimal rates of different interventions and
layered combinations. This principle converts system
(14) into a minimizing problem. The Hamiltonian H,
with respect to uy, us, uz and u4, can be written as:

1 1
H = (CHy + CaHy + C3le + 5 Cauf + 5 Csu3

1 1
+ 5 Ceu3 + 5 Cquz)

2 2

(I —up)Sp

A [17 - B —
+ A| T, — By N,

(I —up)Sy
—fp——— (L + a2 H3)
Nj,

(I —u1)Sp
A=ty )
d N, ¢ — Mhoh

1— S
—H»z[ﬁl—( 1\7;) "

(I —up)Sp
N,

(I + a1 Hy)

- B
(I1 + a1 Hy)

+mpBy Io — pnky —V1E1]

(I —up)Sn
Ny,

%IC —pnkEr — J/2E2]

+ My Er — (un + ki +n) 1]

+ AslrayaEa — (i + k12 + m2) 2]

+ Al —rpy1Er +mi 1y

— (up + k21 + 81)Hy — uz Hy ]

+ [ =) Ex + 2D

— (un + koo + 82) Hy — us Ha ]

+ Aglkitly + koo + ko1 Hy + koo Hy — jup Ry ]

+ A3 [,32 (I + ax H)

+ (1 —m)Ba

2987
Se1h Sch
A [n.— By .S,]
+ Ao 11, ,33 N, ,34 N, MHede
Sc 1 Sc1p
+ 0] By R —pele—usle] (D)
where A;,i = 1, ...., 10 are the adjoint variables. In the

following theorem, we present the adjoint system and
control characterization. To simplify notation, we let
1

h = -
Theorem 4 Given an optimal control (u}, u3, ujs, uy),
and corresponding state solutions Sy, E1, E», 11, I,
Hy, Hy, Ry, S¢, 1. of the corresponding state system
(14), there exists adjoint variables, A; fori =1, ..., 10,
satisfying
dA] 2
vl =2 = ADB1A —ur () + a1 Hy) (7 — Sphc)]

— (k3 = 2D[B2(1 — ur (D) (L2 + e Ho) (h — Sph*)]

— (om +A3(1 —m) — A1)

[Ba(1 — uy (D) Io(h — Sph*)] + Xy,

dA 2
vl =1 = 2B (1 — ur (1)) Sp (I + a1 H)R”]

— (a1 = 2)[B2(1 — ur () Sy (I + ey )]

— (1 = 2om + 23(1 = m)[Ba(1 — ur (6))SpIh*]

+ Aa(n +v1) — (A — Ae)r1v1 — AoVt
0A3 5
vl =1 = 2A)[B1(A = ur())Sp (11 + a1 H)R”]

— (1 = A)[B2(1 — ur () S(Ir + ax Ho)1*]

— (a1 = 2om +23(1 — m)[Ba(1 — ur (1)) Sp1:h*]

+ A3(un + v2) — (As — A2y, — A1y,
g 2
T =2 = ADB1IA —ur () Sp(h — (I) + a1 H)E)]

— (a1 = 23)[B2(1 — ur () S (I + ey Hp) ]

= (1 = 2am = A3(1 = m)[Ba(1 — ur (1) S 1h*]

+ Aa(un + kin +n1) — Aent — Agknn

= (M0 — 20)[B3Se(h — I1h*) — B4Scrh?]
dAs 2
5 = =1 = 2B — ur () Sp (1) + a1 Hy )R]

— (k3 = 2D[B2(1 — ur () Sy (h — (I + e Hy) 1]
— (k1 = 2om 4+ A3(1 — m)[Ba(1 — uy (1)) Sy 1%

+ As(un + k12 +m2) — Agma — Agkiz

— (ko = 110)[B3Se [1h* — BaSe(h — Lhh*)]
g _ _ _
W = Cl ()LZ )Ll)

[B1(1 — ur (1) Sp(arh — (It + a1 HDEH)] — (A1 — A3)

[Bo(1 — w1 (1)) Sy(I> + a2 Ho)h?]

— (1 = 2om — 23(1 = m)[Ba(1 — uy (1)) Sy Lh?]

@ Springer



2988

1. Ghosh et al.

+ Ael(n + ka1 +81) + u2(2)] — Agkyy
— (o — M) [B3ScI1h? + BaSc r*)
dA7 2
= =—Co= 01 =B =t (DS + et H)R’)
— (A3 = AD[B2(1 — ur (1)) Sp(@2h — (I + @2 Ha))h?]
— (1 = dom — 23(1 = m)[Ba(1 — u1 (1)) Sy Lh*)
+ Ml (n 4 koo + 62) +uz ()] — Agkn
— (ho — M0 [B3Sc 1> + BaSc I h?]
0Ag 2
o = =M =2 [B1 (A —u (1)Sp(Iy + ay H)R™)
— (1 = M)[Ba(1 — uy (1) Sy (I + a2 Ho)H%]
— Ot = 2am — A3(1 = m)[Ba(1 — ur (6))Sp1h>]
+ Aspn — (ro — 210)[B3Sc[1h? + BaSc hh?]
5 = —(X10 — Xo)
(311 (h — Sch?) + Bala (i — Sch)]
9t10
ot
[Ba(1 — ur (1) Sult] + Ao (e + ua(t)). (18)

=—C3 — (A3(1 —m) + Aom — Ay)

The terminal conditions are
Ai(T)=0fori=1,.... , 10. (19)

Furthermore, the optimal controls u7, u3, u§ uy and
are represented by

1
i = max{O, min{l, —[BiSph(I} + a1 Hi) (o — A1)
Cy
+ BoSph(ly + ar Hy) (A3 — )
o BaSulcha(l = m) +ham — )1} |

1
uy = max[O, min{l, —)LGHl”
Cs

1
uy = max{O, min{l, —A7H2}]
Cs

1
uy = max{O, min{l, —A]olc]} (20)
C7

Proof The adjoint system results from Pontryagin’s
maximum Principle [20]

oAl 0H drr  O0H

_ 3)»1()_ oH
at as,” ot 9E;’ o

at al.

with zero final time conditions (transversality).
To get the characterization of the optimal control
given by (20), we solve the equations on the interior of
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Table 6 Cost effectiveness of control strategies

Strategies ACER TIAR
uy + ug 0.2793 0.0268
uy + uy + u3 57.6686 0.0126
Uy +uy+uy 0.2798 0.0264
uy + us + uy 0.2815 0.0261
Uy + u3 + ug 36.4612 0.0152
up +uy 4+ uz +ug 35.9899 0.0153
the control set,

oH oH oH oH
—:,—:0,—:01—20

oup ouy ous duy

Using the bounds on the controls, we obtain the desired
characterization. m]

The optimality system consists of the state system
(14) with the initial conditions, the adjoint system with
the terminal conditions and the control characteriza-
tion.

‘We now numerically study the optimal strategies for
the effect of combined control interventions by using
a forward backward sweep fourth order Runge—Kutta
method. The objective is to optimize the controls, u1,
u, u3 and uq. The values for the parameters used are
given in Table 2 and the cost coefficients are taken as
C1 =300, C, = 300, C3 = 100, C4 = 50, Cs = 400,
Cg = 400 and C7 = 200. We consider six scenar-
ios combining the four individual controls. We calcu-
late two quantities to distinguish between interventions
strategies, Infection Averted Ratio (IAR) and Average
Cost-Effectiveness Ratio (ACER) [25]. AR and ACER
are defined as follows:

Number of infection averted
IAR =

Number of successfully recovered’

Total cost of intervention
ACER =

Number of infection averted

These two measures are reported in the Table 6.
These values indicate that combination of #; and ug4
is the best strategy to apply. We further give the graph-
ical representation of the cases and control profiles in
Figs. 4 and 5 respectively.

These results indicate that reducing the contacts with
infected people as well as infected camels along with
isolation of infected camels is a very useful control



Zoonotic MERS-CoV transmission: modeling, backward bifurcation

2989

—~
i
~
x
=)
8

Un-notified infected humans with strain-1
[e-

T T
— without control
= = -optimal control |

(b) 3500 T T T T T

3000

2500

2000

1500

Un-notified infected humans with strain-2

— without control
= = -optimal control

6l |
1000
4+ i
500
2| |
.
= - L € e e | .l T T s S L 1 € e e | .
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
Time (days) Time (days)
€ 0t (@) S —l
b —— without control o 12001 —— vithout control ]
.g 6 - - ~optimal control | .g = = = optimal control
@ @
s £ 1000
2 5 4 s
172} 12}
=4 f=4
£ £
2 ar ] E 800
2
3 g
2 2 600
g 37 1 £
3 3
S 2 J S 400
3 S
3 2
£ 1t E £ 200
g3 g
o o A
T T N
= - L e 4 i o .l T T M IS L L L e i o A
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 920
Time (days) Time (days)
(e)
8000 - T
— without control
= = -optimal control
7000 B
6000 T
2 5000 1
©
o
8 4000 4
153
2
c
— 3000 B
2000 T
1000 B
n 1 4 1 .
0 10 20 30 40 50 60 70 80 90

Fig. 4 Time series in presence of optimal control and without

control for a Un-notified cases with strain-1, b

Un-notified cases

with strain-2, ¢ Notified cases with strain-1, d Notified cases with

Time (days)

strain-1 and e infected camels. The optimal control strategy is the

combination of Uj(t) and Uy(t)

@ Springer



2990

1. Ghosh et al.

(a)

0.8

06

03

02

0.1

0 I I I I I I
20 30 40 50 60

Time (days)

70 80

90

(b)

0.8

0.6 b

03r b

02r b

01 1

0 I I I I I
40 50

Time (days)

60 70 80 90
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strategy. This strategy is the most cost effective in terms
of ACER and TAR.

5 Discussion and conclusion

In this paper, we introduce a general autonomous
model that considers human and camel populations
and probe further to understand the effect of optimal
control strategies on the MERS-CoV infected popu-
lations. We mathematically analyze the single strain
model to derive the basic reproduction number Rg; for
the model and show that the disease-free equilibrium
of the proposed model is globally asymptotically stable
if Roy < R(;; < 1. Further, we prove the existence of
backward bifurcation phenomenon for the single strain
version of the proposed model under some paramet-
ric conditions. We also numerically showed the exis-
tence of backward bifurcation, see Fig. 2. The basic
reproduction number (Ry) of the full model is obtained
and we numerically depicted the bistability even if
Ro < 1, see Fig. 3. Thus, the existence of bistabil-
ity may be an inherent property of the MERS-CoV
transmission dynamics. This phenomenon also indi-
cates that the control interventions will require addi-
tional efforts to eradicate the disease from the commu-
nity. To find the most influential parameters on Ry, we
performed the normalized sensitivity analysis. Results
indicate that, transmission rate from strain-1 infected
humans to susceptible camels and transmission rate
from camels to susceptible humans cam be decreased
by using personal protection measures to reduce the

@ Springer

epidemic potential. Additionally, the recovery rate of
un-notified infected with strain-1 should be increased
to reduce the R( below unity. This can be achieved by
finding and treating un-notified infected humans with
strain-1.

Time dependent intervention strategies can be imple-
mented to curtail a disease on a finite time interval.
Using optimal control analysis, we further investigated
the effects of intervention strategies on infected human
and camel populations in the model (1). We consider
four types of control, i.e. effect of self-protection mea-
sures by susceptible humans, the isolation of notified
humans infected with strain-1 or strain-2 and isola-
tion of infected camels. Optimal control policy sug-
gests that the combination of self-protection measures
by susceptible humans and isolation of infected camels
give cost-effective and efficient results for reducing dis-
ease prevalence. From Fig. 4, it can be observed that
this combination strategy significantly reduces MERS-
CoV cases. Finally, we conclude that cutting the trans-
mission cycle between camels and humans is the key
factor to eradicate the disease from the community.
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