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Abstract The nonlinear dynamics of towed wheels is
analysedwith the help of the brush tyremodel. The time
delay in the tyre–ground contact and the non-smooth
nature of the system caused by contact friction are
considered simultaneously. Firstly, the centre manifold
reduction is performed on the infinite-dimensional sys-
tem transforming the governing equations into a normal
form containing linear and piecewise-smooth second-
order terms. Then, this normal form is used to estab-
lish the stability of the non-hyperbolic equilibria of the
system and to give an estimation of the limit cycles
emerging at the linear stability boundary. This way, it is
demonstrated how subcritical Hopf bifurcations in the
non-smooth delayed system generate bistable parame-
ter ranges, which are left undetected by standard tyre
models.

Keywords Wheel shimmy · Non-smooth bifurcation ·
Delayed tyre model

S. Beregi (B) · G. Stepan
MTA-BME Research Group on Dynamics of Machines and
Vehicles, Budapest, Hungary
e-mail: beregi@mm.bme.hu

D. Takacs · G. Stepan
Department of Applied Mechanics, Budapest University
of Technology and Economics, Budapest, Hungary

1 Introduction

The self-excited vibration of towed wheels is one of
the oldest and most thoroughly studied phenomena in
vehicle dynamics. This can be explained by the fact
that in case of road vehicles, the contact between the
vehicle and the road surface is realised by elastic tyres.
Consequently, there is a great need to understand the
mechanism behind the force generation of the dynami-
cally deformed tyres in vehiclemodelling [25]. This is a
challenging task due to the fact that the deformed shape
of the tyre travelling backwards in the contact region is
subject to the effect of partial sticking and sliding gov-
erned by friction laws. This is the reason why this task
is approached mainly by large-scale numerical stud-
ies often using complex tyre models such as the FTire
[9], theRMOD-K [22] and finite element-basedmodels
[12,14], while limited analytical results are available.

Tyre models can be classified based on their com-
plexity in terms of the physical representation of the
tyre–ground contact. The simplest version of these
models considers the wheel as a rigid body that has a
single contact point at the ground [33,40]. These mod-
els are reasonable in case of the rigid wheels of shop-
ping carts, baby strollers or rolling suitcases [8,23],
and they provide a relatively simple formulation of the
nonlinear governing equations. In these cases, one can
consider various friction laws leading to a large variety
of behaviours as shown for the example of a rolling
rigid disc in [27].
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Amore sophisticated representation of the contact is
possible by considering nonzero contact area between
the interacting bodies. In such cases, when the shape of
the contact area is well defined (e.g. elliptic [15]), these
models were effectively used to study the dynamics of
fundamental mechanical examples like the billiard ball
or the Celtic stone (see [16,17]).

In case of tyres, the so-called physical tyre models,
such as the brush and the stretched string models, are
originated in a similar assumption: a contact region of
finite area is considered and tyre deformation is rep-
resented with the help of spring elements distributed
along the contact patch. These models are often sim-
plified by assuming quasi-steady-state deformation. By
introducing the side-slip angle calculated from vehicle
kinematics, the lateral tyre force and the self-aligning
moment characteristics can be derived [25]. This ini-
tiated the introduction of semi-empirical tyre models,
among others the widely used Magic Formula [26],
which capture the tyre force and moment character-
istics with shape functions based on extensive experi-
ments. If viscous damping is also considered in the sys-
tem, these tyre models can provide even quantitatively
good results for the linear stability of the rectilinear
motion of a caster–wheel system.

However, there are essential discrepancies in the
description of the nonlinear behaviour of the tyres in
case of the semi-empirical and the physical tyremodels.
The source of the problem is related to the force char-
acteristics derived by means of a Coulomb-like friction
law that leads to non-smooth governing equations.

Note that a Coulomb-like friction law between two
rigid bodies usually results in a so-called Filippov sys-
tem with discontinuous governing equations. These
systems may feature bifurcations characteristic only to
them (see [30]), and they often exhibit chaos, as shown,
for example, for the stick-slip phenomenon in [1,2].

In case of the tyre, however, friction has a direct
effect on the lateral deformation, which is integrated
along the contact length to calculate the lateral force
and the self-aligning moment. Thus, we obtain
piecewise-smooth continuous functions in the govern-
ing equations where the discontinuity appears in the
nonlinear terms only. While this type of discontinuity
in a higher derivative is clearly weaker than the dis-
continuity in case of Filippov systems, it still causes
a significant difference compared to smooth systems
in the way the limit cycles (self-excited vibrations)
emerge at the linear stability boundary [19,29,30]. One

difference is that while for a classical Hopf bifurca-
tion in a smooth system, its sub- or supercriticality is
decided by the second- and the third-order terms, then
in the non-smooth case, the discontinuous second-order
terms alone are decisive. This difference is also visi-
ble in the corresponding normal forms. If second-order
terms are present in a smooth system (i.e. the nonlin-
earity is non-symmetric), one can eliminate them with
a nonlinear near-identity transformation. On the con-
trary, this is not possible in the non-smooth case: the
second-order terms already show odd symmetry and
no unique nonlinear transformation exists that is capa-
ble to eliminate them in the normal form for both sides
of the switching boundary. A further consequence is
that with the piecewise-smooth characteristics, one can
see a conical structure in the bifurcation diagrams as
shown in [7], while using the smooth characteristics of
the Magic Formula provides parabolae as expected for
classical Hopf bifurcations [11].

Nevertheless, neither model can provide bistable
parameter domains in the one degree of freedommodel
of towedwheels, which were otherwise experimentally
presented in [5,24,39]. Additional dry friction at the
king pin can be one explanation [24]. However, such
parameter regions can also appear as a result of sub-
critical Hopf bifurcations leading to the coexistence of
a stable rectilinear motion and stable self-excited oscil-
lation of the towed wheel. This means that a so-called
unsafe parameter region may exist where, depending
on the initial conditions, either decaying vibrations or
large amplitude oscillations can be experienced for the
same set of parameters. Note that using multi-degrees
of freedom models considering the compliance of the
wheel suspension, subcritical Hopf bifurcations can be
detected in narrow parameter regions even with the
classical quasi-steady-state tyre models as shown in
[41,42] for an aircraft landing gear.

If the assumption of the quasi-steady-state tyre
deformation is relaxed and the lateral deformation in
the contact zone is described by the governing partial
differential equation (PDE), a travelling wave solution
can be identified introducing the so-called delayed tyre
model [36,38]. In the present paper, we use this dynam-
ically varying tyre deformation in the contact region,
which leads to the demonstration of a qualitatively cor-
rect nonlinear dynamical behaviour: a subcritical Hopf
bifurcation of the straight-line motion is detected, and
as a result, bistable parameter domains are explored. A
further goal of our analysis is to present how the con-
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tact delay and dry friction contribute to the complex
structure of the stable and unstable rectilinear and peri-
odic motions in the system. With this aim, we perform
the bifurcation analysis of the rectilinear motion of the
non-smooth system [7] by studying the characteristic
normal form [21]. In order to carry out closed-form
analytical calculations, the simple brush tyre model
is used, where the deformation at the sliding regions
can be calculated directly. Although the brush model
is less accurate compared to the stretched string mod-
els, the analytical results are still relevant either as test
examples for advanced numerical codes or as qualita-
tive examples for nonlinear tyre dynamics.

The rest of the paper is organised as follows. In
Sect. 2, as a motivation of our study, experimental
results are presented to demonstrate the appearance of
bistable parameter domains and the strong effect of the
tyre–ground contact friction on the dynamics of towed
wheels. In Sect. 3, the mechanical model of a towed
wheel of elastic tyre and its non-smooth equation of
motion are presented. In Sect. 4, we expand the govern-
ing equations into a power-series form around the recti-
linear motion up to the piecewise-smooth second-order
terms.Then, inSect. 5, critical parameters are presented
as a result of linear stability analysis. At these critical
parameters, Hopf bifurcations occur, which are anal-
ysed by means of centre manifold reduction and nor-
mal form transformation. The normal form is studied
in Sect. 6 in order to determine the nature of the vibra-
tions that occur around the rectilinear motion close to
the critical parameters corresponding to loss of stabil-
ity. In Sect. 7, the global dynamics of the system is
presented by means of both analytical and numerical
results, while the conclusions of the paper are sum-
marised in Sect. 8.

2 Motivation

Measurements were carried out on a caster–wheel sys-
tem running on a treadmill (see Fig. 1). The fork in
which the bicycle wheel rotates is fixed to the caster
which is mounted to the rack such that it can rotate
around the king pin. It can be shown by means of
the Galilean transformation that this configuration is
identical to the scenario when the wheel is towed in
a straight line with a given speed V . During the mea-
surements, a bistable speed domain was explored by
applying different force impulses on the caster. These

impulses correspond to equivalent initial angular veloc-
ities Ω as shown in Fig. 2. Then, observing whether
the system converges to stable large amplitude vibra-
tions or to the stable rectilinear motion, we can esti-
mate the angular velocity corresponding to the sepa-
ratrix between the two stable solutions, which is used
as an approximation of the amplitude of an (otherwise
undetectable) unstable limit cycle (see red dashed line
in Fig. 2). Performing this for different speeds V in
the bistable region, the branch of the unstable limit
cycles was continued until the point where themechan-
ical noise from the treadmill and the wheel unbalance
resulted large amplitude vibrations without any addi-
tional impact hammer excitation. The root mean square
(RMS) of the noise characteristic to the experiment is
indicated by the dotted horizontal line in Fig. 2. The
measurement results are compared with a theoretical
bifurcation diagram showing a subcritical non-smooth
Hopf bifurcation in the upper panel of Fig. 2. It can be
observed that the unstable limit cycle appears to emerge
in a conical structure rather than a paraboloid one that is
characteristic to Hopf bifurcations in smooth dynami-
cal systems. This indicates that, indeed, the non-smooth
nature of the system, caused by dry friction in the tyre–
ground contact, has an essential effect on the way the
limit cycles develop.

3 Mechanical model

The nonlinear dynamics around a straight-line rolling
of a towed wheel is analysed with the mechanical
model shown in Fig. 3. The connection of the caster–
wheel system to the towing vehicle is realised by a
rotational joint at A. The rigid caster is towed along
the X -direction by a prescribed constant velocity of
V . This can be described by the geometric constraints
XA(t) = V t and YA(t) ≡ 0, where XA(t) and YA(t)
refer to the X and Y coordinates of the king pin A,
respectively. The distance of the wheel centroid T from
the joint A is denoted by l, while the distance of the cen-
tre of gravity C of the caster and the joint A is lC. The
mass of the caster–wheel system is m, while its mass
moment of inertia with respect to the centre of grav-
ity C is JC. One can use the angle ψ as a generalised
coordinate to determine the orientation of the caster in
the (X,Y ) plane. The resultant of the lateral tyre defor-
mation is considered in the form of the lateral force F
and the self-aligning moment M , while the effects of
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Fig. 1 The experimental rig
(left panel) and excitation
by an impulse hammer
(right panel)

Fig. 2 Top panel:
theoretical bifurcation
diagram. The arrows
indicate where the solutions
converge to. Bottom panel:
measurement results. Initial
angular velocities (filled
markers) and steady-state
velocity amplitudes (empty
markers) are plotted for
different towing speeds. The
cases when the system
converged to the rectilinear
motion are marked by
circles, while those cases
when persistent large
amplitude vibrations
occurred are marked with
stars. The red dashed line
estimates the likely
locations of unstable limit
cycles

longitudinal deformation and longitudinal sliding are
assumed to be negligible. This is a standard simplifica-
tion for the analysis ofwheel shimmywhen thewheel is
towed with constant speed [24]. While it is justified by
the good correlation between the theoretical and exper-
imental results, this assumption is not acceptable when
thewheel is subject to strong acceleration/deceleration.

3.1 Tyre model

The deformation of the elastic tyre is described by
means of the brush tyre model [25] shown in Fig. 4.
It is assumed that tiny tread elements are distributed
along the circumference of the wheel, which can be
deformed normal to the wheel centre plane. The corre-
sponding linear elasticity of these elements is charac-
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Fig. 3 The mechanical model of a towed wheel with a rigid
caster and king pin

Fig. 4 Lateral deformation in the brush tyre model with sticking
and sliding regions in the contact patch

terisedby the parameter k that stands for the lateral stiff-
ness distributed along the longitudinal direction with
unit N/m2.

3.1.1 Sticking region

Depending on the vertical load and the deformation of
the tyre particles in contact, they can either stick to or
slide on the ground. If the elastic elements are consid-
ered to stick to the ground, their velocity in the ground-
fixed (X,Y, Z) coordinate system is zero, which can be
expressed as the kinematic constraint

d

dt
RP = 0. (1)

As explained in details in [36,37], this can be used to
derive the nonlinear PDE

q̇(x, t) = V sinψ(t) − (x − l)ψ̇(t) − q ′(x, t)
(
q(x, t)ψ̇(t) − V cosψ(t)

)
, (2)

which describes the lateral deformation q(x, t) of the
centre line. Prime refers to differentiation with respect
to the space coordinate x attached to the caster. To
this equation, the boundary condition q(a, t) = 0 is
attached, where we use the standard assumption for
brush models, namely that the leading point of the con-
tact line always sticks to the ground with zero lateral
deformation [25].

For this problem, one can construct the travelling
wave solution:

q(x, t) = V τ(x) sinψ(t)

− (a − l) sin(ψ(t) − ψ(t − τ(x))), (3)

by introducing the time delay τ(x) distributed along the
contact length x , whereas we also obtained a formula:

x = −V τ(x) cosψ(t)

+ l + (a − l) cos(ψ(t) − ψ(t − τ(x))), (4)

which gives the position along the x axis. Clearly, in
linear approximation, the solution of (4) is

τ(x) ≈ a − x

V
, (5)

which is the time needed for a particle to travel from
the leading position L to the actual position P at x .

3.1.2 Sliding region

To model the partial sliding of the tyre in the lateral
direction, we consider a parabolic vertical force distri-
bution in the contact region,which can be used to define
two parabolic deformation boundaries due to the inde-
pendent deformation of the tyre particles [25]. For a
compact formulation, we introduce them as

± 3Fzμ

4a3k
(a2 − x2) =: N±(a2 − x2) (6)

for x ∈ [− a, a] where N± refers to the magnitude
of the limiting parabolae, which also depends on the
resultant vertical load Fz on the tyre and the contact
friction coefficientμ. If N± is considered to bepositive,
the formula above provides the upper boundary, while
a negative value gives the lower boundary.

In what follows, it is assumed that sliding occurs
only at the rear end of the contact, which is a reasonable
assumption for small vibrations around the rectilinear
motion ψ(t) ≡ 0.
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3.2 Governing equations

The equation of motion of the towed wheel can be
obtained by means of Lagrange’s equation of the sec-
ond kind as

JAψ̈(t) + btψ̇(t) = M − Fl, (7)

where the mass moment of inertia of the caster–wheel
system with respect to the king pin axis at A is JA =
JC + ml2C, while bt is the torsional viscous damping
factor in the joint.

Based on the brush tyre model, the resultant lateral
tyre force F and the self-aligning moment M can be
calculated by the integral formulae

F = k
∫ a

−a
q(x, t)dx (8)

and

M = k
∫ a

−a
xq(x, t)dx . (9)

Thus, substituting into Eq. (7), the governing equations
of the mechanical system can be expressed as

ψ̇(t) = Ω(t), (10)

JAΩ̇(t) + btΩ(t) = k
∫ 0

τ∗
(x(τ ) − l)q(x(τ ), t)

dx

dτ
dτ

︸ ︷︷ ︸
=:I1

+ k
∫ x∗

−a
(x − l)N±(a2 − x2)dx

︸ ︷︷ ︸
=:I2

,

(11)

where Ω is the angular velocity of the caster. The inte-
gral formulae that provide the lateral tyre force and
the self-aligning moment are divided into two parts
as defined in Eq. (11). I1 corresponds to the stick-
ing part of the contact where the travelling wave solu-
tion (3) applies. Thus, instead of coordinate x , the dis-
tributed time delay τ can be used for integration by
substitution. This means that the limits are changed as
x = a ⇔ τ = 0 and x = x∗ ⇔ τ = τ ∗, where x∗ and
τ ∗ refer to the actually unknown boundary between the
sticking and sliding regions. The derivative dx/dτ used
for the integral transformation is based on the travelling
wave solution (4) and reads as

dx

dτ
= −V cosψ(t)

− (a − l) sin(ψ(t) − ψ(t − τ))Ω(t − τ). (12)

The integral I2 includes the lateral force and self-
aligning moment generated in the sliding part of the
contact. In case of sliding, the deformation is known
from the parabolic limits in Eq. (6); this is why we
keep the coordinate x as integration variable.

4 Power-series expansion of the tyre force and
self-aligning moment

4.1 Sticking region

To carry out the local bifurcation analysis of the rec-
tilinear motion, we have to expand the system into a
power-series form up to the second-order terms. Note
that forHopf bifurcations in smooth systems, one has to
consider the third-order terms aswell while the second-
order terms can be eliminated by a near-identity trans-
formation [18]. This cannot be performed in the non-
smooth case due to the piecewise-defined nature of the
second-order terms, which are in this sense ‘stronger’
than the third-order terms as they already determine the
vague stability of the non-hyperbolic equilibria of the
system [19].

The rectilinear motion can be expressed as ψ(t) ≡
0, Ω(t) ≡ 0 and q(x, t) ≡ 0. For the coordinate x , we
get x = a−V τ since the whole contact region sticks to
the ground in this case. This means that the ‘boundary’
between the sticking and sliding regions is exactly at
the rear edge, i.e. x∗ = −a ⇔ τ ∗ = 2a

V =: τ ∗
0 .

In the integral formula I1 in Eq. (11), both the coor-
dinate x and the lateral deformation q(x, t) are mul-
tiplied by the derivative dx/dτ . Consequently, in the
non-smooth system, it is sufficient to consider them up
to the linear terms:

q(x(τ ), t) = V τψ(t)

− (a − l)(ψ(t) − ψ(t − τ)) + h.o.t., (13)

x = a − V τ + h.o.t., (14)
dx

dτ
= −V + h.o.t., (15)

as follows from Eqs. (3), (4) and (12). Using the ansatz
ϑ = −τ , the second-order approximation of the resul-
tant moment at joint A from the tyre force F and the
self-aligning moment M in the sticking region reads as

I1 ≈
∫ 0

−τ∗

(
−(a − l + Vϑ)2ψ(t)

+ (a − l + Vϑ)(a − l)ψ(t + ϑ)
)
V dϑ, (16)
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where the time delay τ ∗ at the boundary between the
sticking and sliding regions is state dependent [28]:
τ ∗(t) = τ ∗(ψ(t),Ω(t), q(x, t)). After the elimina-
tion of q(x, t) by means of the travelling wave solu-
tion, this can be transformed into τ ∗(t) = τ ∗(ψt ,Ωt )

where the continuous functions ψt (ϑ) := ψ(t + ϑ)

and Ωt (ϑ) := Ω(t + ϑ), ϑ ∈ [−τ ∗, 0] represent
the infinite-dimensional state-space coordinates of the
time-delayed system. Consequently, one can approxi-
mate the time delay τ ∗ by the implicit integral formula

τ ∗ = 2a

V
+

∫ 0

−τ∗
f1(ϑ)ψ(t + ϑ)

+ f2(ϑ)Ω(t + ϑ)dϑ + h.o.t., (17)

which can be regarded as a generalised power-series
expansion up to the linear terms. The coefficient func-
tions f1(ϑ) and f2(ϑ) will be determined in the sub-
sequent section.

4.2 Sticking–sliding boundary

The boundary of the sticking and sliding regions
appears where the travelling wave solution (3) crosses
one of the parabolic deformation boundaries in (6).
With the above-explained linear approach, this can be
expressed as

N±(a2 − x∗2) = V τ ∗ψ(t)

− (a − l)(ψ(t) − ψ(t − τ ∗)). (18)

Substituting the linearised formula for coordinate x into
Eq. (14) to obtain

N±(2V τ ∗a − V 2τ ∗2) = V τ ∗ψ(t)

−(a − l)(ψ(t) − ψ(t − τ ∗)). (19)

Keeping the linear terms only, this equation can be
expanded as
(
2a

V
+

∫ 0

−τ∗
f1(ϑ)ψ(t + ϑ)

+ f2(ϑ)Ω(t + ϑ)dϑ + · · ·
)
2aV N±

−
(
4a2

V 2 + 4a

V

∫ 0

−τ∗
f1(ϑ)ψ(t + ϑ)

+ f2(ϑ)Ω(t + ϑ)dϑ + · · ·
)
V 2N±

= Vψ(t)

(
2a

V
+ · · ·

)

− (a − l)
(
ψ(t) − ψ(t − τ ∗)

)
. (20)

Comparing the coefficients of ψ(t +ϑ) and Ω(t +ϑ),
the functions f1(ϑ) and f2(ϑ) can be expressed as

f1(ϑ) = − a + l

2VaN± δ(ϑ) − a − l

2VaN± δ(τ ∗ + ϑ), (21)

f2(ϑ) = 0, (22)

where δ denotes the Dirac delta function. Thus, for
the time delay τ ∗ at the sticking–sliding boundary, we
obtain the implicit formula

τ ∗ = 2a

V
−

∫ 0

−τ∗

(
a + l

2VaN± δ(ϑ)

+ a − l

2VaN± δ(τ ∗ + ϑ)

)
ψ(t + ϑ)dϑ + h.o.t.

(23)

Consequently, the explicit form of this power series can
be expressed as

τ ∗ = τ ∗
0 − τ ∗

1 + h.o.t., (24)

where

τ ∗
0 = 2a

V
, (25)

τ ∗
1 =

∫ 0

− 2a
V

(
a + l

2VaN± δ(ϑ)

+ a − l

2VaN± δ

(
2a

V
+ ϑ

))
ψ(t + ϑ)dϑ. (26)

Based on this, also the integral formula I1 can be
expressed in the power-series form

I1 = I10 + I11 + I12 + h.o.t., (27)

where the second subscripts refer to the order of
the dependence on the infinite-dimensional state-space
variables ψt and Ωt . This calculation provides

I10 = 0, (28)

I11 =
∫ 0

− 2a
V

(
−(a − l + Vϑ)2ψ(t)

+ (a − l + Vϑ)(a − l)ψ(t + ϑ)) V dϑ, (29)

and

I12 =
∫ − 2a

V +τ∗
1

− 2a
V

(
(a − l + Vϑ)2ψ(t)

− (a − l + Vϑ)(a − l)ψ(t + ϑ)) V dϑ. (30)
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4.3 Sliding region

For the sliding region, the closed-form calculation of
the integral I2 leads to

I2 =
(

−1

4
x∗4 + l

3
x∗3

+ a

2
x∗2 − a2lx∗ − 2a3l

3
− a4

4

)
N±. (31)

Then, the sticking–slidingboundary x∗ canbe expanded
similarly as it was performed for the time delay τ ∗:

x∗ = −a +
∫ 0

−τ∗

(
a + l

2aN± δ(ϑ)

+ a − l

2aN± δ(ϑ + τ ∗)
)

ψ(t + ϑ)dϑ + h.o.t. (32)

Substituting this result into Eq. (31), the integral for-
mula I2 is considered in the power-series form

I2 = I20 + I21 + I22 + · · · , (33)

where

I20 = 0, I21 = 0, (34)

I22 = −a(a + l)

(∫ 0

− 2a
V

(
a + l

2aN± δ(ϑ)

+ a − l

2aN± δ

(
ϑ + 2a

V

))
ψ(t + ϑ)dϑ

)2

N±,

(35)

where the approximation τ ∗ ≈ τ ∗
0 = 2a/V is sufficient

here for the time delay at the sticking–sliding boundary.
This indicates that sliding does not have an effect on
the linear stability of the system, which validates the
former calculations in [36,37] where pure rolling is
considered in the tyre–ground contact during the linear
stability analysis.

The power-series expansion of the non-smooth gov-
erning Eqs. (2), (10)–(12) can be summarised in the
form of the following system of nonlinear delay differ-
ential equations (DDEs):

ψ̇(t) = Ω(t), (36)

JAΩ̇(t) + btΩ(t)

= k
∫ 0

− 2a
V +τ∗

1

(
−(a − l + Vϑ)2ψ(t)

+ (a − l + Vϑ)(a − l)ψ(t + ϑ)
)
V dϑ

− k(a + l)

4aN±

(∫ 0

− 2a
V

(
(a + l)δ(ϑ)

+ (a − l)δ

(
ϑ + 2a

V

))
ψ(t + ϑ)dϑ

)2

, (37)

where τ ∗
1 is expressed in (26) and N± can be found in

(6).

5 Centre manifold reduction

In order to analyse the dynamics of the above-described
non-smooth system, first the stability analysis of the
rectilinear motion is carried out, which is followed by
a detailed and rigorous Hopf bifurcation calculation.
Since the system of DDEs (36), (37) is defined in the
infinite-dimensional state space of the continuous func-
tionsψt , Ωt , this system is transformed to the operator
differential equation form (see [31])

ẏt = A yt + F (yt ) , (38)

where yt is defined by the shift yt = y(t + ϑ) for
ϑ ∈ [−2a/V, 0], while y represents the vector of the
caster angle and angular velocity:

y =
(

ψ

Ω

)

. (39)

The operator A stands for the linear part, while F
corresponds to the nonlinear part of the system. The
linear operator A is defined as (see [10])

A χ(ϑ)

=

⎧
⎪⎨

⎪⎩

dχ

dϑ
, ϑ ∈ [− 2a

V , 0
)

A0χ(0) + ∫ 0
− 2a

V
Aτ (θ)χ(θ)dθ, ϑ = 0

(40)

for any χ : [−2a/V, 0] → C
2 where the coefficient

matrices A0 and Aτ are calculated form the linear part
of the DDE (37):

A0 =
(
0 1
− 2ka

3JA

(
a2 + 3l2

) − bt
JA

)

, (41)

Aτ (θ) =
(
0 0
− kV

JA
(a − l)(a − l + V θ) 0

)
. (42)

The nonlinear operator F in (38) is approximated
till second order by

F2 (yt ) =
{
0, ϑ ∈ [− 2a

V , 0
)

f2 (yt ) , ϑ = 0
, (43)
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where the vector function f2 is calculated from the non-
linear part of the DDE (37) [see also (30), (35)] as

f2(yt ) =
(

0
k
JA

(I12 + I22)

)
. (44)

5.1 Stability analysis

The eigenvalue–eigenfunction problem for the linear
operator A can be formulated as

A φ = λφ, (45)

where λ ∈ C is the eigenvalue and φ is the right eigen-
function of the operator defined above [−2a/V, 0] 	
ϑ . Based on (40), this equation can be expressed as the
ordinary differential equation (ODE)

dφ

dϑ
= λφ(ϑ), (46)

with the boundary condition

A0φ(0) +
∫ 0

− 2a
V

Aτ (θ)φ(−θ)dθ = λφ(0). (47)

The general solution of ODE (46) has the exponential
form

φ(ϑ) = ceλϑ , (48)

where c ∈ C
2 is a constant vector. Substituting this into

the boundary condition (47), we obtain
(

A0 +
∫ 0

− 2a
V

Aτ (θ)eλθdθ

)

c = λc . (49)

This leads to the characteristic function D(λ) and the
characteristic equation

D(λ) := det

(

λI − A0 −
∫ 0

− 2a
V

Aτ (θ)eλθdθ

)

= 0,

(50)

where I refers to the identitymatrixwhileA0 andAτ are
given in (41) and (42), respectively. The characteristic
Eq. (50) is identical to the one that is obtained after
substituting the exponential trial solution
(

ψ(t)

Ω(t)

)

= c̃eλt , c̃ ∈ C
2 (51)

into the system of DDEs (36), (37). After performing
the integration and expanding thedeterminant, the char-
acteristic function in (50) can be expressed as

D(λ) = λ2 + bt
JA

λ + k

JA

(
2

3
a3 + 2al2

)

− kV (a − l)

JAλ2

(
− V + (a − l)λ

+ e− 2a
V λ(V + (a + l)λ)

)
. (52)

The characteristic equation can be used to study the lin-
ear stability of the rectilinear motion: all the real parts
of the infinitely many characteristic exponents are neg-
ative in case of exponential stability. Based on this, a
necessary stability condition l > −a can be derived.
This critical caster length corresponds to saddle-node
bifurcation, i.e. a real characteristic exponent crosses
the imaginary axis at the stability boundary (λ = 0).
In practice, however, the stability boundaries related
to oscillatory loss of stability are the essential ones,
that is, when a pure imaginary pair of characteris-
tic exponents crosses the imaginary axis (λ = ±iω).
These boundaries can be found by the D-subdivision
method [38]. Calculating the real and imaginary parts
of the characteristic function D(iω) provides the equa-
tions

−ω2 + k

JA

(
2

3
a3 + 2al2

)

+kV (a − l)

JA

(
−V + V cos

(
2a

V
ω

)

+ (a + l)ω sin

(
2a

V
ω

))
= 0, (53)

bt
JA

ω + kV (a − l)

JA

(
(a − l)ω − V sin

(
2a

V
ω

)

+ (a + l)ω cos

(
2a

V
ω

))
= 0, (54)

respectively. For the undamped system (bt = 0), the
stability boundaries can be calculated analytically as
shown also in [36,38]. On the one hand, l = a
satisfies both (53) and (54) with the frequency of
ω = 2a

√
2ka/(3JA). On the other hand, one can

derive formulae for the critical towing speed Vcr and
caster length lcr by introducing the dimensionless fre-
quency α := 2aω/Vcr as a parameter in the formu-
lae
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Vcr = 4a2

√
ak

3JA
×

√
2α2 + 2α(α2 + 6) cosα + α(α2 − 12) cos(2α) − 6(α2 + 2) sin α + 6(α2 − 1) sin(2α)

α5(1 − cosα)2
,

(55)

lcr = α(1 + cosα) − 2 sin α

α(1 − cosα)
a , (56)

ω = α

2a
Vcr . (57)

Equations (55) and (56) provide the stability bound-
aries that divide the parameter space into linearly sta-
ble and unstable domains. The sense of the different
parameter regions can be determined by methods pre-
sented in [32]. Stability charts constructed this way in
the plane of the towing velocity V and the caster length
l are shown in Figs. 6 and 9 in Sect. 7. In Fig. 6, the
critical vibration frequencies ω in (57) at the stability
boundaries are also presented.

5.2 Tangent space of centre manifold

The Hopf bifurcation calculation requires the determi-
nation of the tangent space of the centre manifold at the
critical parameters corresponding to the oscillatory loss
of stability. Accordingly, consider the case of the pure
imaginary pair of characteristic exponents λ1,2 = ±iω
corresponding to the Hopf bifurcation of the rectilin-
ear motion, where ω denotes the critical angular fre-
quency of the system. Then, the characteristic exponent
λ1 = iω satisfies Eq. (45) with the eigenfunction φ1:

A φ1 = iωφ1. (58)

Substituting it back into Eq. (50), we obtain
(

iωI − A0 −
∫ 0

− 2a
V

Aτ (θ)eiωθdθ

)

c = 0, (59)

from where the two eigenvectors in the ODE (46) can
be expressed as

c1 =
(

1
iω

)
, (60)

and the corresponding eigenfunction of the linear part
of the operator differential Eq. (38) is

φ1(ϑ) =
(

1
iω

)
eiωϑ . (61)

Note that φ2 = φ1, where the overbar refers to
complex–conjugate. The real and imaginary parts of the
eigenfunction φ1 provide a basis of the centre eigen-
subspace of the system.We represent them in thematrix
function

�(ϑ) := ( �φ1(ϑ)�φ1(ϑ)
)

=
(

cosωϑ sinωϑ

−ω sinωϑ ω cosωϑ

)
. (62)

In order to reduce the system to the centremanifold, one
has to calculate the adjoint basis as well using the left
eigenfunctions of the linear operator A . The adequate
eigenvalue problem can be expressed as

ψA = λψ, (63)

whereψ is the left eigenfunction. Alternatively, we can
use the adjoint operator A ∗ as

A ∗ψ = −λψ, (64)

where A ∗ is defined as

A ∗ρ(ξ)

=

⎧
⎪⎨

⎪⎩

−dρ

dξ
, ξ ∈ (

0, 2a
V

]

A∗
0ρ(0) + ∫ 2a

V
0 A∗

τ (−ζ )ρ(ζ )dζ, ξ = 0

(65)

for any ρ : [0, 2a/V ] → C
2 with A∗

0 and A∗
τ as trans-

posed matrices. Substituting into the eigenvalue prob-
lem in Eq. (64) at the critical characteristic exponent
λ1 = −iω, it leads to ODE

− dψ1

dξ
= iωψ1(ξ), (66)

with boundary condition

A∗
0ψ1(0) +

∫ 2a
V

0
A∗

τ (−ζ )ψ1(ζ )dζ = iωψ1(0). (67)

The general solution of this ODE for the left critical
eigenfunction ψ1 of the operator A can be expressed
in the exponential form

ψ1(ξ) = d1e
−iωξ , (68)
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where d1 ∈ C
2 is a constant vector. The boundary

condition (67) leads to
(

iωI + A∗
0 +

∫ 2a
V

0
A∗

τ (−ζ )eiωζdζ

)

d1 = 0, (69)

which has the solution

d1 =
(
iω + bt

JA
1

)

, (70)

and similarly, d2 = d1. With the help of the real and
imaginary parts of the eigenfunction ψ1, the adjoint
basis is formed, which is represented by the matrix

�g(ξ) := (�ψ1(ξ)�ψ1(ξ)
)

=
(

ω sinωξ+ bt
JA

cosωξ ω cosωξ − bt
JA

sinωξ

cosωξ − sinωξ

)
.

(71)

5.3 Bilinear form

In order to set an orthonormal basis� and adjoint basis
� of the tangent space of the centre manifold, we need
the scalar product defined by the bilinear form [10]

〈�,�〉 = �(0)∗�(0)

−
∫ 0

− 2a
V

∫ θ

0
�∗(ζ − θ)Aτ (−θ)�(ζ )dζdθ,

(72)

where the new basis

� = �gK (73)

of the left eigenfunctions is introduced with the con-
stant multiplier matrix K ∈ R

2×2. This coefficient
matrix is to be determined from the orthonormality con-
dition

〈�,�〉 = I. (74)

Based on this, the inverse transpose of thematrixK can
be given as

K−T = 〈�g,�〉. (75)

The elements of this matrix are given as κ jk j, k ∈
{1, 2}, where

κ11 = bt
JA

− k(a − l)

2JAω3

(
2aVω cos

(
2aω

V

)

+ (
2a(a + l)ω2 − V 2) sin

(
2aω

V

))
, (76)

κ12 = ω − k(a − l)

2JAω3

( (
2a(a + l)ω2 − V 2)

+ 2V 2 − (3a + l)ωV sin

(
2aω

V

))
, (77)

κ21 = κ12, (78)

κ22 = k(a − l)

2JAω3

(
2(a − l)Vω + 2(2a + l)Vω cos

(
2aω

V

)

+ (
2a(a + l)ω2 − 3V 2) sin

(
2aω

V

))
. (79)

With the help of Eq. (54), one can show that at the sta-
bility boundaries κ22 = −κ11. Introducing the notation

A := κ11, B := κ12, (80)

the constant matrix K in (73) that normalises the tan-
gent basis of the centre manifold can be given as

K = 1

A2 + B2

(
A B
B −A

)
. (81)

5.4 Decomposition and reduction to centre manifold

Using the bases � and �, an arbitrary solution yt is
decomposed as

yt (ϑ) = �(ϑ)u(t) + wt (ϑ) (82)

where u is the vector of the state variables in the centre
manifold:

u =
(
u1

u2

)

, (83)

while wt refers to the rest of the state variables in the
infinite-dimensional complementer space. As a result,
the functions of the deflection angleψt and the angular
velocityΩt are approximated in the centre manifold by
harmonic functions:

�(ϑ)u(t) =
(

cosωϑ sinωϑ

−ω sinωϑ ω cosωϑ

) (
u1(t)

u2(t)

)

.

(84)

Thus, the reduced system can be expressed in the form

u̇(t)=
(

0 ω

−ω 0

)
u(t)+�(0)F2(�(ϑ)u(t)+wt (ϑ)),

(85)
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where wt depends on the second-order terms of u1
and u2 in the centre manifold. Since the operator F2

includes second-degree terms only, the approximation
wt ≈ 0 can be considered, which leads to

F2(�(ϑ)u) =
(

0
f11u21 + f12u1u2 + f22u22

)
, (86)

with coefficients

f11 = k(a + l)
(
a + l + (a − l) cos

( 2aω
V

))2

4JAaN± , (87)

f12 = k(a + l)(l − a)
(
a + l + (a − l) cos

( 2aω
V

))
sin

( 2aω
V

)

2JAaN± ,

(88)

f22 = k(a + l)(a − l)2 sin2
( 2aω

V

)

4JAaN± . (89)

6 Second-order non-smooth normal form

Equation (85) obtained from the centremanifold reduc-
tion is the specific case of the general form
(
u̇1

u̇2

)

=
(

μ ω

−ω μ

)(
u1

u2

)

+ h2(u1, u2;μ), (90)

where the real part μ of the critical eigenvalues is zero
for the non-hyperbolic equilibrium [as given in (85)],
and h2 contains the non-smooth second-order terms.
These can be given as

h2(u1, u2; μ)

=
(

c11(μ)u21 + c12(μ)u1u2 + c22(μ)u22

d11(μ)u21 + d12(μ)u1u2 + d22(μ)u22

)

sgn (H(u1, u2; μ)) ,

(91)

where the coefficients c jk(0) and d jk(0) for j, k ∈
{1, 2} are given as

c jk(0) = A

A2 + B2 f jk, (92)

d jk(0) = B

A2 + B2 f jk . (93)

The function H stands for the switching manifold,
which is defined with the help of the limiting parabo-
lae (6). Since we assumed that sliding occurs only at
the rear section of the contact region, it follows that a
transition from the upper parabola to the lower one can
take place only at the rear edge R (at x = −a) as the
sliding region shrinks to that single point. This means
that for the time instant t̃ of switching, the whole con-
tact region is sticking to the ground, that is, x∗ = −a

and q(x∗, t̃) = 0. Consequently, the travelling wave
solution (3) related to the sticking region can be used
at x = −a to express the switching condition. Since in
(91) it is satisfactory to have its linear approximation
only, the switching condition can be expressed with the
linearised travelling wave solution (13) by projecting
the state variablesψ andΩ = ψ̇ to the centre manifold
with u1 and u2 as given in Eq. (82):

H(u1, u2; 0) = (a + l)u1

+(a − l)

(
cos

(
2aω

Vcr

)
u1 − sin

(
2aω

Vcr

)
u2

)
.

(94)

This expression is calculated at the stability boundary
for the critical towing speed Vcr when μ = 0 in (90).

Equations (90) and (91) define the normal form of
the local bifurcation of the rectilinear motion. This
reduced system is thoroughly examined in [7], towhich
we rely on in the present study. The introduction of
the polar coordinates r, ϕ with u1 = r cosϕ and
u2 = r sin ϕ in (90), (91) leads to the non-smooth ODE

ṙ(μ) = μr(μ)

+
{
r2(μ) f (ϕ;μ), ϕ0 − π < ϕ < ϕ0

−r2(μ) f (ϕ;μ), ϕ0 < ϕ < ϕ0 + π
,

(95)

where the coefficient of the second-order terms can be
expressed as

f (ϕ;μ) :=
(
c11(μ) cos3 ϕ + (c12(μ)

+ d11(μ)) cos2 ϕ sin ϕ

+ (c22(μ) + d12(μ)) cosϕ sin2 ϕ

+ d22(μ) sin3 ϕ
)

, (96)

while ϕ0 refers to the orientation angle of the switching
line H (see Fig. 5):

ϕ0 = arctan2

(
a + l + (a − l) cos

(
2aω

Vcr

)
,

(a − l) sin

(
2aω

Vcr

))
. (97)

For the angle ϕ, the polar coordinate transformation in
(90), (91) leads to the approximation ϕ̇ ≈ −ω.

Using the odd symmetry of the flow, one can com-
pose a map of consecutive intersections of the switch-
ing line and a trajectory corresponding to an initial con-
dition r0 as shown in Fig. 5. The non-hyperbolic equi-
librium at μ = 0 is stable if rk+1 < rk for any k ∈ N.
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Fig. 5 Trajectories around
a nonlinearly stable (left
panel) and unstable (right
panel) non-hyperbolic
equilibrium in the reduced
phase plane (u1, u2)

It can be shown [7] that its stability is decided by the
integral

δ := 1

π

∫ ϕ0

ϕ0−π

f (ϕ; 0)dϕ . (98)

Namely, the equilibrium is stable (unstable) if δ < 0
(δ > 0). The substitution of (96) into the integral (98)
leads to the Poincarè–Lyapunov constant δ of the non-
smooth Hopf bifurcation in the form

δ= 1

6π

(
(9c11+3c22+3d12) sin ϕ0− (9d11+3d22+3c12) cosϕ0

+ (c11 − c22 − d12) sin(3ϕ0)+ (d22 − d11 − c12) cos(3ϕ0)
)

(99)

where, by abuse of notation, c jk = c jk(0) and d jk =
d jk(0).

As in case of the classical Hopf bifurcation theorem
[18], the stability of the non-hyperbolic equilibrium
is topologically extrapolated to the arising limit cycles.
The approximate amplitude r0 forμ �= 0 can be derived
as the nonzero trivial (constant in time) solution of (90),
which is approximated with the help of formula (98):

r0(μ) ≈ −1

δ
μ . (100)

This indicates that if the non-hyperbolic equilibrium
is asymptotically stable due to the nonlinear terms
(δ < 0), then the non-smooth Hopf bifurcation is
supercritical and the emerging periodic solutions are
orbitally asymptotically stable, and similarly, if the
non-hyperbolic equilibrium is unstable (δ > 0), then
the bifurcation is subcritical and the limit cycles are
unstable.

Formula (100) of the vibration amplitude also rep-
resents a common feature of piecewise-smooth sys-
tems [19]: the limit cycles emerge in a conical struc-
ture at non-smooth Hopf bifurcations instead of the

paraboloid structure at classical Hopf bifurcations of
smooth dynamical systems [18].

In practical examples, bifurcation parameters are
selected, which help to visualise the structure of the
emerging periodic solutions as a function of some rel-
evant physical parameters. In case of the DDE model
(36) and (37) of the shimmying wheel, a natural choice
for this bifurcation parameter is the towing speed V
since this parameter can be varied in the simplest way
in experiments. The real part of the critical character-
istic exponents λ1,2(V ) = μ(V ) ± iω(V ) depends on
the towing speed V and μ(Vcr) = 0 at the stability
boundary. The root tendency

μ′ (Vcr) = d�λ1,2

dV

∣∣∣
∣
V=Vcr

(101)

can be calculated by means of the implicit derivation
of the characteristic function D(μ + iω) in (52). The
bifurcation diagrams are constructed by transforming
(100) with respect to the bifurcation parameter in the
form

r0(V ) ≈ −μ′ (Vcr)
δ

(V − Vcr) . (102)

7 Results

Before investigating the nonlinear behaviour of the
system, the linear stability analysis of the rectilin-
ear motion has to be performed. Stability charts are
created in the plane of the towing speed V and the
caster length l. Figure 6 shows the stability chart and
the critical frequencies (57) for the case when no
damping is considered at the king pin (bt = 0). The
rest of the system parameters are listed in Table 1.
The stability boundaries (55), (56), all correspond-
ing to Hopf bifurcation, divide the (V, l) parame-
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Fig. 6 Top panel: critical
frequencies at the stability
boundaries. Bottom panel:
Stability chart of the
rectilinear motion in the
undamped system. The
white domains are linearly
stable, while the light red
domains are unstable. The
linear stability boundaries
are coloured by means of
their nonlinear stability
considering the
second-order terms. The
blue curves are stable, the
red ones are unstable, while
the black one is neutral in
this sense

ter plane into linearly stable and unstable param-
eter domains. One can use semi-discretisation [13]
to establish the stability of the rectilinear motion
for each domain. Thus, linearly stable and unsta-
ble parameter domains are obtained alternating in
a chessboard-like structure. For large caster lengths,
the unstable parameter boundaries shrink to asymp-
totes corresponding to l → ∞ which can be given
as

Ṽn = a

nπ

√
k

( 2
3a

3 + 2al2
)

JA
for n = 1, 2, 3, . . . .

(103)

In the undamped case, for V → 0, an infinite
number of linear stability boundaries exists which
behaviour is typical in delay differential equations.
After establishing linear stability, the stability of the
non-hyperbolic equilibria is investigated with the help
of the non-smooth second-order terms as explained in
Sect. 6. We found that by varying the towing speed
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Table 1 Tyre, wheel and caster parameters

Parameter Notation Value

Mass of the tyre and the caster m 5.236 kg

Yaw mass moment of inertia with respect to the centre of gravity JC 0.164 kgm2

Centre of gravity position parameter lC/ l 1

Tyre–ground contact patch half-length a 0.04 m

Distributed tyre stiffness k 240,000 N/m2

Vertical tyre load Fz 51.3651 N

Friction coefficient in the tyre–ground contact μ 0.6

Fig. 7 Bifurcation diagram for a small caster length (l = 0.02
m) of the undamped system (10), (11). The thick curves are
results of numerical collocation, while the thin straight lines rep-
resent the results of the analytical bifurcation calculation (102).
Red and blue colours refer to unstable and stable branches,
respectively

Fig. 8 Bifurcation diagram for a large caster length (l = 0.2 m)
of the undamped system (10), (11). The thick curves are results of
numerical collocation, while the thin straight lines represent the
results of the analytical bifurcation calculation (102). Red and
blue colours refer to unstable and stable branches, respectively

V , the nonlinearly stable (shown in blue) and unstable
(shown in red) non-hyperbolic equilibria also appear
in an alternating structure in Fig. 6. The line l = a
was found to be ‘neutral’ (δ = 0) for the second-order
terms; therefore, its stability could be decided by the
higher-order terms. Note that in previous studies [34],
using a quasi-steady-state tyre model, this line proved

to be unstable due to the third-order terms. There are
also points in the (V, l) parameter plane where two lin-
ear stability boundaries intersect each other. At such
points, two complex–conjugate pairs of characteristic
exponents cross the imaginary axis resulting possible
quasi-periodic in oscillations having two frequencies.
For an analytical investigation of these ‘double-Hopf’
points (see [20,35]) an extension of the presented algo-
rithm is needed, which is beyond the scope of this
study togetherwith the numerical analysis of the further
possible bifurcations of the periodic motions emerging
from the presented primary bifurcations.

As one can observe, for each linearly unstable
domain, the left boundary relates to subcritical bifurca-
tion, while the right boundary corresponds to supercrit-
ical bifurcation. Thus, at each unstable domain, both
branches of the arising limit cycles are tilted to the
left (i.e. to smaller velocities). Figures 7 and 8 show
two examples of the structure of the periodic solu-
tions for small (l = 0.02 m) and large (l = 0.2
m) caster length. In these bifurcation diagrams, the
branches of limit cycles are calculated using numer-
ical collocation [4,6] while their tangent lines at the
bifurcation points are determined by considering the
non-smooth second-order terms according to expres-
sion (102). It can be seen that the numerical colloca-
tion and the semi-analytical approximation are in good
agreement with each other for small amplitudes in the
vicinity of the bifurcation points. For both small and
large caster lengths, bistable parameter domains occur
where stable rectilinear motion and periodic oscillation
coexist with domains of attraction separated by unsta-
ble limit cycles. This behaviour is already predicted
by the second-order terms, though our semi-analytical
calculation does not capture the numerically observed
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Fig. 9 Stability chart of the
rectilinear motion with
viscous damping considered
at the king pin. The white
domains are linearly stable,
while the light red domains
are unstable. The linear
stability boundaries are
coloured by means of their
nonlinear stability
considering the
second-order terms. The
blue curves are stable, the
red ones are unstable, while
the black one is neutral in
this sense. The thin curves
correspond to the linear
stability boundaries of the
undamped system

saddle-node bifurcation of the periodic orbits (see the
folds in Figs. 7 and 8 ).

As it is denoted in Fig. 7 for short caster (l = 0.02
m), the vibration amplitudes may reach π/2 in the
unstable parameter region of V ≈ 0.35 m/s. At this
point, the mathematical model has a singularity and
it cannot describe those motions where the wheel is
rotating in the opposite direction. In other cases, the
amplitudes remain below 5 × 10−3 rad, e.g. in the
long caster case.While these so-called ‘micro-shimmy’
vibrations [39] are unlikely to cause structural vibra-
tions and accidents, they are still undesirable due to the
related energy loss, high tyre wear and noise genera-
tion.

If viscous damping bt is considered at the king pin,
the stability boundaries can only be found numeri-
cally, for example, with the multidimensional bisec-
tion method [3]. In Fig. 9, we present how the sta-
bility boundaries change if an increasing value of
damping is added to the system. As one would
expect, the unstable parameter domains shrink and
for large enough damping only the rightmost unsta-
ble domains survive. In the meantime, the nonlin-
ear analysis revealed that the damped system largely
preserves the structure of the nonlinearly stable and
unstable boundaries. In Fig. 10, the bifurcation dia-
gram is shown for l = 0.02 m and bt = 0.61Nms
where the system also features a bistable parameter
domain.

Fig. 10 Bifurcation diagram for a small caster length (l = 0.02
m) with viscous damping bt = 0.61 Nms considered at the king
pin. The thick curves are results of numerical collocation, while
the thin straight lines represent the results of the analytical bifur-
cation calculation (102). Red and blue colours refer to unstable
and stable branches, respectively

8 Conclusions

In this paper, local bifurcation analysis was performed
with respect to the rectilinear motion of a towed
wheel. It was confirmed analytically that the simul-
taneous presence of time delay and partial sliding in
the tyre–ground contact leads to an alternating struc-
ture of supercritical and subcritical bifurcations in the
undamped system. If viscous damping at the king pin
is considered, this structure breaks down to unstable
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islands in the parameter plane. Another, yet theoreti-
cally relevant, result is that discarding the side-slip in
linear stability analysis is correct even if time delay is
considered in the brush tyre model.

The experimental, analytical and numerical results
all confirmed the existence of subcritical bifurcations of
the rectilinear motion, which presents bistable parame-
ter domains for certain towing speeds. These are unde-
tected by simple quasi-steady-state tyre models. The
results follow the rule of thumb that time delay tends to
destabilise dynamical systems not only in terms of lin-
ear stability but also in the nonlinear domain by induc-
ing subcritical bifurcations. Moreover, the results also
underline why the consideration of the contact mem-
ory effect could give us a better understanding of the
tyre deformation dynamics and help to develop more
accurate tyre models.

The unique analytical calculations in this infinite-
dimensional and non-smooth problem were possible
because it was shown that the evaluation of the second-
order terms only is satisfactory for the Hopf bifurca-
tion analysis. In future work, this could be followed by
considering the third-order terms, which would give
an estimation for the saddle-node bifurcation of the
periodic orbits; this defines the fold boundary of the
bistable parameter domain. Another topic of further
studies should be the application of the presented tech-
nique for the stretched string tyre model. As presented
in [36] for linear stability analysis, the brush and the
stretched string tyre models are qualitatively identical
and it is expected that their behaviour in the nonlinear
domain is similar, too.Although these future extensions
cause further difficulties in both the analytical and the
numerical calculations, the results are expected to be
close to the experimental ones not just quantitatively
but also qualitatively.
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