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Abstract Flapping wing micro-air vehicles are bio-
logically inspired by nature flyers, specifically insects
and birds. Specifically, insect wings generally consist
of veins and membrane components. In this study,
a structural analysis considering the vein/membrane
components of an insect-like flapping wing is pre-
sented. Co-rotational (CR) finite elements are adopted
in order to consider the complex wing configuration
including both vein and membrane. The CR beam ele-
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ments with warping degrees of freedom are employed
for veins and CR shell elements for the wing mem-
brane. The present structural analysis is verified against
the analytical results obtained by an existing software,
and it is validated by comparison to existing results
from the literature. A fluid–structure interaction anal-
ysis is then performed. In the procedure, an aerody-
namic analysis based on three-dimensional precondi-
tioned Navier–Stokes equations is employed. Finally,
a comparative study with respect to the structural char-
acteristics is conducted. As a result, an efficiency of
the present structural analysis is confirmed by com-
paring with the existing software. It is found that the
present FSI results are in good agreementwith the exist-
ing experimental and numerical results. Moreover, the
passive wing twist may have a significant influence on
the hover performance.

Keywords Co-rotational beam and shell analysis ·
Fluid–structure interaction · Insect-like flapping wing

1 Introduction

Flappingwingmicro-air vehicles (FWMAVs) are spec-
ified as being smaller than 15 cm with a maximum
weight of 100 g andflying at a slowflight speed range of
10–15 m/s. Owing to their small sizes, flight regime in
a lowReynolds number, andmodes of operation (hover
and maneuver), they require a significant scientific
knowledge and engineering technology. Those vehicles
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Fig. 1 Cross-sectional configurationof vein (hindwingofSchis-
tocerca gregaria) [9]

are biologically inspired by nature flyers, specifically
insects and birds [1–3].

Moreover, insect wings generally consist of veins
and membrane components, and various relevant con-
figurations are composed of assemblages of veins and
membranes. Typical insect wings, composed of amem-
brane supported by a vein, are driven by the wing root.
The wings exhibit a large amount of elastic deflec-
tion during the flapping motion. Therefore, an accu-
rate structural dynamics modeling on insect wings will
require a precise consideration of the wing kinematics
and flexibility of the multi-components, i.e., the veins
and wing membrane. The vein is a beam-like struc-
ture that supports the membrane. It typically has an
open cross section or thin-walled section. Therefore,
a warping effect in the vein may become significant
when the wing is under a certain stroke. Figure 1 shows
an example of the cross-sectional configuration of an
insect. The membrane is an extremely thin and weak
structure under a large rotational motion so that it may
exhibit a geometrically nonlinear behavior. The shape
of wings is complicated and may be different among
the biological species. In addition, the vein arrange-
ment is unique in each flyer [4–6]. Such variety in
wing configuration will induce different aerodynamic
performances. Moreover, resonant vibration between
the natural modes of the wing structure and flapping
motion is employed to produce insect wings kinematics
and generate lift [7,8]. The relevant design of the wing
is strongly related to understanding the fluid–structure
interaction, and such resonant phenomena increase the
flapping amplitude of the wings.

Wu [10] conducted experiments to investigate the
influence of the type of wing configuration. In Wu’s
experiment, a Zimmerman planform, in which two

elliptical planform contours intersected at the quarter
chord, was employed. An elaborate investigation by
varying the arrangement and flexibility of the vein was
conducted. In Wu’s experiment, a number of assem-
bling methods of the vein/membrane were considered
by varying the arrangement of the vein, e.g., parallel
arrangement and radial diagonal arrangement. More-
over, the degrees of the flexibility of the vein were var-
ied by using the number of layup (Carbon fiber). From
Wu’s experiment, a significant impact owing to the
assembling methods of the vein/membrane and their
flexibility was found to affect the wing performance.
Heathcote et al. [11] conducted experiments on the
effect of flexible plungingwings having anNACA0012
cross section. In Heathcote’s experiment, three rect-
angular wings with different spanwise flexibility are
employed to verify an effect on the aerodynamic perfor-
mance. In their experiment, amoderate amount of wing
flexibility was found to improve the wing performance.
In their experiments, a significant influence was dis-
covered by fluid–structure interaction (FSI) phenom-
ena due to both the assembling pattern of the vein/
membrane and the flexibility of the wing. Such FSI
phenomena were found to affect the wing aerodynamic
performance significantly.

Moreover, a number of numerical investigations
have been conducted to investigate the relevant physics
between the flexible wing structures and complex
aerodynamic environment [12–23]. Chimakurthi et
al. [15,16] built a numerical framework to facilitate
the FSI analysis of flexible flapping wings at vari-
ous fidelity levels. Their framework involved a finite
volume Navier–Stokes fluid dynamics analysis and a
finite element structural dynamic analysis based on
geometrically nonlinear composite beams. The struc-
tural dynamic analysis was then extended into the
co-rotational (CR) shell finite element, which is suit-
able for simulating planar flapping wings [16]. Gord-
nier et al. [17] developed the FSI analysis by com-
bining a computational fluid dynamics (CFD) solu-
tion based on the higher-order governing equation and
geometrically nonlinear composite beam analysis. On
the other hand, we developed a three-dimensional FSI
framework for FWMAVs by implicitly coupling a fluid
dynamics solver with a nonlinear finite element anal-
ysis (planar and beam analysis) based on the CR ele-
ment [18,19]. Its validation was achieved by consider-
ing a spanwise flexible wing and comparing with the
experimental results reported by Heathcote et al. [11].
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Those works [15–19] were focused on the interactions
between the fluids and flapping elastic wings. Geomet-
rically nonlinear composite beam or CR planar ele-
ments were developed and applied for a simple wing
configuration, e.g., the NACA0012 rectangular wing.

Recently, Gogulapati et al. [20] attempted to con-
sider both vein and membrane by using the anisotropic
shell element provided in MSC.Marc; then, a compari-
son with the experimental result was conducted. How-
ever, a number of shell elements were employed to con-
struct the vein, which was not quite efficient. Specifi-
cally, the vein configuration is slender. Thus, sole usage
of the shell elements requires significant discretization.
Masarati et al. [21] applied the nonlinear shell element
for the flapping wing. In their approach, the multi-body
concept was employed so that both beam and shell ele-
ments could be used for the vein and membrane at a
time. However, no explicit validation results for a real-
istic flapping wing have been reported in the literature.
More recently, Farhat and Lakshminaryan developed
an FSI framework based on an embedded boundary
method, and an application for a flexible flapping wing
was conducted [22,23]. In their study, thewings used in
Wu’s experiment and the numerical analysis by Gogu-
lapati et al. were analyzed, and those were discretized
by using nonlinear shell elements.

Currently, it is found that the relevant disciplines
were well developed and employed in the previous
studies on FSI analysis of FWMAVs. Those attempts
provided a good understanding of the physics involved
in flappingwings.However, the structural analysis used
in the previous studies has a limitation in considering
the detailed wing configuration, i.e., the various vein
arrangements. The structural characteristics of the vein
and wing membrane are different. The vein for insect
wings is slender and has an open cross section [5,6],
whereas themembranehas aflexible thin configuration.
Therefore, relevant structural components, specifically
beam and shell elements, will be required for the vein
and wing membrane, respectively. Moreover, such a
strategy will be more efficient than that by a sole usage
of nonlinear shell elements [20,22,23] requiring a num-
ber of elements to discrete slender vein.

In this study, CR finite elements will be adopted to
consider the wing configurations in a precise manner.
Hence, the CR beam elements with warping degrees
of freedom will be employed for the veins, and the
CR shell elements for the wing membrane. To have
interconnection among the finite elements, a global-

ized Lagrange multiplier [24] will be employed. The
present structural analysis will then be validated using
the results from the existing studies. In the validation,
both frequency and time domain results will be con-
sidered. As a result, a precision structural analysis,
exclusively developed for the flapping wing simula-
tion, will be proposed. Then, an FSI analysis on an
insect-like flapping wing will be performed by com-
bining the three-dimensional preconditioned Navier–
Stokes equations. Finally, a comparative study will be
conducted to verify the effect of the passive wing twist
behavior in hover.

2 Co-rotational finite elements

TheCR formulation is one of the approaches applicable
to geometrically nonlinear problems. It has been estab-
lished and investigated by a number of researchers in
the field. Based on the assumptions of a small degree
of strain and large displacement, the CR formulation
allows an accurate geometrically nonlinear structural
analysis. Its main advantage is that it leads to an arti-
ficial separation between the material and geometri-
cal nonlinearity. Therefore, a local formulation will be
required for the small deformational component, and
this will be performed by using the existing finite ele-
ment hypothesis.

Regarding the three-dimensional CR beam element,
there are a number of previous studies. The existing ele-
mental hypothesis based on a linear strain definition,
i.e., the Euler–Bernoulli or Timoshenko beam analy-
sis, was employed. However, Battini et al. [25] estab-
lished a CR beam element using the local beam ele-
ment considering the Green–Lagrangian strain compo-
nents to improve the accuracy. Le et al. [26,27] estab-
lished a consistent dynamic formulation for the three-
dimensional beam element by adding a seventh degree
of freedom to describe the warping of the cross sec-
tion. Regarding the CR shell element, Pascote [28]
suggested the shell formulation following the EICR
approach. Khosravi et al. [29] extended the formula-
tion by using a facet shell element involving the opti-
mal triangular membrane [30] and discrete Kirchhoff
triangular bending plate (OPT–DKT facet shell) [31].
A relevant dynamic formulation extended from it was
suggested by Chimakurthi et al. [16].

In this study, the beam and shell element based on
the CR formulation will be developed and used. Each
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formulation is extended to consider the nonlinear iner-
tial terms defined in accordancewith theCR framework
for both the two-node beam and three-node triangular
shell. An additional coordinatewill be considered in the
fixed frame for the rigid body motion. Thus, the exist-
ing coordinates in theCR frameworkwill be considered
as the dynamic frame maintained in the structure that
undergoes motion. A relevant description regarding the
CR framework will be presented in the following sub-
section.

2.1 Elemental kinematics

The CR formulation is established by tracking an ele-
mental motion based on the coordinates. The coordi-
nates, attached on the element, include the elemental
fixed, undeformed, the CR, and deformed frame. The
CR frame is an additional intermediate configuration
between the undeformed and deformed frame. In this
study, such concept is extended to consider the rigid
body motion for the flapping wing structure. Thus, an
additional coordinate is created in the inertial frame
attached to the elemental fixed frame. For such exten-
sion to apply, a simultaneously prescribed motion is
combined with the governing equation. The relevant
coordinates maintaining the elemental kinematics for
the beam and shell element are illustrated in Fig. 2.

In Fig. 2, R
o
and R

r
are the rotational operators from

the elemental fixed frame to the undeformed frame
and the deformed frame, respectively. And, R

G
and

R
L
denote the rotational operators defined by the rota-

tions with respect to the undeformed frame and the CR
frame, respectively. Using the CR frame, it is possible
to define the local system between the CR frame and
deformed frame, and the relevant local quantities are
based on the small strains [32].

To attain transformation between the coordinates, a
rotational operator will be required using the param-
eterization of the finite three-dimensional rotations
[33]. In this study, the Rodrigues formula is employed
for both beam and shell elements. Thus, a consistent
expression of the rotations between the segregated ele-
ments is used. The resulting expression of the rotational
operator is as follows:

R = I + sin θ

θ
θ̃ + 1 − cos θ

θ2
θ̃
2

(1)

where a tilde denotes the skew-symmetric matrix, and
I is a unit matrix. In Eq. (1), θ can be obtained by

Fig. 2 Coordinates and elemental kinematics in the CR formu-
lation

‖θ‖. The spatial variation can be described by using
the following relation:

δφ̃ = T
s
(θ)δψ̃ (2)

where δψ and δφ, respectively, denote the material and
spatial angular variations, i.e., the infinitesimal rota-
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tions imposed onto the rotationalmatrix. Then, the rela-
tion between two variations can be δR = δφ̃R = Rδψ̃ ,
and T

s
can be expressed as

T
s
(θ) = I + 1 − cos θ

θ2
θ̃ + θ − sin θ

θ3
θ̃
2
. (3)

By using the coordinates shown in Fig. 2, the local
displacement of the element is given by the following
relation:

r ie = RT
r

{
r i + uiG − r1 − u1G

}
(4)

uiL = r ie − R
o

{
r i − r1

}
(5)

where r i and r ie denote the position vector of Node i
with respect to the undeformed frame and the vector
from the origin of the deformed frame to the deformed
position ofNode i , respectively.And, uiG and uiL denote
the displacement ofNode i with respect to the deformed
frame and the undeformed frame, respectively.

The rotational operator Ri
G

with respect to θ iG is

defined by using the relation in Eq. (1). θ iG is the rota-
tions at Node i with respect to the undeformed frame.
Then, the orientation of the deformed frame can be
obtained by the product R

r
Ri
L
. Simultaneously, the ori-

entation can also be obtained by the product Ri
G
R
o
.

With the orthogonality of the operators, the local rota-
tional operator can be obtained as

Ri
L

= RT
r
Ri
G
R
o

(6)

The local rotation is then evaluated through the
matrix logarithm of the local operator, i.e., log Ri

L
.

Then, the off-diagonal components in log Ri
L

are
expressed in terms of the local rotation. The geometric
and rigid body rotations consisting of R

o
and R

r
are

defined with respect to the elemental reference frame.
Let ek denote the orthonormal basis vectors on the ele-
ment. Then, the orthogonal matrix defining the rigid
rotations is simply given by

R
r

= [e1 e2 e3] (7)

In order to impose a prescribed motion, the joint
components, i.e., the prismatic and revolute joints, are
introduced. Let u p and θ p be the corresponding degrees
of freedom for the prismatic and revolute joint. In this
paper, an inertial frame is attached to the elemental
fixed frame. When a joint is attached to Node i , the
relevant motion is prescribed to the joint. Then, the
motion can be considered as

uiG = R
p
ri + u p (8a)

θ iG = θ p (8b)

where R
p
is the additional rotational operator defined

by Eq. (1) with θ p.
In the following subsection, the relevant definition of

the rotational operators for the beam and shell elements
will be described.

2.1.1 Elemental coordinates in beam element

The first coordinate axis referring to the CR frame e1
is defined by the line connecting Nodes 1 and 2 of the
element.

e1 = r2 + u2G − r1 − u1G
‖r2 + u2G − r1 − u1G‖ (9)

The remaining two axes are determinedwith the help
of a vector b:

e3 = e1 × b

‖e1 × b‖ , e2 = e3 × e1 (10)

where the vector b is directed along the local e2
direction in the initial configuration, whereas in the
deformed configuration its orientation is obtained as

b = R
av
R
o

{
0 −1 0

}T
(11)

where R
av

is the rotational operator defined by Eq. (1)

with
θ1G+θ2G

2 .

2.1.2 Elemental coordinates in shell element

The first coordinate axis referring to the CR frame e1
is selected as the base of the vector parallel to the side
connected between Node 1 and 2.

e1 = r2 + u2G − r1 − u1G
‖r2 + u2G − r1 − u1G‖ (12)

Using an auxiliary vector, r13 = r3+u3G −r1−u1G ,
the third coordinate axis e3 is assumed to be orthogonal
to the elemental plane.

e3 = e1 × r13
‖e1 × r13‖

(13)

The second coordinate axis e2 is then obtained by the
following expression: e3 × e1. Given this, it is possible
to establish the rotational operators R

o
and R

r
.
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2.2 Unified CR formulation for stiffness matrix and
internal force vector

In this section, a unified CR formulation for the beam
and shell elements is briefly introduced. Regardless of
the type of element, the present formulation can be
extended by considering the number of nodes and the
corresponding nodal degrees of freedom. The details of
the beam and shell formulations can be found in previ-
ous studies [25,28], and a compact formof the formula-
tions is as follows. The virtual energy can be expressed
by equating the local/global internal load vectors and
the variation of the corresponding nodal displacement
vectors.

V = δqT
G
f
G

= δqT
L
f
L

=
{
Bδq

G

}T
f
L

(14)

It is now possible to express the local displacement
vector as a function of the global displacement vector.
The relationship between the variation of the local and
global displacements is

δq
L

= Bδq
G

(15)

By equating the relationship between the local and
global internal load vectors, the internal local load vec-
tor can be expressed as follows:

f
G

= BT f
L

(16)

The global tangent stiffness matrix is then defined
by taking the variation of Eq. (4). The resulting form
of the global tangent stiffness matrix is as follows:

K
G

= BT K
L
B + δ(BT f

L
)

δq
G

(17a)

δ(BT f
L
)

δq
G

= EGFT
1
P − EFT

2
GT ET (17b)

The transformation matrix B will be obtained by
introducing the rigid body and deformational compo-
nents.

B = PET (18)

where F
1
and F

2
are obtained from PT f

L
, E is deter-

mined using the rotational operator composed of the
rigid body rotations R

r
and P is the projector matrix

considering the deformational components. The pro-
jector matrix in nodal form can be expressed by the
following equation:

P
i j

=
⎡

⎣
I
3
δi j + r̃ ie

∂θr
∂uej

r̃ ie
∂θr
∂θej

− ∂θr
∂uej

I
3
δi j − ∂θr

∂θej

⎤

⎦ = I
6
δi j − A

i
GT

j

(19)

Details of the derivation regarding A and G can be
found in Refs. [25,28]. Using the present unified for-
mulation, it will be possible to obtain the internal quan-
tities of the beam and shell elements. In this study, the
local beam element suggested by Battini et al. [25] is
employed, and OPT–DKT facet shell element [29] is
adopted for local shell formulation.

2.3 Consistent nonlinear inertial formulation for
beam and shell elements

The material velocity,
{
u̇T ϑ̇

T
}T

, and acceleration,
{
üT ϑ̈

T
}T

, with respect to the local coordinate can

be obtained by using the relation in Eq. (15). By sim-
plification, it is possible to neglect the projector matrix
[34,35]:

{
u̇T ϑ̇

T
}T = Hq̇

L
= HET q̇

G
(20a)

{
üT ϑ̈

T
}T = Hq̈

L
= HET q̈

G
(20b)

where H denotes the interpolation function of an ele-
ment.

The kinetic energy of the element is expressed by
considering the velocity vector.

K = 1

2

∫

Ωe

u̇T Aρ u̇ + ϑ̇
T
I
ρ
ϑ̇dΩe (21)

where Aρ and I
ρ
are the mass per unit length (or an

area for a shell element) and the spatial inertia dyadic
tensor, respectively. The variation of the kinetic energy
can be expressed in terms of the material velocity and
acceleration:

δK = −
∫

Ωe

δuT Aρ ü + δϑT
{
I
ρ
ϑ̈ + ˜̇ϑ I

ρ
ϑ̇

}
dΩe

(22)

By introducing the elemental kinematics into the
resulting variation form of Eq. (22), the inertial load
vector is obtained as follows:
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− δK = f T
KG

δq
G

= f T
K L

δq
L

(23a)

f
KG

= E f
K L

(23b)

where f
K L

is the inertial load vector related to the local
coordinate and it can be expressed as

f i
K L

=
{ ∫

Ωe
Hi Aρ üdΩe

∫
Ωe

Hi
{
I
ρ
ϑ̈ + ˜̇ϑ I

ρ
ϑ̇

}
dΩe

}

(24)

Using the linearization of the inertial load vector,
themass and gyroscopic matrices will be obtained. The
compact form of the matrices is as follows:

Mi, j
G

= E

[ (∫
Ωe

Hi H j AρdΩe

)
I
3

0
3

0
3

∫
Ωe

Hi H j I
ρ
dΩe

]

ET

(25)

Ci, j
KG

= E

[
0
3

0
3

0
3

∫
Ωe

Hi H j
[ ˜̇ϑ I

ρ
−˜I

ρ
ϑ̇

]
dΩe

]

ET (26)

For the beam element, interdependent interpolation
element formulations are employed for the beam shape
functions, and the detailed expressions are described
in [26,27].

3 Interconnecting strategy and solution
methodology

In this section, an interconnecting approach between
the present beam and shell elements will be presented.
Then, a solution methodology for the resulting govern-
ing equation will be described.

3.1 Global Lagrange multiplier technique

Figure 3 shows a schematic of the present intercon-
necting approach for the wing composed of the multi-
components. To enforce the kinematic constraints
among the components, a globalized Lagrange mul-
tiplier method is employed [24,36]. This method will
yield a straightforward formulation, in which the addi-
tion of the virtual work of individual components
is performed to obtain the total virtual work of the
entire body. In this procedure, each of the kinematic
constraints between any two bodies or two adjacent
nodes can be considered using the Lagrange multiplier
(Fig. 3b).

Fig. 3 Schematics of modeling for the wing composed of the
multi-components

The N constraint equations between the beam and
shell elements can be expressed using the translational
and rotational degrees of freedom for adjacent nodes.

L1

{
uG, θG

} = L2

{
uG, θG

} =
· · · LN−1

{
uG, θG

} = LN

{
uG, θG

} = 0
(27)

To solve the additional equation, a Lagrange multiplier
is introduced. The variational formulation of the total
energy for the multi-components can be expressed as

δΠ = δΠ B + δΠ S +
∑

λT δL +
∑

δλT L = 0

(28)

where λ is the Lagrange multiplier for the constraint
between the components. The superscripts B and S
denote the physical quantities regarding the beam and
shell components, respectively. By introducing Kmb

G
=

diag(K B
G
, K S

G
) and qmb

G
=

{
qB,T
G

, qS,T
G

}T
, the result-

ing stiffness matrix for the multi-components can be
written in the following compact form:
[
Kmb

G
LT

L 0

] {
qmb
G
λ

}
=

{
f mb
G
0

}
(29)

To solve the above equation, the displacements can
be obtained:

qmb
G

= (Kmb
G

)−1
{
f mb
G

− LT λ
}

(30)

For the Lagrange multiplier vector, the following equa-
tion can be derived from the constraint equations.

L(Kmb
G

)−1LT λ = L(Kmb
G

)−1 f mb
G

(31)
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When the interconnected degrees of freedom are
increased, the system matrix in Eq. (29) becomes
sparse. In order to solve the system of equations, a
sparse linear solver (PARDISO) [37] is employed. By
taking PARDISO into account, it is possible to handle
the sparsity of the system matrix.

3.2 Governing equation

In this study, the generalized-α method is employed
to solve the resulting nonlinear equation. The resulting
algorithm to solve the nonlinear equation is a predic-
tion/corrector type, similar to those in theprevious stud-
ies [38,39]. For nonlinear system, the resulting equa-
tion can be expressed by:

Mmb
G

Δq̈mb
G

+ Cmb
G

Δq̇mb
G

+ Kmb
G

Δqmb
G

= Fmb
G (t) − LT λ (32)

where Fmb
G denotes the unbalanced load vector,

Fmb
G = f mb

e
− f mb

G
− f mb

KG
(33)

where f mb
e

is the external load vector of the multi-
components.

In the generalized–α method, displacements and
velocities are updated by introducing an algorithmic
accelerations a, and they are obtained inNewmark inte-
gration formulae.

qmb
G,n+1

= qmb
G,n

+ hq̇mb
G,n+1

+ h2
{(

1
2 − β

)
an + βan+1

}

(34)

q̇mb
G,n+1

= q̇mb
G,n

+ h
{
(1 − γ ) an + γ an+1

}
(35)

where the subscript n indicates an index of the time
step, and h denotes the size of the time step. γ and
β can be selected in order to have suitable accuracy
and stability properties. a is defined by the following
recurrence relation:

(1 − αm)an+1 + αman = (1 − α f )q̈
mb
G,n+1

+ α f q̈
mb
G,n

(36)

Here, αm and α f are computed as:

αm = 2ρ∞ − 1

ρ∞ + 1
, α f = ρ∞

ρ∞ + 1
(37)

where the spectral radius ρ∞ ∈ [0, 1]. And, β and γ

are defined by:

β =
(
1 − αm + α f

)2

4
, γ = 1

2
− αm + α f (38)

For the multi-components systems, the linearized
equations of motion can be expressed as:
[
Mmb

G
+ c1C

mb
G

+ c2K
mb
G

c2sL
T

c2sL 0

] {
Δq̈mb

Δλ

}
=

{
Fmb
G
0

}

(39)

where coefficients c1, and c2 are defined by the follow-
ing relation:

c1 = γ (1 − α f )

1 − αm
h c2 = β(1 − α f )

1 − αm
h2 (40)

Moreover, s is a scaling factor for the Lagrange multi-
pliers, and it is chosen to be (h2kr+hcr+mr )/h2. kr , cr
and mr are characteristic stiffness, damping and stiff-
ness coefficients of the system. In Eq. (39), the system
matrix for the differential algebraic equations (DAEs)
is ill-conditioned, and it becomes almost singular when
employing small time steps. Hence, an optimal condi-
tioning of the systemmatrix proposed byBottasso et al.
[40] can be applied in order to avoid the ill-conditioned
situation.

For correction step, the displacements, velocities
and accelerations are updated by the following rela-
tions

qmb
G,n+1

= qmb
G,n+1

+ c2Δq̈mb (41a)

q̇mb
G,n+1

= q̇mb
G,n+1

+ c1Δq̈mb (41b)

q̈mb
G,n+1

= q̈mb
G,n+1

+ Δq̈mb (41c)

λn+1 = λn+1 + Δλ (41d)

4 Fluid–structure interaction framework

4.1 Fluid analysis

Three-dimensional preconditionedNavier–Stokes equ-
ations are chosen as governing equations for the sim-
ulation of the flapping wing at a low Mach number
flow region. The integral form of the nondimensional-
ized governing equations with free stream conditions
is written as
d

dt

∫

V
WdV + �

d

dτ

∫

V
Q

p
dV

+
∫

S
Fi · n̂dS =

∫

S
Fv · n̂dS, (42)

where W is the conservative solution vector, Q
p
is

the primitive solution vector, Fi is the inviscid flux
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vector and Fv is the viscous flux vector. Note that
a fictitious time derivative term is added for accurate
unsteady computations. For accurate and efficient com-
putations on low Mach number flows, the precondi-
tioning matrix � of Weiss and Smith [41] was cho-
sen. The dual-time stepping method in conjunction
with the approximate factorization-alternate direction
implicit method is used for the time derivative term of
the governing equations. t and τ denote physical time
and pseudo-time used in the time-marching procedure.
Roe’s approximate Riemann solver [42] and the cen-
tral difference method are used to discretize the invis-
cid flux vector and the viscous flux vector, respectively.
Details of the flow analysis are included in [43,44]. In
the present aerodynamic analysis, a radial basis func-
tion (RBF) is employed to consider the structural defor-
mations. The geometric conservation law is employed
as well to alleviate the problem in the volume compu-
tation of the deforming grid.

4.2 Coupling methodology

To couple the structural with the aerodynamic analysis,
an implicit coupling approach is applied. Owing to the
thin configuration and large amount of displacement
in the biomimetic wing, an explicit coupling between
the fluid at low Reynolds number and thin structure can
induce numerical instability, i.e., an added-mass effect.
The added-mass effect is the instability depending upon
the densities of fluid and structure and also on the
geometry of the domain [45]. In the implicit coupling
approach, both aerodynamic and structural solutions
are determined iteratively by exchanging the results
every coupled time step. A diagram of the present
implicit coupling approach is presented in Fig. 4.

The sub-iteration in the present FSI analysis is per-
formed in accordance with the increments of pseudo-
time τ [Eq. (42)] in the fluid analysis. In this study, the
parameter n f si , which controls the number of result
exchanges, is introduced to improve the computational
efficiency. The value of this parameter is the period of
the result exchange. For example, if n f si is 3, exchange
of the result will be performed every 3 sub-iterations.
If n f si is 1, exchange of the result will be performed
at every sub-iteration, which is the same as that of the
general implicit coupling algorithm. The present cou-
pling approach is further improved from the previous
approach presented in [18,19]. In the CFD analysis,

Fig. 4 Diagram of the present implicit coupling methodology
[18,19]

Fig. 5 Present strategy regarding the result exchange between
the fluid and the structural analysis

distributed loads are obtained by integrating the pres-
sures and the skin friction over the surface grid points.
In the case of an irregular configuration, i.e., the Zim-
merman wing or realistic insect-like wing, the linear
interpolation is limited owing to the nonuniform grid
topology. Hence, the RBF interpolation is employed
for the analysis involving a complex configuration.

Figure 5 shows the present approach for interface
between fluid and structure. When considering the
multi-components structural analysis (ΩS = ΩB

S ∪
Ω S

S ), the pressures p f obtained by CFD are interpo-
lated to the pressures ps acting on the shells (Ω S

S )
that share the same boundary with CFD surface grids
(ΩF ), �S

S = �F , while enforcing the force conserva-
tion between the fluid and structure. Then, ps is trans-
formed to the nodal force vector f S

e
for the shell com-

ponents with respect to the elemental reference frame.
The pressure is a follower load so that the relevant rela-
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tion to f S
e
can be expressed by using the relation in

Eq. (15).

f S
e

= E

[∫

Ω S
S

H pse3dΩ
S
S

]

(43)

where H is the interpolation matrix regarding the shell

element, and e3 = {
0, 0, 1

}T
. Thus, the external force

vector f mb
e

in Eq. (33) is expressed as:

f mb
e

=
{
0T , f S,T

e

}T
(44)

Similarly, the displacement results of the shell compo-
nents are transferred to the CFD surface grids.

5 Numerical results

5.1 Time-transient analysis of a beam/shell combined
structure

In this section, the present structural analysis is verified
in terms of the accuracy and efficiency. Time-transient
analysis using the multi-components analysis is con-
ducted. The results are compared to that by the existing
software, and the efficiency is assessed by taking the
computational time into account. In order to verify an
accuracy of the present multi-component analysis, one
of the existing multi-body dynamic analysis software,
DYMORE [46], is used and compared. The example
used in this section is depicted in Fig. 6. The distin-
guished flexible components consisting of beam and
plate are considered. Such structure is under the pre-
scribed flapping motion. In order to consider the pre-
scribed flapping motion, a revolute joint component is
connected to the beam root (Station R) and the motion
is prescribed as − 20circ × (1 − cos(10π t)) at Station
R. In DYMORE, a quadrilateral shell element, differ-
ent with the present shell analysis, is only available.
Thus, additional reference solution is obtained by using
ANSYS. In ANSYS prediction, the structure is dis-
cretized by using a number of three-dimensional solid
elements in order to obtain the reference solution. And
the same number of nodes is utilized in the present
and DYMORE predictions to compare the efficiency
in terms of the computational time. Table 1 shows the
summary of the relevant information of discretization
used in each analysis.

Comparison of the displacements at Stations A is
illustrated in Fig. 7. Figure 7b shows close view of

Fig. 6 Analysis condition and configuration of an beam/shell
combined structure

Table 1 Comparison of the computational time between the
present structural analysis and DYMORE

Element type (Nodes)

Present Beam (21)/triangular shell (341)

DYMORE Beam (21)/quadrilateral shell (341)

ANSYS Solid (43,270)

the displacement history. Although less number of
discretization is employed in both the present and
DYMORE prediction, the results show similar cor-
relation when comparing with ANSYS prediction.
The present results show good correlation with those
predicted by DYMORE. Moreover, comparison of
the computational cost is conducted. The computa-
tional time consumed by DYMORE and the present
analysis is summarized in Table 2, and the relevant
computational time is described by normalized value
t/tref (divided by computational time consumed by
DYMORE). The present analysis shows outstanding
computational efficiency in terms of the computational
time by comparing with that by DYMORE. To solve
Eq. (39), 2259 × 2259 system matrix (total 5,103,081
matrix components) should be considered. However,
the present analysis only computes 83,209 nonzero
components to solve Eq. (39). Adequate handling spar-
sity of the resulting differential algebraic equations
exhibits decrease in the computational time in the
present analysis.

5.2 Validation with experimental results

In this section, the present structural and FSI analyses
will be assessed by comparing the results with those
of the experiment by Wu [10]. In Wu’s experiment,
the Zimmerman planform was employed, and a single

123



Combined co-rotational beam/shell elements for fluid–structure interaction 213

Fig. 7 Displacement history at StationsA of an beam/shell com-
bined structure

degree of freedom large amplitude sinusoidal flapping
motion was prescribed. The wing was under a flapping
motion with an amplitude and frequency of 35◦ and 5–
Hz, respectively. In the experiment, several wings were
designed using Capran 1200Matt nylon film supported
by a carbon fiber-based vein structure. The number of
prepreg layers in the carbon fiber-based vein structure
was varied to estimate the influence of wing flexibility.
The relevant configuration of the wings is illustrated in
Fig. 8. Figure 9 shows the sketches presenting the geo-
metrical information of the veins/wing membrane and
the scheme to vary the vein components. In Fig. 9b, the
lines represent the number of layers for layup-leading
edge varies from 3 to 1 layers of unidirectional carbon
fiber and battens vary from 1 to 2 layers. And each

Table 2 Comparison of the computational time between the
present structural analysis and DYMORE

Computational time (t/tref ) Efficiency (%)

Present 0.073 92.7

DYMORE 1.000 –

Fig. 8 Zimmerman wing configuration [10]

carbon layer is 0.8 mm wide and 0.1 mm thick. The
resulting wings are named Li B j , where L stands for
leading edge, i for the number of carbon fiber layups
in the leading edge, B for batten along the chordwise
direction and j for the number of carbon fiber layups
in the batten.

To analyze the wings in the aforementioned experi-
ment, seven flexible components are employed, that is,
six-beam and one-shell components. The relevant con-
figuration used in the present analysis is illustrated in
Fig. 10. The present analysis employs a total of 6882
degrees of freedom including the flexible beam/shell
and the Lagrange multipliers. The mechanical prop-
erties of these wings are described in [20]. Based on
those in [20], the properties used in the present analysis
are assumed to be an isotropic materials. The relevant
information is summarized in Table 3.

5.2.1 Structural analysis

The first validation of the present analysis will be
accomplished by comparing the natural frequencies
andmode shapes measured in vacuumwith those in the
experiment by Wu [10]. In the modal analysis, all the
nodes in the region of the rigid triangular base (Station
R in Fig. 10) are set to be the fixed boundary condition.
Comparison of the natural frequencies shows that the
present results are in good correlation, and the relevant
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Fig. 9 Six experimental wings with different reinforcement [10]

Fig. 10 Discretization used in the present analysis

results are shown in Fig. 11. Moreover, a qualitative
comparison on the mode shapes is shown in Fig. 12.

Table 3 Properties of the batten and membrane in the present
analysis

Beam Value

Young’s Modulus (GPa) 233.0

Shear Modulus (GPa) 3.0

Density (kg/m3) 1740

Shell Value

Young’s Modulus (GPa) 3.0

Poisson’s ratio 0.44

Thickness (µm) 20

Density (kg/m3) 1160

Fig. 11 Comparison of the natural frequencies in vacuum

As a result, validity of the wing modeling by the
present structural analysis is ascertained. Moreover, it
is found that the bendingmodes show a significant cou-
pling with the torsion. An increase in wing rigidity will
be more influential when the stiffness of the leading-
edge batten is increased further than that of the chord-
wise battens will do.

5.2.2 FSI analysis

Tovalidate the present FSI analysis,Wu’s experiment is
considered. The wings with the semi span length (RS)
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Fig. 12 Comparison of the mode shapes in vacuum

of 75mmwere in hover in the experiment. Thus, nondi-
mensional values for the fluid analysis are defined by
thewing tip average speed,Uref . The relevant operating
condition is summarized inTable 4. Flapping frequency
fo is varied from 5 to 40Hz, and the flapping amplitude
βo is set to be 35◦. Reynolds number (Re) is defined
by Urefc/ν∞ where Uref = 4RSβoπ fo/180. And for
the present fluid analysis, C-H-type multi-block grid
topology is employed, and a total of 0.7 million grid
points (3200 cells on the wing surface) are used from
grid convergence test (Fig. 13). For structural analy-
sis, the same geometry and discretization of the wing
presented in Fig. 10 are used and a fixed boundary con-
dition is assigned to the rigid triangular base (Station
R). Along X -axis with respect to Point O, the flapping
motion is prescribed at the revolute joint, connected to
the rigid base. The relevant prescribed motion is set to
be βo × sin(2π fo × t). In the present FSI analysis, a
time step is chosen to be 1/(2000 × fo).

Table 4 Operating condition in the present FSI analysis

Value

Span length (RS) 75 mm

Chord length (c) 25 mm

Reynolds number (Re) 1461–11,686

Tip averaged velocity (Uref ) 0.92−7.33 m/s

Flapping frequency ( fo) 5−40 Hz

Flapping amplitude (βo) 35 ◦

Prescribed motion Sine

Air density 1.206 kg/m3

Air kinematic viscosity (ν∞) 1.51 × 10−5 m2/s

Fig. 13 Grid topology used in the present fluid analysis

In the present FSI analysis, the periodic results are
obtained after five periods are elapsed. In Wu’s experi-
ment, the increase in the aerodynamic coefficient, i.e.,
either CT or CL , was not acquired. However, the wing
tip deflection and average thrust values with respect
to the flapping frequency were included. In this study,
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Fig. 14 Measurement of the wing twist inWu’s experiment [10]

L2B1 and L3B1 wings under the flapping motion for
the frequencies from 15 Hz to 30 Hz and a flapping
amplitude of 35◦ are considered.Additionally, thewing
twist increase is computed by following the procedure
in Wu’s experiment (Fig. 14). The first validation of
the present analysis is conducted by using the wing tip
deflection increase under a flapping frequency of 25
Hz (Uref = 4.58 m/s, Re = 7304). In this comparison,
the previous numerical prediction obtained by Laksh-
minaryan and Farhat [23] is used. The relevant com-
parison of the tip position is illustrated in Fig. 15. The
wing twist increase at 83% position of the wing span
for L2B1 and L3B1 wings is compared, as shown in
Fig. 16. Then, the average value of the present results
for L2B1 and L3B1wings is compared with the exper-
imental observation. The relevant comparison from 15
Hz to 30 Hz is shown in Fig. 17.

The present results show a satisfactory correlation
with those observed in the experiment. Moreover, the
present analysis shows a good agreement with the
result predicted by Lakshminaryan and Farhat [23].
In their computation, nonlinear shell elements with
13,000 degrees of freedom were employed. By con-
trast, beam and shell elements with 6882 degrees of
freedom are used in the present analysis. Thus, it may
be concluded that the present structural analysis ismore
efficient for a similar accuracy. Specifically, the leading
edge and chordwise batten were discretized by shell
elements in the previous numerical study. However,
the discretization using beam elements results in the
present improvement in terms of computational effi-
ciency.

From the above examination, it is found that the
present analysis shows a good agreement with the
previous numerical results and experimental observa-
tions. Furthermore, L3B1wing exhibits an elastic twist
owing to the geometrically anisotropic feature. Such

elastic twist is more significant in L2B1 wing. Regard-
ing the aerodynamic phenomena, the flapping wing is
operated in the fluid at the low Reynolds number and
it is known that the viscous effect will change a forma-
tion of vortex structure [47]. When the wing is in the
hover, the Reynolds number is varied by the flapping
frequency, and it will result in different aerodynamic
environment due to the wing elastic/inertial forces and
varied viscous effects. Such complex phenomena are
not fully investigated in the present analysis.Moreover,
in L2B1wing, the increasing rate of the averaged thrust
is degraded when the flapping frequency is greater than
25Hz. Such situation may be related to the resonant
effects. The thrust is 2 × fo excitation and the first
bending mode of L2B1 wing is 43.1Hz, quite close to
50Hz. However, extensive investigation regarding the
resonant effect is still required. In the next section, a
comparative study among six different wings will be
conducted to examine the influence of the structural
behavior on the wing performance at the same flapping
frequency.

5.3 Effect of flexibility on aerodynamic performance

In this subsection, four types of wing structures, i.e.,
a rigid wing and three different flexible wings, are
used to compare the effect of the structural behav-
ior on the wing performance. Regarding the flexible
wings, a single-component (shell) wing and four multi-
component (beam and shell) wings are considered. To
interpret the influence of the wing structures, the coor-
dinate of the aerodynamic loads is established with
respect to the operating situation of the flapping wing
MAV (Fig. 18), and a pair of wing is considered. Thus,
the thrust and lift are the direction of the vertical and
sideward force, respectively. As shown in Fig. 18, the
force acting along the spanwise axis will be canceled.
Hence, only the lift is evaluated as the sideward force.

For structural analysis, same geometry and dis-
cretization of thewing presented in Fig. 10 are used and
a fixed boundary condition is assigned to the rigid trian-
gular base (Station R). Along the X -axis, the flapping
motion is prescribed at the revolute joint. And, the joint
is connected to the rigid base at Point O. The relevant
prescribed motion is set to be βo×cos(2π fo× t). And,
the flapping frequency fo is chosen to be 25 Hz. The
single-component wing is a thin aluminum plate, and
the multi-component wings are L2B1, L2CB1, L3B1
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Fig. 15 Comparison of the tip displacement at fo = 25 Hz

Fig. 16 Comparison of the wing elastic twist at fo = 25 Hz

and L3CB1 Zimmerman wings, respectively. L2CB1
and L3CB1 wings are designed in the present anal-
ysis, and the curved batten is incorporated inside the
wing membrane. The relevant configuration is shown
in Fig. 19. For multi-component wings, the structural
properties are the same as those in Table 3. Moreover,
thin aluminum plate (E = 70 GPa, ν = 0.33, and
ρ = 2700 kg/m3) with thickness, 0.27 mm, is con-
sidered for isotropic wing. Thus, the first bending fre-

quency is 67.85 Hz, similar to that of L3B1 wing. The
operating condition is the same as that in Table 4.

First, the variation of aerodynamic forces is evalu-
ated. Figure 20a shows a comparison of the thrust his-
tory, while the sideward force history is illustrated in
Fig. 20b.Moreover, the average values of the thrust and
sideward force are summarized in Table 5. As shown
in the comparison of the sideward force history, the
peak-to-peak value is significant for the L2B1 wing.
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Fig. 17 Comparison of the wing average thrust ( fo = 15−30 Hz)

Fig. 18 Coordinate for the FWMAV [48]

Fig. 19 Configuration of four different wings

However, the averaged values of the sideward force
are similar for all types of wings. Regarding the thrust,
there is a significant improvement in the thrust perfor-

mance in the multi-component wings. Such increase is
more clearly shown in the L2B1 wing. The averaged
value of the wings with the curved batten (L2CB1 and
L3CB1 wings) is decreased when compared to those
of the wings with the parallel batten (L2B1 and L3B1
wings).

Figure 21 shows a comparison of the tip displace-
ment and wing elastic twist. Furthermore, the peak-
to-peak value of the tip displacement and wing elastic
twist are summarized in Table 6. It is found that a sim-
ilar amount of tip bending deflection is predicted for
both L2B1, L2CB1 and thin aluminum plate wings.
As shown in Fig. 21b, all the flexible wings exhibit an
elastic twist behavior. The elastic twist in the thin alu-
minum plate wing is induced by its unsymmetrical con-
figuration and boundary condition of the wing. For the
multi-component wings, the geometrically anisotropic
feature induces a significant amount of elastic twist.
However, L2CB1 and L3CB1 wings show decreased
elastic twist when compared to those by the L2B1 and
L3B1 wings. Such situation indicates that the batten
arrangement upon the wing planform influence on the
wing elastic twist, significantly. On the other hand, the
rigidity of leading edge vein is related to thewing bend-
ing deflection.

Moreover, it is found that the wing elastic twist may
be a crucial factor in terms of the thrust performance
in hover. To interpret the details, pressure and vorticity
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Fig. 20 Comparison of the aerodynamic results among six different wings at fo = 25 Hz

Table 5 Properties of the batten and membrane in the present
analysis

Averaged
thrust (g)

Averaged sideward
force (g)

Rigid 0.006 0.023

Thin aluminum plate 0.087 0.029

L2B1 3.293 − 0.002

L2CB1 2.644 − 0.033

L3B1 2.160 − 0.009

L3CB1 1.730 − 0.034

contours at 0%, 25%, 50% and 75% spanwise position
in 0.25 t/T are analyzed. Figure 22 shows compari-
son of pressure coefficient contours among six different

wings. Regarding the flexible wings, a lower pressure
distribution is dominant near the wing surface, and a
larger pressure difference is induced between the upper
and lower region. This indicates an increase in the net
aerodynamic force, whichmay be induced by the bend-
ing deflection. In the multi-component wings, the large
low-pressure region is not sustained near the wing but
it moves downward (from the leading edge to trailing
edge). Such a different pressure distribution near the
wing surface may be induced by the wing elastic twist,
and those may result in an increase in the averaged
thrust.

Figure 23 shows comparison of the vorticity con-
tours among six different wings. For the multi-com-
ponent wings, a reattachment of the leading-edge vor-
tex (LEV) along the chordwise location is clearly

Fig. 21 Comparison of the wing structural results among six different wings at fo = 25 Hz
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Fig. 22 Comparison of the pressure coefficient contours among six different wings (0.25 t/T )
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Fig. 23 Comparison of the vorticity contours among six different wings (0.25 t/T )
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Table 6 Properties of the batten and membrane in the present
analysis

Peak-to-peak
position (mm)

Peak-to-peak
twist (◦)

Rigid 86.04 0.00

Thin aluminum plate 99.88 3.59

L2B1 110.11 68.61

L2CB1 109.24 52.59

L3B1 97.64 52.83

L3CB1 96.87 44.85

shownwhen comparedwith those of the thin aluminum
plate and rigid wings. Specifically, the strong LEV
and its reattachment are predicted in the L2B1 wing.
And such LEV reattachment follows an amount of the
wing elastic twist. As a result, the elastic twist behavior
reduces the effective angle of attack, and induces the
LEV reattachment. Also, the attached vorticity moves
from the leading edge to trailing edge. Thus, the sig-
nificant difference in the pressure between the leading
and trailing edge induces an increase in thrust.

6 Conclusion

In this paper, an improved computational approach for
an insect-like flapping wing is presented. To consider
the insect-like wing configuration more comprehen-
sively, CR finite elements are adopted. Then, CR beam
elements are employed for veins, and CR shell ele-
ments for thewingmembrane. The constraints between
the beam and shell element are established by using
the global Lagrange multiplier technique. An implicit
coupling scheme is employed to combine the structural
and fluid analyses. Three-dimensional preconditioned
Navier–Stokes equations are employed for the fluid
analysis. First, the present structural analysis is ver-
ified by comparing with that obtained by DYMORE
and ANSYS. Then, the present FSI analysis is val-
idated by comparing with the results obtained from
the experiment. In the structural analysis, the accurate
time-transient analysis is verified when compared with
ANSYS results, and 92% reduced computational time
is required when compared to that by DYMORE. The
present FSI results show a good correlation with the
experimental observation. Moreover, an explicit inves-
tigation on the influence of thewing structural feature is

conducted by using the presently improved FSI anal-
ysis. As a result, the following accomplishments are
made in this study:

– A nonlinear dynamic analysis for two-node beam
and three-node triangular shell elements is devel-
oped, and the analysis is extended to themulti-body
dynamic approach.

– Verification of the present structural analysis is con-
ducted, and its efficiency is estimated.

– The FSI framework is validated by considering
the Zimmerman wing experiment, and the present
results show slightly better agreement than that by
the previous study.

– The present FSI analysis examines the effect of
different wing structures and investigates the rel-
evant influence of the flapping wing performance
in hover.

Finally, the influence of the elastic twist behavior is
investigated by employing a coordinate based on the
FWMAV. It is found that the geometrically anisotropic
feature of the multi-component wing structure induces
a large amount of elastic twist, which is beneficial to
generate a vertical force. Also, the leading edge rigid-
ity mainly influences the bending deflection, and the
arrangement of vein upon thewing planformmay affect
thewing twist behavior. Thus, the relevant arrangement
or rigidity of the vein on the flapping wing should be
considered to enhance the wing performance in hover.
In the future, more extensive comparative study will be
conducted and optimization framework for the flapping
wing will be developed.
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33. Ibrahimbegović, A.: On the choice of finite rotation parame-
ters. Comput.Methods Appl.Mech. Eng. 149, 49–71 (1997)

123



224 H. Cho et al.

34. Cho, H., Joo, H.S., Shin, S.J., Kim, H.: Elastoplastic and
contact analysis based on consistent dynamic formulation
of co-rotational planar elements. Int. J. Solids Struct. 121,
103–116 (2017)

35. Cho, H., Kim, H., Shin, S.J.: Geometrically nonlinear
dynamic formulation for three-dimensional co-rotational
solid elements. Comput. Methods Appl. Mech. Eng. 328,
301–320 (2018)

36. Chun, T.Y., Ryu, H.Y., Cho, H., Shin, S.J., Kee, Y.J., Kim,
D.K.: Structural analysis of a bearingless rotor using and
improved flexible multi-body model. J. Aircr. 50(2), 539–
550 (2013)

37. Intel Math Kernel Library (Intel MKL) 11.0 (2014)
38. Crisfield, M.A.: Non-linear Finite Element Analysis of

Solids and Structures, Advanced Topics, vol. 2.Wiley, Chis-
chester (1997)

39. Arnold, M., Brüls, O.: Convergence of the generalized-
α scheme for constrained mechanical systems. Multibody
Syst. Dyn. 18(2), 185–202 (2007)

40. Bottasso,C.L.,Dopico,D., Trainelli, L.:On the optimal scal-
ing of index-three DAEs in multibody dynamics. Multibody
Syst. Dyn. 19, 3–20 (2008)

41. Weiss, J.M., Smith, W.A.: Preconditioning applied to vari-
able and constant density flows. AIAA J. 33(11), 2050–2057
(1995)

42. Roe, P.L.: Approximate Riemann solvers, paramether vec-
tors, and difference schemes. J. Comput. Phys. 32, 357–372
(1981)

43. Yoo, I., Lee, S.: Reynolds-averaged Navier–Stokes compu-
tations of synthetic jet flows using deformingmeshes. AIAA
J. 50(9), 1943–1955 (2012)

44. Lee, N., Lee, H., Baek, C., Lee, S.: Aeroelastic analysis of
bridge deck flutter with modified implicit coupling method.
J. Wind Eng. Ind. Aerodyn. 155, 11–22 (2016)

45. Forster, C., Wall, W.A., Ramm, E.: Artificial added mass
instabilities in sequential staggered coupling of nonlinear
structures and incompressible viscous flows.Comput.Meth-
ods Appl. Mech. Eng. 196, 1278–1293 (2007)

46. Bauchau, O.: DYMORE: A Finite Element Based Tool
for the Analysis of Nonlinear Flexible Multibody Systems.
Georgia Institute of Technology, Atlanta (2001)

47. Birch, J.M., Dickson,W.B., Dickinson,M.H.: Force produc-
tion and flow structure of the leading edge vortex on flapping
wings at high and low Reynolds numbers. J. Exp. Biol. 207,
1063–1072 (2004)

48. Keennon, M., Klingebiel, K., Won, H., Andriukov, A.:
Development of the nano hummingbird: a tailless flapping
wing micro air vehicle. In: Proceedings of the 50th AIAA
Aerospace Sciences Meeting including the New Horizons
Forum and Aerospace Exposition, Nashville, TN (2012)

Publisher’s Note Springer Nature remains neutral with regard
to jurisdictional claims in published maps and institutional affil-
iations.

123


	Combined co-rotational beam/shell elements  for fluid–structure interaction analysis of insect-like flapping wing
	Abstract
	1 Introduction
	2 Co-rotational finite elements
	2.1 Elemental kinematics
	2.1.1 Elemental coordinates in beam element
	2.1.2 Elemental coordinates in shell element

	2.2 Unified CR formulation for stiffness matrix and internal force vector
	2.3 Consistent nonlinear inertial formulation for beam and shell elements

	3 Interconnecting strategy and solution methodology
	3.1 Global Lagrange multiplier technique
	3.2 Governing equation

	4 Fluid–structure interaction framework
	4.1 Fluid analysis
	4.2 Coupling methodology

	5 Numerical results
	5.1 Time-transient analysis of a beam/shell combined structure
	5.2 Validation with experimental results
	5.2.1 Structural analysis
	5.2.2 FSI analysis

	5.3 Effect of flexibility on aerodynamic performance

	6 Conclusion
	Acknowledgements
	References




