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Abstract Chatter vibrations in machining are stud-
ied. Special attention is paid to the effect of structural
vibrations in the cutting speed direction. These so-
called tangential vibrations may dominate the dynam-
ics in drilling, sawing or grinding, where the torsional
dynamic stiffness is much lower than the lateral, axial
or radial dynamic stiffness. The inclusion of tangential
vibrations in the chip thickness model leads to a delay
differential equation (DDE)with state-dependent delay
in the time domain. It is shown that the system is equiv-
alent to a DDE with constant delay if it is described
in terms of the spindle rotation angle. The analysis
of metal cutting vibrations in the angular domain is
very useful because in this case the delay is a constant
parameter. Numerical examples for turning and drilling
processes are presented. An extension of the univer-
sal oriented transfer function method for the stability
analysis in the frequency domain is presented, which
includes the tangential regenerative effect. An addi-
tional term appears in the oriented transfer function,
which can stabilize or destabilize critical eigenmodes
and may also lead to new instabilities in comparison
with the conventional analysis.
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1 Introduction

The productivity and efficiency of machine tools are
often limited by chatter. Chatter vibrations inmetal cut-
ting are large amplitude vibrations between the work-
piece and the tool tip. Chatter leads to noise, increased
tool wear, bad surface finish and damage of machine
tool components. The numerical simulation ofmachine
tool vibrations can be a useful tool for process planning
or during the design stage of machine tools. Especially,
the stability lobe diagram is used to find chatter-free
cutting conditions and to optimize the productivity of
machine tools. The stability lobes separate the stable
and unstable zones of the self-excited vibrations in the
processes.

Since more than 50 years, the regenerative effect
is known to be the main reason for self-excited vibra-
tions in metal cutting [8,22]. The regenerative effect
is characterized by the influence of delayed struc-
tural vibrations at the previous cut on the cutting
force and the vibrations at the present cut. Chatter
occurs if the closed loop for these self-excited oscil-
lations becomes unstable. Methods for the identifi-
cation of the stability lobes are described, for exam-
ple, in [1–3,18]. The time delay as the time between
two subsequent cuts tends to be a sensitive parameter
with respect to the stability of the process. Recently,
the effects of time-varying delays on the stability
lobes due to a desired spindle speed variation (SSV)
are studied for turning [17], milling [27] and grind-
ing [5].
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The influence of tangential vibrations on the sta-
bility of metal cutting processes was already studied
in [4]. Here, tangential vibrations are structural vibra-
tions parallel to the cutting speed direction, which may
occur due to torsion. If the cutting force increases for
decreasing cutting velocity, the cutting force can be
interpreted as a negative viscous damping term, and
self-induced tangential vibrations may appear. Later,
the tangential regenerative effect (TRE) was identified
in circular sawing processes [14,26]. Since the feed
velocity in metal cutting is typically constant but tan-
gential vibrations lead to variations of the cutting veloc-
ity, tangential displacements change the chip thickness.
The same effect and its consequence on the time delay
were later studied for turning [12], milling [6] and
drilling [15,25] processes. There are also indications
that tangential vibrations significantly affect the stabil-
ity of self-excited vibrations in grinding [13].

In this paper, we present a universal method for the
description and the analysis of the effect of tangential
vibrations on the metal cutting dynamics. In Sec. 2,
we derive a universal extended chip thickness model
for metal cutting processes. Whereas in conventional
models the time delay is assumed to be an invariant
parameter, in our extended model the time delay is
a dynamic variable. With the proposed extended chip
thicknessmodel also themechanism of the TRE, which
was initially identified in [14,26], becomes clear. Fur-
ther, it is known that tangential vibrations lead to a
state-dependent delay [12]. In Sec. 3, we present a very
useful method for the analysis of the state-dependent
delay inmachining. The crucial point is a description of
the system in terms of the spindle rotation angle, which
was already proposed in [23] for turning with SSV. In
the angular domain, the delay is constant equal to the
angular distance between two subsequent cuts. How-
ever, the angular domain representation is hardly found
in the literature. In Sec. 4, the semidiscretization for
DDEswith a variable delay [10] and the semidiscretiza-
tion for DDEs with periodic coefficients [11] are used
to demonstrate the equivalence between the time and
the angular domain representation of a turning process
with SSV. Moreover, the generalized oriented transfer
function approach [18] is used for the systematical sta-
bility analysis of a turning and a drilling example in the
frequency domain. The TRE leads to an additional term
in the oriented transfer function. In comparisonwith the
conventional model, the TRE can stabilize or destabi-
lize existing critical eigenmodes. If theTREdominates,

it is also possible that new critical eigenmodes emerge
with chatter frequencies close to eigenfrequencies of
the torsional or tangential eigenmodes.

2 Model

2.1 Structural dynamics

For the description of metal cutting dynamics, the
behavior of relative structural displacements r(t)
between tool tip and workpiece in response to a load
F(t) is necessary. The model takes into account lateral
x, y, and axial z as well as torsional θ displacements.
The load vector F contains the forces Fx , Fy, Fz in
Cartesian coordinates and the cutting torque M w.r.t.
the spindle axis. In the frequency domain, the structural
displacements r̂(ω) can be described by the frequency
response functions (FRFs) Φkl(ω), k, l ∈ {x, y, z, θ}
in response to the excitation F̂(ω) [16]. Here, û(ω)

denotes the Fourier transform of a vector u(t). Thus,
the structural dynamics can be described by

r̂(ω) = Φ(ω)F̂(ω), (1a)

or componentwise by
⎛
⎜⎜⎝

x̂
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ẑ
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⎞
⎟⎟⎠ =

⎛
⎜⎜⎝
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F̂x
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F̂z
M̂

⎞
⎟⎟⎟⎠ . (1b)

In particular, the FRF Φkl(ω) characterizes the behav-
ior of the kth component of the displacements between
tool tip and workpiece in response to a harmonic exci-
tation of the lth component of the load on the structure
with frequency ω.

2.2 Cutting force

Conversely to the structural model, the cutting force
model describes changes of the load in dependence of
structural vibrations. Two assumptions are necessary
for a noticeable effect of torsional or tangential vibra-
tions on the stability of the cutting process. Firstly, a
variation of the chip thickness h(t) leads to a significant
variation of the cutting force. And secondly, the cutting
force has a nonzero component in tangential direction,
i.e., the tangential or torsional eigenmodes are excited
by the process. Both assumption are fulfilled in typi-
cal cutting processes. Here, we consider a simplified

123



Tangential and torsional vibrations on the stability lobes 1991

Fig. 1 Geometry of a turning process with vibrations of the tool
at the present r(t) and the previous r(t − τ) cut in normal en
and tangential et direction. The kinematics can be described by
the workpiece rotation with spindle speed Ω0 and the feed in
negative y-direction with velocity vf

turning process to demonstrate the typical form of the
cutting force model. The geometry and the kinematics
of the process are illustrated in Fig. 1. The cutting force
Ftn(t) on the tool tip is composed of a tangential com-
ponent Ft and a normal component Fn, parallel et and
perpendicular en to the cutting speed direction, respec-
tively. For convenience, we choose a linear model and
assume that the effect of process damping is negligible,

Ftn(t) =
(
Ft(t)
Fn(t)

)
= Kt

(
1
kn

)
bh(t). (2)

In Eq. (2), Kt is the cutting pressure in tangential direc-
tion, kn is the ratio of normal to tangential cutting pres-
sure, and b is the chipwidth.We refer to [18] for the cut-
ting force modeling in case of more complex processes
with a rotating tool, multiple cutting teeth, or a nonlin-
ear cutting force behavior. The cutting force Ftn(t) in
tangential and normal coordinates at the cutting edge
can be transformed by the 4× 2 matrix T into the load
vector F(t) in Cartesian coordinates

F(t) = T Ftn(t), T = col (et, en) . (3)

2.3 Chip thickness

Regenerative displacements in the normal direction en
for the analysis of self-excited vibrations in machining
were considered since the pioneering work of [8,22].
Not only normal vibrations at the present cut at time t
but also normal vibrations at the previous cut at time

t − τ lead to a modification of the chip thickness. In
general, the chip thickness h(t) for an arbitrary cutting
process can be characterized by

h(t) = n(t − τ) − n(t), (4)

where n(t) is the normal coordinate of the tool posi-
tion at time t , and τ is the time delay between two
subsequent cuts. In particular, for the turning example
in Fig. 1 the normal position n(t) can be specified by

n(t) = n0 − vft + eTn r(t), (5)

where n0 is the initial position, vf is the constant feed
velocity, and T denotes transposition. If we put Eq. (5)
into Eq. (4), we obtain the well-known conventional
chip thickness model

h(t) = vfτ + eTn (r(t − τ) − r(t)). (6)

In Eq. (6), the term eTn (r(t − τ) − r(t)) is often called
dynamic chip thickness, because it describes the chip
thickness variations due to dynamic displacements. In
contrast, the term vfτ is often called static chip thick-
ness because the time delay τ is typically assumed to
be a constant parameter. In the following, we present
an accurate model for the time delay τ for situations in
cutting processes where the assumption of a constant
time delay τ is not adequate.

2.4 Time delay

In contrast to displacements into the normal direction,
the effect of displacements in tangential direction et on
metal cutting vibrations is only rarely studied in the lit-
erature. Since tangential vibrations change the cutting
speed, they have an influence on the time delay between
two subsequent cuts. Thus, the time delay τ is not only
a constant parameter but rather a dynamical variable
in the system, i.e., τ = τ(t, r t). The vector function
r t = r(t − s) with s ∈ [0, τmax] and the maximum
delay τmax ∈ R

+ are assumed to be the state of the
system [12]. The dynamic delay, which is also called
state-dependent delay, can be defined implicitly by

δ = Ψ (t) − Ψ (t − τ(t, r t)), (7)

where δ (in rad) is the angle between two subsequent
cuts at the same workpiece location. The angular dis-
tance δ between two subsequent cuts is a constant para-
meter equal to 2π or equal to the tooth pitch. The angle
ψ = Ψ (t) (in rad) specifies the angle between the tool
tip and a reference point on the workpiece, that is, ψ
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is the spindle rotation angle (cf. Fig. 1). For constant
nominal spindle speeds Ω0, the spindle rotation angle
ψ can be specified by

ψ = Ψ (t) = Ψ0 + Ω0t − 1

R
eTt r(t), (8)

where Ψ0 is the initial angle, and R is the radius of the
workpiece. Similar to Eq. (5) for the normal position
of the tool tip, there is a static and a dynamic part in
Eq. (8).We obtain an implicit relation for the time delay
by putting Eq. (8) into Eq. (7)

Rδ = vcτ(t, r t) + eTt (r(t − τ(t, r t)) − r(t)), (9)

where vc = Ω0R is the nominal cutting velocity.
Eqs. (7)–(9) for the tangential direction have the same
structure as Eqs. (4)–(6) for the normal direction. How-
ever, in Eq. (9) the angular distance δ is a fixed para-
meter and defines the state-dependent delay τ(t, r t).
In Eq. (6), the state-dependent delay is used to deter-
mine the chip thickness h(t), which is a free dynamic
variable.

2.5 Extended chip thickness model

The substitution of the delay in the conventional chip
thicknessmodel Eq. (6) by the relationshipEq. (9) leads
to the universal extended chip thickness model

h(t) = ρRδ +
(
eTn − ρeTt

)
(r(t − τ(t, r t)) − r(t)).

(10)

The dimensionless coefficient ρ = vf/vc specifies chip
thickness variations due to tangential displacements.
The extended chip thickness model in Eq. (10) can be
understood as follows. The first term is the real nom-
inal chip thickness defined by the parameters of the
cutting process. The term eTn (r(t − τ(t, r t)) − r(t))
describes dynamic chip thickness variations, directly
induced by normal displacements of the structure at
the previous and the present cut. This is thewell-known
normal regenerative effect. The third term ρeTt (r(t −
τ(t, r t)) − r(t)) converts tangential displacements at
the previous and the present cut into variations of the
chip thickness due to an extended or shortened feed
motion. This term describes the TRE. The strength of
the TRE compared to the normal regenerative effect is
characterized by the coefficient ρ. In metal cutting, this
value is typically very low ρ < 0.01. Hence, the TRE
is only relevant if tangential vibrations are much larger
than normal vibrations.

With the extended chip thickness model, the cutting
force can be written as

F(t) = bKtT
(
1
kn

)
ρRδ

+ bKtBc(r(t − τ(t, r t)) − r(t)). (11)

The first term in Eq. (11) is the static cutting force due
to the nominal motion of the spindle and tool, and the
second term describes the dynamic cutting force due
to dynamic displacements into tangential and normal
direction. The coefficient matrix Bc in the extended
model is defined as

Bc = T
(
1
kn

) (
eTn − ρeTt

)
. (12)

The entries {Bc}kl of the coefficient matrix with k, l ∈
{x, y, z, θ} are called directional factors. In particular,
the directional factor {Bc}kl specifies variations of the
kth component of the force vector due to a displacement
of the lth component of the structure. For the conven-
tional model, the directional factors for displacements
in tangential direction are zero as can be seen, for exam-
ple, in [18]. In the extended model, additionally the
effect of tangential vibrations on the cutting force is
taken into account. The TRE is only one consequence
of tangential or torsional vibrations. Another important
effect is the state dependence of the time delay τ(t, r t).

3 State-dependent delay in machining

3.1 State-dependent delay

The implicit definitionof the timedelay inEq. (7) yields
a time- and state-dependent delay τ(t, r t). The state
dependence is indicated by r t . The state of the system
r t at time t contains all relevant displacements r(t − s)
with s ∈ [0, τmax], which can affect the time delay or
the chip thickness at the present time t or in the future.
However, a priori it is not possible to determine the
upper bound of the delay τmax, or the maximum size
of the state space of the system without knowing the
dynamics r(t) at all times. This illustrates one math-
ematical problem with the analysis of state-dependent
delays. The problem of aminimal state-space represen-
tation for similar systems is addressed in [24]. There are
also other problems in systems with state-dependent
delays such as the existence and uniqueness of solu-
tions or the linearization of DDEs with state-dependent
delay [6,21]. Moreover, the implicit nature of Eq. (7)
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for the definition of the state-dependent delay prevents
a straightforward numerical simulation of the system,
for example, with a numerical solver such as the MAT-
LAB routine ddesd [20]. In the next subsection, a
practical and efficient way for the treatment of state-
dependent delay in machining is presented.

3.2 Transformation to the angular domain

As can be seen from Eq. (8), the spindle rotation angle
ψ can serve as an independent variable of the system.
For the transformation from the time to the angular
domain, we consider the spindle rotation angle in the
general case

ψ = Ψ (t) = Ψnom(t) − 1

R
eTt r(t). (13)

In contrast to Eq. (8), Eq. (13) can deal with an active
SSV with the nominal spindle angle Ψnom(t), and the
nominal spindle speed Ψ̇nom(t) = Ω(t). For typical
cutting conditions, the spindle speed Ω(t) is always
much higher than the velocity of the tangential vibra-
tions

dψ

dt
= Ω(t) − 1

R
eTt ṙ(t) > 0. (14)

If Eq. (14) holds, the spindle moves always in the same
direction, and a one-to-one mapping between time t
and spindle rotation angle ψ is possible. We remark
that situations in unstable processes are possible, where
Eq. (14) is probably not fulfilled. Such an effect was
measured, for example, during chatter vibrations in cir-
cular sawing [14,26]. The sunray pattern on the surface
of a drilling hole due to axial–torsional chatter vibration
may also be a result of a drill, which rotates temporar-
ily backwards [1,19]. However, for backward rotation
of the spindle the cutting force model breaks down and
it is not clear, which kind of waves are left on the sur-
face of the workpiece. The aim of this paper is not
the characterization of the highly nonlinear behavior
of chatter vibrations but rather the characterization of
the dynamics in the neighborhood of ideal cutting con-
ditions. Ideal cutting is characterized by a stationary or
periodic steady state of the vibrations r(t). In this case,
Eq. (14) holds. Hence, any variable u of the system can
be described as a function of time t or as a function of
the spindle angle ψ

ũ(ψ) = ũ(Ψ (t)) = u(t). (15)

The inverse Ψ −1(ψ) of the function Ψ (t) specifies the
time t for a known spindle angle ψ and is given by

t = Ψ −1(ψ) = Ψ −1
nom

(
ψ + 1

R
eTt r̃(ψ)

)
. (16)

The function Ψ −1
nom(ψ) is the inverse of the nominal

spindle angle Ψnom(t) in the absence of dynamic dis-
placements.

Themain advantage of the angular domain represen-
tation is the constant angle δ between the present and
the previous cut. Thus, the delayed argument t−τ(t, r t)
with the time- and state-dependent delay in the time
domain is replaced by the delayed argument ψ − δ

with the constant delay δ in the angular domain

u(t − τ(t, r t)) = ũ(Ψ (t − τ(t, r t))) = ũ(ψ − δ).

(17)

This follows immediately from Eq. (15) and the def-
inition of the state-dependent delay in Eq. (7). Thus,
the mathematical treatment of the system with time-
and state-dependent delay τ(t, r t) is clear because it
is equivalent to a system with constant delay δ. In the
angular domain, the state space of the system is a pri-
ori well defined, r̃ψ = r̃(ψ − s), with s ∈ [0, δ]. Fur-
thermore, an explicit expression for the state-dependent
delay τ(t, r t) can be given with Eq. (7) and Eq. (16)

τ(t, r t) = t − Ψ −1 (Ψ (t) − δ) . (18)

Equation (18) can be used for the calculation of the
state-dependent delay in time domain simulations of
the machine tool vibrations. Equation (18) is formally
similar to a relation presented in [17] for the calculation
of the delay in case of spindle speed variation.However,
in contrast to the investigation in [17], the functionΨ (t)
depends also on dynamic displacements r(t). This is
the reason why the time delay τ(t, r t) is, in general,
not only time-dependent but also state-dependent. If
the nominal spindle speed is constant Ψ̇nom(t) = Ω0,
Eq. (18) simplifies to a rearranged form of Eq. (9).

3.3 Dynamics in the angular domain

Instead of the calculation of the state-dependent delay
with Eq. (18) and the analysis of the system in the time
domain, the analysis of the complete dynamics in the
angular domain is also possible and often useful. In
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general, a dynamical system, describing chatter vibra-
tions in machining, can be written in state-space form
as

u̇(t)=
(
u̇1(t)
u̇2(t)

)
=

(
u2(t)

f (Ψ (t), u(t), u(t−τ(t, u1t ))

)
,

(19)

with u1(t) = r(t) and u1t = r t . Equation (19)
is a non-autonomous, nonlinear DDE with time- and
state-dependent delay. The following analysis does not
depend on the specific form of the function f . The
dynamics of a time delay system, with a variable delay
τ(t, r t) as defined in Eq. (7) can be always transformed
to a system in the angular domain with constant delay
δ. Specific examples for the function f can be found in
the literature [1,6,10,12,17,19] and in Sec. 4. A rela-
tion between the derivatives in the time and the angular
domain can be established by using Eq. (14),

u̇(t) = ũ′(ψ)
dψ

dt
= ũ′(ψ)

(
Ω(t) − 1

R
eTt u̇1(t)

)
.

(20)

With Eq. (17) and Eq. (20), the angular domain repre-
sentation of the dynamical system (19) is

ũ′(ψ) =
(
ũ′
1(ψ)

ũ′
2(ψ)

)

= C(ψ)

(
ũ2(ψ)

f (ψ, ũ(ψ), ũ(ψ − δ))

)
, (21a)

where the varying coefficient C(ψ) is given by

C(ψ) = 1

Ω̃(ψ) − 1
R e

T
t ũ2(ψ)

, (21b)

and Ω̃(ψ) = Ω(t) is the angular domain representa-
tion of the nominal spindle speed. Equation (21a) is a
non-autonomous, nonlinear DDE with constant delay
δ and equivalent to Eq. (19) unless condition (14) is
violated. The time dependence and state dependence
of the time delay τ(t, u1t ) in Eq. (19) were converted
into an additional non-autonomous and nonlinear pref-
actor in Eq. (21a). The denominator of the prefactor
in Eq. (21b) becomes zero if the condition (14) for a
bijective mapping between time t and angle ψ is no
longer fulfilled. The analytical treatment as well as the
numerical analysis of the system in the angular domain
with a constant delay δ is more suitable than the analy-
sis of the system in the time domain with a time- and
state-dependent delay. The reason is that in the angular
domain the minimal state space is constant, and many
methods for the analysis of time delay systems are opti-
mized for constant delays.

4 Stability analysis

In this section, the stability analysis of cutting processes
with the inclusion of the effect of tangential and tor-
sional vibrations is presented. The displacements and
velocities u(t) of the structural vibrations are assumed
to be in the form

u(t) = us(t) + ue(t). (22)

In Eq. (22), us(t) is a steady-state solution of the non-
linear DDE Eq. (19). For ideal cutting without chatter
vibrations, the steady state is characterized by a con-
stant or periodic function. Perturbations of the ideal
cutting solution are specified by ue(t). For the sta-
bility analysis, the asymptotic behavior of the small
perturbations ue(t) around the ideal cutting solution
us(t) is investigated. The system is stable or unsta-
ble, respectively, if the amplitudes of the perturbations
ue(t) decrease or increase with time. In machining,
the stability of the ideal cutting solution is typically
illustrated via the stability lobe diagram. The stability
lobes separate stable and unstable cutting conditions in
a parameter plane spanned by nominal spindle speed
Ω0 and chip width b. The identification of the stability
lobes for three typical cutting processes with time- or
state-dependent delay is shown below.

4.1 Turning with SSV

In this subsection, the comparison of the stability analy-
sis in the time and the angular domain is demonstrated
for a turning model with SSV. Here, the influence of
tangential or torsional vibrations on the stability is
neglected. The structural dynamics can be described
by one dominant eigenmode in the normal direction,
i.e., the y-direction in Fig. 1, with eigenfrequency ωn

and damping ratio ζ . The state variables are the veloc-
ities and displacements of the tool tip perturbations in
y-direction ue = col (ẏe, ye). In state-space represen-
tation, the dynamics around the steady-state solution
us can be described by [10]

u̇e(t) = Aue(t) + Bue(t − τ(t)),

A =
(

0 1
−ω2

n(1 + w) −2ζωn

)
, B =

(
0 0

ω2
nw 0

)
.

(23)

The dimensionless chip width w is proportional to the
real chip width b and the cutting force coefficient Kt .
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The exact relationship betweenw andb also depends on
the orientation, the modal mass and the eigenfrequency
of the considered eigenmode of the structure. The time-
varying delay τ(t) is specified by Eq. (18) withΨ (t) =
Ψnom(t). The equivalent description of the system in the
angular domain according to Eq. (21a) is

ũ′
e(ψ) = 1

Ω̃(ψ)
(Aũe(ψ) + Bũe(ψ − δ)) . (24)

The time-varying delay τ(t) in Eq. (23) was converted
into a time-varying denominator Ω̃(ψ) = Ω(Ψ −1

nom(t))
in Eq. (24). The stability analysis of turning with
SSV in the angular domain representation with a
constant angular delay δ = 2π was already shown
in [23]. However, Tsao et al. have chosen a sinu-
soidal Ω̃(ψ), i.e., a sinusoidal SSV in the angular
domain, which is not the generic case for an applica-
tion. Furthermore, they have not compared their results
with the results for the equivalent system in the time
domain.

In this example, a sinusoidal SSV in the time domain
Ω(t) = Ω0(1 + RA cos(2πνmt)) is chosen, where
RA = 0.15 is the relative amplitude and νm = 1 Hz the
frequency of the spindle speed modulation. The para-
meters for the structural dynamics are selected to be
ωn = 2π100 Hz and ζ = 0.03. Two types of the semi-
discretization method were applied for the calculation
of the stability lobes. On the one hand, the semidis-
cretization for a time-varying delay [10] was used for
the stability analysis of Eq. (23) in the time domain. On
the other hand, the semidiscretization for time-varying
coefficients [11] was used for the analysis of Eq. (24)
in the angular domain. The results are shown in Fig. 2
and coincide very well.

4.2 Turning with tangential vibrations

Now, a turning process with constant nominal spindle
speed Ω0 is investigated, which includes the effect of
tangential vibrations on the dynamics. The structure
is assumed to be flexible into tangential and normal
direction and rigid in axial and torsional direction. In
this case, the matrix T is the two-dimensional iden-
tity matrix because the tangential and normal direction
coincide with the x- and y−direction (see Fig. 1). The
cutting force for such a process was already derived
in Sec. 2. With Eq. (11) and Eq. (12), the load on the
structure can be written as
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Fig. 2 Comparison of the stability lobes for turning with SSV
from Eq. (23) in the time domain (red, solid) and Eq. (24) in the
angular domain (blue, dashed). The results coincide as required.
The stability lobes for constant spindle speed (black, thick) are
also shown. (Color figure online)

F(t) =
(
Fx (t)
Fy(t)

)
= bKt

(
1
kn

)
ρRδ

+ bKt

( −ρ 1
−ρkn kn

)
(r(t − τ(t, r t)) − r(t)).

(25)

In this turning process, ideal cutting is characterized
by an excitation of the structure with the static part
of the cutting force without dynamic displacements.
This static excitation during the process leads to a static
displacement rs(t) = r∗. Since the structural behav-
ior is assumed to be linear, the state-dependent delay
τ(t, r t) in the dynamic part of the cutting force is the
only nonlinearity of the system. Thus, the lineariza-
tion can be done by the determination of the time delay
τ(t, r t) = τs(t, r∗) for the ideal cutting solution with
Eq. (9). In particular, for the static displacement r∗
the time delay is a constant delay τs(t, r∗) = τ ∗ =
δΩ−1

0 .
The behavior of the perturbations re(t) around the

ideal cutting solution can be described with the struc-
tural behavior Eq. (1a) and the dynamic part of the
cutting force Eq. (25) with τ(t, r t) = τ ∗. Directly at
the stability border the perturbations re(t) are periodic
oscillations with the chatter frequency ωc and constant
amplitudes. The following eigenvalue equation holds
for the frequency domain representation of the peri-
odic perturbations re(t) at the stability border
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(
x̂e
ŷe

)
= bKt

(
Φxx Φxy

Φyx Φyy

) ( −ρ 1
−ρkn kn

)

×
(
e−iωτ∗ −1

) (
x̂e
ŷe

)
. (26)

Following [18], the oriented transfer function σ(ω)

which is the nonzero eigenvalue of the matrix product
Φ(ω)Bc is given by

σ(ω) = knΦyy(ω) + Φyx (ω)

−ρ
(
Φxx (ω) + knΦxy(ω)

)
. (27)

For ρ = 0, Eq. (27) is identical to the results in Ref.
[18]. The additional term with the TRE coefficient ρ

specifies the influence of the TRE on the oriented trans-
fer function. The limiting chip width bc, which sepa-
rates stable from unstable cutting conditions, can be
calculated by the well-known stability law of Tlusty

bc(ωc) = − 1

2Ktσr (ωc)
. (28)

Thus, the negative real part σr (ω) of the oriented trans-
fer function determines the stability.

A special case of the influence of tangential vibra-
tions on the stability behavior of turning processes was
already studied in [12]. In this paper, cross FRFs were
neglected Φxy = Φyx = 0 and an identical structural
behavior in x- and y-direction Φxx = Φyy = Φ was
assumed. In this case, the critical chip width can be
calculated by

bc(ω) = − 1

2KtRe(Φ(ω)) (kn − ρ)
. (29)

Eq. (29) with ρ = 0 is the known stability criterion
for the conventional turning model [3]. As was already
reported in [12], the TRE with ρ > 0 is responsible
for an increase in the critical chip width bc by a factor
of kn/(kn − ρ) in comparison with the critical chip
width for the conventional model without tangential
vibrations. In general, tangential vibrations can also
destabilize the system dependent on the behavior of
the FRFs in x- and y-direction.

Another special case occurs if the structure is flex-
ible in x-direction but rigid in y-direction, that is,
vibrations of the structure do not affect the chip thick-
ness directly. However, due to the TRE the system can
become unstable and the critical chip width is given by

bc(ω) = 1

2KtRe(Φxx (ω))ρ
. (30)

In this case, the instability is due to vibrations in tangen-
tial direction, completely decoupled from the dynamics
in the normal direction. This means that the TRE may
not only stabilize or destabilize critical eigenmodes
in turning but may also lead to the occurence of new
instabilities due to critical eigenmodes in the tangential
direction. As can be derived from Eq. (30), such insta-
bilities are characterized by chatter frequencies lower
than the eigenfrequency of the structure.

For turning processes in the industry at a real lathe,
the behavior of the structural dynamics is complex and
the general form of the oriented transfer function in
Eq. (27) can be used to determine the stability lobes.

4.3 Axial–torsional chatter in drilling

A stability analysis of axial–torsional chatter in drilling
was already presented in the literature [1,7,19]. In [7],
the TRE was not considered, and in [1,19] the impact
of the TRE on the stability lobes was not studied sepa-
rately. For the purpose of illustration, only axial z and
torsional θ vibrations of the tool are considered, which
are decoupled from lateral vibrations [19]. The geome-
try of the process is shown in Fig. 3. The matrix T can
be specified by

T =
(
0 1
R 0

)
. (31)

Here, R is the mean radius of the cutting lips. In the
theory, the moment M w.r.t. the drill axis is generated
by the product of the radius R and the tangential cut-
ting force Ft , where the tangential cutting force Ft is

Fig. 3 Geometry of a drilling process with axial z and torsional
θ vibrations
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Table 1 Parameters for
drilling example [19]

Structural dynamics

Mode index Frequency ωn Damping ζ Stiffness k Sign

zz 3358Hz 2% 1.06 × 108 N/m +

zθ 3358Hz 2% 4.34 × 105 Nm/m −
θ z 3358Hz 2% 4.92 × 105 N/rad −
θθ 3358Hz 2% 7.78 × 102 Nm/rad +

Cutting force

Kt kn Radius R Feed per tooth vfτ
∗ ρ

1235N/mm2 0.23 6.62mm 0.4mm 0.019

interpreted as a point force (see Fig. 3) instead of a
force distributed along the cutting edge as in practice.
The load vector on the structure for this process can be
defined as

F(t) =
(
Fz(t)
M(t)

)
= bKt

(
kn
R

)
ρRδ

+ bKt

(
kn −ρknR
R −ρR2

)
(r(t − τ(t, r t)) − r(t)).

(32)

The problem is qualitatively equivalent to the turning
example with tangential vibrations as described in the
previous subsection. Ideal cutting is characterized by a
static displacement rs(t) = r∗, and the linearization is
done by replacing the state-dependent delay by the con-
stant delay τ ∗ = δΩ−1

0 . Note that for this process with
two cutting lips the angular distance between two sub-
sequent cuts is δ = π . The perturbations at the stability
lobes can be described in the frequency domain for-
mally similar to Eq. (26). The oriented transfer function
σ(ω) for axial–torsional vibrations in drilling, which is
the nonzero eigenvalue of the matrix product Φ(ω)Bc,
can be determined by

σ(ω) = knΦzz(ω) + Φzθ (ω)R

−ρ
(
knΦθ z(ω)R + Φθθ (ω)R2

)
. (33)

For ρ = 0, Eq. (33) is similar to the results obtained
in [18] and specifies direct modifications of the chip
thickness due to normal and tangential forces at the
cutting lips. The third term with the TRE coefficient ρ
characterizes modifications of the chip thickness due
to torsional vibrations of the drill, created by normal
and tangential forces at the cutting lips. Again, the crit-
ical chip width bc, that separates stable from unstable
cutting conditions, can be calculated with Eq. (28).

The effect of torsional vibrations on the stability of
drilling is shown for an example from the literature.
The parameters for the structural dynamics, the cutting
force and the drill geometry are taken from [19] and
are summarized in Table 1. The FRF matrix Φ(ω) for
axial–torsional vibrations can be determined by
(

Φzz Φzθ

Φθ z Φθθ

)
= ω2

n

ω2
n − ω2 + 2ωnζ iω

(+k−1
zz −k−1

zθ
−k−1

θ z +k−1
θθ

)
,

(34)

with the eigenfrequency ωn, the damping ratio ζ and
the stiffnesses kkl , k, l ∈ {z, θ} of the axial–torsional
mode. In Fig. 4a, the real parts of the FRFs for nor-
mal z and tangential displacements θR in response
to normal Fz and tangential Ft forces are shown. The
direct FRFs Φzz and Φθθ R2 (solid) have a positive real
part for frequencies smaller than the eigenfrequency,
ω < ωn. This is the generic case, where the orienta-
tions of displacements and forces are equal, indicated
by a positive sign in Table 1. However, the cross FRFs
Φzθ R and Φθ z R (dashed) have a negative real part for
ω < ωn, characterized by a negative sign in Table 1.
This means that a tangential force at the tool tip in pos-
itive θ -direction leads to a negative z-displacement and
vice versa. In other words, the tangential force untwists
the twist drill and leads to an increase in the length of the
drill.

Figure 4b shows the oriented transfer function σ(ω)

according to Eq. (33) for the drilling example without
(black, dashed) and with (black, solid) TRE. Further-
more, the dominant termΦzθ R (green/gray, dashed) of
σ(ω) is shown. The behavior of σ(ω) is characterized
by a negative real part for frequencies ω < ωn, which
has been already reported in [7]. Even though practi-
cally the nominal feed per tooth vfτ

∗ = 0.4 mm is
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Fig. 4 a The magnitude of
the tangential direct FRF
Φθθ R2 dominates the
structural behavior, but
b the oriented transfer
function σ(ω) in Eq. (33) is
dominated by the cross FRF
Φzθ R. The change of σ(ω)

due to the TRE is small. c
The TRE does not change
the chatter frequencies, but
d leads to a slight
destabilization of the
process. (Color figure
online)
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already set too high for this kind of tool, the strength
of the TRE ρ = 0.019 is quite small (cf. Table 1).
As a result, the effect of torsional vibrations on σ(ω)

is small. The chatter frequencies for the process are
shown in Fig. 4c. According to Tlusty’s law Eq. (28),
the negative real part of σ(ω) determines the limiting
depth of cut. Thus, the chatter frequencies are smaller
than the eigenfrequency ωn = 3358 Hz of the axial–
torsional mode. The TRE does not change the chatter
frequencies of the process. This is due to the fact that
the chatter frequency ωc for a specific nominal spindle
speed Ω0 is determined by the phase of the oriented
transfer functionσ [2].However, the four relevant FRFs
of the axial–torsional eigenmode have the same phase.
Only the magnitude differs from each other due to dif-
ferent stiffness parameters in Eq. (34). The stability
lobes without (black, dashed) and with (black, solid)
TRE are shown in Fig. 4d. Here, the TRE leads to a
slight destabilization of the process. This is due to an
increased negative minimum of the oriented transfer
function of the extended model with TRE compared
to the conventional model (cf. Fig. 4b), which can be
explained by the signs of the FRFs in Eq. (33) and the
signs of the stiffnesses in Eq. (34).

5 Conclusion

The effect of torsional and tangential vibrations on
metal cutting dynamics was investigated. Applica-
tions are turning, boring, milling, drilling or sawing
processes, where vibrations of the tool or the work-
piece parallel to the cutting speed direction are much
larger than vibrations perpendicular to it. Apart from
the conventional dynamic chip thickness variation due
to normal vibrations, vibrations in cutting speed direc-
tion lead to an additional dynamic variation of the
chip thickness. We derived a universal extended chip
thickness model, which includes the so-called TRE on
the chip thickness. Furthermore, tangential vibrations
lead to a state-dependent delay. We have shown that
the dynamics of metal cutting vibrations can be also
described in terms of the covered spindle rotation angle
instead of time. This angular domain representation can
be either used to calculate the state-dependent delay for
the time domain model or the complete model can be
converted to the angular domain. The main advantage
of the angular domain representation is that the delay
in the system is always constant and equal to the tooth
pitch.

123



Tangential and torsional vibrations on the stability lobes 1999

Wehave analyzed the stability of turning and drilling
processes. In this case, the ideal stable cutting process
is characterized by constant displacements and a con-
stant delay. In this case, the identification of the sta-
bility lobes in the frequency domain is suitable. We
have shown that the TRE leads to an additional term in
the oriented transfer function in comparison with the
conventional model. The TRE can stabilize or destabi-
lize the process. Further, we have demonstrated that a
new instability due to the TRE is possible, which solely
occurs due to tangential or torsional vibrations. Such
instabilities are known from circular sawing process
[26] and may be also relevant in deep hole drilling,
where the compliance in torsional direction is much
lower than in the other directions [9]. If stable cut-
ting is characterized by a periodic delay, the analysis
of the system in the angular domain with a constant
angular delay is more advantageous than the analysis
in the time domain. We have illustrated the equiva-
lence between the time and the angular domain repre-
sentation by an example of turning with spindle speed
variation.
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