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Abstract Many models of three-dimensional rigid
body dynamics employ Euler parameters as rotational
coordinates. Since the four Euler parameters are not
independent, one has to consider the quaternion con-
straint in the equations of motion. This is usually done
by the Lagrange multiplier technique. In the present
paper, various forms of the rotational equations of
motion will be derived, and it will be shown that they
can be transformed into each other. Special attention
is hereby given to the value of the Lagrange multiplier
and the complexity of terms representing the inertia
forces. Particular attention is also paid to the rotational
generalized external force vector, which is not unique
when using Euler parameters as rotational coordinates.
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1 Introduction

Multibody systems allow the modeling of entire sys-
tems of rigid and flexible bodies connected by joints
and driven by forces and actuators. The most common
andwidely used type of rotational coordinates inmulti-
body systems that treat the orientation of either rigid or
flexible bodies are Euler angles. An alternative non-
minimal representation of the orientation of a body
is given by a so-called quaternionic parametrization.
In recent years, quaternionic parametrizations found
new attraction because they substantially simplify the
mathematical formulation and they lead, in contrast
to parametrization groups using three variables, to a
singularity-free description of the rotation.

The present paper deals with the different forms of
the rotational equations of motion of an unconstrained
rigid body in multibody systems using Euler parame-
ters. The latter parameters are unit quaternions, that
is, a collection of four real parameters, which are not
independent. In terms of Euler’s theorem [1], three
of the four Euler parameters represent a rotation axis
and the fourth is considered as single rotation about
the latter axis. Since the four Euler parameters are
not independent, one has to consider the quaternion
constraint in the equations of motion. This is usually
done by using the Lagrange multiplier technique [2]
where the derivative of the unity of the Euler para-
meters is related to the angular velocity. A numerical
time integration of the latter equations, however, would
lead to errors in the unity of the quaternions. There-
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fore, it is essential to explicitly extend the equations
by the unity of the quaternions yielding a set of DAEs
instead of ODEs. In this case, the Lagrange multiplier
has no physical meaning. Alternatively, one can find
several approaches avoiding the Lagrange multiplier
technique, e.g., in the work by Möller and Glocker [3],
in which unconstrained quaternions are used. An alter-
native derivation of the quaternion equations of motion
for a rigid body has been presented by Udwadia and
Schutte [4]. In [5], the equations of motion have been
derived firstly in terms of quaternions using Lagrange’s
formalism in order to analyze constrained mechani-
cal systems including non-redundant holonomic con-
straints. Moreover, the latter paper shows as well how
the physical torque vector can be expressed as the gen-
eralized quaternion torque vector. Alternatively, in [6],
a different form for the generalized quaternion torque
vector is presented, and by analytically solving the
equations of motion, it has been demonstrated that
the Lagrange multiplier according to the unity of the
quaternion constraint is equal to twice the rotational
kinetic energy, see also [7].

Similar to the work in [6], Vadali [8] has demon-
strated that Lagrangian equations can be properly refor-
mulated, such that the value of the Lagrange multiplier
is zero. Although the Lagrangemultiplier is zerowithin
the latter formulation, it would lead to an error in the
numerical time integration if the unity of the Euler
parameters is no longer explicitly considered in the
equations as a result of the drift phenomenon. There-
fore, one has to re-normalize the Euler parameters after
each numerical time integration step on position level
in order to fulfill the unity of the Euler parameters, see
e.g., [3,7,9].

Although one can find different forms of the gener-
alized quaternion torque vector and as well suggestions
on the amplitude of the Lagrangemultiplier when using
Euler parametrization, the connection between the gen-
eralized quaternion torque vector and the Lagrange
multiplier has not yet been presented in the open liter-
ature. In the present paper, particular attention is paid
on various different forms of the generalized quater-
nion torque vector and their influence on the amplitude
of the Lagrange multiplier in rotational dynamics.

Furthermore, in the present paper, the generalized
force vector is split into two parts, one part takes into
account the rotational dynamics of the body, while the
second part does not influence the rotation of the body
at all. This fact has been mentioned as well in the work

by Udwadia and Schutte [4], in which the connection
between the physically applied torque and the gener-
alized torque associated to the Euler parameters has
been derived. To be more precise, the derivation in [4]
reveals that the generalized torque vector includes a
component in the direction of the Euler parameter vec-
torwhich does not contribute to the rotational dynamics
of a rigid body.

The present paper shows that all the forms of
the equations of motion presented herein lead to the
same rotational dynamics of the body. The difference
between the presented forms is given by the amplitude
of the Lagrange multiplier and the mathematical com-
plexity in the equations of motion. The Euler’s equa-
tions are the starting point of consideration in order
to show that the Lagrange parameter concerning the
Euler parameter constraint gets zero, contrary to the
derivation in [8], in which the Lagrangian equations are
reformulated leading to the Euler’s equations. More-
over, the derivation of the equations of motion for a sin-
gle rigid body from d’Alembert’s variational principle
in the present paper reveals various forms when using
Euler parameters for the description of the rotation.
Of particular importance is the presented derivation of
the generalized quaternion torque vector in terms of
the physically applied force vector, which can also be
related to the approach presented in [6,10]. In addi-
tion to the work in the latter mentioned publications, in
the present paper the different forms of the generalized
quaternion torque vector are analyzed leading to new
insights and their influence on the Lagrange parameter
will be emphasized herein.

2 Kinematic description

This section defines the kinematic variables of interest,
and recalls a number of fundamental kinematic rela-
tions, which are needed in the present paper. Funda-
mental derivations concerning Euler parameters and a
collection of many useful quaternion identities are pre-
sented, see also [6].

In order to describe the position vector rp of an arbi-
trary point P on a rigid body in the floating frame of
reference formulation [11] two different types of coor-
dinate systems.

One is a time- and space-fixed inertial coordinate
system and the second one is attached to the rigid body
and, therefore, translates and rotates with the body.
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Thus, the absolute position vector of a point P can
be written as [11–13]

rp = R + Aup (1)

whereR is the position vector of the origin of the space-
fixed coordinate system to the origin of the body coor-
dinate system; the orthogonal rotation matrix A trans-
forms quantities expressed in the body coordinate sys-
tem into their counterparts in the space-fixed frame,
and up is the position vector of the point defined in
the body coordinate system. Unless otherwise stated,
throughout the present paper, quantitieswith an overbar
are expressed in the body reference system. Note that
any vector can, at any instant of time, be decomposed
in either the space-fixed or the body coordinate system.

While the three translational coordinates of the vec-
tor R are needed to fix the location of a body, in the
present paper a four-component vector p containing
Euler parameters

pT =
[
e0 eT

]
, eT = [e1 e2 e3] (2)

is used for the parametrization of the orientation of the
body. The four quantities e0, e1, e2 and e3 represent
the Euler parameters and are not independent, since
they fulfill the following relation

e20 + eT e = 1 (3)

i.e.,

pTp − 1 = 0 (4)

In terms of the latter quaternions, the orthogonal rota-
tion matrix A, which transforms quantities from the
body coordinate system into the global coordinate sys-
tem, is given by [14]

A =
(
2e20 − 1

)
I + 2

(
eeT + e0̃e

)
(5)

where I is an order-three identity matrix, and the skew-
symmetric matrix ẽ, with the axial vector e, satisfies

ẽv = e × v (6)

for an arbitrary vector v. The latter rotation matrix can
also be written as [14]

A = GLT (7)

with the pair of 3 × 4 matrices G and L given by [14]

G =
⎡
⎣

−e1 e0 −e3 e2
−e2 e3 e0 −e1
−e3 −e2 e1 e0

⎤
⎦ = [−e, ẽ + e0I

]
(8)

and

L =
⎡
⎣

−e1 e0 e3 −e2
−e2 −e3 e0 e1
−e3 e2 −e1 e0

⎤
⎦ = [−e, −̃e + e0I

]
(9)

A direct calculation reveals that

GGT = LLT = I (10)

while

GTG = LTL = I4 − ppT (11)

where I4 denotes the 4× 4 identity matrix. In addition,
G, L and p satisfy the following identities

Gp = 0, Lp = 0, Ġṗ = 0, L̇ṗ = 0 (12)

Due to the orthogonality of the rotation matrix A,
we have

ATA = I (13)

Thedifferentiation of the previous equation verifies that
the matrix AT Ȧ is skew-symmetric, since

d

dt

(
ATA

)
= AT Ȧ + ȦTA = AT Ȧ +

(
AT Ȧ

)T = 0

(14)

Let us, therefore, define

ω̃ = AT Ȧ (15)

where the axial vector of ω̃ may be interpreted as the
angular velocity vector expressed in the body coor-
dinate system. The skew-symmetric matrix ω̃ can be
alternatively written in terms of the matrix L and its
first time derivative in the form

ω̃ = 2LL̇T (16)

The kinematic equation that relates the time derivatives
of the Euler parameters to the components of the angu-
lar velocity vector ω can be written in the form [15]

ω = 2Lṗ (17)

3 Equations of motion

In this section, we recapitulate the derivation of the
equations of motion for a single rigid body from
d’Alembert’s variational principle and show that we
end up with various forms of these equations if Euler
parameters are used for the description of the rotation.

Assuming that the origin of the body coordinate
system is attached to the center of mass of the body,
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d’Alembert’s principle for an unconstrained rigid body
states that [16]

δRT (
mR̈ − f

) + δθ
T (

Jω̇ + ω̃Jω − n − m
) = 0

(18)

where m denotes the mass of the rigid body and J its
tensor of inertia, referred to the bodycoordinate system.
The sum of all forces acting on the body is denoted by
f and the sum of the moments induced by f is defined
by n. Any other pure moments acting on the rigid body
are defined by the vectorm. Without loss of generality,
we assume, from now on, that no pure moments act on
the body.

Equation (18)must hold for anyvirtual displacement
vector δR and for any rotation vector δθ , which may
be expressed by Euler parameters in a similar way as
ω in Eq. (17):

δθ = 2Lδp (19)

Hence, by substituting Eqs. (16), (17) and (19) into
d’Alembert’s principle and considering only the rota-
tional part (i.e., we set δR = 0), we obtain

δpT
(
4LT JLp̈ + 8LTLL̇T JLṗ − 2LTn

)
= 0 (20)

However, due to the fact that Euler parameters are not
independent quantities, we may not equate the expres-
sion in brackets to zero.Because ofEq. (4), the variation
δp is constrained by the relation

δpTp = 0 (21)

Hence, the zero term δpTpλ may be added to Eq. (20),
yielding

δpT
(
4LT JLp̈ + 8LTLL̇T JLṗ − 2LTn + pλ

)
= 0

(22)

The Lagrange multiplier λ may now be defined by the
condition that the expression in brackets vanishes. This
results in the following four equations for the four Euler
parameters and the Lagrange multiplier λ:

4LT JLp̈ + 8LTLL̇T JLṗ + pλ = 2LTn (23)

The missing fifth equation is the constraint equation,
see Eq. (4). The term pλ represents the constraint force,
whereby p is the transpose of the constraint Jacobian
of the kinematic constraint pTp = 1. It can be easily
demonstrated that the Lagrangemultiplier λ in Eq. (23)

is zero, see also [8]. For that purpose, we pre-multiply
Eq. (23) with pT and make use of Lp = 0. This results
in

pTpλ = 0 (24)

which can only be true if λ = 0, since pTp = 1. At
this point, it should bementioned that Eq. (23) could be
obtained as well by inserting Euler parameter identities
of Eqs. (16) and (17) into thewell-knownNewtonEuler
equations and adding the constraint force pλ.

Another form of the equations of motion is obtained
by eliminating the Lagrange multiplier from Eq.
(23) by transforming the equation back to the three-
dimensional space. This is achieved by pre-multiplying
Eq. (23) with the 3× 4 matrix L. Since Lp = 0 and by
making use of LLT = I, we get

4JLp̈ + 8LL̇T JLṗ = 2n (25)

Because we have now reduced the number of equa-
tions from four to three, the constraint equation, i.e.,
Eq. (4), must still be considered to determine the four
Euler parameters. It should be noticed that Eq. (25) can
also be derived from the original form of d’Alembert’s
principle. Since Eq. (18) must hold for any virtual rota-
tion δθ , we obtain the Newton Euler equations

Jω̇ + ω̃Jω − n = 0 (26)

and by substituting Eqs. (16, 17) for ω and ω̃, we end
up with Eq. (25) again.

One can obtain a third form of the equations of
motion by starting again with d’Alembert’s principle
of Eq. (20). The latter equation is constrained by the
relation δpTp = 0. Therefore, we substitute the iden-
tity of Eq. (11), i.e., LTL = I4 − ppT , in the second
term on the left side of Eq. (20), which actually repre-
sents the gyroscopic moment. This results in

δpT
(
4LT JLp̈ + 8L̇T JLṗ

− 8ppT L̇T JLṗ − 2LTn
) = 0 (27)

Since δpTp = 0, the gyroscopic moment can be sim-
plified to 8L̇T JLṗ and, thus, the latter equation can be
rewritten in a simpler form as

δpT
(
4LT JLp̈ + 8L̇T JLṗ − 2LTn

)
= 0 (28)

As it is the case in Eq. (20), one may not equate the
expression in brackets to zero because the Euler para-
meters are not independent quantities. First one has
to add the zero term δpTpλ to Eq. (28) and then the
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expression in brackets can be set to zero which leads
to the following form of the equations of motion:

4LT JLp̈ + 8L̇T JLṗ + pλ = 2LTn (29)

which has been presented aswell in [6]. The latter equa-
tion is constrained by pTp = 1, which always has to
be satisfied. However, the latter form is simpler than
Eq. (23), since it contains only third-order terms in the
Euler parameters, whereas we have to deal with fifth-
order expressions in Eq. (23). This is mainly based on
the simplification of the gyroscopicmoment. The value
of the Lagrange multiplier of Eq. (29) can be computed
by pre-multiplying Eq. (29) with pT and making use
of Lp = 0 and pTp = 1. This results in

λ = −8pT L̇T JLṗ (30)

Now, the Lagrange multiplier is no longer zero, and the
constraint force accounts for the simplification made
in the gyroscopic moment. Clearly, if Eq. (29) is trans-
formed back to the three-dimensional space by simply
pre-multiplying the latter equation with the 3 × 4 pro-
jection matrix L, one has to end up with Newton Euler
equations. Pre-multiplying Eq. (29) with L yields

4JLp̈ + 8LL̇T JLṗ = 2n (31)

where advantage has been used of the fact that Lp = 0
andLLT = I. By using the definitions of Eqs. (16, 17),
one can transform Eq. (31) to the well-known Newton-
Euler equations. Themain difference between the equa-
tions of motion of Eq. (29) and those of Eq. (23) is
given by the fact that some Euler parameter identities
have been used for simplifying d’Alembert’s principle.
This simplification, which in fact could be interpreted
as a modification of the gyroscopic moment, has been
demonstrated above by transforming Eq. (27) into Eq.
(28).

One might expect that another form of the equations
of motion is obtained after setting λ = 0 in Eq. (23),
yielding

4LT JLp̈ + 8LTLL̇T JLṗ = 2LTn (32)

Sincewe still have four equations forpbut no additional
variable λ, it seems that the constraint equation is not
needed anymore. However, this is not the case, because
Eq. (32) also results from multiplying Eq. (25) with
the 4 × 3 matrix LT . Thus, by linear combination, we
have just produced four from three equations, which,
of course, are linear dependent. Nevertheless, knowing

that λ = 0 in Eq. (23) might be helpful to control the
quality of a numerical solution of Eq. (23).

Summing up, we found three different forms of the
equations ofmotion for Euler parameters, given byEqs.
(23), (25) and (29). All of themmust be solved in com-
binationwith the constraint equationpT p = 1. It seems
that the most complicated form is Eq. (23) since it con-
tains fifth-order terms in the Euler parameters and a
Lagrangemultiplier. InEq. (25), themultiplier has been
eliminated and the terms are of fourth order in the Euler
parameters. Finally, Eq. (29) contains only third-order
terms in the Euler parameters and a Lagrange multi-
plier.

There exist different strategies for solving the con-
strained rotational equations of motion when using
Euler parameters. One approach is based on differen-
tiating the kinematic Euler parameter constraint twice
with respect to time and on using the augmented form
of the equations of motion. This solution procedure is
also known as index reduction and will be explained in
brief in the remainder of this section. Another solution
strategy is based on the elimination of the Lagrange
multiplier and is explained in detail in [17]. If the kine-
matic Euler parameter constraint, see Eq. (4), is differ-
entiated twice with respect to time, we obtain

pT p̈ + ṗT ṗ = 0 (33)

With Eq. (23), we end up with the following set of
equations for p and λ:
[
4LT JL p

pT 0

] [
p̈
λ

]
=

[
−8LTLL̇T JLṗ + 2LTn

−ṗT ṗ

]

(34)

The inverse of the augmented mass matrix on the left
side reads [6]
[
4LT JL p

pT 0

]−1

=
[

1
4L

T J−1L p

pT 0

]
(35)

Finally, Eqs. (34) and (35) yield

[
p̈
λ

]
=

[
1
4L

T J−1L p

pT 0

] [
−8LTLL̇T JLṗ + 2LTn

−ṗT ṗ

]

(36)

If we use the relation Lp = 0, we notice from the
second line of Eq. (36) that

λ = 0 (37)
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showing once again that the Lagrange multiplier λ in
Eq. (23) is zero. Moreover, the first line of Eq. (36) is
a set of four non-redundant equations determining the
Euler parameters:

p̈ = −2LT J−1LL̇T JLṗ + 1

2
LT J−1n − pṗT ṗ (38)

where advantage has been used of LLT = I.
In order to complete this section, in a last step, we

solve the augmented form of the equations of motion
of Eq. (29), i.e.,
[
4LT JL p

pT 0

] [
p̈
λ

]
=

[
−8L̇T JLṗ + 2LTn

−ṗT ṗ

]
(39)

Using the inverse of the augmented mass matrix of Eq.
(35), we obtain
[
p̈
λ

]
=

[
−2LT J−1LL̇T JLṗ + 1

2L
T J−1n − pṗT ṗ

−8pT L̇T JLṗ

]

(40)

where the fact has been used that LLT = I and that
Lp = 0. The Euler parameter accelerations of Eq.
(40) are the same as in Eq. (38). One can also find the
formula for the Euler parameter accelerations in [17].
However, the value of the Lagrange multiplier is not
zero when using the equations of motion of Eq. (29),
see Eq. (30) for the nonzero value of the Lagrange mul-
tiplier.

4 A detailed discussion on the generalized external
force vector

In the last section, different forms of the rotational
equations of motion of a rigid body have been pre-
sented bymanipulating the gyroscopic moment. There,
less attention has been paid to the generalized external
force vector. The present section focuses on this issue in
detail. It will be demonstrated that another form of the
equations of motion is obtained by keeping the gyro-
scopic moment in its original form given by the second
term on the left-hand side of Eq. (23), and by manip-
ulating the generalized external force vector. This also
will end up in a Lagrange multiplier value different
from zero, see Sect. 4.3 for this purpose.

In the last section,we assumed that no puremoments
m act on the body and this assumption will hold on in
the present section. Thus, the only moment that acts on

the rigid body results from an externally applied force
vector f , i.e.,

n = ũ
p
f = ũ

p
AT f (41)

where the position of application point of the force vec-
tor f is given by

rp = R + Aup (42)

The generalized rotational force vector is repre-
sented by the right-hand side of Eq. (23), i.e.,

Qp = 2LTn (43)

Substituting Eq. (41) into Eq. (43) yields

Qp = 2LT ũ
p
AT f (44)

The latter formof the generalized torque vector can also
be found in [5]. In the following subsection, an alterna-
tive approach for computing the generalized external
force vector will be presented.

4.1 Derivation of the generalized force vector based
on the principle of virtual work

One can also obtain the generalized rotational force
vector resulting from the physical force vector f by
using the principle of virtual work. The virtual work of
an externally applied force f is defined as

δWe = fT δrp (45)

which can be written in terms of the generalized coor-
dinates R and p as

δWe =
[
(QR)T

(
Qp

)T ] [
δR
δp

]
(46)

whereQR represents the generalized force vector asso-
ciated with the translational coordinates and Qp is the
generalized force vector associated with the general-
ized rotational coordinates.

For the evaluation of vectors QR and Qp, the total
differential of Eq. (42) has to be computed. Due to the
fact that the body under consideration is a rigid body
and, therefore, u̇

p = 0, the first time derivative of Eq.
(42) is given by

ṙp = Ṙ + Ȧup (47)

Using the fact that Ȧ = Aω̃, which follows from Eq.
(15), one can write the above equation also as

ṙp = Ṙ − Aũ
p
ω (48)
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where the fact has been used that for two arbitrary vec-
tors y and z the following relation holds

ỹz = −̃zy (49)

Substituting Eq. (17) into Eq. (48) leads to

ṙp = Ṙ + B1ṗ (50)

where the 3 × 4 matrix B1 is defined as

B1 = −2Aũ
p
L (51)

In a similar way as ṙp, we can express the virtual dis-
placement δrp as

δrp = δR + B1δp (52)

An alternative form of the total differential of Eq.
(42) can be obtained by using

Ȧup = ∂Aup

∂p
ṗ (53)

We may define the 3 × 4 matrix B2 to be

B2 = ∂Aup

∂p
(54)

With the use of this equation and Eq. (53), (47) leads
to

ṙp = Ṙ + B2ṗ (55)

or in terms of virtual displacements

δrp = δR + B2δp (56)

Adirect comparisonof thematricesB1 andB2 shows
that

B1 �= B2 (57)

At this point, it should be noted that thematricesB1 and
B2 are identical if three-dimensional parametrization
groups, e.g., Euler angles, are used as rotational coor-
dinates. However, when using Euler parameters, the
matrices are not identical. Without any further knowl-
edge on the latter two matrices, we obtain two dif-
ferent forms of the rotational generalized force vec-
tor when using the principle of virtual work. The first
form is obtained by substituting Eq. (52) into Eq. (45)
and by considering only the rotational part (i.e., we set
δR = 0) which leads to

Qp,1 = BT
1 f (58)

Since B1 = −2Aũ
p
L, one can show that

Qp,1 = 2LT ũ
p
AT f (59)

which can be written under the usage of Eqs. (43) and
(44) also as

Qp,1 = Qp = 2LTn (60)

Alternatively, when using Eq. (56), we may write
the rotational part of the virtual work of the externally
applied force as

δWe = fTB2δp = QT
p,2δp (61)

such that

Qp,2 = BT
2 f (62)

Thus, we end up with two forms for the generalized
external force vector associated with the generalized
rotational coordinates. The first form is given by Eq.
(44) and is exactly the same vector as the vector Qp,1

defined in Eq. (58). The second form is given by the
vector Qp,2 of Eq. (62). A direct comparison shows
that

Qp,1 �= Qp,2 (63)

The two different forms of the generalized torque vec-
tors have been implemented for an arbitrarily chosen
force vector, and they lead to the same orientation of
the body in space. However, the value of the Lagrange
multipliers is different for the two formulations. This
issue will be discussed in detail in the next subsection.

4.2 Some investigations on the matrices B1 and B2

In order to be able to show that both generalized torque
vectors Qp,1 and Qp,2 lead to the same orientation of
the body but to different values of the Lagrange mul-
tiplier, the matrices B1 and B2 are carefully examined
in the present section. Let us start with the matrix B2.

The matrix B2 is defined as the partial derivative
of the matrix product Aup with respect to the Euler
parameter vector p, see Eq. (54), and can be expanded
by using the definition of the rotation matrix of Eq. (5)
as [14]:

B2 = ∂Aup

∂p
= ∂

∂p

[(
2e20−1

)
up+2eeTup+2e0̃e up

]

= 2
[
2e0up + ẽ up, eTupI + e

(
up)T − e0ũ

p
]

(64)

Since for any two vectors y and z one can verify by
direct calculation that

ỹ z̃ = zyT − yT zI (65)
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we can write Eq. (64) also as

B2 = ∂Aup

∂p

= 2
[
2e0up+ẽ up, upeT −ẽ ũ

p+e
(
up)T −e0ũ

p
]

= 2 [−e, ẽ + e0I]

[
0 − (

up)T

up −ũ
p

]

+ 2
[
e0up, upeT

]
(66)

We may define the 4 × 4 skew-symmetric matrix H to
be

H =
[
0 − (

up)T

up −ũ
p

]
(67)

With the use of this definition and Eqs. (2, 8), (66) can
be expressed in compact form as

B2 = 2GH + 2uppT (68)

Thus, the generalized external force vector associated
with the rotational coordinates of Eq. (62) can be writ-
ten as

Qp,2 = 2HTGT f + 2p
(
up)T f (69)

By taking the first time derivative of Eq. (4), one can
verify that the second part of the right-hand side of the
previous equation is orthogonal to ṗ. It can be noted
that this part does not contribute to the orientation of
the body but has an influence on the Lagrange multi-
plier if implemented. The fact that its implementation
has no influence on the orientation of the body can be
demonstrated by substituting the expression of Qp,2

into Eq. (61), i.e.,

δWe = QT
p,2δp = 2fTGHδp + 2fTuppT δp (70)

The last term on the right-hand side of the previous
equation vanishes due to the orthogonality of p and δp.
Thus, the second part of the right-hand side of Eq. (69)
does not play any role in the rotational dynamics of the
body.

Now,we try to split thematrixB1 ofEq. (51) into two
components in order to show that the generalized force
vector associated with the rotational coordinates given
by Eq. (58) consists of a part that is orthogonal to ṗ and
therefore does not influence the rotational dynamics,
and a second part that causes a rotation of the body.

The product LH may be evaluated as follows:

LH =
[

− e, −̃e + e0I
] [

0 − (
up)T

up −ũ
p

]

=
[
−̃e up + e0up, e

(
up)T + ẽ ũ

p − e0ũ
p
]

= −ũ
p
[

− e, −̃e + e0I
]

+
[
e0up, upeT

]

(71)

or in a more compact form as

LH = −ũ
p
L + uppT (72)

Using Eqs. (7, 72), the matrix B1 of Eq. (51) can be
rewritten as

B1 = 2GLTLH − 2GLTuppT (73)

Substituting Eq. (11) into Eq. (73) yields

B1 = 2GH − 2GLTuppT (74)

where advantage has been takenof the fact thatGp = 0,
see Eq. (12). Thus, we can also write the rotational
generalized external force vector of Eq. (58) as

Qp,1 = 2HTGT f − 2p
(
up)T LGT f (75)

The latter equation informs us that—as it is the case for
Qp,2—the generalized torque vector Qp,1 consists of
a component in the direction of p and a second compo-
nent which plays a role in the rotational dynamics of a
rigid body. The form of Qp,2 is much simpler than the
form ofQp,1 since it just depends linearly on the Euler
parameters and, thus, yields to a Jacobian which does
not depend on the Euler parameters. In contrast, Qp,1

depends cubically on the Euler parameters.

4.3 Incorporation of the generalized torque into the
rotational equations of motion

Although it has been demonstrated in Sect. 3 that one
can simplify Eq. (20) by using the fact that LTL =
I4 − ppT resulting in a simpler form of d’Alembert’s
principle in Eq. (28), the starting point of our investiga-
tion is d’Alembert’s principle in the form of Eq. (20),
i.e.,

δpT
(
4LT JLp̈ + 8LTLL̇T JLṗ − 2LTn

)
= 0 (76)

The reason for doing so is that Eq. (20) leads to the
most common formulation of the rotational equations
of motion where the Lagrange multiplier is zero and
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the gyroscopic moment is given in its original form.
The focus in the present section lies on the incorpora-
tion of the external generalized moment vector into the
equations of motion and its effect on the value of the
Lagrange multiplier.

Using the definition of n of Eq. (41), we get for Eq.
(20)

δpT
(
4LT JLp̈ + 8LTLL̇T JLṗ − 2LT ũ

p
AT f

)
= 0

(77)

whereby the variation δp is constrained by the relation
δpTp = 0. Equation (77) can be rewritten by using
Eqs. (58) and (59) as

δpT
(
4LT JLp̈ + 8LTLL̇T JLṗ − BT

1 f
)

= 0 (78)

Without any further knowledge on the matrix B1 and
by adding the zero term δpTpλ to Eq. (78), we end up
with the following equations of motion

4LT JLp̈ + 8LTLL̇T JLṗ + pλ = BT
1 f (79)

Clearly, the latter equation has to be constrained by
the kinematic Euler parameter constraint. SinceBT

1 f =
2LTn, see Eqs. (58) and (60) for this relation, the lat-
ter equation is equal to Eq. (23). Thus, for this case
the Lagrange multiplier is zero and the Euler parame-
ter accelerations are given by Eqs. (38). However, as
demonstrated in Sect. 4.2, we know that the generalized
force vectorQp1 = BT

1 f can be split into two parts, see
Eq. (75). Let us therefore include this information in
the d’Alembert’s principle of Eqs. (78) yielding:

δpT
(
4LT JLp̈ + 8LTLL̇T JLṗ − 2HTGT f

+ 2p
(
up)T LGT f

)
= 0 (80)

Since δpTp = 0, the latter equation can be rewritten in
a simpler form as

δpT
(
4LT JLp̈ + 8LTLL̇T JLṗ − 2HTGT f

)
= 0

(81)

As it has been explained in Sect. 3, it is not possible
to equate the expression in brackets to zero, because
the Euler parameters are not independent quantities.
Therefore, we first have to add the zero term δpTpλ to
Eq. (81), which finally results in

4LT JLp̈ + 8LTLL̇T JLṗ + pλ = 2HTGT f (82)

By differentiating the kinematic Euler parameter con-
straint twice with respect to time, the augmented form
of the equations of motion can be written as
[
4LT JL p

pT 0

] [
p̈
λ

]

=
[

−8LTLL̇T JLṗ + 2HTGT f

−ṗT ṗ

]
(83)

Using the inverse of the augmented mass matrix of Eq.
(35) we finally get for the Lagrange parameter and the
Euler parameter accelerations:
[
p̈
λ

]

=
[−2LT J−1LL̇T JLṗ+ 1

2L
T J−1LHTGT f−pṗT ṗ

2pTHTGT f

]

(84)

Since LHTGT f = ũ
p
AT f = n, the Euler parame-

ter accelerations in Eq. (84) are the same as in all
other presented forms of the equations of motion, but
the Lagrange multiplier takes in this case the value
2pTHTGT f . This is based on the manipulation of the
external force vector.

Following the same procedure as demonstrated
above for Qp,1, one gets for the second form of the
generalized force vector, i.e., Qp,2, also two different
forms of the equations of motion. This is based on the
fact that Qp,2 can be separated into two parts, see Eq.

(69), whereby the part 2p
(
up)T f can be eliminated

already at d’Alembert’s principle level since δpTp is
zero.

At this point it should be pointed out once again that
all presented forms of the equations of motion must
be solved in combination with the constraint equation
pTp = 1. Moreover, all forms lead to the same Euler
parameter acceleration, thus to the same movement of
the body, but the value of the Lagrange multiplier is
different. The Lagrange multiplier is only zero, when
the most common form, i.e., Eq. (23), is implemented.
For this special formulation, the Lagrange multiplier
is zero because all generalized moments (inertia, gyro-
scopic, external) in the equations of motion are orthog-
onal to the Euler parameter vector p, and only the
moment resulting from the kinematic Euler parame-
ter constraint, i.e., pλ, is parallel to the Euler parame-
ter vector. However, by using some Euler parameter
identities, it is possible to eliminate some terms at the
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level of d’Alembert’s principle (manipulating either the
gyroscopic moment or the generalized external force
vector), and for the resulting equations of motion, the
Lagrange multiplier is no longer zero then.

5 Conclusion

Various forms of the rotational equations of motion
of a rigid body have been presented for the case of
using Euler parameters for the rotation. They must be
solved in combination with the constraint equation of
the Euler parameters. The crucial difference between
the various types of equations of motion is given, on
the one hand, by their mathematical complexity and, on
the other hand, by the value of the Lagrange multiplier.
In some cases, the Lagrange multiplier takes the value
of zero, whichmight be helpful to control the quality of
the numerical solution. Although it might seem para-
doxical at first sight, for the case of using Euler para-
meters as rotational coordinates, both the gyroscopic
moment and the generalized torque vector could be rep-
resented in various different forms. They all lead to the
same rotation of the body but to different values of the
Lagrange multiplier. Although the present paper deals
with rigid body dynamics, exactly the same problem
occurs if the body under consideration is flexible.
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