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Abstract
A common problem that arises in extreme value theory when dealing with several vari-
ables (such as weather or meteorological) is to find an appropriate method to assess their 
joint or conditional multivariate extremal dependence behaviour. The method for choos-
ing an appropriate threshold in peaks-over threshold approach is also another problem of 
endless debate. In this era of climate change and global warming, extreme temperatures 
accompanied by heat waves and cold waves pose serious economic and health challenges 
particularly in small economies or developing countries like South Africa. The present 
study attempts to address these problems, in particular, to deal with and capture dependen-
cies in extreme values of two variables, by applying bivariate conditional extremes model-
ling with a time-varying threshold to Limpopo province’s monthly maximum temperature 
series. Limpopo and North West provinces are the two hottest provinces in South Africa 
characterised by heat waves and the present study is carried out in the Limpopo prov-
ince at Mara, Messina, Polokwane and Thabazimbi meteorological stations for the period 
1994–2009. With the aim to model extremal dependence of maximum temperature at these 
four meteorological stations, two modelling approaches are applied: bivariate conditional 
extremes model and time-varying threshold. The latter approach was used to capture the 
climate change effects in the data. The main contribution of this paper is in combining 
these two approaches in bivariate extremal dependence modelling of maximum tempera-
ture extremes in the Limpopo province of South Africa. The findings of the study revealed 
both significant positive and negative extremal dependence in some pairs of meteorological 
stations. Among the major findings were the significant strong positive extremal depend-
ence of Thabazimbi on high-temperature values at Mara and the strong negative extremal 
dependence of Polokwane on high-temperature values at Messina. The findings of this 
study play an important role in revealing information useful to meteorologists, climatolo-
gists, agriculturalists, and planners in the energy sector among others.
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1  Introduction

In most statistical analysis applications, common focus is placed on the measures of cen-
tral tendency of the data which may include the mean and/or median. In rare or extreme 
events, however, interest is in the tails of the underlying distribution of data. These rare or 
extreme events are usually outliers in a dataset which, in most cases, are discarded during 
data cleaning and analysis. Natural hazards, natural disasters, and most pandemic diseases 
such as the 1918 Spanish Influenza and the recent new coronavirus (Covid-19) are exam-
ples of rare events. Increase in the number, frequency and intensity of natural hazards has 
characterised the 21st century (Maposa et al. 2017). The increased number, frequency and 
intensity of natural hazards such as heat waves, cold waves, tornadoes, hurricanes, floods 
and droughts are generally attributed to climate change (Diriba and Debusho 2020; Diriba 
et al. 2015; Maposa et al. 2017). Extreme value theory (EVT) is the branch of statistics 
commonly used in analysing extreme events (Acero et al. 2014; Bhagwandin 2013; Coles 
2001; Ferreira and de Haan 2015; Heffernan and Tawn 2004; Keef et  al. 2013; Maposa 
et al. 2017; Nemukula et al. 2018).

There are two fundamental realisations in EVT modelling; the block maxima and the 
peaks-over threshold (POT) (Ferreira and de Haan 2015). The present study is based on the 
POT approach setting. In this study, the POT approach is applied to model extreme temper-
ature in the Limpopo province of South Africa. The POT approach has several variations 
with regards to the selection or identification of the threshold. Some common approaches 
in threshold selection are the use of residual mean excess and stability plots in Keef et al. 
(2013) which usually depend on the subjective visual interpretation or assessment of the 
plots by the user, automated threshold selection in Thompson et al. (2009) which is based 
on the distribution of the difference of parameter estimates when the threshold is changed. 
More recent advanced approaches in threshold selection are in Nemukula et  al. (2018) 
where a penalised cubic smoothing spline is used to perform a nonlinear detrending of 
the data prior to fitting bivariate threshold excess models to positive residuals above the 
threshold, while the other advanced approach in Sigauke and Bere (2017) involves using a 
time-varying threshold with generalised Pareto distribution (GPD) to capture the changing 
climatic effects in the data.

The present study will combine the latter two approaches to perform extreme value anal-
ysis of maximum temperatures in the Limpopo province of South Africa using a bivariate 
time-varying threshold approach. The literature of this nature, particularly with application 
to maximum temperature extremes, is scarce in the province and South Africa as a whole. 
In general, there is limited literature of this nature worldwide. Therefore, this approach will 
bring a novel EVT application approach to maximum temperature extremes in the province 
(Figure 1) .

1.1 � Background

Many areas of society throughout the world are susceptible to the effects of extreme val-
ues of temperature (Keelings and Waylen 2015; Nemukula 2018; Raghavendra et  al. 
2019). Temperature extremes such as heat waves and cold waves are deadly natural haz-
ards although they occur more slowly and are more difficult to detect than a hurricane or 
a cyclone (DEA 2019; Henderson and Muller 1997; Sigauke and Nemukula 2018). Heat 
waves are reportedly occurring more frequently across much of the globe including South 
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Africa, and under a global warming climate they are expected to increase in frequency, 
intensity, and duration (Coumou and Robinson 2013; Coumou et al. 2013; Keelings and 
Waylen 2015; Sigauke and Nemukula 2018). Climate change is regarded as the most con-
tributing factor to recent increases in global temperatures (Winter 2016). Worldwide, tem-
perature extremes have a major impact on agricultural, economic, health and energy sec-
tors (Raggad 2018; Reddy and Vincent 2017; Sigauke and Nemukula 2018). For instance, 
extremely high temperatures such as heat waves may result in loss of plant and animal spe-
cies, losses in economic goods, high energy demand for air conditioning, death resulting 
from heart attacks, heat cramps, fainting, heat strokes and heat exhaustion (Makate et al. 
2019; Sigauke and Nemukula 2018). Extreme low temperatures such as cold waves may 
result in water pipelines to freeze and burst, a rise in the demand for fuels and electricity, 
animals not able to graze and die of starvation, frostbites in humans and animals, and other 
serious medical ailments (Diriba et al. 2015; Henderson and Muller 1997).

In Africa, the impact of a changing climate varies by region (Sigauke and Nemukula 
2018; Wright et al. 2014; Yamba et al. 2011). By the end of the century, Southern Africa 
is expected to experience an average temperature increase of about two degrees Celsius 
higher than the predicted average global increase (Wright et al. 2014). In the past four dec-
ades (1980–2015), Southern Africa experienced 491 climate disasters (meteorological, 
hydrological, and climatological) that resulted in 110,978 deaths, left 2.49 million peo-
ple homeless and affected an estimated 140 million people (Reddy and Vincent 2017). 

Fig. 1   Limpopo province map showing the four meteorological stations. Source: [Authors’ own contribu-
tion]
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Changing weather conditions increase electricity demand due to the fact that in winter 
heating systems are used, while in summer air conditioning appliances are used (Sigauke 
and Nemukula 2018). This creates a big problem, particularly in South Africa where the 
national electricity supplier, ESKOM, is already battling with meeting the demands of 
the nation in energy supply (Chikobvu and Sigauke 2013; Sigauke and Nemukula 2018). 
ESKOM has experienced an increased demand for electricity supply over recent decades, 
consequently leading to rolling blackouts (Hohne et al. 2019). According to Yamba et al. 
(2011), energy demand is expected to change drastically in South Africa as a result of 
increasing temperatures and changing weather patterns, consequently affecting heating and 
cooling demands.

Extreme climate and weather events such as heat waves, cold waves and drought have 
negative impacts on the society, environment and resources management, particularly in 
developing countries like South Africa (Gebrechorkos et al. 2019; Sigauke and Nemukula 
2018; Wolf et  al. 2010). Climate change has resulted in rising temperature trends with 
associated changes in temperature extremes across the globe, which has the potential to 
impact on human health. It is generally anticipated that as the planet heats, climate varia-
bility will increase (Krugger and Sekele 2013; Reddy and Vincent 2017). Over the last five 
decades, South Africa has experienced a considerable increase in mean annual tempera-
tures with hot and cold extremes increasing and decreasing in frequency across the country 
(DEA 2019; Diriba and Debusho 2020; Mbokodo 2017). Temperature is one of the main 
climatic elements that can indicate climate change (Toros et al. 2019; Worku et al. 2019; 
Wright et al. 2014). Global warming and its associated increase in temperature extremes 
pose a substantial challenge on natural systems. It is widely believed that the changing 
temperature due to global warming is permanently changing the earth’s climate. That is, an 
increase in temperature is likely to lead to a global increase in drought condition, decrease 
in water supplies due to evapotranspiration and an increase in agricultural demand (Diriba 
et al. 2015; Nhamo et al. 2019; Ochanda 2016).

Limpopo province, where the present study is carried out, is one of the nine provinces 
of South Africa and is one of the hottest provinces in the country (Krugger and Shongwe 
2004; Phophi et al. 2020). The province is among the lowest-ranked in terms of regional 
gross domestic product (GDP) per capita and it is the most vulnerable province to climate 
change impacts. Drought is one of the main problems in the province that affect the agri-
cultural sector due to high temperatures and unreliable rainfall (Maponya and Mphandeli 
2012b; Mpandeli and Maponya 2013; Tshiala and Olwoch 2010). The recent high tem-
peratures in Limpopo province were experienced in the western bushveld and lowveld in 
October 2019 (Phophi et al. 2020). These extremely high temperatures can affect agricul-
tural production in the province leading to scarce food and water resources, which is a big 
threat to a country like South Africa, where the population is rapidly growing (Makate 
et  al. 2019; Maponya and Mphandeli 2012a; Tshiala and Olwoch 2010). South Africa 
is also concerned about public health around extreme hot events and how the impact of 
these events may change in the future (Mbokodo 2017; Wright et al. 2014). For instance, 
extremely high temperatures and prolonged heat waves can damage agricultural produc-
tion, increase energy and water consumption and also badly affect human well-being and 
even cause loss of livestock, plant and human lives (Chikobvu and Sigauke 2013; Reddy 
and Vincent 2017). During the 21st century, the global surface temperature has increased 
by about 0.85 ◦C and many areas have experienced significant warming (Toros et al. 2019). 
Krugger and Shongwe (2004) found a considerable increase in temperature between 1960 
and 2003 for the three stations Bela Bela, Polokwane and Messina (locally known as 
Musina) situated in the Limpopo province in north-eastern South Africa. The present study 
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is built against this background coupled with the challenges brought about by temperature 
extremes in the Limpopo province (Fig. 1).

1.2 � Literature review on extremal dependence modelling

Several studies have modelled extremal dependence with application to various variables 
including temperature, wind speed, rainfall, air pollution, insurance claims, financial losses 
and many others. Southworth et  al. (2020) give a detailed computational approach of 
multivariate extreme value data conditional modelling using R package called ‘texmex’. 
The authors cautioned that dependencies between variables in the body of the data do not 
necessarily imply dependencies in the extremes. Another issue that makes multivariate 
extreme value modelling more complicated than univariate is that for an observation to 
be considered multivariate extreme it has to be extreme in all components simultaneously. 
These authors, Southworth et  al. (2020), explored and gave a detailed interpretation of 
pairwise extremal dependence and conditional multivariate extreme value modelling using 
the approach of Heffernan and Tawn (2004) which proceeds by first fitting the GPD models 
to the marginal variables before estimating the dependence structure. Similar to the GPD 
model for excesses over a given threshold, the modelling approach for Heffernan and Tawn 
(2004) also conditions on a variable exceeding a predetermined threshold. In the present 
study, we also follow closely the approach by Heffernan and Tawn (2004) and the R com-
putational approach by Southworth et al. (2020). More details on the modelling framework 
of these approaches are given in the next section of models.

Another issue of importance in EVT methodology is the choice of a threshold when using 
the POT approach. Apart from the threshold selection approaches in Sigauke and Bere (2017) 
and Thompson et al. (2009) mentioned earlier in the introductory section, more recently Ver-
ster and Raubenheimer (2020) proposed a generalised model in the Bayesian approach that 
uses the properties of the posterior distribution to select an optimal threshold without a visual 
inspection. The Bayesian threshold approach by Verster and Raubenheimer (2020) is based on 
the Topp-Leone Pareto (TLPa) distribution and was shown to perform well. In another study 
on threshold choice, Minkah and de Wet (2014) investigated constant versus covariate depend-
ent threshold in the POT approach. These authors, Minkah and de Wet (2014), proposed a 
covariate dependent threshold which is based on expectiles. They argued that although no 
threshold choice method is universally the best, strong arguments against the use of constant 
threshold is that an observation that may be considered extreme at some covariate level may 
not necessarily qualify as an extreme observation when considered at another covariate level. 
The newly proposed approach was compared with the constant and quantile regression thresh-
olds in a simulation study based on exponential growth data for the estimation of the GPD 
tail index. The findings by Minkah and de Wet (2014) revealed that the covariate dependent 
threshold approach outperformed the other methods for smaller to medium values in the data, 
while for larger values of the response variable the constant threshold outperformed the other 
methods. Another threshold selection method slightly different from that of Minkah and de 
Wet (2014) was proposed by Thompson et al. (2009). The threshold selection approach by 
Thompson et al. (2009) is a pragmatic automated threshold selection method which is based 
on the distribution of the difference of parameter estimates when the threshold is changed. The 
similarity on methods by Thompson et al. (2009) and Minkah and de Wet (2014) is that the 
automated threshold selection can also be extended to depend on a covariate value such as the 
wave direction cosine. In a separate study, Sigauke and Bere (2017) used a GPD with time-
varying covariates and thresholds to model daily peak electricity demand for South Africa. 
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The threshold selection approach by Sigauke and Bere (2017) makes use of a penalised cubic 
smoothing spline with a constant shift factor as a time-varying threshold. They used an inter-
vals estimator method in declustering observations that exceed the threshold. They further 
included temperature as a covariate in the GPD parameters in order to explore its influence 
on electricity demand. The findings by Sigauke and Bere (2017) showed a better fit for the 
GPD model to the data when compared to the generalised extreme value (GEV) distribution. 
The present study will adopt the GPD time-varying threshold selection approach by Sigauke 
and Bere (2017) to cater for climate change effects in the maximum temperature data. Unlike 
the use of the method by Sigauke and Bere (2017) in univariate modelling, the present study 
extends its use to conditional multivariate extremal dependence modelling.

A study closely related to the present study in multivariate extreme value theory (MEVT) 
is that of Nemukula et al. (2018) who used bivariate threshold excess in modelling tempera-
ture extremes in the Limpopo province for three meteorological stations Lephalale, Polokwane 
and Thohoyandou. Similar to the present study, the approach by Nemukula et al. (2018) also 
used a penalised cubic smoothing spline to perform a nonlinear detrending of the temperature 
data before fitting bivariate threshold excess models to positive residuals above the threshold. 
The present study, however, extends the approach of Nemukula et al. (2018) by using a time-
varying threshold instead of a constant threshold to capture the climate change effects in the 
monthly maximum temperature data series. Additionally, except for Polokwane meteorologi-
cal station, three new stations Mara, Messina (also known as Musina in the local language) 
and Thabazimbi are used in the present study (Fig. 1).

Another literature of importance in this present study concerning MEVT is that of Tilloy 
et  al. (2020) who evaluated the efficacy of bivariate extreme value modelling approaches 
in their estimation of risks generated by multi-hazard scenarios. These authors, Tilloy et al. 
(2020), fitted six distinct stochastic copula models to the synthetic datasets and concluded that 
there is no one shoe size fits all in bivariate extreme value modelling. They found that no one 
model was able to fit their synthetic data for all the parameters, instead, several models were 
appropriate to fit the data. Tilloy et al. (2020) limited their study to stochastic copulas and the 
bivariate case of multivariate models based on Heffernan and Tawn (2004). In their evaluation 
of bivariate extreme dependence, they discussed in detail issues on asymptotic dependence 
and asymptotic independence, as well as tail dependence measures. They argued that extremal 
dependence in practice tend to weaken at higher levels which may lead to dependence between 
variables being observed in the body of the joint distribution, while the multivariate distribu-
tion is in the maximum domain of attraction of independence. In their discussion of the bivari-
ate models which include copulas and conditional extremes, Tilloy et al. (2020) advocated for 
the conditional extremes model by Heffernan and Tawn (2004) and Keef et al. (2013) which 
uses the Laplace margins. The conditional extremes model can accommodate both asymptotic 
dependence and asymptotic independence (see Heffernan and Tawn 2004; Keef et al. 2013, 
for more details). The present study also adopts the Heffernan and Tawn (2004) conditional 
extremes model with the addition of a time-varying threshold.

1.3 � Research highlights

This paper addresses issues related to climate change, global warming and in particular 
maximum temperature extremes in the Limpopo province of South Africa. The study 
is based on combining two main approaches; bivariate conditional extremes model 
(Heffernan and Tawn 2004; Keef et  al. 2013; Southworth et  al. 2020) and time-vary-
ing threshold (Sigauke and Bere 2017). Conditional extremes modelling is crucial in 
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the study of the dependence structure among several variables. Conditioning on one 
variable helps to understand the significant positive (or negative) extremal depend-
ence of the remaining variables on the large values of the conditioning variable. This 
paper presents an application of bivariate threshold excess modelling approach with a 
positive shift factor as a time-varying threshold to the monthly maximum temperature 
extremes in four meteorological stations of Limpopo province in South Africa namely 
Mara, Messina, Polokwane and Thabazimbi. Among the major findings were the signifi-
cant strong positive extremal dependence of Thabazimbi on large temperature values of 
Mara and the strong negative extremal dependence of Polokwane on large temperature 
values of Messina.

The main contribution of this paper is in using a penalised cubic smoothing spline to 
perform a nonlinear detrending of the temperature data prior to fitting bivariate thresh-
old excess models based on Laplace margins to positive residuals above the threshold 
and a positive shift factor as a time-varying threshold to capture the climate change 
or seasonality and/or cyclic effects in the data. The existing gap in the literature was 
in combining these two approaches using conditional extremes dependence modelling. 
The overall significance of this bivariate conditional extremes dependence modelling 
study lies on quantifying the dependence effects of maximum temperature extremes 
amongst the various meteorological stations in order to reveal some useful information 
needed for planning by climatologists, meteorologists, agriculturalists, decision-makers 
and planners in the energy sector.

The rest of the paper is organised as follows: Sect. 2 gives the theoretical framework 
of the statistical models considered in this study which include conditional multivariate 
extreme value modelling, threshold selection, bivariate threshold excess model, Laplace 
marginal transformation, as well as the data and variables. Sect.  3 presents empirical 
results and a comprehensive discussion of the results. The concluding remarks and areas 
for future research are presented in Sect. 4.

2 � Models

2.1 � Conditional multivariate extreme value modelling

Some joint tail models, copulas and other multivariate extreme methods assume that all 
the variables should be very large at the same time. This limitation is overcome by the 
use of conditional extremes model (CEM) (Heffernan and Tawn 2004; Keef et al. 2013; 
Tilloy et al. 2020). With the CEM, we seek to estimate among variables the dependence 
structure in which one variable is conditioned on being extreme and seeks to model the 
conditional distribution (Heffernan and Tawn 2004; Keef et al. 2013).

In this study, we adopt the Heffernan and Tawn (2004) methodology which uses a 
conditional multivariate approach. In this approach, the dependence structure is esti-
mated after fitting the GPD first to the tails of the marginal distributions. The bivariate 
case is considered in this study, that is, given the threshold excesses of temperature, 
the conditional multivariate approach describes the temperature conditional distribution 
using a regression type model (Heffernan and Tawn 2004; Keef et al. 2013).

In the bivariate case, we focus on approximating a joint distribution F(xi, xj) on 
xi > ui and xj > uj on regions of ui and uj that are sufficiently large.
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2.1.1 � Threshold selection

In this study, a time-varying threshold with a positive shift operator � is used (for details 
of this modelling approach see Sigauke and Bere 2017). The time-varying threshold 
used is a penalised cubic smoothing spline given in Eq. (1),

where yi denotes maximum temperature, � is a smoothing parameter and � ∈ ℜ is a shift 
factor which should be large enough to allow asymptotic conditions to be satisfied when 
we fit the GPD. We extract observations above the time-varying threshold without the shift 
factor. The positive shift factor � is then estimated using high quantiles in the ‘texmex’ R 
package.

2.1.2 � Bivariate threshold excess model

For this current study, the multivariate modelling is limited to the pairwise combination 
of variables. A model used in EVT for exceedances above a threshold � ( i.e. X > u ) is 
the GPD whose distribution function is given in Eq. (2),

where 𝜂 = Pr(X > u), 𝜉 ≠ 0 and 𝜎 > 0 for a family defined on {(
1 + 𝜉

(
x−u

𝜎u

))}
> 0 and x − u > 0 . Hence F(x) ≈ G(x) on x > u for a sufficiently high 

threshold u with parameters �, � and �u (Coles 2001). The focus is to obtain a family that 
approximates a joint distribution F(x, y) on x > ux, y > uy regions for thresholds ux and uy 
that are sufficiently large.

2.1.3 � Marginal transformation: Laplace margins

Before the dependence modelling, the regression type dependence model’s structure 
first transforms the margins to the standardised Laplace margins. The Laplace distribu-
tion is characterised by both symmetry and exponential tails. The use of the regression 
structure is simplified if Laplace margins are used compared to other transformations 
such as the Fréchet and Gumbel margins (Heffernan and Tawn 2004; Keef et al. 2013). 
This means that we only need a single model structure to describe both positive and 
negative dependence.

Let

for all i ∈ D . This shows that both tails of Yi are exponentially distributed. In this study, we 
consider the bivariate case, that is i = 1, 2.

(1)�(t) =

n∑

i=1

(
yi − f (ti)

)2
+ �∫

(
f ��(t)

)2
dt + �

(2)G(x) = 1 − �

[
1 + �

(
x − u

�u

)]− 1

�

(3)Yi =

{
log

{
2Fi(Xi)

}
, forXi < F−1

i
(0.5)

− log
{
2
[
1 − Fi(Xi)

]}
, forXi > F−1

i
(0.5)
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Let G denote the Laplace margins and assume � =
{
Y1, ..., Yd

}
 are marginally 

Laplace distributed. If the �j variable exceeds a sufficiently high threshold u, then the 
Heffernan and Tawn (2004) regression type model is given as:

where �−j represents the vector � excluding the jth component, �j is a vec-
tor of residuals and (d − 1) dimensional parameter vectors �|j and �|j which satisfy 
(�|j, �|j) ∈ [−1, 1]d−1 × (−∞, 1)d−1 . For more details see Heffernan and Tawn (2004), Keef 
et al. (2013) and Southworth et al. (2020).

2.2 � Estimation of parameters

In this study, the parameters of the models are estimated by the maximum likelihood esti-
mation (MLE) method (Heffernan and Tawn 2004; Keef et  al. 2013; Southworth et  al. 
2020). Visual diagnostics are used to check whether the parameter estimates converge 
to the true population parameters. Within the R software package, we use ‘mexDepend-
ence’ to produce the profile-likelihood surface plots which are maximised to estimate the 
dependence model parameters (Southworth et  al. 2020). Once we are satisfied with the 
model fit, we proceed to examine the estimated model parameters. It should be noted that 
parameters in the dependence structure are not easily interpretable, although values of a 
close to 1 (or -1) indicate strong positive (or negative) extremal dependence. According to 
Southworth et al. (2020), the dependence pairs of variables, say (X1,X2) , are described by a 
pair of parameters (a, b) and the associated empirical distribution of residuals �|i.

2.3 � Data and variables

Time series secondary data are used in this study. All the models considered in the pre-
sent study have been tested using the monthly maximum temperature series measured 
in degrees Celsius ( ◦C ) which were obtained from the South Africa Weather Service 
(SAWS) database. The data cover four major meteorological stations of the Limpopo prov-
ince of South Africa, Mara (1949–2018), Messina [or Musina] (1934–2009), Polokwane 
(1932–2018) and Thabazimbi (1994–2018). The study area is presented in Fig. 1, and the 
distribution of maximum temperature for each meteorological station is shown in Fig. 2. 
The statistical software package used for the analysis of the data in this paper is R (see 
Southworth et al. 2020; Youngman 2020, among others).

As can be noted from the paragraph above, the longest series spans the period 
1932–2018 while the shortest series spans the period 1994–2018. Also, one station 
has a series that terminates much quicker than the rest in 2009, meaning that the years 
2010–2018 are missing and will be completely left out of the analysis for this particular 
station. Therefore, given the differences in the time spans from the four stations and that 
in the bivariate modelling approach the data variables must span the same time period, the 
present study considers only the monthly maximum temperature for the period 1994–2009 
for all the stations. This means that all the exploratory results in the next section and the 
findings therein are based on the time period 1994–2009. While this maybe viewed as a 
weakness or limitation of the multivariate extreme value analysis approach used, the gains 
from the bivariate threshold approach used and insights from the expected findings on 

(4)�−j = �|j�j +
(
�j

)�|j
�j,
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dependence modelling with a time-varying threshold overshadow this limitation of data 
loss.

3 � Empirical results and discussion

This section presents the empirical results of the monthly maximum temperature data for 
the four stations in the Limpopo province of South Africa: Mara, Messina, Polokwane and 
Thabazimbi for the period spanning from 1994 to 2009. The results are presented in form 
of tables and figures. In this section, comprehensive interpretation and discussion of the 
results are also given.

3.1 � Exploratory data analysis

Figure 1 presents the map of the Limpopo province showing the four meteorological sta-
tions, while the distribution of maximum temperature for each meteorological station is 
shown in Fig. 2. The results in Fig. 2 reveal that the maximum temperature series for all the 
meteorological stations are positively skewed.

Table 1 presents the summary statistics of positive exceedances for monthly maximum 
temperature data, while Table  2 presents the dependence structure conditioning on each 
station. The estimates of the parameter a in Table 2 denote strong negative (or positive) 
extremal dependence for values close to –1 (or 1), respectively. Figures 3, 4, 5, 6 present 
the time series plots for Mara, Messina, Polokwane and Thabazimbi monthly maximum 
temperature, respectively, with a time-varying threshold. Figure  7 presents the pairwise 
scatter plot of the data, where the distribution of each station is shown on the diagonal. 
At the bottom of the diagonal are the bivariate scatter plots and at the top of the diagonal 
are the pairwise correlation values. Figure 8 presents the multivariate conditional Spear-
man’s � correlation plots, where � denotes the Spearman’s coefficient of correlation. The 

Fig. 2   Box plots showing the 
distribution of maximum tem-
perature for each meteorological 
station
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results in Fig. 8 suggest a weak positive association in Messina and Polokwane, Messina 
and Thabazimbi, and Polokwane and Thabazimbi, respectively.

To reduce the amount of diagnostic plots output produced, in this paper, we only 
show the diagnostic plots for Thabazimbi. Figure  9 presents the marginal diagnostic 
plots for Thabazimbi. Figure 10 presents the diagnostic plots for conditioning Thaba-
zimbi on Mara, Messina and Polokwane. The plots from top to bottom show; depend-
ence model residuals across the range of the extreme conditioning variable, the absolute 

Table 1   Summary statistics of positive exceedances

KEY (The following notation applies throughout this paper):
ExcessMapos represents Mara positive exceedances,
ExcessMespos represents Messina positive exceedances,
ExcessPolpos represents Polokwane positive exceedances,
ExcessThapos represents Thabazimbi positive exceedances

Statistic ExcessMapos ExcessMespos ExcessPolpos ExcessThapos

Minimum 0.03 0.02 0.05 0.03
First quartile 0.78 0.74 0.91 1.01
Median 1.54 1.68 1.61 1.97
Mean 1.71 1.85 1.70 2.25
Third quartile 2.53 2.76 2.32 3.18
Maximum 4.12 4.77 4.04 9.63

Table 2   Estimates of dependence models

*Denotes significant positive or negative values of a at 5% significance level

Dependence param-
eters

Mara Messina Polokwane

Conditioning on a 0.2405∗ –0.001963 0.2575∗

Thabazimbi b 0.2938 –0.128200 0.3147

Dependence param-
eters

Mara Messina Thabazimbi

Conditioning on a –0.2902∗ –0.3007∗ –0.02911
Polokwane b 0.0711 0.4061 –0.21600

Dependence param-
eters

Mara Polokwane Thabazimbi

Conditioning on a –0.1475∗ –0.59110∗ –0.4077∗

Messina b 0.6061 –0.06039 –0.1408

Dependence param-
eters

Messina Polokwane Thabazimbi

Conditioning on a 0.4060∗ –0.4624∗ 0.5155∗

Mara b –0.3634 –0.5239 0.1690
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values of the centred and scaled values of the residuals across the range of the extreme 
conditioning variable and the original untransformed data with contours showing quan-
tiles of the fitted conditional model. The results in Fig. 10 revealed that the parameter 
estimates are stable at the 75th percentile since the horizontal lines are smoothest.

3.1.1 � Discussion of results

The pairwise correlations in Fig. 7 show the extremal dependence amongst the four sta-
tions. The results in Fig. 7 reveal a strong positive correlation between Messina and Mara 
(0.48), a very weak positive correlation between Polokwane and Mara (0.00115) and a 

Fig. 4   Messina’s monthly 
maximum temperature with a 
time-varying threshold
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Fig. 3   Mara’s monthly maximum 
temperature with a time-varying 
threshold
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weak positive correlation between Thabazimbi and Mara (0.234), between Polokwane and 
Messina (0.144) and between Thabazimbi and Polokwane (0.299). The multivariate condi-
tional Spearman’s correlation plots in Fig. 8 support the results of the pairwise correlation 
in Fig. 7. The marginal diagnostic plots in Fig. 9 for Thabazimbi show that the points are 
linear, suggesting that the model fit the data well.

The conditional bivariate dependence structure model results are presented in Table 2. 
Conditioning on Thabazimbi station, the estimates of the dependence parameters for Mara, 
Messina and Polokwane stations are a = 0.2405, a = –0.001963 and a = 0.2575, respec-
tively. This implies that Mara and Polokwane stations have a positive extremal dependence 
on high-temperature values at Thabazimbi, while Messina has a negative extremal depend-
ence on high-temperature values at Thabazimbi. Conditioning on Polokwane, the estimates 
of the dependence parameters for Mara, Messina and Thabazimbi are a = –0.2902, a = 

Fig. 5   Polokwane’s monthly 
maximum temperature with a 
time-varying threshold
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Fig. 6   Thabazimbi’s monthly 
maximum temperature with a 
time-varying threshold
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Fig. 8   Multivariate conditional Spearman’s correlation
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–0.3007 and a = –0.02911, respectively. This implies that Mara, Messina and Thabazimbi 
have a significant negative extremal dependence on high-temperature values at Polokwane.

Conditioning on Messina, the estimates of the dependence parameters for Mara, Polok-
wane and Thabazimbi are a = –0.1475, a = –0.59110 and a = –0.4077, respectively. This 
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Fig. 10   Diagnostic plots for conditioning on Thabazimbi
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implies that Mara, Polokwane and Thabazimbi have significant negative extremal depend-
ence on high-temperature values at Messina, the strongest negative being that of Polok-
wane on high-temperature values at Messina. Conditioning on Mara, the estimates of 
the dependence parameters for Messina and Thabazimbi are a = 0.4060 and a = 0.5155, 
respectively, which shows significant positive extremal dependence, while the estimate of 
the dependence parameter for Polokwane (a = –0.4624) shows significant negative extre-
mal dependence on high-temperature values at Mara. These results reveal that Thabazimbi 
exhibits the strongest positive extremal dependence on high-temperature values at Mara.

Modelling the extremal dependence of extreme temperature in the Limpopo province of 
South Africa, especially in this era of climate change and global warming, may help reduce 
the deleterious impacts of maximum temperature extremes in the province. The impacts of 
maximum temperature extremes in the Limpopo province include heat waves which often 
result in drought in the agricultural sector. Also, heat waves cause deaths and other health-
related problems in the health sector. In addition, heat waves lead to excessive use of air 
conditioning systems which poses serious challenges to both the economic and energy sec-
tors due to the high demand for electricity. As discussed in the previous section of the 
background, Limpopo is among the lowest-ranked province in terms of regional GDP per 
capita in the country, meaning people living in this province cannot afford to have this 
extra burden resulting from maximum temperature extremes. More details on the deleteri-
ous impacts of maximum temperature extremes can be found in Henderson and Muller 
(1997), Maposa et al. (2017), Nemukula (2018) and Nemukula et al. (2018).

4 � Conclusion

Climate change and global warming with its associated extreme temperatures character-
ised by heat and cold waves pose serious economic and health challenges particularly in 
developing countries like South Africa where the national electricity supplier, ESKOM, is 
already battling with meeting the demands of the nation in energy supply leading to occa-
sional rolling blackouts. Increasing temperatures and changing weather conditions affect 
the heating and cooling systems consequently leading to increased electricity demand for 
air conditioning in summer and heating systems in winter. Extremely high temperatures 
also cause drought in the agricultural sector resulting in economic hardships and loss of 
human lives and livestock. Associated with global warming and climate change are heat 
wave challenges in the province. The present study has attempted to address these chal-
lenges by applying bivariate conditional extremes modelling with a time-varying threshold 
to Limpopo province monthly maximum temperature series.

Conditional extremes modelling is crucial in studying the dependence structure among 
several variables. Conditioning on one variable helps to understand the significant posi-
tive (or negative) extremal dependence of the remaining variables on the large values of 
the conditioning variable. This paper presented an application of bivariate threshold excess 
modelling approach with a positive shift factor as a time-varying threshold to the monthly 
maximum temperature extremes in four meteorological stations of Limpopo province, 
South Africa. The study considered Mara, Messina, Polokwane and Thabazimbi mete-
orological stations in Limpopo province. The findings of the pairwise correlation matrix 
revealed that Messina, Polokwane and Thabazimbi all have positive correlation on Mara, 
the strongest being that of Messina and the weakest being that of Polokwane. Other weak 
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pairwise correlations were also revealed for the pairs Polokwane and Messina, Thabazimbi 
and Messina, and Thabazimbi and Polokwane.

In addition to pairwise correlation, digression conditioning was performed in the study. 
Firstly, conditioning on Thabazimbi station, the values of the estimated dependence param-
eters show that the maximum temperatures of Thabazimbi have a positive extremal depend-
ence on Mara and Polokwane, and a negative extremal dependence on Messina. Secondly, 
conditioning on Polokwane station, the values of the estimated dependence parameters 
show that Mara, Messina and Thabazimbi all have negative extremal dependence on Polok-
wane, the strongest being that of Messina on Polokwane. Thirdly, conditioning on Messina 
station, the values of the estimated dependence parameters show that Mara, Polokwane and 
Thabazimbi all have negative extremal dependence on high-temperature values of Messina, 
the strongest being that of Polokwane on Messina. Lastly, conditioning on Mara station, 
the values of the estimated dependence parameters show that the maximum temperatures 
of Mara have positive extremal dependence on Messina and Thabazimbi, and negative 
extremal dependence on Polokwane. The strongest positive conditional extremal depend-
ence was revealed to be that of Thabazimbi on Mara. This suggests that the occurrence of 
extreme high temperature in Mara would imply some extreme high temperature at Thaba-
zimbi. This explanation is similar for all meteorological stations with conditional signifi-
cant positive extremal dependence, while the opposite is true for meteorological stations 
with significant negative extremal dependence.

The major contribution of this paper is in using a penalised cubic smoothing spline to 
perform a nonlinear detrending of the temperature data before fitting bivariate threshold 
excess models based on Laplace margins to positive residuals above the threshold and a 
positive shift factor as a time-varying threshold to capture the climate change effects in 
the data. The existing gap in the literature was in combining these two approaches in con-
ditional extremes dependence modelling. The overall significance of this bivariate condi-
tional extremes dependence modelling study lies in quantifying the dependence effects of 
maximum temperature extremes amongst the various meteorological stations in order to 
reveal some useful information needed for planning by climatologists, meteorologists, agri-
culturalists, decision-makers, and planners in the energy sector among others.

Future studies in extremal dependence modelling of temperature extremes may consider 
exploring the use of extreme value copulas, although this approach demand paying special 
attention to asymptotic independence. With the increased availability of meteorological 
stations, another important consideration in the future will be an investigation of spatio-
temporal dependence between temperature extremes using the conditional extremes model 
(Dutfoy et al. 2014; Heffernan and Tawn 2004).
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