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Abstract
The aim of this paper is to set out a strategy for improving the inference for statistical 
models for the distribution of annual maxima observed temperature data, with a particular 
focus on past and future trend estimation. The observed data are on a 25-km grid over the 
UK. The method involves developing a distributional linkage with models for annual max-
ima temperatures from an ensemble of regional and global climate numerical models. This 
formulation enables additional information to be incorporated through the longer records, 
stronger climate change signals, replications over the ensemble and spatial pooling of infor-
mation over sites. We find evidence for a common trend between the observed data and the 
average trend over the ensemble with very limited spatial variation in the trends over the 
UK. The proposed model, which accounts for all the sources of uncertainty, requires a very 
high-dimensional parametric fit, so we develop an operational strategy based on simpli-
fying assumptions and discuss what is required to remove these restrictions. With such 
simplifications, we demonstrate more than an order of magnitude reduction in the local 
response of extreme temperatures to global mean temperature changes.

Keywords Climatological data · Distributional linkage · Generalised extreme value 
distribution · Spatial extremes · Temperature data

1 Introduction

Extreme events of environmental processes, such as temperature, sea levels and precipi-
tation, are likely to be affected by global climate change. A review of climate extremes 
encompassing the historical record, the challenges they present to climate models and their 
possible future impacts is given by Easterling et al. (2000). The rate of climate change is 
not expected to be linear in time in the future, due to the lagged response of the ocean, 
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and so global mean temperature has frequently been used as a metric to represent the time 
evolution of future climate change (Brown et al. 2014). For extreme temperatures, future 
changes at a location may not follow the same rate as change as the global mean tem-
perature (Clark et al. 2010), as there can be regional variations in the mean and variance 
changes, both of which effect extreme temperatures. Therefore, there is a need to estimate 
changes in extreme temperatures at the local scale and to assess how these relate to global 
mean temperature change. In our analysis, we treat the annual global mean temperature as 
a known covariate and build trend models for extreme temperatures relative to that. A full 
analysis of extreme temperature trends strictly needs to account for the uncertainty in this 
covariate, but that is outside the scope of this analysis.

When making inferences of univariate extremes of a stationary process, the starting 
point of most environmental statisticians is to model the distribution of the annual maxima 
by a generalised extreme value (GEV) distribution (Coles 2001). The asymptotic justifica-
tion for this choice comes from the GEV being the only possible non-degenerate limit-
ing distribution of linearly normalised partial maxima of weakly mixing stationary series 
(Leadbetter et al. 1983). The GEV has distribution function

with parameters: � = (�, �, �) ∈ ℝ ×ℝ+ ×ℝ corresponding to location, scale and shape 
parameters, and the notation 

[
y
]
+
= max(y, 0) leads to range constraints on the GEV vari-

able. For � = 0 (taken as the limit as � → 0 ), the upper tail is exponential, whereas 𝜉 > 0 
and 𝜉 < 0 correspond to long and short upper-tailed distributions, respectively. When there 
is non-stationarity in the annual maxima, then each of the GEV parameters can be adapted 
to be functions of the covariates to describe different ways that the distribution changes 
(Coles 2001). However, in a wide range of environmental applications we find (based on 
hypothesis testing) that only the location parameter needs to depend on covariates and it 
can do this in a linear way. Therefore, if there is only one suitable covariate, then the loca-
tion parameter � of distribution (1) is replaced in year t by

for some covariate gt , with the trend parameter being � . This restricted model for extremes 
of non-stationary data turns out to be sufficient for our analysis. We denote the distribu-
tion as being GEV(�t = (�t, �, �)) . Here we take gt as the annual global mean temperature 
in year t, so � is giving the change in extreme temperature for every 1 ◦ C change in annual 
global mean temperature. Exploratory analysis found that this formulation for the non-sta-
tionarity of annual maxima was appropriate for the data studied in this paper; see Gabda 
(2014). Furthermore, Gabda and Tawn (2018) proposed improving on marginal inference 
for the GEV distribution by using objectively determined marginal and spatial penalty 
functions that adapt to the data set being analysed.

There are other well-known extreme value modelling approaches, such as threshold 
exceedances being modelled by the generalised Pareto distribution (GPD) (Davison and 
Smith 1990). Threshold methods benefit from using more extreme value data and hence 
can be more efficient in their inferences than annual maxima methods (Coles 2001); how-
ever, they suffer from potential sensitivity to the threshold choice which is particularly 
problematic when there are trends (Northrop and Jonathan 2011). Therefore, we restrict 
our developments to the GEV case, but note that the methods we propose in this paper, and 
their benefits, are also directly applicable to the GPD.

(1)G(x) = exp

[
−
{
1 + �

(x − �

�

)}−1∕�

+

]

�t = � + �gt
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Trends in extreme values of observed environmental processes are hard to estimate with 
sufficient precision due to the short duration of the observational data and the relatively 
small climate change signal over the observation period relative to inter-annual variability. 
This is not helped by climate processes that can generate decadal-scale and longer-term 
natural variability, a given phase of which can encompass a significant portion, if not all, of 
an observed record. In contrast, climate models can be used to obtain projections of future, 
as well as the past, climate changes with independent and uncorrelated realisations of inter-
nal variability. In the future, the climate change signal will become larger, so climate model 
data have the advantage of both more data and larger signals. If such climate models repre-
sent the required physical processes adequately, then they can provide an additional source 
of information about the current observed changes in extreme temperatures. Specifically, 
they may then be able to replicate the trend and or other parameters of the GEV distribu-
tion during the period of the observational data. This is the underlying assumption adopted 
here in the use of climate model data to help infer current trends. However, complications 
with this approach may arise from the observed trend signal potentially being so weak and 
so providing no real constraint on the climate model trends. In addition, different climate 
models can produce significantly different trends that arise from their differing representa-
tions of the relevant physical processes which complicates their use in inferring the “true” 
observed changes.

There has been a range of work aiming to jointly characterise observed and climate 
model data trends. Wuebbles et al. (2014) examined the ability of climate model data to 
capture the observed trends of temperature extremes and heavy precipitation in the USA. 
Several studies have developed methodologies for modelling observed extreme events 
with considerations to the uncertainty in the prediction of future climate. Hanel and Buis-
hand (2011) modelled the precipitation from regional climate models (RCM) and gridded 
observations and found that their estimates from the RCM exhibited a large bias relative 
to such estimates from observational data. In contrast, Kyselý (2002) modelled the annual 
maximum and the minimum temperatures in observations and RCM and though a multiple 
regression downscaling method they were able to produce realistic return values of annual 
maximum and minimum temperatures. Other examples of similar work are given by Katz 
(2002), Stott and Forest (2007), Coelho et al. (2008), Hanel et al. (2009) and Nikulin et al. 
(2011).

A key feature with all of these studies is that when the distribution of the observed 
extreme events is modelled, the parameters have been naively linked, by construction, 
to the parameters of the distribution of extremes for the climate model, but the uncer-
tainty of these linking parameters or of the climate model extremal parameters has not 
been accounted for. Since the future level of climate change is uncertain, a wide range of 
estimates can be made, and therefore, it is necessary that such uncertainty is adequately 
accounted for in any analysis of changes in extremes. Brown et  al. (2014), for example, 
model extreme events (temperature and rainfall) using the information from an ensemble of 
models consisting of both global climate models (GCMs) and RCMs. They find a consider-
able spread in the temperature-dependent parameters when fitted to individual ensemble 
members and that the agreement between values for RCMs and their driving GCMs can be 
poor and in some cases counter physical (see Brown et al. 2014, Figure 8).

Our objective is to improve inferences for a statistical model of observed temperature 
maxima by linking the parameters of observed UK temperatures to the equivalent param-
eters from an ensemble of RCMs and GCMs representing differing, but plausible, future 
climates. We will explore the linkages for all parameters but pay particular attention to the 
trends relative to global mean temperature. Unlike previous studies, we will jointly account 
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for the uncertainty in the parameters, leading to a statistical model for all UK gridpoints. We 
derive inference for this large number of parameters via Bayesian methods which enables us 
to account for the uncertainty of the parameter estimates and which enables us to efficiently 
pool all the information in our model inferences. However, we have to be aware that we are 
pooling-dependent data. This arises from using data from multiple sites on a spatial grid for 
the same year and from interconnected members of the RCM and GCM ensemble. RCMs 
require boundary conditions which are taken from “parent” GCMs which have the same 
model formulation as the RCM apart from scale-dependent parameters. Therefore, consid-
eration of the dependence between these models is required, and we believe we are the first 
to account for this feature. Additionally, unlike Brown et al. (2014), the philosophy here is to 
consider the GCM ensemble as random sample of possible GCMs with differences assumed 
to be due to some stochastic process (be it internal sampling variability or GCM formula-
tion) and so aim to find links not just from one individual climate model to the observational 
data but a common linkage derived from all climate models that are employed.

The outline of this article is as follows. Section 2 describes the data used in this study 
and presents our outline modelling strategy. Our highly ambitious modelling strategy is 
described in Sect. 3 and identifies key structure in the model parameters. In Sect. 4, the joint 
inference of our proposed full model is discussed. The results of applying a simplified ver-
sion of this model, which ignores the spatial dependence and treats the GCM parameters as 
known, are presented in Sect. 5. Section 6 provides a discussion how the simplifications are 
likely to have affected the results and discusses ways that the inference could be improved.

2  Data and basic model structure

2.1  Data

This study uses observed UK temperature annual maxima at each of 439 sites on a 25-km 
spatial grid from 1960 to 2009, see Fig. 1. From the climate model simulations, we have 
temperature annual maxima data from 1950 to 2099 from RCMs with the same spatial 
grid as the observed data and also from coupled GCMs with a larger grid of 300 km which 
results in 5 grid boxes over the UK domain. We denote the respective time periods with 
these different data types by T1 and T2 , with |T1| = 50 and |T2| = 150 . The GCM and RCM 
models form part of the UK Climate Projections (Murphy et al. 2009) and were specifi-
cally designed to sample uncertainty in the future climate response through the perturba-
tion of key but imperfectly understood physical processes. This ensemble provides a range 
of future climates that are consistent with historical observations and with projections 
from other climate models (Collins et al. 2011). We focus on an ensemble consisting of 
11 GCM members that run from 1950 to 2006 with observed levels of greenhouse gasses 
and other forcings and thereafter follow the SRES A1B emissions scenario (Nakićenović 
et al. 2000) to 2099. Each of these GCMs provide boundary conditions to force an addi-
tional RCM ensemble with each RCM member having the same parameter perturba-
tions as its “parent” GCM, thereby sharing the parameter perturbations and the GCMs’ 
internally generated natural variability. In addition, the annual global mean temperature 
from 1950 to 2099 for each of the GCMs and the observed global mean temperature for 
the period of 1960–2009 are available as covariates. For the five GCM grid box regions 
( r = 1,… , 5 ), the associated RCM models and observational data have hr different sites, 
(h1,… , h5) = (98, 94, 124, 23, 100) , see Fig. 1.
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2.2  Basic model formulation

Let Xt,(r,s) denote the observed annual temperature in year t for site s in region r, with 
t ∈ T1 , r = 1,… , 5 and s = 1,… , hr . Focusing on a single site, we assume that Xt,(r,s) are 
independent over t and follow a generalised extreme value distribution,

with a linear trend in a location parameter with covariate gX,t being the observed annual 
global mean temperature in year t. Whilst it would be possible to use a more locally defined 
metric of future change (such as the change in mean European temperatures), this would 
unhelpfully include more unforced naturally occurring internal variability of the climate 
system; here we desire to identify the changes that are being forced by greenhouse gas 
emissions to which the global mean temperature is better suited. Note that the parameters 
(�X,(r,s), �X,(r,s), �X,(r,s), �X,(r,s)) do not depend on time, but can vary over region and site. Our 
choice for these parameters to be independent of time is based on a range of reasons, which 
include exploratory analysis which shows no evidence of a change in the distribution of 
residuals around a linear trend (Gabda 2014) and the pooled assessment of fit over all sites 
(see Sect. 3.1).

Now consider the 11 coupled RCM and GCM data sets with maxima in T2 . Let Y (j)

t,(r,s)
 

and Z(j)
t,r be the RCM and GCM annual maxima, respectively, in year t, region r, for the 

jth member of an ensemble, j = 1,… , 11 and for site s in region r for the RCM. Then, we 
model

and

where g(j)
M,t

 is the GCM numerical model annual global mean temperature for year t in the 
jth ensemble member.

(2)Xt,(r,s) ∼ GEV
(
�X,(r,s) + �X,(r,s)gX,t, �X,(r,s), �X,(r,s)

)

(3)Y
(j)

t,(r,s)
∼ GEV

(
�
(j)

Y ,(r,s)
+ �

(j)

Y ,(r,s)
g
(j)

M,t
, �

(j)

Y ,(r,s)
, �

(j)

Y ,(r,s)

)

(4)Z
(j)
t,r ∼ GEV

(
�
(j)

Z,r
+ �

(j)

Z,r
g
(j)

M,t
, �

(j)

Z,r
, �

(j)

Z,r

)
,
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Here the jth GCM is used to drive the jth RCM, so there is potentially dependence 
between Z(j)

t,r and Y (j)

t,(r,s)
 , for each s = 1,… , hr and for all j, t and r. As (Y (j)

t,(r,s)
, Z

(j)
t,r ) represents 

dependent componentwise maxima in year t, it is natural to model their joint distribution 
by a bivariate extreme value distribution (Tawn 1988). This distribution has GEV margin-
als and a class of copula that has a restricted formulation, limited to a particular form of 
nonnegative dependence, though it cannot be expressed fully through any finite closed-
form family. Therefore, it is common to take a flexible parametric family in this class of 
copula, with the most widely used form being the logistic model. Then in year t, the joint 
distribution of 

(
Y
(j)

t,(r,s)
, Z

(j)
t,r

)
 has the form:

where

and the dependence parameter 0 < 𝜙 ≤ 1 measures the dependence between the regional 
model data, Y (j)

t,(r,s)
 , and the global model data, Z(j)

t,r , with dependence increasing from inde-
pendence ( � = 1 ) to perfect dependence ( � → 0 ) as � decreases. The dependence param-
eter � is found later to be constant over all sites and regions.

3  Exploratory analysis findings

3.1  Assessing model fit

In Sect.  2.2, we identified the theoretically motivated GEV distribution as a potential 
model for each marginal distribution and proposed it would be sufficient for the trends in 
global annual mean temperature to be modelled through the location parameters only. To 
assess the validity of this assumption, we examined the goodness of the GEV fit to the 
observations and the climatological model data for each site through Q–Q plots for a set of 
randomly selected sites. In all cases, the fit appeared good, though of course at this level 
of spatial resolution there are limited data to identify any deviation from the GEV assump-
tion. Therefore, additionally, we constructed pooled P–P plots for each of the observed, 
RCM and GCM data separately, in each case pooling over sites, regions and years; see Hef-
fernan and Tawn (2001) for a similar example.

These figures are shown in Fig. 2. The observational data pooled P–P plot, left panel, 
is constructed as follows. Let GXt,(r,s)

 denote the distribution function of Xt,(r,s) as given by 
expression (2). Then for each t, r, s, the values ĜXt,(r,s)

(xt,(r,s)) , where ĜXt,(r,s)
 and xt,(r,s) denote 

the marginally fitted distribution and the observed data, respectively, are sorted and are 
compared against quantiles of the uniform(0,  1) distribution. The RCM and GCM plots 
have been constructed similarly with additional replications over ensemble members. 
Here, and throughout the exploratory analysis, we use likelihood-based inference instead 
of a full Bayesian analysis for both computational speed and its simplicity of model selec-
tion. The results show that the GEV with a trend in the location parameter fits the data 
well, with a near linear P–P plot for each data type. It should be stressed that here the 

(5)G
(j)

t,(r,s)
(y, z) = exp

{
−
(
a−1∕�
y

+ a−1∕�
z

)�
}

ay =

{
1 + �Y

(
y − �Y ,t

�Y ,t

)}1∕�Y

+

az =

{
1 + �Z

(
z − �Z,t

�Z,t

)}1∕�Z

+

,
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respective subplots correspond to 21,950, 724,350 and 8250 data values; thus, the near 
perfect straight line shows the model to be an excellent fit in all three cases, given the 
immense data volume.

In these models, all the GEV parameters are specified as free, not depending in any 
way on the parameters of other variables (observed, RCM and GCM) or on the parameters 
at different sites. Thus, the number of parameters is 21,292 in total with a break down of 
1756 (439 × 4) for observed data, 19,316 (439 × 4 × 11) for RCM data and 220 (5 × 4 × 11) 
for GCM data. In Sects. 3.3 and 3.4, respectively, we explore, through a detailed explora-
tory analysis, if we can find any structure between the different parameters. The reason 
we search for structure between the parameters is that if we can find links, particularly 
between observation and RCM parameters, then this gives us a greater handle on how cli-
mate change will affect the observations, reduce the total number of required parameters 
and help to improve the efficiency of inference for the observed maxima data. Specifically, 
as a result of the analysis in Sects. 3.3 and 3.4, the number of free parameters is reduced to 
1138, a 95% reduction.

3.2  Basic assessment of trends

To help get a first impression on the trends in the different data sets and in the distinct 
periods of these data sets, we fitted the models set out in Eqs.  (2), (3) and (4). Specifi-
cally, for region r we have hr estimates of �X,(r,s) for each s; 11hr estimates of �(j)

Y ,(r,s)
 for 

each s and the 11 ensemble members; and 11 estimates of �(j)
Z,r

 for the 11 ensemble mem-
bers. In Fig. 3, we present these estimates, in the form of kernel density estimates for 
each region and based on 3 different time periods corresponding to the observed data 
1960–2009, a future period 2010–2099 covered only by the GCM/RCM models and the 
full GCM/RCM data 1950–2099. These distributions only show the variation in esti-
mates over sites and ensembles and do not account in any way for the different uncertain-
ties in these estimates.

First consider the results in Fig. 3 (left panel). Here we can see that a number of the north-
ern regions (regions 1,2 and 4) have significant proportion of observed trends with values 
higher than the GCM/RCM models. Some of these are unrealistic, e.g. in Northern Ireland 
with temperatures warming 3 times faster than global annual mean temperatures. Probably, 
this can be explained by local variability in the short observed records, and as we will see 
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Fig. 2  Pooled P–P plots for observed, RCM and GCM annual maximum temperature data (respectively) 
under GEV marginal models with a trend in the location parameter that is linear in global annual mean 
temperature
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in Sect. 3.3, there is no statistically significant difference in observed and RCM trends over 
sites. Furthermore, by comparison of the GCM/RCM trends over this period with the two 
other periods, we see no reason to identify separate trends, relative to annual global mean 
temperature, in Northern Ireland for the different periods. What we can see from comparing 
Fig. 3 left and centre panels is that the RCM/GCM trend estimates seem not to change over 
the 1960–2099 time period and from comparing the left and right panels that using the longest 
time period of 1950–2099 gives much less variation in point estimates relative to using just 
the period of the observed data 1960–2009.

3.3  Observed and RCM parameter linkage

For each site s, in region r, we test for commonality of the GEV parameters for the observed 
and the RCM data to see which features of the RCM maxima replicate well the features of the 
observed data maxima. Specifically, we test which components of the parameter vectors

are equal across ensemble members (j) for each (r, s). We present a full discussion of our 
analysis for the linear gradient parameter and report our findings for the other parameters. 
Firstly, for the majority of model fits, likelihood ratio tests (which exploit the independ-
ence of observed and RCM data), with a 5% significance level, are not rejected over the 
4829(= 11 ×

∑5

r=1
hr) tests. However, the proportion rejected is significantly greater than 

5% , and it is not meaningful to consider the observed data trend as being equal to each of 
the 11 different ensemble trends. Therefore, for each location it is more realistic to think 
that the RCM ensemble members produce a distribution of possible trends, with the mean 
of these representing the observed trend. Thus, we instead test the hypothesis that

(�X,(r,s), �X,(r,s), �X,(r,s), �X,(r,s)) and (�
(j)

Y ,(r,s)
, �

(j)

Y ,(r,s)
, �

(j)
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, �
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)

(6)�X,(r,s) =
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11
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Fig. 3  Distribution of the trend parameter estimates for three different periods for each region, figure top–
bottom in a subplot: Region 1 to Region 5: observed temperatures (black), RCM (red) and GCM (green). 
Panels left to right show, respectively, the estimates based on data for the intervals corresponding to the 
observed data 1960–2009, a future period covered only by the GCM/RCM models 2010–2099 and the full 
GCM/RCM data 1950–2099
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for each (r, s). Separately for each site, this test involves a joint fit of the observed data and 
the 11 RCM ensemble members, exploiting their independence. This test is rejected with 
a proportion much closer to the size of the test than previously, and therefore, we believe 
that the observed trend is well captured by the mean of the ensemble of the RCM trends. In 
addition, the mean of the ensemble RCM trends is estimated with a much smaller standard 
error than �X,(r,s) when estimated based on observed data alone. Thus, this identification 
of a linkage between the parameters gives improved estimation of �X,(r,s) through the addi-
tional information provided by the RCM data.

In terms of other parameters, it is clear that the individual, and average, RCM parameters 
are statistically significantly different to the parameters of the observed data for both trend 
intercept (�) and shape parameters (�) . In contrast, the scale parameters are found to have a 
similar linkage to the trend gradient, so that for each (r, s)

3.4  RCM and GCM parameter linkage

For each site s in region r, we test for commonality of the GEV parameters for the RCM 
and the GCM data to see which features of the GCM maxima replicate well the features of 
the RCM data maxima. Specifically, we test which components of the parameter vectors

are equal over j for each (r, s). When testing such hypotheses, we need to account for the 
dependence between the RCM and GCM for a given (r,  s). Using the bivariate extreme 
value distribution model proposed in Sect. 2.2, with dependence parameter � , we model 
the dependence between the RCM Y (j) and the GCM Z(j) for the jth ensemble member. For 
each (r, s), we get very similar values for the estimated � , with the average value for each 
of the 5 regions being (0.56, 0.52, 0.55, 0.52, 0.57), with the values not being statistically 
significantly different at the 5% level. Thus, there is no evidence for dependence between 
RCM and GCM varying over the UK, and a common value of � over ensemble and site can 
be taken.

For computational simplicity, we fixed � = 0.55 and then tested the required hypotheses 
on the marginal parameters at the 5% significance level. Again, we focus discussion on the 
trend gradient parameter. Firstly, we test for �(j)

Y ,(r,s)
= �

(j)

Z,r
 for all j, r and s, with 83.2% of the 

tests not rejected, which is substantially in excess of the size of the tests. Next we tested if 
these trends were linearly related over a region, i.e. if �(j)

Y ,(r,s)
= �

(r)

�0
+ �

(r)

�1
�
(j)

Z,r
 with parame-

ters �r
�0

 and �r
�1

 . This also did not give a convincing fit and additionally led to the estimates 

of the trends �(j)
Y ,(r,s)

 having clear jumps at region boundaries. Of course, a driving feature 
for this is the discontinuity in the GCM trends over regions.

As we require observed and RCM trend parameters to change smoothly over a region 
and across region boundaries, we now propose smoothing the GCM region trends, across 

(7)�X,(r,s) =
1

11

11∑
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�
(j)

Y ,(r,s)
.

(
�
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, �
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, �
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, �
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)
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(
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, �

(j)
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, �

(j)

Z,r,
, �

(j)
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sites in the region, by constructing weighted means of GCM region trends. Specifically, we 
define a jth ensemble smoothed GCM trend �(j)

Z,(r,s)
 , at site s in region r, as

where �(j)
Z,�

 is the GCM trend parameter for region and � for the jth ensemble member, and 
its weight, w

�,s , is some monotone decreasing function of the distance d
�,s of site s to the 

centre of region � . Here, for simplicity reasons only, we take the function of distance to be 
the inverse squared distance, so that

However, a more flexible alternative, discussed in Sect. 6, allows for the level of smooth-
ing to adapt to the smoothness of the trends in the RCM. We then find that we reject the 
hypothesis of

at approximately the size of the test. Thus, this linkage between RCM and GCM trends 
seems reasonable. Therefore, exploiting the linkages (6) and (10), the model we adopt to 
link the GCM to the observed data trend is via

We repeat the same analysis for the location intercept, scale and shape parameters to give

(8)�
(j)

Z,(r,s)
=

5∑

�=1

w
�,s�

(j)

Z,�

(9)wr,s =
d−2
r,s

∑5

�=1
d−2
�,s

.

(10)

�
(j)

Y ,(r,s)
= �

(r)

�0
+ �

(r)

�1
�
(j)

Z,(r,s)

= �
(r)

�0
+ �

(r)

�1
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�=1

w
�,s�

(j)

Z,�
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�,s�

(j)

Z,�
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where �(j)

Z,(r,s)
 , �(j)

Z,(r,s)
 and �(j)

Z,(r,s)
 are smoothed GCM parameters, defined similarly to the 

GCM smoothed trend (8).

4  Joint modelling

In Sect.  3, we identified structure between the parameters of the GEV distributions for 
observed, RCM and GCM data. If this structure is a reasonable approximation, this leaves 
us with 1138 unknown free marginal parameters instead of the original 21,292 free mar-
ginal parameters. Furthermore, the exploratory analysis has shown that we only need 1 
dependence parameter � . The 1138 parameters comprise: 220 GCM parameters 
(�

(j)

Z,r
, �

(j)

Z,r
, �

(j)

Z,r,
, �

(j)

Z,r
) over r = 1,… , 5 and j = 1,… , 11 ; 878 observed data parameters 

(�X,(r,s), �X,(r,s)) over all 439 sites; and 40 linking parameters (
�(r)
�0
, �(r)

�1
, �

(r)

�0
, �

(r)

�1
, �(r)

�0
, �(r)

�1
, �

(r)

�0
, �

(r)

�1

)
 for r = 1,… , 5 . The remaining parameters are given 

as functions of these parameters through expressions (11) and (14) and for observed loca-
tion intercept and shape parameters and expressions (12), (10), (13) and (15), respectively, 
for RCM location intercept, gradient, scale and shape parameters. We use all the informa-
tion from the observed extremes data and the RCM and GCM annual maxima to estimate 
these free parameters, thus a total of 754,550 data ( 50 × 439 observed values, 
150 × 11 × 439 RCM data and 150 × 11 × 5 GCM data).

We could impose some additional structure on the remaining 1138 parameters to reduce 
the dimensionality of the problem. For example, we would expect that the location and shape 
parameters 

(
�X,(r,s), �X,(r,s)

)
 of the observed data will each individually change smoothly over r 

and s. In many cases in spatial environmental extreme value modelling, no evidence is found 
for the shape parameter to vary over space. However, those conclusions are often derived from 
analyses over small spatial regions and limited data. Over larger regions, there is evidence for 
the shape parameter to change, but to change slowly and smoothly. So one approach could be 
to impose some measure of smoothness over space for the shape parameter, e.g. parametric 
models (Coles 2001), smoothing splines (Jonathan et al. 2014) or generalised additive models 
(Chavez-Demoulin and Davison 2005) with latitude and longitude as covariates. However, we 
anticipate that there are likely to be coastal effects and that they may be lost by immediately 
fitting such a smooth model over the whole of the UK. We are even less confident about spa-
tial smoothing for the location parameters, at least without much further investigation. This is 
due to the location parameters being likely to be influenced by distance from the coast, alti-
tude and other topographic features. Therefore, at a first level of investigation, we prefer not to 
impose such smooth structure on these parameters, but in Sect. 6 we return to this issue when 
we have gathered more information from fitting our unconstrained model.

Given the complex structure of the model, with the very large number of parameters, 
Bayesian inference is implemented as opposed to our earlier use of likelihood-based meth-
ods as the Bayesian approach represents the information in the likelihood surface better, it 
avoids problems such as getting stuck in local modes, and it fully accounts for all parameter 
uncertainty in subsequent inferences. As there is no information available about the param-
eters, other than from the data, we set priors to be non-informative with a large variance, e.g. 
N(0, 1002) , after the parameters are transformed via a link function onto the space (− ∞,∞) . 
We apply random walk Metropolis–Hastings algorithm to obtain a sample from the posterior 
distribution of the parameters of our proposed model, where we update each parameter by 
independently drawing a proposal from the Normal distribution with mean equal to the current 
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value and a value of the variance (tuning parameter) chosen to ensure that the chain mixes 
suitably, typically set so that the acceptance probability is about 1 / 4 (Roberts and Rosenthal 
2001). We undertook 10,000 iterations for each region, after a suitable burn-in period.

We need to derive the likelihood for our model; however, this is complex due to the various 
variables, parameter linkages and spatial dependence structure. First consider the likelihood 
function for a given site located at (r, s). By considering the dependency between the RCM 
and GCM in region r, and the independence over ensemble members and the independence 
of the RCM/GCM data from the observed data, then the likelihood function can be written as 
follows

where T1 = {1960, 2009} and T2 = {1950, 2099} , g and g2 are the GEV density and the 
density for the bivariate extreme value distribution (5), and �

X,(r,s) = (�
X,(r,s), �X,(r,s), �X,(r,s),

�
X,(r,s)),�

(j)

Y ,(r,s)
=

(
�
(j)

Y ,(r,s)
, �

(j)

Y ,(r,s)
, �

(j)

Y ,(r,s)
, �

(j)

Y ,(r,s)

)
 and �(j)

Z,r
=

(
�
(j)

Z,r
, �

(j)

Z,r
, �

(j)

Z,r,
, �

(j)

Z,r

)
.

Here we use the pseudo-likelihood which combines the likelihoods for each individual site 
under the false working assumption of independence over space, i.e.

To offset this false assumption of spatial independence, we follow the methods developed 
by Ribatet et al. (2012) for handling such a false assumption in a Bayesian context, by mak-
ing the adjustment to the likelihood of

where k, 0 < k ≤ 1 , is a value to be estimated. If I false and I adjusted denote the observed hes-
sian matrix for L false and L adjusted , respectively, then

then variances of the parameters estimated using L false will be k−1 times larger when esti-
mated using likelihood L adjusted , and consequently, the widths of parameter uncertainty 
intervals from L false will be increased by a factor k−1∕2 . So here k can be interpreted as 
the reduction factor in the amount of information about the parameters by using L adjusted 
instead of L false . Then, k needs to reflect the loss of information in the data from the pres-
ence of spatial dependence in comparison with spatial independence. Thus, careful selec-
tion of k is required. Ribatet et al. (2012) proposed estimating k by exploiting the actual 
spatial dependence for the data of interest, through setting

where (�1,… , �p) are the eigenvalues of the Godambe information matrix. If the values 
that contribute to each of the likelihood terms L(r,s) are independent, then k = 1 , and if the 
sites were perfectly dependent over space, then k = 1∕

∑5

r=1
hr = 1∕439 . For our case, 

though neither such simplification is as straightforward as the data for the GCM in a region 
r is identical for all sites s in this region. Thus, in practice, we expect 0 < k ≪ 1.

(16)L(r,s) =

{
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hr∏

s=1

L(r,s).

L adjusted = Lk
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,

(18)I adjusted = kI false
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Recall though that we are proposing using Bayesian inference rather than likelihood 
inference. We therefore have a pseudo-posterior distribution for the parameters of

where �(�) is the prior. Changing the adjustment factor k leaves the positions modes of the 
posterior unchanged, but scales the curvature around these modes by k. The impact of this 
on the inference is that this does not really change in terms of the point estimates but that 
credibility interval widths are increased by a factor of approximately k−1∕2.

In summary, in this section we have set out a coherent modelling and inference strat-
egy for getting valid improved efficiency for trend estimates for observations by borrowing 
information from GCM/RCM data. The problem in implementing this strategy though is 
its computational complexity. So, in the following section, we illustrate the approach under 
strongly simplified assumptions which help to overcome the computational burden whilst 
retaining sufficient features of the strategy that broadly retain its integrity.

5  Illustration of modelling strategy from an oversimplified model

The ideal formulation for the inference, as set out in Sects. 3 and 4, is challenging to 
implement in full. So, to demonstrate the potential benefits of this approach we present 
results of an analysis which makes strong simplifying assumptions to this ideal formula-
tion. These assumptions will lead to underestimation of the standard deviations for the 
distribution of trends parameters and hence produce approximate credible intervals that 
are too narrow to give the nominal coverage. However, in so doing, we illustrate the key 
steps of the proposed method and show some of its potential benefits. The areas where 
we make major oversimplifications are:

Spatial penalty adjustment k ⋅ being fixed Here we take both k = 1 and a value of 
k which depends only on the number of spatial sites, and so we do not evaluate the 
required adjustment as set out in Sect. 4. We know in practice k should be much less 
than 1, and hence, using k = 1 leads to underestimation of credibility intervals. We also 
illustrate the analysis with a value of k which we argue is a reasonable approximation, 
based on intuition, and we explore the differences between the two inferences.

GCM parameters being fixed Here we fix �(j)

Z,r
=
(
�
(j)

Z,r
, �

(j)

Z,r
, �

(j)

Z,r,
, �

(j)

Z,r

)
 for r = 1,… , 5 

and j = 1,… , 11 ; thus, 220 parameters are treated as fixed in the analysis so their false 
certainty transmits to underestimation of uncertainty on the other related parameters. 
We estimate these 220 parameters using only the GCM data using marginal analysis 
separately for all r and j. A more complete Bayesian analysis would treat all of these 
parameters as unknown, and the resulting trend estimates would be expected to have 
wider credible intervals.

Regional instead of UK analysis We undertake the analysis separately for each 
region; thus, instead of using the full pseudo-likelihood (17), we use a regional version 
L false ,r =

∏hr
s=1

L(r,s).
Thus, for the analysis in each region, we have 204, 196, 256, 54 and 208 parameters 

for each of the 5 respective regions.
The trend gradient parameters of the observed data are given in terms of the GCM 

trend parameters 
{
�
(j)

Z,r
; r = 1,… , 5, j = 1,… , 11

}
 through expression (11). However, as 

�(� ∣ data ) ∝ L adjusted × �(�) = Lk
false

× �(�)
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we have taken these GCM parameters as known, the only source of uncertainty in the 
estimates of �X,(r,s) comes via the unknown linking parameters 

(
�
(r)

�0
, �

(r)

�1

)
 for the region 

of interest r. Thus, only 2 of the 57 parameters that directly determine the observed 
trend estimates are being appropriately treated as unknown in this illustrative analysis.

Our primary interest is inference for the trend parameter of the observed extreme 
data, and so we focus our discussion on this. We compare three estimates of �X,(r,s) : the 
naive maximum likelihood estimator using only observed data from the site itself, and, 
for two fixed choices of k, our proposed posterior estimator using additional information 
from the RCM and GCM. We give the results focusing on regions 3 and 5 correspond-
ing to all of Wales and for the part of England south of the North Midlands. We take 
k = 1 corresponding to the false likelihood and k = h−1

r
 which presumes that there is 

very strong dependence over the data from the sites in the region and so pooling over 
sites provides no additional benefit. Thus, this second choice of k is probably too small. 
For regions 3 and 5 hr ≈ 100 and so k−1∕2 ≈ 10 , and hence when we use the second 
choice of k, we will get credible intervals which are about 10 times wider than if we use 
the false likelihood ( k = 1).

Before presenting inference results for �X,(r,s) , we first examine the estimates of the 
linking parameters �(r)

�1
 over regions, which gives us information about how the trends of 

the observed temperature maxima relate to trends in the GCM data (and thus indirectly 
in the RCM data). Table 1 shows the posterior means and 95% credible intervals of �(r)

�1
 . 

Here we see the benefit for the use of the Bayesian-adjusted analysis over the Bayesian-
false method, with the adjustment for spatial dependence giving much wider credible 
intervals for these parameters. The Bayesian-false inferences give the impression that a 
different �(r)

�1
 is required for each region, as the credible intervals are non-overlapping 

under this analysis. Note that the posterior modes for �(1)

�1
, �

(2)

�1
 and �(4)

�1
 are 0.59, 0.88 and 

0.88, respectively, also appear to support this. However, with the spatial adjustment, it is 
seen that all credible intervals for �(r)

�1
 will overlap substantially, and thus, at least for 

this linkage parameter we can potentially pool information over regions, though we do 
not take that approach here on simplicity grounds. Also note that the posterior distribu-
tions put the vast majority of their mass in the range 0 < 𝜅

(r)

𝛽1
< 1 for all regions, and it 

shows that the range of trends in the observed data is likely to be less than in the RCM 
data.

Table 2 gives the regional average trend parameter estimate for the observed maxima 
temperature process from the three inference methods presenting both estimates and 
associated 95% uncertainty intervals. The naive estimates give a larger average trend 

Table 1  The average (and corresponding 95% uncertainty intervals) of estimates for the linkage parameters 
�
(r)

�
1

 for GEV trend parameters between the RCM and the GCM (and hence also link observed data with 
GCM) evaluated using our Bayesian method with the false and adjusted likelihood. In the adjusted likeli-
hood k in region r is taken as 1∕h

r

Region Method Estimate 95% Uncertainty

3 Bayesian-false 0.49 (0.43, 0.54)
Bayesian-adjusted 0.49 (− 0.17, 1.04)

 5 Bayesian-false 0.36 (0.31, 0.41)
Bayesian-adjusted 0.36 (− 0.14, 1.26)
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estimate in each region than our two Bayesian analyses. This feature suggests that the 
information from RCM/GCM indicates a lower response rate to changes in annual 
global average temperature, which is consistent with the exploratory analysis illustrated 
in Fig. 3. However, the key difference is the change in the width of the uncertainty inter-
vals where we can see the potential major benefit from our approach. Firstly, note that 
the naive estimate gives a 95% confidence interval which shows that the estimates do 
not significantly differ from 0, and the intervals are very wide. In comparison, the false 
and adjusted likelihoods have credible interval widths which are reduced by a factor of 
approximately 400 and 40, respectively, relative to the naive interval widths. For both of 
the values of k that we consider, there appears strong evidence of a clear positive trend 
in extremes with global mean temperatures.

The reason for this level of reduction in uncertainty comes from two factors: our 
efficient use of the combined information from observed, RCM and GCM data and from 
our oversimplifying assumptions. Clearly, we do not expect the reduction in intervals 
to be as much as 400, as basic knowledge of the data suggests that the false likelihood 
(when k = 1 ) is failing to account for strong spatial dependence. Taking k = h−1

r
 over 

compensates for the spatial dependence and whilst not addressing the other simplifying 
assumptions that we make it offsets their effects to some degree.

We anticipate that a full analysis without the simplifying assumptions will give esti-
mates and credible regions that are broadly similar to that found here when  k = h−1

r
 , 

i.e. offering a 40 factor reduction in uncertainty relative to the current naive method 
estimates. To help put this gain of information into context, if we had just used the 
observed temperature maxima data at a single site, then we would have needed a sample 
of 1600 times the current data length (i.e. 80,000 years) to gain this level of reduction in 
credible interval width. Of course, to be sure of this, in the future we need to overcome 
the numerical complexities of the full method and that will enable us to relax these 
oversimplifying assumptions and rigorously estimate k.

Figure  4 shows the comparisons of these trend parameter estimates and associated 
uncertainty intervals for the naive and Bayesian-adjusted likelihood methods over these 
two regions. As already discussed in Sect. 4, a key feature is the change in uncertainty 
estimates at each site, whereas here we also see there is a substantial reduction in the 
spatial variation in the point estimates (a feature not practically affected by our choice 
of k). From the naive estimates, the trends appeared least responsive in the west of the 
regions (Wales, Cornwall and Devon) and with some spuriously strong positive trends 
on the south coast, with a 3 ◦ C difference in change over these regions for a 1 ◦ C change 

Table 2  The average (and corresponding 95% uncertainty intervals) of estimates of the trend parameter for 
the observed temperature maxima over each region evaluated using three different methods: naive analysis 
of observed data only and our Bayesian method with the false and adjusted likelihood. In the adjusted likeli-
hood k in region r is taken as 1∕h

r

Region Method Estimate 95% Uncertainty

3 Naive 1.311 (− 0.506, 3.129)
Bayesian-false 0.802 (0.797, 0.806)
Bayesian-adjusted 0.802 (0.746, 0.846)

5 Naive 0.868 (− 0.237,1.973)
Bayesian-false 0.816 (0.811, 0.819)
Bayesian-adjusted 0.816 (0.766, 0.846)
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in annual global mean temperature. Such substantial differences in warming response 
over relatively small spatial scales are difficult to explain physically. These west–east 
trend features are reversed in our analysis but with a much smaller variation and a 
greater spatial coherence to the estimates. There does seem to be a distinctive feature 
on the Wales–England border in Fig. 4 bottom left panel. We believe this feature is an 
artefact of the grid of the RCM not exactly lining up with the GCM grid, as can be seen 
in Fig. 1. As this artificial feature is seen to be a very small change, once the scale of the 
plot is accounted for, we note that it does not detract from the main conclusion of our 
analysis.

To help with interpretation, we focus on these implications for London, correspond-
ing to coordinate (51.5N, 0.3E) in region 3, and for clarity, we exclude the uncertainty 
associated with global mean temperature change. The analysis based on the observed 
data alone gives that annual maximum daily temperatures in London have increased over 
1960–2009 by an estimated 1.22 ◦ C, with 95% confidence interval of (− 0.35, 2.79)◦ C, 
whilst global annual mean temperature has increased by 0.88 ◦ C. In contrast, our analy-
sis, using all the climate model data as well with the choice of k = h−1

r
 , gives that over 

this past period the estimated trends have a 95% confidence interval of (0.68, 0.71) ◦ C. 
Furthermore, for a future 2 ◦ C increase in global annual mean daily temperature the 
London annual maximum daily temperature will increase by an estimated 1.59 ◦ C with 
a 95% confidence interval of (1.54, 1.63) ◦ C. Thus, the inclusion of more evidence has 
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Fig. 4  Maps of the trend estimates for observed temperature maxima over sites in regions 3 and 5: a the 
naive estimator and b our Bayesian-adjusted method. In both, the middle (left, right) panels correspond to 
the estimated values and (lower and upper endpoints of 95% uncertainty intervals)
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reduced the estimated rate of the response in annual maximum temperatures in London 
to global mean temperature change and that this estimate now has a level of uncertainty 
(though subject to caveats due to the residual strong assumptions that we still make) 
which is of a more helpful magnitude for decision making.

6  Discussion

We have been trying to address the question ‘What are the magnitudes and uncertainties of 
present and future changes in extreme temperatures?’ Adaptation pathways, so that society 
can endure future extreme temperatures, could incur significant cost, and therefore, it is 
highly desirable to consider and quantify the uncertainty in projections of future changes in 
extremes.

This question can be answered through a convolution of the local response to global 
temperature changes and its uncertainty with the uncertainty in global temperature change 
at a future date of interest. This paper only deals with the first aspect, looking at the local 
response sensitivity across climate models. Addressing the question of how the global cli-
mate will change is of course the source of extensive independent study, e.g. Knutti et al. 
(2017), with estimates for the latter part of the century critically depending on different 
emissions scenarios (Collins et al. 2013).

We have proposed a modelling strategy that utilises the information from climatological 
model data for the inference of the distribution of observed temperature extremes and their 
changes through time. The approach here is to take advantage of the additional information 
from climatological model data with a longer time period to address stochastic uncertainty 
together with an ensemble of climate model runs to address physical modelling uncertainty. 
Essentially, the analysis is able to efficiently balance the information about the magnitude 
and uncertainty of the observed trends in the past data with similar information from cli-
mate models on past and future changes. Our exploratory analysis has shown which areas 
of the observed data and climate models can be linked leading to substantial simplifica-
tion of the statistical modelling. However, implementing such a model remains non-trivial, 
so to demonstrate the potential advantages of the approach we present an analysis where 
major assumptions are made, whilst not being a true representation of reality, this analysis 
shows that considerable reductions in uncertainty can be expected in the estimation of his-
torical and future changes in extreme temperatures relative to using observed data alone. 
For example, with such simplifications and neglecting any uncertainty in the changes of 
global temperature, we estimate the annual maximum daily temperatures in London have 
increased by between 0.68 and 0.71 ◦ C (95% confidence) over the period 1960–2009 in 
contrast to the naive approach using only observed data which gives a range of − 0.35 to 
2.79 ◦ C. Furthermore, the high and somewhat unrealistic spatial variability of changes in 
temperature extremes seen across the UK with the naive approach is greatly reduced result-
ing in a more physically plausible trend pattern across the UK.

Future work is necessary to overcome the restrictive assumptions we made in Sect. 5. 
What is required is to undertake the computationally intensive procedure (simply due to 
the high dimensionality of the matrix required) described in Sect. 4 to give a sample-based 
estimate of k, the metric by which likelihoods are adjusted to account for spatial depend-
ence. In addition, we have undertaken an analysis with 918 parameters (split over 5 sepa-
rate regions), so no analysis needed more than 256 parameters to be simultaneously fitted. 
To address the issues of the GCM parameters being fixed and to expand the analysis to 
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cover the whole UK, we need to extend our fits to having 1138 parameters fitted simultane-
ously in the Bayesian methods. Conceptually, this provides no new problems, but compu-
tationally this will be much slower and much more checking is required to ensure that the 
Markov chain Monte Carlo methods are producing suitably mixing chains to ensure we get 
convergence of the algorithms. The best way to do this is to trial methods on subsets of 
the parameters, and this is what we have reported. Additionally, complications potentially 
could arise from strong inter-dependence between the parameters, which may require some 
blocks of parameters to be jointly updated, rather than to update one by one in turn as our 
present algorithm does. These issues will only really become apparent when we start to 
implement the method and monitor convergence.

At the start of Sect. 4, we decided not to impose smooth spatial structure on the param-
eters (�X,(r,s), �X,(r,s)) in our initial analysis of the data. This resulted in us needing 878 free 
parameters for this element of the model. Based on the initial analysis, it would appear that 
it is worth exploring now the viability of using smooth estimates of these parameters over 
space, particularly for the shape parameter. If a simple model form is found to be appropri-
ate for the shape parameter, this would substantially reduce the parameter space (reduced 
by approximately a third). We are less confident in being able to find a sufficiently good 
smooth model for the location parameters, but once an efficient model is in place for the 
shape parameters, this is worth investigating this aspect further.

We would also like to explore further the simple choice of weighting function (9), to see 
whether an extension such as

where 𝛿 > 0 provides a better fit. We also expect to find that when the GCM trend esti-
mates are not fixed at the marginal estimates, then the �(r)

�1
 parameters determining the link-

age of RCM to observed data trends will become more spatially coherent, and then, it may 
be possible to see if their regional differences can be removed to produce a more parsimo-
nious model. Both of these extensions though are less important than fully addressing the 
three areas identified above, that of determining the spatial dependence penalty, fixed GCM 
parameters and fitting to all UK regions simultaneously.
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