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Abstract

The mean square exponential stability of stochastic time-delay neural networks (STDNN )
with random delayed impulses (RDIs) is addressed in this paper. Focusing on the variable
delays in impulses, the notion of average random delay is adopted to consider these delays as
a whole, and the stability criterion of STDNNs with RDIs is developed by using stochastic
analysis idea and the Lyapunov method. Taking into account the impulsive effect, interference
function and stabilization function of delayed impulses are explored independently. The
results demonstrate that delayed impulses with random properties take a crucial role in
dynamics of STDNNSs, not only making stable STDNNSs unstable, but also stabilizing unstable
STDNNS. Our conclusions, specifically, allow for delays in both impulsive dynamics and
continuous subsystems that surpass length of impulsive interval, which alleviates certain
severe limitations, such as presence of upper bound for impulsive delays or requirement
that impulsive delays can only exist between two impulsive events. Finally, feasibility of the
theoretical results is verified through three simulation examples.

Keywords Stochastic neural network - Random delayed impulses - Delay interference -
Delay control - Exponential stability

1 Introduction

Over the past decades, numerous scholars have been drawn to the dynamic behavior of
impulsive neural network (INN) as a result of broad application of INN in various associated
domains, such as associative memory [1], image processing [2], and so on. INN is a sort of
hybrid neural network that is distinguished by continuous-time dynamical system with abrupt
changes of state. The dynamical characteristics of INN have been fully studied. For example,
global exponential stability [3], distributed-delay-dependent exponential stability [4], finite-
time stability [5]. Additionally, stochastic interference is thought to be an inherent factor in
the emergence of unstable behavior and chaos [6], such as, literature [7] investigates finite-
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time control strategies for stochastic nonlinear systems. Literature [8] explores the output
feedback finite-time stability problem for a class of stochastic systems. Diverse qualitative
theories concerning impulsive stochastic neural network (ISNN) have been put forth, see
[9-11].

Time-delay is unavoidable due to signal transmission among neurons during the evolution
process of many actual neural networks [12]. And time-delay may have a deleterious influence
on dynamics of neural network, resulting in oscillations, instability, and poor performance
[13, 14]. Therefore, it is crucial to analyze impulsive stochastic time-delay neural networks
(STDNNSs). In a variety of cases of impulsive STDNNs, Razumikhin technique [15] and
Lyapunov functionals [9, 16] are typically used for analyzing stability of impulsive STDNNS.
For example, in [16], stability problem of impulsive STDNNSs is explored by utilizing the
Lyapunov approach and average impulsive interval (AIl). When Lyapunov functions that
meet specific conditions can be constructed, the stability of impulsive STDNNS can be proven
through Lyapunov stability conditions. Therefore, the Lyapunov functional provides stability
assurance for design and control of impulsive STDNNs, which contributes to improve the
reliability and security of system.

In a lot of practical networks, there might exist delays in the transmission of impulsive
signals, which is referred to as impulsive delays. For instance, there is delay in fisheries indus-
try and animal husbandry concerning impulses. Generally speaking, the impact of delayed
impulsive sequences is mainly determined by the size of delays [17, 18]. In reality, impul-
sive delays possess a dual influence, including destabilizing or stabilizing impacts. In this
respect, literature [17] completely illustrates that impulse delays have both negative and pos-
itive impacts on system dynamics, implying that delayed impulses may jeopardize stability
of system and lead to unanticipated performance. On the other hand, delayed impulses may
be able to stabilize unstable systems and improve performance. Recognizing the critical
significance of delayed impulses, scholars have been paying close attention to dynamics of
INN with delayed impulses in the past few years, see [18-20], with [18] on practical syn-
chronization, [19] on exponential synchronization, [20] on synchronization of chaotic neural
network. It can be seen that models of INN considered in these studies overlook random
interference factors. A significant theoretical and practical significance is highlighted in [21]
for investigation of stability of ISNN. In addition, there are strict limitations on impulsive
delays in these literatures, where impulsive delay is often a constant or limited between two
consecutive impulsive signals [22, 23]. Tragically, even when impulsive delay is permitted
to be flexible between two successive impulsive events, the findings remain closed. More
recently, more and more scholars have begun to focus on the unpredictability of impulses,
such as stochastic impulsive density [24] and stochastic impulsive intensity [25]. However,
to the best of our knowledge, dynamical behavior of stochastic time-delay neural networks
with random impulsive delays (RDIs) effects have not been fully studied. Therefore, it makes
sense to explore stability of STDNNs with RDIs. In practice, impulses with stochastic vari-
able delays are more realistic. Based on this consideration, a natural question arises: Can
delays in continuous systems and impulsive delays break through some limitations? That is
to say, can the delays in continuous systems and the delays in impulses exceed the length of
the impulsive interval? This forms the motivation of this paper. Additionally, the intercom-
munication between continuous behavior of STDNNs and delayed impulses will produce
dynamic phenomena that differ from single continuous or discrete delayed neural networks,
which will bring many hassles to stability analysis of neural networks.

On top of that, average impulsive interval (AIl) [26] and mode-dependent AIl (MDAII)
[27] are frequently employed for describing impulsive sequences. The AIl approach has the
benefit of not requiring lower or upper boundaries of interval of impulses to be specified as
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long as AII matches specific requirement. The MDAII approach is advantageous in that it
allows each impulsive function to possess its own average impulsive interval. Considering the
randomness of impulsive delays, impulsive strategies still need to be developed. This is mostly
owing to the fact that actual circumstance is intricate; impulsive delays are not unalterable at
all times, and they will fluctuate with impulsive instant. As a result, if impulsive delays can be
portrayed as a whole, we can more effectively cope with these delays. Currently, literature [28]
proposes an average impulsive delay (AID) strategy, which quantifies typical delay between
occurrence of an event and subsequent action. Generally speaking, analysis of impulsive
sequences with random delays is more complicated. But AID strategy cannot be used to
evaluate impulsive signals with uncertainty and randomness. It should be emphasized that
in this paper, these constraints are overcome using average random delay (ARD), Lyapunov
approach, and theoretical structure of impulses. With the help of ARD, we may reduce the
influence of delay fluctuations at distinct impulsive times from an overall viewpoint, and
explore the dual impacts of random delayed impulses on dynamic behavior of STDNNS,
namely destabilization and stabilization.

Inspired by the above discussions, this paper concentrates on the stability of STDNNs
with RDIs. Unlike typical delayed impulses, the impulsive delays in this paper have ran-
domness, which can harm or contribute to stability. The major contributions of this paper are
generalized:

(1) In comparison to previous relevant research [19, 20, 28], the impulsive delay explored in
this paper is random. Moreover, interference of stochastic factor are considered. Hence,
it is more realistic to study dynamical behavior (e.g., stability) of STDNNs with random
delayed impulses.

(2) The statistical methods of uniform distribution and discrete distribution are used in this
paper to handle impulsive sequences with random delays. Combining the ARD and
Lyapunov method, stability criteria for STDNNs with random delayed impulses are
obtained. The results show that random impulsive delay serves a crucial role on stability
of STDNNSs, not only disturbing the stable STDNNSs, but also stabilizing the unstable
STDNNES.

(3) In comparison to prior work [18-20, 22, 23, 29], this paper does not require that impul-
sive delay be restricted to impulsive interval. Delay in continuous systems and delay
in impulses are permitted to surpass the impulsive interval. As a result, the results for
STDNNs with RDIs produced in this paper are more flexible.

The rest of this paper is organized as follows. In Sect. 2, we provide fundamental defini-
tions, core lemmas, and the model of STDNNs with RDIs. In Sect. 3, sufficient conditions
for mean square exponential stability of impulsive STDNNS are developed. In Sect. 4, three
simulation examples are provided in order to confirm the efficacy and practicality of the
generated results.

Notations Let R stand for the set of real numbers. R™ = (0, +00). R;g = (tg, +00).
N denotes a collection of natural integers that includes 0. NT = N\0. (2, F, {Fi}iz1y> P)
represents a complete probability space with a natural filtration {F;};>,,. Let (¢) be a n-
dimensional F;-adapted Brownian motion. || - || indicates Euclidean norm. ||x||; represents
the 1-norm of vector x. The superscript 7 means the transposition of a matrix or vector.
PC ([—7, 0]; R™) is the set which contains piecewise continuous functions from [—7, 0] to R"
and ¢ is defined on [—7, O] withnorm |[¢|| = sup_z .y [¢(0)].¢ = TVE, where 7, & € R*.
For t > 19, 77/3}- is the family of all F;-measurable PC([—7, 0]; R")-valued processes
¢ = {¢p©®) : =T < ¢ =< 0} such that [[|[Lr = sup_;_4-oElp ()|’ < +o0, where
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operator E aims to calculate the mathematical expectation. The random variable X ~ U (a, b),
a, b € R represents that the random variable X follows a uniform distribution.

2 Model Description and Preliminaries

In this paper, we take account of a kind of stochastic time-delay neural network (STDNN)
with RDIs described below:

dx(1) =[—=Dx(1) + Af (x(@)) + Bf (x;)1dt
+gt, x(0), xp)dw(t),t > 1o, t # 1,
x(t) =h(t™, x(t7), x(t — &) 7). t =, k e N,
x(s) =¢(s),s € [to — T, 1),

ey

where x (1) € R”" is state vector. x; = x(t — 7), where t € [0, T] is transmission delay. f
denotes impulsive instant. f serves as the activation function satisfying | f(x) — f(y)| <
L|x—yl|and f(0) = 0, where L is n x n-dimensional diagonal matrix. D € R"*" isreferred to
as n x n-dimensional matrix. A € R"*" and B € R"*" act as feedback matrix, respectively.
g(t, x(1), x;) is noise disturbance from R:g x R" x R" to R” satisfying g(0) = 0 and
trace(g” (¢, x(t), x,)g(t, x(t), x;)) < xT () K1x(t) + xI Kx;, where K and K, are n x n-
dimensional real matrix, respectively. I : ng x R" x R* — R" satisfying I (¢, 0, 0) = 0.
Delay & is a F; -measurable random variable that occurs at impulsive instant, which takes
value in [0, £], moreover, the sequence {&} is independent of w(¢) as well as mutually
independent. Thus, §g = 0 whent = 19. ¢ € chfx,, ([to — 7, to]) is initial function.
Some definitions and lemmas for consequent demands are as follows.

Definition 1 ([26]) Assume that there exist positive constants Ng and 7, such that

t—1o N<N(tt)<t_t0
T, 0= s 10) = T,

+ No

holds for#p < t < u, then Ny and 7, are respectively called the chatter bound and AIl, where
N{(t, tp) is referred to as the quantity of triggered impulses on (g, t].

Definition 2 ([29]) Let N(z, tp) represents the amount of impulsive occurrence on (7, t].
Assume that there exist positive number £* and & such that

N(t,19)

EN(t,t0) —&" < ) EE& <EN(t, 1) + &

j=1
holds for r > ¢y, then § and &* are called ARD and preset value, respectively.

Remark 1 1t is clear that the notions of AIl and ARD is developed to characterize impulsive
moments and impulsive input delays holistically. It is worth noting that the amount of impulses
serves as a link between these two ideas. Actually, Definitions 1 and 2 can yield that

N(t,t9)
£ < Y Eg <&

j=1

-t —1

o %
ng + &%

t —
Ta
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Lemma1 ([19]) Let x, y € R", U is a diagonal positive definition matrix with appropriate
dimension, then

xTy + yTx <xTUx+ yTU_ly
holds.

Lemma2 ([19]) If V € R™™" is a symmetric positive definite matrix and U € R™" is
symmetric matrix, then

Amin (VT'U) 2TV < xTUx < Aoy (V'U) 2TV, x € R
holds.

Lemma 3 ([29]) Assume that V (t, x) is continuously once differentiabla in t and twice in x.
There is a constant § such that

E[V(n — &)1 = E[V((fk —&)7) GXP{—SEk}} exp{SE&;}

holds for ty, <t < tg41.

Assumption 1 There exist positive definite matrices I"1; and 'y satisfying for t = 7,

I x (), x(t — E) ) (e, x (7)), x(t — &)™)
<xT )Ty (t™) +xT (1 — &) Topx(t — &)~

Definition 3 The trivial solution of STDNN (1) with RDIs is said to be mean square expone-
tially stable (MSES), if there exists a pair of positive constants « and g such that for ¢ > 1y,

Elx(t)* < aexp{—B(t — 1)} sup Elp)|?

I0—T=<u=<fty

holds.
We define a differential operator £ for STDNN (1),
LV (1, (D) = Vy(t, x(0) + Velt, x () £ (1, x( = T2, x())
+ %trace (87t xe = vt x )
X Ver (6, X (0)g (1, X (1 — T(t, x (D).

3 Main Results

In this section, we consider positive definite function V(1) = V (¢, x) = xT () Px(r), where
P is positive definite and symmetric matrix of appropriate dimension.

3.1 STDNNs with Destabilizing Delayed Impulses

Theorem 1 Suppose that there are positive constants y > 1,k > 0, u > 0, —0; > 6, =
Amax (P*ILTUZL) + Amax(P~1K3) > 0, and n-dimensional symmetric positive definite
matrices Uy, Uy such that

(1) P=<vI;
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® PA PB
(2) | *-U 0 | <O
x x —U
N(t,10)
(©3) Nt 0)OVInk) +e Y BE — (e — k)t — 1) < 15
=0
where I stands for identity matrix, ® = —PD — DTP + LTU|L + yK| — 6P,
0 = A [—PD—DTP+PAU1_1ATP+LTU1L+PBU2_1BTP+yK1], € €

(€1 — €1, €1), €1 is any small constant, €1 is the root of the equation € + 601 + 6, exp{et} = 0.
Then STDNN (1) with RDIs is MSES.

Proof For convenience, denote A1 = YAmax (P™'T1m), 22 = YAmax (P7'T2y), A =
A1 + Az. The entire proof procedure will be fragmented into two phases.

Step 1: We first verify that, there is r* € [fx_1, #) such that ExT (+*) Px (t*) exp{eo (t*) —
fo} # 0 and ExT () Px(¢) exp{eo(t — t0)} < ExT (t*) Px(t*) exp{eo(t* — o)} are hold for
to — T <t < t*, then one has

< 0. 2)

t=t*

D+E|:xT(t)Px(t) exp{eo(t — zo)}]

In accordance with the definition of £, we have

LIx" () Px()] = 2x’<r)P[—Dx<r) + Af(x(t) + Bf(xz)]

+ trace|:gT(t, x(t),x)Pg(t,x(1), xt):l
= 2T ()PDx(t) + 2xT (1) PAf(x (1)) + 2xT (1) PBf (x;)
+trace|:gT(t,x(t),xt)Pg(t,x(t),x,):l. 3)

Combining Lemma 1, Lemma 2 and condition (g1), we can get
2T () PAS(x(1))
<x"0PAUT AT Px(t) + fT (x())U1 f(x(1))
<xTyPAUTT AT Px(t) + xT (1) LT U Lx (1), )

2" (1) PBf (x;)
<xT)PBU;'BTPx(t) + fT (x)Us f (x1)
<xTt)yPBU;' BT Px(t) + xI LT U, Lx,
< xT(0)PBU; ' BT Px(t) + Amax (P ' LT U2 L)x] Px;, (5)

trace[g” (1, x(t), x,) Pg(t, x(t), x1)]
< ytrace[g" (t, x(t), x)g(t, x(1), x;)]
< yIxT OK1x(1) 4+ x] Kax;]
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< yIxT @O K1x(1) + max (P~ K2)x] Px,]. (©6)

On the basis of condition (g,) and inequalities (3)—(6), we can infer that
LxT () Px(t) < xT(t)|:—PD ~D"P+PAUT'ATP +LTUIL
+PBUS'BTP + yKl]x(z) + [xm (P~'L70sL)

+ Amax (P KZ)]xf Px
< 01xT (1) Px(1) + 02x Px;. )

According to Fubini’s theorem and (7), we can calculate that

DﬂE[xT(z)Px(r) exp{eo(t — to)}]

t=t*
= eELx” (%) Px(t*) expleo(t* — 19)}]
+ expleo(t — 10)YEL[xT (1) Px (t)]|i—=s*
< ELx” (1) Px (1*) expleo (t* — 10)}]
+ expleo(t — 10)}[O1ExT (1) Px (1) 4+ 62Ex] Px,1]i=+
< «E[x" (t*) Px(t*) expleo(t* — 10)}]
+ 01ExT (1) Px (1) expleo(t — 10) =+
+ QzExtr Px;exp{eg(t — t — 1t9)} expleot}|r=s
< (€0 + 61 + Oz expleoTDEx" (t*) Px (t*) expleo (t* — 10)}
<0. (8)

So (2) holds.
Step 2: Following that, we will clarify that

Ex” (1) Px(r) < @ exp{—eo(r — 1)} )

holds for tp < t < t, k € N, where ®; = exp{(k — 1)(0 Vv InA) + Z;:ol eoE& Y |oll,
¢ = Amax(P) SUPs—r<u<t E”@(”)Hz
Clearly, the demonstration of (9) can be turned into the confirmation of

ExT(t)Px(t) exp{eo(t —19)} < O, t € [t0, 1), k € AR (10)

To begin with, we confirm that (10) holds for t € [fg — t,?1). It is distinctly that
ExT (1) Px(t) expleo(t — 1)} < ExT(1)Px(t) < ||¢|| = @, for t € [tg — T, fp], which
suggests that (10) is true for ¢+ € [ty — 7, 1y]. Now, we need to demonstrate that (10)
is true for ¢t € (fo, ;). Assuming the above assertion is false, then there exist some
instants ¢ such that Ex” (£) Px(r) expleo(t — 19)} > @1. Set t* = inf{t € (10,11) :
ExT(t)Px(t) exp{eo(t — 19)} > @1}. In the light of definition of r*, we can obtain
ExT (t*)Px(t*) exp{eo(t* — 19)} = ®; and Ex” () Px(t) exp{eo(t — to)} < & for
t € [ty — 7, t"), and for arbitrarily small constant Az, ExT(t)Px(t) exp{eo(t — 10)} > Py
when 1 € (¢*, t* + At]. Therefore DV xT (1) Px(t) exp{eo(t — to)}|s=r+ > 0, which is con-
tradictory to (2). So, (10) holds for r € [ty — 7, 11).
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Afterwards, using mathematical induction, we presuppose that (10) is valid on k =
1,2,---, M, M e N*, which shows

ExT (1) Px (1) expleo(t — 10)} < Par., t = 1. )

The following will illustrate the validity of (10) for k = M + 1. It is worth noting that
sequence {®;} is monotonically non-decreasing on k € Z*. Futhermore, one can deduce
that Ex” (1) Px (¢) exp{eo(t — t9)} < Py < Dpr4q When t € [tg — 7, ty). Then it will be
proven that ExT(t)Px(t) expfeo(t —t9)} < @prqq fort € [ty ty+1).

At t = tpy, with the help of Assumption 1, A < exp{O v In A}, Lemma 2 and Lemma 3,
we derive that

Ex” (tp) Px(tar) expleo(ty — o)}
= [ (BxT T ) + B (tar — )
xTomx(ty — Em) ™) ]| expleo(tn — 10)}
< Yhmax (P7'Tiar) Bx (1) Px (1)) expleo(tm — 10)}
+¥hmax (P~ Taar) Bx" (tyr — 3)™ Px(tm — 1)~
x expleo(tm — Em — 10)} exp{eoEEn }
< [V ()\max (P_lrlM) + Amax (P_IFZM))] @y exp{eoEén}
= 1Dy exp{egEE s}
< Dy (12)
Suppose that there is 7 € (tyr, tpr+1) such that ExT (7) Px(7) exp{eoF — 10)} = Pprt1,
ExT (1) Px(t) expleo(t —t0)} < ®pq1 fort € [tg—1, 1), and Ex” (£) Px(r) exp{eo(t —19)} >
@y fortyry) >t > f. Apparently, DYExT (1) Px (1) expleo(t — 10)}|,—7 > 0, which is in

contradiction with (2).
Therefore, for t > 1o, it is straightforward to gain

Ex" (1) Px(1) expleo(t — 10)}

N (t,10)

<exp{N(t,1)(O0VIni) + Z eoE& o]l (13)

1=0

In addition,

N (t,10)

Ex” (1) Px(t) <exp{N(1,10)0V1In2) D el —eolt —)}llgll  (14)
1=0

holds for r > 1. ]

Employing condition (€3), one can procure that

Ex” (1) Px(t) < exp{ — k(t — t0)}I1@]], > to. (15)
Then, one has
Amax (P) exp{u}
Ellx())]? <= P expi—t — 1)) sup  Ellg(l P (16)
}\mln(P) thy—Tt=<u=<ty

Hence, STDNN (1) with RDIs is MSES.

@ Springer



Exponential Stability of Stochastic... Page9of25 38

Corollary 1 Provided that Assumption 1, (1), and (§7) are all fulfilled, there exists constant
€1 satisfying

Ovini

®y) &+ <7,

where €] is unique positive solution of equation € + 01 + 0, exp{et} = 0, then STDNN (1)
with RDIs is MSES.

Proof Leté = ¢ — (;Y“‘-A

a

discover a constant €y € (€] — &3, €]) satisfying

and g7 = &1 A €. The condition (pg) indicates that € > 0. We can

- Ovini
£+
€0

<1y. a7

Combining Definitions 1 and 2, one has

N(t,t9)

N(t. 10)OVIni) + Y eB& — eo(t — 1)
1=0

< (z ;to + No) (OVInd) +elEN(t, o) + E*] — eo(t — 19)

a

r—1

< (t ;to +N0> OV Ini) + [é

a

+ €No +E*} —€o(t —1o)

a

<- (60 - W) (1 — 10) + €0ENo + o™ + NoOvInA).  (18)

According to (17),

0VvIni+ ef
- >

T, 0. (19)

€0

Set that k = €y — OvinAteof and . = €pE Ny + €o&™ + No(0 v In A). Furthermore, ($3)

Ta
is satisfied. Through Theorem 1, STDNN (1) with RDIs is MSES. O

Remark2 6, + 6, < 0 implies that the initial STDNN is stable in the absence of impulse
action. Theorem 1 and Corollary 1 clearly demonstrate that STDNN (1) is able to remain
stable when affected by unstable delayed impulses under specific conditions. (¢3) displays a
correlation between ARD and All, indicating that when ARD grows, so does AIl. Given that
delayed impulses have a detrimental influence on STDNN (1), impulsive delays should not
be too lengthy; otherwise, the negative impact of delayed impulses on stability will increase.

Remark 3 In Theorem 1, (g¢3) is a condition about impulsive delays, emphasizing that the
impulsive delays should not be excessively long, or else €y will not exist.

In addition, compare with literature [19], there are no restrictions on t and & in this
paper, which means that t and & may exceed the impulse interval when & is large enough.
Furthermore, stochastic factors are also taken account in this paper.

3.2 STDNNSs with Stabilizing Delayed Impulses
Denote t() — L= t—l’ N(”) = 91 —u-+ 672 exp{u(_‘[ + é)} and €) = %‘FE ln 92(7)\79
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Lemma 4 Take into consideration following function

M) — { V(t, %) expl—eo(t = 10}, t € [t ti+1), o0)
V(t)’t S [tO -1, t0]7

where € satisfies that

(S1)0 <€y — €y < 1 whent > &, where €g =0 Vv (01 + QA—Z);

(8)0 < é —ey) < 1l whent < & and 0 + 972 < 0, where €y meets 8(€y) = 0;

($53)0 <e—& < Lwhent <& 61 +%2 >0,1>0(—1+8) and 6y (—7 + &) —
In(A) +In(—t4+&)+Inbr+1 < 0, where 0 < &y < €2 andR(&y) = 0. Foranyf € [tx, trs1),
there is an integer —1 < d < k satisfies f — T € [tyg, tys1), if EM( — 1) expleo(ty — tg)} <
EM(f) exp{—Inx + EQESN(;JO)} is true, then one can infer that

DTEM(i) < 0. (21)
Proof We define the auxiliary function shown below, for arbitrary 7 > 0 and k € N,

V(t, x) exp{—(eo + m)(t — tr)},
Mz (1) = t € [t, trt1), (22)
V(),t €ltg— T, 1ol

According to (20), one has for € [t;, tx+1)

V(i — 1) exp{—eo(f — T — 13)},
M(GE—1)= {—1 €lta, tar1), (23)
V(i—1), —1€ltg—T, 1ol

Combining (7) and (23) we can generate

exp{m ({ — 1)} DYEM (1)],—;
= —(eo + ) exp{—eo(f — tr)}EV (i) + exp{—eo(f — tx)}DTEV ()
< (—€p — 7 + 01) exp{—eo(f — tk)}ExT(t)Px(t) + 02 exp{—eo(f — tk)}IEx{T Px;
= (—€g — T 4+ 0)EM(@) + 02 exp{—eo(t + tg — i) YEM(F — 1)
< (—€0 — 7 + 01 + O exp{—€pt}exp{—In A + €E&y i ) DEM(D)

< <—eo — 7 +0; + i—zexp{eo(—r + E)}) EM(5). (24)

There are three situations to consider.

In terms of (S}), it leads to R(€y) = 0; — €9 + 972 < 0. Suppose that 0 < €5 — ép < 1,
then R(ej) < 0.

In terms of (S,), it implies that R(0) < 0, X' (u) = -1+ (-7 —|—‘§)972 exp{u(—t+§&)},and
R'(€2) = 0. Apparently, if €2 < 0, then X’ (u) > 0 on (0, +00). If €3 > 0, then 8 (u) < 0 on
(0, €2) and X' (u) > 0 on (€3, +00). Thus, there is unique constant &y such that R(€p) = 0.
Afterwards choose a constant 68‘ that is close enough €, i.e., 0 < €y — e(’)“ « 1, which leads
to R(ep) < 0.

In terms of (S3), we can deduce that 8(0) > 0, e > 0, X'(e2) = 0, and ¥(ep) < 0.
Therefore, there is a constant €y € (0, €2) such that X(éy) = 0. Select a proper constant €;
to achieve 0 < € — €y < 1, then R(ej) < O still holds up.
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In conclusion, for all the above situations, R(ep) < 0 is the truth if €9 = €j. As a result,
(24) can be modified as exp{n (f — tx)}DTEM (t)|,_; < —wEM(f). According to (22),
one has

DTEM)|,_;
= exp{r({ — tx)}DTEMy (7)) + TEM (1) exp{m (I — 1)}
< —rEM(f) + rEM(H)
=0. (25)

Proof of inequality (22) is completed. O

Theorem 2 Under (1) and (§2), let .1 = 0, Ao € (0, 1), if there are constants o, k > 0,
and p > 0 such that for t > ty,

(pa)when T > §,
N(t.to)—1
oN({, t —1) + € Z E& < —1Ina;
I=N(t—1t,19)+1

when t <&,

N(t.10)—1
o(N(t,t—1)+ 1)+ ¢ Z E& + sup E& | < —1nA;
I=N(—0,10)+1 leR*
N(t,t0)

(95) —oN(t.10) —eo »_ E&+ (co+ p)(t —1o) <k,
=0

where Ay and Ay are defined in Theorem 1. Then STDNN (1) with RDI is MSES.

Proof We shell to prove the following inequality
Ex" (1) Px(t) < Ygexpleo(t — o)} (26)
fort € [t, tr+1), where Y = ||¢|| exp{eoc} exp{—ko — €g Zf:o E¢;} and k € N. Combin-
ing (26) and (20), it is equal to verify
EM(1) = Tk expfeo(tx — 10)}, 27)

fort € [, tk+1), k € N.
Notice that EM (t9) = EV (t9) < ||¢]| < To. Assume that EM(#) < Yy is not true for
any o <t < t1, then there exists 7y < f < t; such that
EM(f) = Yo,
EM(t) < Yo, 1 € [t 1],
DTEM() > 0. (28)

We analysis EM(f — 1) as follow:

(I) Whenty <7 —t < £, from (28), one has EM(f — ) < Yo = EM({) < %EM@
which is consistent with Lemma 4.

(IT) When 7 — 7 € [ty — 0, tp), then EM({ — 1) = EV(f — 1) < [|g]] < Yo = EM(F) <
%IEM (f), which also satisfies Lemma 4.
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Providing (27) is valid for k < L, L € N. We will have

EM(1) = Yrq1expleo(i+1 —10)} (29)

fort € [tL+1, 1L+42)-
Set Ry = [tL+1 — tm+1, IN+1 — tm), Where m € [—1, L]. Hence, t;, < (tL41 —&L+1)” <

tm+1 When 741 € Ry,. According to total probability formula and (26), one has

E (XT(tL+1 — &) Px(tp4 — %’L+1)_)
L

=) E [XT(ILH —&L+1) Px(tyr —&041)”

m=—1

x|€p41 € Rm] P(ér+1 € Ry)
< max | {YmElexpieo((tL+1 — &L+1)™ —t0)}

_1<
L
x &1 € Rul) Y P(Enti € Rn)

m=—1

= _max {YmElexpleo((trL+1 — &L+1)™ — t0)}éL+1 € Rul}. (30)

There exists an integer s € [—1, L] such that

YsElexpleo((tL+1 —&L+1)™ — t0)}éL+1 € Ry]
= _max {VmElexpleo((tL+1 — &L+1)™ — to)}éL+1 € Rul}. 3D

—1<m

Att = tr 41, from (7), (20), (30) and (31), one gets

EM(tr11) = Ex” (t41) Px(11.41)
< AYsE[expleo((tL+1 — L+1)" — t)}EL+1 € Rs]
< A Elexpleo(tL+1 — §L+1 — f0)} expleodL+1}
x exp{—€oBEL+1}EL+1 € Rs]
< AYsElexpleo(tr+1 — o)} exp{—€0E&L+1}EL+1 € Rs]
= MY exp{eo(tL+1 — 10)} exp{—€0E&L+1}
N
= AYL+1expleo(tL+1 — to)}exp{o (L + 1 —5) + € Z E&}. (32)
I=s+1

Owing to £7.41 € Ry, we can getthat #y < 1741 — &r41 < ts41. Therefore, when t > &,
namely, t741 —t < tr4+1 — Ep41 < tg41, one can infer that L + 1 — s = N(tp41,t5) <
N(tp41,t41 —t)and s + 1 = N(ts41, o) = N(tL+1 — ¢, fo) + 1, which generate that

N
o(L+1—s)+e Y E&
I=s+1
N, t0)—1
<oNUtpn—0+e Y, B (33)

I=N(tp+1—t,t0)+1
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When t < &, one can ascertainthat L + 1 —s = N(tp41,%) < N(tr+1,t0+1 —t) + 1 and
s+ 1= N(t41,1) > N(tr+1 — ¢, o), which mean that

N
o(L+1-s)+e Y E&
I=s+1

N(tp+41,10)—1

<o(N(rsi, i1 —0+ 1) +€ > E&+Efna,

I=N(tp+1—t,10)+1

N(tL+1,t0)—1

<o(N(it1, tp1 — 0 + 1) + € > E&+ supEg | (34)

I=N (i 41—,10)+1 leR*

Notice that if N(tz+1,%0) — 1 < N(tp+1 — t,19) + 1, then Z;v:;\?z;]Li?)—_t,lto)—&-l E& = 0.

Integrating (4), (32), (33) and (34), we can deduce that EM (1 41) < Y41 exp{eo(ty+1 —
t9)}, i.e., (29) holds for t = ty41.
Assume that there exists 7 € [t1+1, tr4+2) such that
EM(f) = Yr41expleo(tr4+1) — fo}
EM(t) < EM(D), tyy1 <t <1,
DTEM(f) > 0. (35)
Now we discuss the position of f — 7. It is divided into three cases to consider.
(L1) Whentyy) <f—1t <f,d=k= L+ 1ismet. It yields that
EM(7 — 1) expleo(tx — 14)}
<EM(7)
< EM(®) exp{—In i + €B&y 7 1)} (36)
which means condition of Lemma 4 is satisfied.
(¢2) Whenty <f—1 < ti+1, where d is defined in Lemma 4 and d € [0, L], one has
EM(f — 7) exp{eo(tr+1 — a)}
< Yaexpleo(ta — 10) + €o(fL+1 — 1a)}

L+1
= Yri1expleo(ist — )} explo(L+1—d)+e Y Ea}. (37)
I=d+1

Through ty < f — 1 < ty4) < tp41 < { < tp4o, it is generated that L + 1 —d =
N(tpq1,t9) = N, — 1) < N(f,f —1). According to (g¢4), one can obtain
L+l
o(L+1-d)+e Y E&
I=d+1
N(i.t
<oNG@.i-1)+e Y  E&
I=N(—1,t)+1

<—Ini+ 60EEN(?,1‘0)' (38)

Integrating (37) and (38), we have EM (7 — t) expleo(tz 11 — t4)} < EM(f) exp{—In A +
eolEE NG, }, which admits condition of Lemma 4.
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(63) Whenty <f—1 < tg41, whered = —1,

EM(i — 7) expleo(trt1 — ta)}

=Ex" (7 — 1) Px(i — 1) expleo(t+1 — 1-1))
=< llgll exp{eot} exp{eo(tr4+1 — t0)}

L+1
= Y1 expleo(iir — )} explo (L + 1) + €0 ) Eé)

=0

N(i,t)
=EM@exploNG,i—t)+e )  E&)
I=N(f—1,10)+1

<EM(@) exp{—Ini+oE&yq 0} (39)

where N (7 — t, to) is zero.

To sum up, applying Lemma 4, we can conclude that DTM(f) < 0, which is in conflict
with (35). Consequently, (29) holds for ¢ € [f741, f4+2). We infer through mathematical
induction that (27) holds for any #; <t < tx+1, k € N. That is,

N(t,t9)
Ex" (1) Px(t) <I|@|| expieot} exp{—aN(t. t0) — €0 Y E& +eo(t —t0)}.  (40)
=0
Futhermore, utilizing (¢5),
Amax (P)
Ellx()|* <T™—"expleot +« — n(t —10)} sup  Ellp@)|*. 1)
Amin(P) u€lto—1,to]

m}

Corollary2 Set L. = A1+ A and i1 =0, 1o € (0, 1), €9 > 0 is given in Lemma 4. Provided
that there exists constant o > 0 such that (p4) and following inequality

/ o £
(p5) —+&E>71,
€0
hold, then ISTDNN (1) with RDIs is MSES.

Proof Using Definitions 1 and 2, one has

N(t,19)
—oN(t,10)—€o Y BE +eo(t — o)
=0
r—1 = "
<—0o T — No | —eEN(t, 1) — EF) + eo(t — 1g)
a
—0 — €€ + €T, _
< <*> (t — o) + 0 No + €ENp + o€ ™. (42)
a

It implies that (g5) is satisfied under condition (gag) with n = ‘”“%.7;607“ and k = o Nog +
eéNo + €p&*. So, we infer from Theorem 2 that STDNNSs (1) with RDIs are MSES. ]
Remark 4 In Theorem 2, #; > 0, which means that in the absence of impulsive behavior,
the original STDNNs (1) may be unstable. Theorem 2 and Corollary 2 show that, while

the continuous subsystems of STDNNSs (1) may be unstable, dynamics behavior of hybrid
STDNNSs (1) remain stable, indicating that stabilization function of delayed impulses.
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Table 1 Distribution of delay in

impulses Delay & 0 1.6 11.95

Probability P 0.1 0.1 0.8

Remark 5 Condition (ggg) exhibits not just relationship between & and 7, but also that 7, has

an upper bound. We can obtain % — Ny < % — Np < N(t, tp) through incorporating

Definition 1 and condition (595) Inequality — - ’0 — No < N(t, tp) contributes to stability of

STDNN (1). Inequality Eg(j_g 'g) No < N(t, to) aids in the speedier stabilization of STDNN
(1).

4 Numerical Examples

Three numerical examples are offered in this part to show the efficacy and practicality of our
theoretical conclusions.

Example 1 Take into account a two-dimensional STDNN with random delayed impulses

dx(t) = [-Dx() + Bf (x;)]ldt + g(t, x(1), x1)dw (1), “3)
x(ty) = Spx(t) + Hix (e — &) 7),

where
p=| 5, 5] 1308
so=[os04] 7 =[03 V3]
for simulation, take f(x;) = tanhx(t — ), matrix P = [, i.e., P is identity matrix and
Vi, x(0) = xT (Ox(0), g1, x(1), %) = [°~2“g -7 3)?20)].
By counting,
Lx" (n)x () = 2x" (1)(=Dx (1) + Bf (x;))
+ trace(gT(t, x(t), x;)g(t, x(t), xt))
< Qrmax(=D) 4+ 14 0.09)x" (1)x (1)
+ Amax (BT B) +0.04)x7 (t — 1)x(t — 1),
Ex" (1) x (tr) < 2hmax (S SOxT (4)x ()
+ 2 max (B Hi)x" (6 — &) 7)x (i — &)7),

where Amax (—D) = —3.8292, Amax (BT B) = 2.08. Thus, ELxT (1)x(t) < 61ExT (t)x (1) +
ExT (t — T)x(r — 1) with 6, = —6.5684 and 6, = 3.12, which demonstrates that STDNN
(43) is stable in the absence of impulses, see Fig. 1. Figure 1 shows that state trajectory of
STDNN (43) without impulsive action.

Furthermore, set & complies with discrete distribution depicted in Table 1, t; = 6k,
and 7 = 3. The destabilizing traits of delay in impulses is clearly displayed in Fig. 2 via
comparison of state trajectories of (43) with RDIs and with non-delayed impulses. Through
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4 —l‘l(t) -
—332('[5)

State of system (43)
N w

-
1

Time t

Fig. 1 Dynamic behavior of SNN (43) without impulses

Corollary 1, it can be determined that STDNN (43) is MSES if & = 0, see red line in Fig. 2.
The red line in Fig. 2 indicates that when (43) is only subjected to non-delayed impulses,
it remains stable. However, if every delay & in impulse obeys the distribution presented in
Table 1, stability of STDNN (43) is jeopardized. Besides, & = 9.72 and & + “;—IA > T, € =
0.2360, which fails to meet condition (3), see blue line in Fig. 2. Blue line in Fig. 2 shows
that when (43) is subjected to delayed impulses, its stability is disrupted. This demonstrates
that impulsive delay has a detrimental influence on stability of STDNN, which can make
stable STDNN unstable. This implies that, despite the fact that the impulsive strength is
unvarying, delayed impulses maybe degrade dynamics behavior.

Assume that random delay &>, obeys the uniform distribution U (1, 4), £2¢4-1 obeys U (2, 6)
and f, = 6k, T = 3. Under Collaroy 1, (1), (¢2), and (g€5) are valid for STDNN (43). Fig-
ure 3 further demonstrates that STDNN (43) is MSES. Compared to Fig. 1, the convergence
speed of STDNN (43) may slow down, which signifies that conclusion of this paper is more
comprehensive than previous research. To put it simply, with this in mind that the continuous
dynamics is stable, though impulsive delays act as interference that impacts the dynamic
behavior of network, STDNN (43) remains stable when faced with small input impulsive
delay.

Particularly, if &7 = &g = & = 12, the remaining &, k # 7, 8, 9 obey uniform distribution
U(0,9), tx = 6k, T = 3. According Corollary 1, STDNN (43) is also MSES as shown in
Fig. 4.

In addition, set every & obeys uniform distribution U (0, 1.6), #x = 9.9k and 7 = 10.
Base on Corollary 1, STDNN (43) is MSES as shown in Fig. 5.

Figures 4 and 5 respectively indicate that stability performance of (43) remains unchanged
when delay in impulses and delay in the continuous systems exceed the impulsive interval,
which is not supported by literatures [18, 20, 22], etc.
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Fig.2 Dynamic behavior of SNN (43) with & = 0 and & in Table |
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Fig.3 Dynamic behavior of SNN (43) with t = 3, # = 6k, and &y ~ U(1,4), &k41 ~ U(2,6)

Example 2 Take into account a two-dimensional STDNN with impulsive control

dx(t) =[-Ax(@t)+ Bf(t) + Cf(x(t — v))]dt
+gx(@), x(t —t))dw(t), (44)
Ax(tr) = u(ty),
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05 1 1 1 1
0 5 10 15 20 25 30

Time t

Fig. 4 Dynamic behavior of SNN (43) with t = 3, #; = 6k, and & = & = & = 12, & ~ U(0,9),
k#1789

45 T T T T T

4t —a:l(t) .
oo —a(t)]-

05 1 1 1 1
0 10 20 30 40 50 60

Time t

Fig.5 Dynamic behavior of SNN (43) with T = 10, 4 = 9.9k, and & ~ U(0, 1.6)

where Ax(1x) = x(tx)—x (1 ), take u(tx) = Hx((tx—&)7)—x(5;), V (¢, x(1)) = xT()x (),
then,

LV (t,x(t),x(t —1))
< 2xT(1)(=Ax(t) + Bf (x(1)) + Cf (x(t — 1))
+ trace(gT(x(t), x(t —1))gx(t), x(t —1))).

Following that, two scenarios will be analyzed.
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Table 2 Distribution of delay in

Del Y Y.
impulses clay & ! 2

Probability P 0.35 0.65

(£1) For emulation, we set f(x(z)) = tanh(%)

20 12 —0.2
A= _02]’ B:[—l.l 1.2]’
[—0.4 1.1 04 0
12 —0.4]H: [ 0 0.4]’
_[02x1(r—7)  0.3x1(0)
§CWXE=T)= 03001 0.2x000 — r):| '

C =

By calculation,

LV (t,x(t), x(t —1))
B'B

< (Amax (—A —A+1+ + c’c) + 0.09) xT()x (1)

+029xT(r — D)x(t — 1),

where 1 = [1,050, 1], jumax (=4 = A"+ 1 + BE 4 C'C) = 0337. Thus, 61 = 0.427,
6> = 0.29, and A = 0.16. Moreover, assume that #; = 0.2k, t = 0.4, & ~ U (0, 0.6), which
implies that 7, = 0.2, § =03,:=§6=0.6,"=Nyp=0,and N(¢t,t — ¢) < 2. In the light
of (S3), based on R(€y) = 0, one can obtain €y = 1.5184. It is straightforward to calculate
R(ep) = —0.0013 < 0 by taking €9 = 1.52. Afterwards opt for ¢ = 0.0001, (¢4) and (pg)
are generated. From Corollary 2, STDNN (44) is MSES, see Fig. 6.

It is worth mentioning that in (£1), 0 < & < 0.6, T = 0.4, and 7, = 0.2 illustrate that
time-delays in impulses or continuous dynamics can be concurrently adaptable. Figure 6
shows that in this paper, the delay in continuous systems and the delay in impulses can
simultaneously exceed impulsive interval.

(¢) Make A, B, C, and g(x(t), x(t — 7)) the same as thatin (£1), f(x(t)) = tanh(%),

and
0.6 0
= [ 0 0.6]'
Then 6; = 0.0659, 6, = 0.3529, and A = 0.36. We suppose & follows the distribution
indicated in Table 2, where Y1 ~ U (0.3, 0.6), Y» ~ U(0.2_, 0.3).

In addition, T = 0.8, #z = 0.6k, one has that & = 0.6, & = 0.32, 7, = 0.6, ¢ = 0.8, and
N(t,t —t) < 1. From (S81), g = 1.0462. Choose that g = 1.05, 0 = 1.0217, (4) and
(pg) are hold. From Corollary 2, it can be concluded that STDNN (44) is MSES, as shown
Fig. 7.

In Fig. 7, we can notice that the initial unstable STDNNS (44) (red line in Fig. 7) remains
unstable when subjected to impulsive control without time-delay. However, as observed by
blue line in Fig. 7, it becomes stable when subjected to impulsive control with random delay
characteristics. This result implies that delayed impulses have a stabilizing effect on the
system and contribute to its stability.
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Fig.7 Dynamic behavior of ||x(¢)||; for STDNNs (44) in (¢3)

Example 3 The efficiency of stated strategy is demonstrated in this example by using the
time-delay Chua’s circuit as master system

x1(t) = a(x2(t) —myx1(t) + g1(x1 (1)) — c1x1(t — )

X2(t) = x1(t) — x2(8) + x3(t) — cx3()

X3(t) = =bxo(t) + cx1(t — ) — x3(t — 7))

with nonlinear characteristics g(x1 (1)) = %(ml —mo)(|x1(#)+1]—|x1(t)—1|) and parameters
mo=—1/7,m;y =2/7,a =9,b = 1428, c = 0.1, and time-delay = 0.4. The delayed

@ Springer



Exponential Stability of Stochastic... Page210f25 38

Fig.8 Dynamic behavior for system (45)

Chua’s circuit can be rewrittrn

x(t) =Ax(t) + Aix(t — 1) + Df (x), 45)
where
—18/7 9 O -0.10 O
A= 1 -1 1],A =[-010 0 ,
0 —14.280 0.2 0-0.1
27/700
D = 0 00/,
0 00

and f(x) = (0.5|x1(#)+1]—|x1 () —1[, 0, 0)T. From Fig. 8, it can be observed that dynamic
behavior of (45) exhibits chaos. The corresponding response system is designed by following
the same structure as the drive system but considering stochastic perturbation and delayed
impulsive controllers

dy(r) =[Ay(@®) + A1yt —7) + Df (y)ldt
‘o, y@)—x@),y(t —1)—x( —1))dw(t), (46)
Ax(fx) = u(ty),
where Ax(t) = x (&) — x(#; ), take u(tx) = Hx((tx — &)™) — x(¢; ). Defining the syn-
chronization error as e(t) = y(t) — x(¢), we can get the error dynamics
de(t) =[Ae(t) + Are(t — t) + D f(e)]dt
+o(t,e(t),e(t —1))dw(t), 47)
e(tr) =Te(tx — &),k € NT,
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Fig.9 Dynamic behavior of system (47) under non-delayed impulses
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e(t)
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Fig. 10 Dynamic behavior of system (47) under random delayed impulses
where f(e(1)) = f(y(1)) — f(x()) and 7 (e(0)) f(e(®)) < e (1)e (),
07 0 0
m={0 07 0 |. (48)
0 0 07

It should be emphasized that stochastic perturbation might arise as a result of internal
errors when simulation circuits are built, such as inadequate design of coupling strength and
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other significant variables. Choose V (¢, e(t)) = el (e, by calculation, it yields

LV (1) =2eT (1)[Ae(t) + Are(t —T) + D f(e)] + |o(t, et), e(t — 1))|?
<32.8081V (1) +3V(t — 1), 1 # Iy, (49)

Thus, 6; = 32.8081, 6, = 3, and . = 0.49. Moreover, assume that t; = 0.5k, t = 0.5,
& = 0,k € N, i.e., no delay on impulses. From (S;), we can calculate that €, = 38.9305.
Choose that g = 38.9, 0 = 12.8275. Under non-delayed impulsive control, it is noted in
Fig. 9 that the error system remains unstable. In actually, we can compute Z- % 7, in this
scenario. However, for Vk € N, if random delay & ~ U (0, 0.4), which implies that 7, = 0.5,
§ =02,t=&=05,&"= Ny =0,and N(t,t — ) < 1, from (Sy), it can be obtained
that €9 = 38.9305. Choose that g = 38.9, 0 = 12.8275, (g¢4) and (pg) are hold. From
Corollary 2, error system (47) is MSES. Furthermore, as seen in Fig. 10, error system (47)
becomes stable in the presence of delayed impulses. This result implies that delayed impulses
have a stabilizing function on the system and contribute to its stability. In this situation, (¢5)
corresponds to inequality (21) in literature [20] and inequality (3.18) in literature [28].

Remark 6 Despite the fact that literatures [24] and [25] have researched random impulsive
systems, results on the time-delay in impulses have not yet been revealed. The unstable or
stable properties of delay in impulses are described in literatures [18, 20, 22, 28], and so on,
however this paper also analyzes random interference causes and random delay impulse.

5 Conclusion

In this paper, stability issue of STDNNs with RDIs is studied. Firstly, we derive a novel
inequality for impulsive delay with random properties. Thereafter, integrating this inequality
with ideas of AIl and ARD, stability criteria for STDNNs are established by utilizing stochas-
tic analytic techniques and linear matrix inequalities. In particular, double impact of delays
on impulses is taken into account. Furthermore, we loosen stringent limitations on impul-
sive delays. The results obtained illustrate that impulsive delays may destabilize impulsive
STDNNS, and that when subjected to tiny input impulsive delays, stability performance of
STDNNs becomes sluggish. On the contrary, under delayed impulsive control, convergence
rate of STDNNs improves as impulsive delays get longer. The majority of future effort will
be devoted to synchronization performance of uncertain STDNNs under RDISs.
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