Natural Computing (2023) 22:13-25
https://doi.org/10.1007/s11047-022-09925-y

=

Check for
updates

On the power of boundary rule application in membrane computing

Péter Battyanyi'

Accepted: 24 October 2022 /Published online: 9 November 2022
© The Author(s) 2022, corrected publication 2023

Abstract

In this paper, it is investigated how different features of membrane systems can be simulated by the boundary rule
application. Firstly, it is discussed how the effect of maximally parallel mode can be obtained by non-cooperative boundary
rules applied only in sequential mode, then it is also demonstrated how membrane dissolution, or the application of using

promoters and inhibitors can be simulated.

Keywords Symbol object P system - Multiset approximation space - Rough set - Maximal parallel mode -

Non-cooperative rule

1 Introduction

Membrane systems, introduced in Paun (2000), are bio-
logically inspired models of computation: similarly to the
cells functioning in an organism, the membranes exhibit
independent behaviour and, on the contrary, the whole
system shows a synchronized computational manner. The
computation proceeds in distinct regions, which are called
membranes or compartments. The membranes contain
multisets and each computational step means the local
evolution of multisets in the membranes obeying certain
rules. In each big step of computation we assume that the
membranes act in a maximally parallel manner, that is, as
many multiset rules are performed simultaneously in each
membrane as possible starting from the actual membrane
content. The computation is synchronized: at the end of a
big operational step the membranes wait for the others to
finish their maximal computational step and the next cycle
begins only after that. Concerning the computational mode,
several variants of P systems have been introduced and
studied, see the monograph (Paun 2002) for a thorough
introduction, or the handbook (Paun et al. 2010) for a
summary of notions and results of the area.
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The question of how to define dynamically changing
membrane structures using topological spaces, and how the
underlying topologies influence the behaviour of P systems
was already examined in Csuhaj-Varju et al. (2012, 2015).
Multiset approximation spaces were defined in Mihalydeak
and Csajbok (2013, 2014), which made it possible to talk
about lower and upper approximations of the contents of
the membranes of a P system. This also opened the door to
various definitions of the membrane rules: permitting only
rules that allow the manipulation of multisets being on the
boundaries of the membranes or working only with rules in
the inner parts of the membranes led to membrane systems
of different computational strengths (Battyanyi and Vaszil
2019). The first results in this area appeared in Mihalydedk
and Vaszil (2015), where symport/antiport rules were
examined together with a notion of closeness of mem-
branes. The investigations were continued in Battyanyi
et al. (2019), where it was proved that, for generalized P
systems, certain topological restrictions on rule applica-
tions are itself enough to ensure Turing completeness, that
is, we are able to substitute maximal parallelism with
relying only on rules defined on the boundaries provided
the respective membranes are close to each other in some
sense. In Battyanyi and Vaszil (2019), we also examined
generalized P systems, but we managed to free ourselves
from the notion of closeness of membranes and we leaned
merely on the various forms of rule applications. We
considered a rule executable only if the left hand side is
either in the inner part or on the boundary of the com-
partment, respectively. It turned out that it is only the use
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of the boundary rules, i. e., the rules which can only
manipulate objects on the boundaries of the compartments,
that resulted in a computational model equivalent in
strength to Turing machines.

In this paper, it is examined how the idea of boundary
rule application can be used to obtain the effects of
membrane system features like maximally parallel rule
application, membrane dissolution, or the use of promoters/
inhibitors in the usual symbol object membrane systems. It
is proven that boundary rules are in themselves enough to
compensate for maximally parallel rule application in
symbol object membrane systems, and, moreover, mem-
brane dissolution and the applications of promoters/in-
hibitors can also be simulated by choosing an appropriate
approximation space. In addition, all the membrane sys-
tems presented here operate with non-cooperative rules in
sequential mode, which is an improvement compared to the
previous results.

2 Preliminaries

Let N and N . ( demote the set of non-negative integers
and the set of positive integers, respectively, and let O be a
finite nonempty set, which is called the set of objects. A
multiset M over O is a pair M = (O, f), where the mapping
f : O — N gives the multiplicity of each object a € O. The
set supp(M) = {a € O | f(a) > 0} is called the support of
M. If supp(M) =0, then M is the empty multiset. If
a € supp(M), thena € M,and a €" M if f(a) = n. If I is an
index set and a; are objects (i € I), then we denote the set
formed by the elements a; by {a; | i € I}, as usual. The
number of elements in a multiset M is denoted by IMI.

Let M1 = (O,fl),Mz = (O,fz) Then (Ml ﬂMz) =
(0.f) where f(a) = min{fi(a),fo(a)}: (M UMy) =
(0.f"), where f'(a) = max{fi(a).f2(a)}; (Mi®M,)=
(0.f"), where f"(a) = fi(a) +f(a): (M & M) = (O.f")
where f"(a) = max{fi(a) — f2(a),0}; and M;CM,, if
fi(a) <fa(a) for all a € O.

For any n € N, n-times addition of M, denoted by &,M,
is given by the following inductive definition:

o HM =0

LJ EB]M = M;

* OpM = (DM)DM.

Let M; #(,M, be two multisets. For any ne€ N,
M, C"M,, if &,M,CM, but &, M; [_M,. In case of
M, =0, let M ""M, be false for any multiset M, and any
neN.

The number of copies of objects in a finite multiset
M = (O,f) is its cardinality: card(M) = X cquppm)f ().
Such an M can be represented by any string w over O for
which |w| = card(M), and |w|, = f(a) where |w| denotes
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the length of the string w, and |w|, denotes the number of
occurrences of symbol a in w.

We define the MS"(0), n€ N, to be the set of all
multisets M = (0,f) over O such that f(a) <n for all
ac€0, and we let MS=™(0)=,-,MS"(0).
MSE=>*(0) is abbreviated by MS(O) unless stated
otherwise.

2.1 Multiset approximation spaces

In his seminal papers (Pawlak 1982, 1991), Pawlak pro-
posed rough set theory as a theory of dealing with impre-
cise, partial information. The basic concept relied on an
equivalence relation defined on the objects of the under-
lying set, the objects belonging to the same partition with
respect to that equivalence relation were considered to be
indiscernable. This means, one could observe the equiva-
lence class as a whole without being able to distinguish its
elements. Any union of these partitions constituted a
definable set. The question was how it was possible to
describe any subset of the universe by the known infor-
mation, i.e., by definable sets. A lower approximation
could be considered as the union of all definable sets
contained in the underlying set, while the upper approxi-
mation is the union of all definable sets which have non-
empty intersection with the set in question. Deriving from
Pawlak’s original notion of rough sets various ways of set
approximations in rough set theory have been proposed.
One possibility is to define approximations based on a set
of base sets and, without leaning on an underlying equiv-
alence relation, one can construct the definable sets starting
from the base sets. The lower and upper approximations
can be constructed for any set in a way similar to the
original method. This natural generalization of set
approximation was defined in Mihdlydeak and Csajbdk
(2013). The lower and upper approximations rely on base
sets which can be thought of as representants of the
available knowledge: we are able to discover the elements
of each set only to the amount of its constituent or bor-
dering base sets. In possession of the concepts of lower and
upper approximations, we can also introduce the concept of
boundary as the difference between these two.

The set approximation framework for multisets is gen-
eralized in order to be able to define the respective
approximation multisets for membranes. The notion of
multiset approximation spaces has been introduced in
Mihalydeak and Csajbdk (2013) (see also Mihalydeak and
Csajbok 2014 for more details). We adopt the definitions
there to our present situation.

A multiset approximation space 1is a quintuple
(0,%B,1,u,b) where O is a finite set, B C MS<*(0) is a
base system (a set of base multisets). We assume none of
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the base sets are empty. The functions b,u,l:
MSE=*(0) - MS=*(0) are termed the approximation
functions generated by B.

For any multiset M = (O, f) € MS=*(0), the

lower approximation function can be defined as:

I(M) = | |{@.B|B € B and BL"M}.
The boundary function can be written as:
b(M) =| [{©.B|B € B and BN (M I(M)CT"MSI(M)},

and and the upper approximation function is:
uM) =I(M)Ub(M).

In addition, we also define the the internal part of the
boundary of M as

b'(M) = b(M) N M.

Let 9t C MS=>°(0) be finite and assume D LI R. Then
D is fully observable with respect to 9t if, for every N € N,
if DTN # (), then DMTNLCb'(N). (The case DMN = () is
not relevant.) In other words, every submultiset of D that is
contained in a multiset N € 9t is on the boundary of N. We
call a nultiset u observable with respect to 9t if there exists
a multiset D fully observable with respect to 9t and N € N
such that u[_D M N. We say that u is on the observable
boundary of N in this case or, on the observable boundary
in short. We may omit the phrase “with respect to 9t” if it
is clear from the context. Observe that every fully
observable base set is the finite union of observable sets.

Let us consider an example illuminating the key con-
cepts discussed here.

Example 1 Let O = {a,b,c,d,e} and M; = a*b’c,
M, = d’e. Assume B = {ab,a’c,de,ae,bd}. Then

(M) = a*b* Ud’c = a’b’c,
and

b(M,) = a*b* U d’c L a*e* = d*b*ce’.

Similarly,
I(MZ) :dev
b(M,) =bde.

Let 9t = {M,, M,}. Then, for example, B, = a’b*de is fully
observable with respect to 9N, while B, = a’>b*d’e is not.

2.2 Regulating rule application in the multiset
approximation framework

In Battyanyi et al. (2019), P systems with dynamical
structure were considered where the dynamic character of

the membrane system was encoded in the reformulation of
the region structure regarding a closeness property defined
among the membranes based on the actual configuration of
the system. In Battyanyi and Vaszil (2019), we examined
what kind of questions arise when we require that in order
for a rule to be applicable in a generalized P system, the
multisets on its left hand side must conform to certain
properties defined in the multiset approximation frame-
work associated with the system. We also considered the
approach demanding that the multisets on the left hand
sides of the rules should come from the boundaries of the
respective compartments. We came to the conclusion that
rules from the inner part ensure only limited computational
capacity, while the rules on the boundaries lend full com-
putational strength to the P system. That is, membrane
systems with boundary rules are equivalent in computa-
tional strength to the general Turing machine concept. The
present paper deals with symbol object membrane systems
and even improves the previous results by demanding only
non-cooperative rules to ensure the full computational
power of the original P systems. We also give a direct
construction of how to eliminate additional computational
features like membrane dissolution and promoters/in-
hibitors for the P system by keeping their computational
strength at the same time. The constructions we implement
here are making use of non-cooperative rules in sequential
execution mode or at least can be led back to computa-
tional models of that kind. This involves that the result of
the simulations could yield a computational model that is
in a different complexity class than the original P system,
though the computed multisets are the same, since every
parallel action of the original P system is modeled in our
devices by a series of sequential computational steps.

3 The power of boundary rules

In this section, we prove that a symbol object membrane
system with the maximally parallel mode can be simulated
by a membrane system with the boundary rules in
sequential mode. In addition, the rules of the newly con-
structed membrane system are non-cooperative rules.
Below, we give the usual definition of P systems, though,
in the subsequent sections, a little bit informal definition is
sufficient, as we will see later.

Definition 1

1. A P system of degree n>1 is II = (0, u,wy,...,
Wa, Ry, ..., R,) where O is an alphabet of objects, u is a
membrane structure of »n membranes, and let
par(m;) = m; denote that the parent membrane of m;
is m; if m; # my, w; € MS(0) with 1 <i<n are the
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initial contents of the n regions, R; with (1 <i<n) are
the sets of evolution rules associated with the regions;
they are of the form u — v, where u € MS(O) and
v E MS<>(0 x {tar}), where rfar € {here,out} U
{inj| 1<j<n}. We name membrane m; the skin
membrane.

2. Letr=u—veRforsomeie€ {1,...,n}. We collect
the objects a in the multiset v; such that
(a, here) € rhs(r). Similarly, we collect the objects b
in the multiset v, such that (b, out) € rhs(r). Finally,
we collect the objects ¢ in the multiset v3 such that
(c,inj) € rhs(r) for some 2<j<n and par(j) =1i.
With this notation, we write r = (vi,here)
(va,out)(vs,in) for r, or, more briefly,
(v, out)(v3, in).

r=mv

We discuss the semantics of the above membrane sys-
tem. The P system changes its configuration by performing
a computational step, which consists of the following
actions. Firstly, a configuration is a tuple C = (wy, ..., w,),
where w; are the multiset content of compartment m;
(1<i<n). A computational step is a transition from
configuration C to configuration C’, in notation C = (',
which is implemented in the following way. Let m; be an
arbitrary region, consider r = u — v € R;. If lhs(r)Cwy,
we subtract the multiset # from w;. The rule applications
follow a maximally parallel mode, that is, we subtract the
left hand side of a rule until no more multisets can be
subtracted. We may use the same rule arbitrary many
times. In the same time we collect the objects standing on
the right hand sides of the rules. Having finished the sub-
traction of the left hand sides, we add the right hand sides
to the respective regions in the following way. If we have
an object (a, here), then we add a to membrane m;. Fur-
thermore, if we have an object (a, out), then we add a to
the parent membrane of m; provided m; is not the skin
membrane. In this case a is sent out into the environment.
Finally, an object (a,in;) means adding a to mj;, where
par(m;) = m;. When all objects with target indication are
moved to their correct place, then the new configuration C’
is obtained and we are able to initiate the next computa-
tional step. For a more complete description, the reader is
referred to Freund and Verlan (2007) and Paun (2002).

As was mentioned before, we assume that m; is the skin
membrane and, additionally, no object in O evolves in the
skin membrane. For the sake of simplicity and in order to
demonstrate the difference that may sometimes occur
between the treatment of elementary and non-elementary
membranes in the subsequent constructions, we assume
that m, is an elementary membrane, that is, a membrane
containing no submembranes. This assumption does not
reduce the validity of our argumentation.
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In the next section, additional features of the membrane
system are considered. First of all, we may assume that a
membrane can disappear in the course of the computation.
Namely, the set of objects is extended with an additional
object J. If 0 appears in a rule r € R; (1 <i<n), then the
computational step is performed as above, but after that, as
the effect of the presence of J, the region m; together with
its set of rules disappear from the P system. This means
that the objects of m; are passed over to the parent region
(except for , which disappears), and the rules in R; are not
applied anymore. Note that the outermost region (the skin
region) cannot dissolve. In the case of membrane dissolu-
tion, we will adopt a more convenient definition as will be
described in the subsequent section.

Secondly, we can add promoters and inhibitors to the
rules. These are multisets of objects that regulate the rule
applications in a way that the promoter prom(r) € MS(0)
being assigned to rule r € R; means that prom(r) must be
present in m; by any application of r. In our notation, r can
only be applied if, besides the condition Ihs(r)Cm;,
prom(r)_m; holds provided r € R; for some 1<i<n.
While the inhibitor inh(r), where inh(r) € MS(0), pre-
vents the rule r € R; from being applied if any object of
inh(r) is present in the region i (i € {1,...,n}). That is, the
rule r € R;, where 1 <i<n, is blocked if inh(r) Mw; # 0.

Finally, we make it more accurate what we mean by a
membrane system with boundary rules. The fully observ-
able base sets and observable sets are defined in the pre-
vious section. We adapt this notion to the case of P
systems. The extra notion compared to P systems is the
underlying approximation space together with rule appli-
cations regulated by observability. The observability con-
dition can be considered a tool for expressing imperfect
information. We apply it to P systems to impose a global
context condition, allowing for powerful synchronization
across the membranes as the following definition shows.

Definition 2 (P system with boundary rules) Let II =
(O, u,wi, ..., Wy, Ry,...,R,) be a P system of order n and
let B C MS(0) be a set of base multisets. Let us impose
the following condition: a rule
(v, here) (v, out)(v3,in) is applicable in a configuration
C = (xq,...,x,) if, in addition to the standard semantics
described following Definition 1, u is observable with
respect to X = {x1,x2,...,%x,}. Then IT is called a P system
with boundary rules.

u —

Observe that, as the membrane system evolves, the
applicability of the rules may change. The primary reason
is, naturally, the emergence and disappearing of the objects
constituting the multisets of the regions, but, the other
reason may be that the observability property of the base
multisets changes. When the membrane system evolves, a
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multiset can turn from being observable into non-observ-
able and vice versa.

Now we are in a position to state our first assertion. In
the proofs that follow parallel rule application is simulated
by sequential one, and for this purpose a set O’ = {d’ |
a € O} is introduced. An application of each rule of the
form u — v is simulated by one or more rules transforming
u to v/, and only at the end of simulation of each compu-
tational step are the primed objects rewritten to the non-
primed ones.

We claim that the boundary rules in sequential mode
and with non-cooperative rules are enough to simulate
symbol object P systems with maximally parallel mode and
cooperative rules.

Theorem 1 Let IT = (O, u,wy,...,w,,Ry,...,R,) be a P-
system of degree n with cooperative rules and maximally

parallel execution mode. Then there exists a P system I
with non-cooperative, boundary rules and sequential mode

such that IT and I1 compute the same subsets of N.

Proof Let IT = (O, p,wy,..

brane system as above. We define a membrane system I
with boundary rules as follows. The main characteristic of
the construction is that we separate the steps where the rule
applications are simulated from the steps where the newly
introduced objects are finding their place. This is accom-
plished by introducing primed objects for every object and,
in the end of the simulation of a maximally parallel step,
we exchange the primed objects for their unmarked coun-
terparts. In the sequel, the phase where the rule applications
are treated will be termed the rule application phase while
the process where the primed objects are transformed into
non-primed objects will be termed the communication
phase.

In addition, for each object a € O so-called anti objects
exist. They are denoted by — a. The anti-objects push the
original objects into the inner part of the membrane, thus
restricting their further applicability in this way. A very
similar notion of anti-objects were introduced in Alhazov
et al. (2014), the difference between the two notions is
delicate: in our case the anti-object moves its object into
the inner part of the membrane but the object is not
eradicated completely. Its presence may contribute to
forming the inner part and, thus, the boundary of the
membrane as the P system evolves. Hence, the objects
“expelled” into the inner part can still exert influence on
the evolution of the P system. Therefore, the objects —a

W, Ry, ... R,) be a mem-

only mimic the role of anti-objects, they interact with the
original objects in a subtle way by means of changing the
structure of the underlying multiset approximation space.
Most importantly, objects and anti-object do not eliminate
each other by explicit rules of the membrane system.
Hence, it could be a question of discussion to what extent
the emerging rules can be considered non-cooperative
ones. As a shorthand, let (—u) stand for —uy... —uy if
U=u...U.

We assume that, besides the objects O and the anti-
objects, we have some designated objects, which are local
or global control objects. None of them counts in the result
computed by the membrane system. This approach is
similar to the so-called terminal filtering, which was
applied, for example, in Alhazov and Freund (2015). In our
situation, the auxiliary objects do not mix with the usual
objects. Either the auxiliary objects come up unchanged on
both sides of a rule or the rule contains no objects
other than auxiliary objects. Hence, our version of “termi-
nal filtering” seems to be very weak.

Regarding the control objects, we reserve a separate
membrane for each membrane in the newly constructed P
system: if m; is a membrane in our construction, then the
control objects are placed in a membrane denoted by m;,
except for the skin membrane. We assume that m; is
elementary and is a child of m;. The skin membrane has no
child of this kind. Furthermore, we assume that the skin
membrane, which is membrane 1, is the output membrane

both for IT and for IT and no evolution rule concerning the
objects of O occurs in the skin membrane. In what follows,
we present the description of the multiset approximation
space.

Since the newly defined P system does not enjoy
maximally parallel rule application, the auxiliary objects O’

for the objects constitute a “real” part of II: they appear in

the rules of IT. In accordance with this, we introduce a
convenient notation for the subsequent proof. Let u — v €
R; for some 2 <i<n be arule in m; and assume vy, ...,V
are the objects in v without the target indicators. Then, if 7/

is the rule corresponding to r in 11, the notation v/ standing
on the right hand side of /' is understood as follows. We
move the objects v]’. (1<j<k) to their respective places
except for the case when par(m;) = skin. In this case, the
objects moving to the skin membrane are not primed.
Furthermore, let us assume that the object d introduced be-
low is in the environment, outside the skin membrane. This

@ Springer



18

P. Battyanyi

supposition is not inevitable, but makes the presentation
simpler. In what follows, we distinguish the membranes of
the newly constructed P system from those of the old one
by writing m instead of m. Similarly, we write w instead of
w.

0, =0U0 U (-0)U{a,d e r1,d}U
{B, | r=u—veR}U
{“iv Yis Vi‘v V;'.; Pi; T | 2<i< I’l},
B ={ow,eu | u — v € R}U
{o/ Bou,0ud,td | r =u — v € R JU
{vaeviviy vtk mim, ybu, vbd, yant | 2
<i<mu—veER}U
{a(—a) | a € O}U
{d¢y...0}

and

171;1 =,
Wi :W,‘Ll{ﬁrﬂi | I"GR,’} if 2<i<n,
WL' =0 1f2§l§n,

where the multisets w;, wy, Wwy,...,Ww,,w, denote the
initial multisets in the membranes of I1. We can define the

sets of rules as follows:
R| ={oa— o o — ¢},

R; :{ﬂr - (—M)V’ﬁ”’yr - (Pi’yi&ni(giyia li’la’) | u—ve Rl}

provided 2 <i<n,

R ={o — 7: (7% out),y; — ©,7 — 1} provided 2 <i<n.

Let us give a brief explanation on how the rules operate.
The example following this proof also gives some clues
about the operation of the simulation. The process starts
with the rule o — of. When the rule is applied, we know
that there is an applicable rule in some of the compartments
of I by virtue of the fact that ou € B’ for every
r=u— v € R. The fully observable base sets {a'f5,ou |
i € I,r € R;} make us possible to simulate a rule applica-
tion, since 8, € b'(m;) if r = u — v € R; is applicable. Let
us fix an index 2 <i <n and let the rule r € R; be arbitrary.
We recall that the skin membrane of IT does not have rules
manipulating the objects in O. If lhs(r) Cw;, then, as was
mentioned above, because of o f,0u € B, f, falls on the
boundary of n; and, hence, f§, — (—u)V'f, is applicable.
This involves that we simulate the changes in w; by adding
the objects denoted by V' to their respective places and, at
the same time, we annihilate the objects of u from w;.
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Hence, our rules remain non-cooperative in the constructed
P system I taking into account the remark in the begin-
ning of the proof. When there are no more rules applicable
in m;, the control element «; evolves into y; in the mem-
brane 7i; and y* and * are emitted into 7;. The appear-
ance of y* and y* symbolizes the end of the rule
application phase for m;, which is made explicit by the
emergence of ¢; in m; by virtue of the rule
v® (p,-y;"n,-(s,-yi,inr;i). The fact o¢,...p, € B syn-
chronizes the operation of the membranes. Only if each
compartment has finished its work can we shift to the
communication phase by performing the rule o/ — &. The
object m; on the right hand side of the rule is a control
object that could have remained from previous applica-
tions. Those remaining objects are pushed into the inner
part of m; taking into account the relations 7;7; € B’. What
happens when we change from o; to y; too early, that is,
there are still applicable rules that have remained in m;,
yet? In this case, since y*u € B’ for any u € MS(0),
where u — v € R;, the object yi‘ cannot evolve in m;.
Instead, by virtue of y,»uyl* e B for every r =u — v €R;,
the fact y,-uy}" € B’ pushes y; onto the boundary of m; and,

at the same time, makes y,-uy;" fully observable since uyf‘ is

on the boundary of m;. By this, the rule y; — t becomes
applicable, which introduces the trap object 7.

Now we demonstrate how the communication phase can
be simulated. The communication phase simply means
substituting every object @’ € O' with a € O.

Oy ={ i, 4; | 2<i<n},

B" ={ed' | a € 0}
U{ed, hid', 2d', 2id, ;0 Aidi, | 2<i<n,a € O}
U{ens...m,},

where
R/I, ={e —a},
R! ={d — al|a€ 0}
U{e — 4i(4,out) | 2<i<n}
U {/1, — T, /1; — ﬂ?i([)i(/li, m;;) | 2 S i S l’l}
Finally, we are able to put together the components of the
membrane system

I1 = (O, i, W1, Wa, Wa. . ., W, W, Ri, R2, Ry. . ., Ry, R,)

with boundary rules and underlying multiset approxima-
tion space B, where
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5 =0, U O,,
B =8 U’
R, =R, UR/,
R, =R, UR/,

R, =R, (2<i<n).

Moreover, [i is the same as u, except for the fact that every
m; € u that is not the skin membrane is augmented with an
additional child membrane m;, which is an elementary
membrane (2 <i<n). The multisets wi, Wy, W. .., Wy, Wy
were defined above.

Let us give an informal explanation of how the
communication step is simulated. As it was remarked
before, the communication phase models the placement of
the objects on the right hand side of the rules into their
respective membranes. The start of the communication
phase is indicated by the appearance of & in the skin
membrane. Then, by the fact ea’ € B" (a’ € O), the rule
d — a is applicable. As before, let 2 <i<n be arbitrary.
The objects @’ are transformed back to the objects a at this
stage. When there are no more d € w;, then ¢ —
2%i(7;,out) is applied. The rules — mi;(4i, in, ) are

triggered by the fact Lid € B”, which make in the end the
application of ¢ — o possible by reason of the fact
emy...m, € B”. What can be said when the objects Z;, A;
are introduced too early and there are still ' in m;? Assume
a € w; for some @ € O'. In this case, the object /; is stuck
in the inner part of m;, that is, in I(m;), however, the rule
J; — 1 can be applied by virtue of Aa' € B". But this
introduces the trap object 7. Hence, the computation
remains meaningful only if, in each membrane, the point
when the elements & are eliminated is guessed correctly. In
this case, o« appears in the skin membrane and a new
computational step can be simulated. [

Let us look at an example, to see how a P system with
maximal parallel execution mode is simulated in our con-
struction. Our example contains only one additional
membrane besides the skin membrane, since the intention
is to demonstrate how the maximal parallel step is actually
simulated together with keeping the membrane systems as
simple as possible to facilitate reading.

Example 2 Let IT = (O, p,wi,w2,R;,R,) be a P-system,
where

wy, =a’bc,
Ry, ={r21 : ab — a(c,out),ry : a*c — b}.
moreover, let us assume that w; is the null multiset and R,

is empty. We simulate the maximally parallel step that
consists of the applications of the rules ry;, r» in R».
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Initially, IT = (OUO', [, w1, W, w2, R) UR!, R, UR},
R’g), where
i :Hﬂg]z]la
W] =,
~ 352
wy =a’b cU f,, B, m2,
Wg =0,

In addition,

R ={o— oo — &},

R, ={ry : oy = (—ab)d (c, out)ﬁm,ré2 :
Liey) - (7a2C)b/ﬁ

V? - ¢2V‘2’.n2(823}27in~ )}v

my

1

Ry ={on — 7,89, out), 9, — 7,1 — 1},
Rl ={o— 1),
R, ={d — al|a€c 0}

U{e — 445, out)}

U{h = 7,25 = my (Lo, in~ )},

Now we define the base sets for the approximation space:

B' ={oab, aa*c,cab, ea*c}
U {d/B,, onab, o/ B, ond*c,md, td}
U {paab, 1,a%c, 272, 787%, mamy,
12ab, e,y d, pyaby}, paterty
U{a(—a)|a € 0}
U{d@,},

B" ={ed' | a € 0}
U{exd, lad, 25d,
U {ema}.

Sd, 01,7070 | a € O}

We follow some of the computational steps. Firstly, let us
examine what happens in membrane 2 when rules r,; and
ryp are applied in the maximally parallel step. Since
ab[Cw, and aab € B, the object o is on the boundary of
my and oab is fully observable, hence, o — o is applica-
ble. This is the only rule that can be applied in II at that
step. Now, o is introduced in m;. Since o f,, o;ab € D
and o' f, aab is fully observable, then B, 1is on the
observable boundary of w;. can apply

., — (—ab)d'(c,out)p,, . Continuing in this spirit, we
obtain the following reduction sequence:

a3b2cﬂ,.21 By, 2
— (—ab)d (c,out)a’b*cp,, B, m

— (=a’be)d't (c, out)a’b*cp,, B, mo.

Thus we
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If we perform o, — yz(yz‘y'z", out) in my next, then y, will
appear in w; and “/2* and yg' will be introduced to m,. Now,

since (—a’bc)a’bcZI(m,), none of the base sets in which
7, appears can be fully observable. Hence, the rule y, — t

is suppressed. On the other hand, yz‘ can evolve because of
v®d € B'. This results in Wy = (—d’be)d'b'a*b>cf

B, ngnzyg'yg' ¢,. Observe that c is not an element of w;. By

21

the same rule, a copy of 7, is moved into n12;. This means
that o falls on the observable boundary of m; and, hence,
of — ¢ is applicable. The erasure of the possibly emerging
objects a',b’ is the subsequent step of the simulation in
order to return to the next computational step of the
computation.

We examine now the case when the simulation of a
maximally parallel step would end prematurely. Assume
that, in the previous process, we have simulated rule r;)
correctly, but, instead of continuing with the simulation of
ry; we abandon that sequence of rule applications. This
means that we apply rule oy — 7,(y®y%, out) in my as the
Then the

(—ab)d a®b*cB,myy®y® arises in ;. Now, since a, is

next step following 75,. configuration
replaced by y, in 711, and a’c € b'(mi,), the base set y,a’c is
fully observable and the rule y, — t can be applied, which
introduces the trap object t. On the other hand, since
yz*azc € B, the object y? is sent into the inner part of m;,

while the fact yzazcyg' € B’ ensures that a*c remains on the
boundary of m, preserving the observability of y,.

4 Boundary rules and auxiliary membrane
computational features

In this section, it is investigated how boundary rules can
replace both membrane dissolution and promoter/inhibitor
rules. In the sequel, to make matters simpler, we assume
the presence of the maximally parallel execution mode.
However, it should be clear by the above discussion that
after having eliminated the membrane dissolution or the
promoter/inhibitor rules we are able to eliminate the
remaining maximally parallel execution and simulate the P
system with non-cooperative rules in sequential mode.

Let us begin our discussion with membrane dissolution.
We assume maximally parallel execution mode and we
prove that boundary rules are enough to simulate mem-
brane dissolution. We recall that the symbol 6 marks a
region for dissolution. When it is introduced in the mem-
brane by an application of a rule, then, after the maximally
parallel and communication steps, the actual membrane
containing ¢ disappears. Its objects, except for J, move to
the parent membrane and its rules cannot be applied
anymore.
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Let us choose a rather convenient way of interpreting
the behaviour of the membrane system in the presence of
the object 9: we do not dissolve the membranes where ¢ is
introduced. However, we implement the synchronization
demanded by the  object as follows: firstly, the rule
applications are performed together with the communica-
tion phase. A timing construct ensures that these processes
finish at the same time in each membrane. Then we check
whether J is present in the membrane. In this case, the
necessary redirection of the objects into the parent mem-
brane is performed. The process must be recursive: if the
parent membrane of a membrane already contains 9, then
the objects must find its parent membrane and so on. Let us
choose the easier way here: instead of a bottom-up
traversal of the tree let us iterate this process sufficiently
many times in order to ensure that the placement of the
objects finishes.

As before, new sets of objects, “anti-objects”, are
introduced: if a is any object, the pair a, —a extinguish
each other, or, better to say, an object a is neutralized by
the introduction of the anti-object —a, however, they can
affect the further evolution of the P system as was dis-
cussed in the proof of Theorem 1. In effect, this means that
a(—a) moves into the inner part of the membrane. This is
the tool that ensures that every membrane of our con-

structed P system, II , should contain the correct number of
objects when it turns to simulation of rules of 1. As before,
we write (—u) for —uy. .. — g if u=uy.. .u.

Theorem 2 Let 1= (0, u,wi,...,wy,Ry,...,R,) be a
symbol object P system of degree n with membrane dis-
solution and maximally parallel execution mode. Then

there exists a P system I with non-cooperative boundary

rules and sequential mode such that I1 and I compute the
same subsets of N.

Proof Let I1 = (O, u,wi,...,wy,Ry,...,R,) be a symbol
object P system of degree n with membrane dissolution. As
we have discussed before, it is enough to show that
membrane dissolution can be simulated with non-cooper-
ative boundary rules in the maximally parallel mode, since
the maximally parallel execution mode can then be
replaced by a sequential execution mode by Theorem 1.
Since we return to the maximally parallel execution mode
even by the simulating P systems, in the following proof
we omit dealing with primed objects. The objects directly
move to their appropriate places during the rule applica-
tions and the system simply “knows” when a maximal
multiset of rules has been chosen. When the maximally
parallel rule application is finished, we have to ensure the
correct placement of the objects but only in connection
with J. The novelty, compared to the previous section, is
that the rearrangement of the objects of the P system due to
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the presence of 0 must also be translated in terms of the
boundary rules. Having finished the rule applications, the
objects of a compartment where ¢ is present must move to
the parent membrane and this process is continued till each
compartment containing a ¢ is emptied (except for the o).
The next computational step can only take place after
having removed every object from the membranes with ¢,
however, 0 is not removed from a membrane. As before,

we denote the membranes of IT by m instead of m and the
configurations by w instead of w, respectively.

Turning to the simulation itself, the appearance of object
o in the skin membrane will indicate the start of the
simulation of a new computational step. The first phase of a
computational step is termed the rule application phase and
the phase where the objects find their membranes moving
through the membranes marked for disappearance by ¢ will
be called the ¢ phase. The simulation of the ¢ phase starts
with the introduction of ¢ in the skin membrane. However,
there is a problem that must be addressed appropriately.
Since the objects of O are manipulated not only in the rule
application phase but also in the ¢ phase, the entanglement
of the two kinds of applications should be avoided. We
resolve this by creating “second copies” of the original
membrane contents. If a € w; for any membrane m;
(1 <i<n) and any object a € O, then the corresponding
object a” will also appear in ;. Regarding the construc-

tion below, first of all it is described how I simulates the
rule application part of a computational step of I1. This part
is very similar to the proof of Theorem 1 owing to our
effort to remain by a non-cooperative membrane system.
The presence of the maximally parallel mode simplifies the
construction a bit, however. Then we discuss how mem-
brane dissolution is handled. It is assumed that there are no
evolution rules concerning the objects of O in the skin
membrane, which is membrane m;. Moreover, for the sake
of simplicity, let us assume that m; = par(m,). In the
following construction, the initial objects and rules for
membrane 2 will differ from those of the rest of the
membranes. Additionally, as in Theorem 1, we assume that
only objects of O are transported into the skin membrane
from its child membranes. We do not indicate this by the
formulation of the rules to keep the presentation uniform.
This does not mean any restriction, however, since the skin
membrane does not contain evolutionary rules for the
objects of O. Let = (5,;7,%1,...,Wmﬁl,...,ﬁ,,) be
defined as follows.

0=0U0"U-0U-0"U{8}U{p,|r=u—veR}
U{o, o e,€, 6", p,9,0,0 u,v,t, 0,4},

B = {oau|uec MS(0),u — v e R;,m; # skin}

U{pud | ue MS(0),u — v € R;,m; # skin}
U{y0'w,y0v}U{yu|r=u—veR}

U{a(—a)|ac 0}

U {a*(—a*) | a € 0}

U{0'p,e"0y}

U {ea”d,ead | a € O}

U{dd,ed,0d,d,yy,yy ", 0'0'},

and
wi =a,

ws :wzwf U uvoy LU {p, | r € R},

wi =wiw? U{p, [ER}; (3<i<n).

Letalso

with R; = ﬁ} U ﬁ?, where
R ={a—o o =90,y —7,e—£0,0—0},
R ={u— ()0 ,out),v — 1,y — 1,7 — 1}
U{p, = w — (uu®)p, |u — v € Ry},
R: ={a" — (—a)(aa®,out),e — &', ¢ — (ac"0,0ut),y — 1},
R! ={p, = w* — (w™)p, |u —veR} and
R? ={a" — —a(aa® out)} (3<i<n).

The structure i of the P system is the same as that of I1.
First of all, let us recall that m; is supposed to be the skin
membrane. Let d be an object in the “environment” out-
side of m;. In what follows, the simulation is described in
an informal way. As mentioned above, two copies of the
objects are created, the original ones being elements of
O while the copies are elements of O . The rule applica-
tions are simulated in membrane m; (2 <i<n) by the rules

R!, while the rules R? serve for the placement of the
objects in connection with the appearance of ¢. Let
2<i<n be arbitrary. We discuss the case of the rule
applications first. The rule o — o' in m, initiates the
computational step if a falls on the boundary of m; by
virtue of oau € B for every r =u — v € R. If there are
applicable rules, then the objects p, will lie on the
boundary of m;. The rules of R; are simulated by the non-
cooperative rules p, — w# — (uu)p,. This means that we
add the objects of v and those of the original right hand
side v to m; and we also subtract the objects in u and u*
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from m; by introducing their “anti-objects”. We continue
in this way until there are no more applicable rules in m;.
We try to guess when the rule application phase is over by
preforming the rule o' — 76 in m,. If the rule was applied
in the right time, then 0 changes into ' but y cannot evolve.
In the next time instance, owing to the fact yt'u € B, u
evolves and ¢)'# is placed in membrane 1 and, at the same
time, y is transformed into 9" (since we are in maximally
parallel execution mode), which means the annihilation of
7" and ¢ in m, by expelling them from the boundary to the
inner part and the ¢ phase can start. Otherwise, if r = u —
v € R would still be applicable in the presence of ), then,
by reason of yu € B, 7 evolves to }’ and, since y'0'v € B, v
creates T in membrane 2, which is a trap object.

The implementation of the dissolution part is started
with the introduction of ¢ in m;. By virtue of the facts
ead € B, the rule a” — (—a)(aa™, out) becomes appli-
cable when 0 is present in the membrane. This mimics
expelling an object a into the parent membrane: in our case
we have to move its “twin” object simultaneously. Finally,
when the placement of the objects finishes, the rule ¢ — ¢
is applied. If the rule was applied correctly, then, by
g0 € B, ¢ — (a0, out) can be performed and a new
computational step can be simulated. (¢ evolves to ¢ in the
same time.) Otherwise, by reason of ¢ad € B (a € O) and
the maximally parallel execution mode, ¢ and 0 can evolve
simultaneously. Then, because of ¢’0\y € B, y falls on the
boundary of 15, and, hence, introduces the trap object . [

Finally, the simulation of rules with promoter and
inhibitor is discussed. We recap again that, in the presence
of promoters and inhibitors, we assign to each rule r € R
the so called promoter/inhibitor multisets (prom(r)/inh(r)),
which fall under the conditions that r can be applied to w;
only if, besides the usual requirement lhs(r)Cw;, every
object of prom(r) is present in w;, that is, prom(r)C_w; and,
in the same time, no element of inh(r) can be found in w;.
In other words, inh(r) Mw; = (. The basic idea of the
construction is simple: if the multiset prom(r) is present in
the membrane, then we add an object p, to the membrane
such that the execution of rule r becomes enabled. In case
an inhibitor object is present, we move p, into the inner
part of the membrane thus preventing the application of the
membrane rule. The only difficulty emerging is that we
must check whether prom(r)Cw; and inh(r) Mw; # 0 for
every membrane m; and every rule r € R; (1 <i <n) before
applying the rule. Since the promoters and inhibitors can
compete for the membrane objects, we can only do this one
by one for each rule separately. Let us assume that every
membrane contains exactly s rules (we apply dummy rules,
if necessary). Having finished with the examination of all
the rules, the simulation of the actual rule applications can
begin. In order to uniform rule applications in the
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membranes of IT , we also assume that each promoter is of
exactly the same length. The key idea is that the checking
for the promoters and inhibitors should finish in the same
time in each membrane and, thus, we ensure a synchro-
nization for the whole P system. Below, we describe the
approximation space together with the rules.

Theorem 3 Ler IT = (O,p,wi,...,wn,R1,..,R,) be a
symbol object P system of degree n with promoters/in-
hibitors and maximally parallel execution mode. Then

there exists a P system Il with non-cooperative boundary

rules and sequential mode such that I1 and I compute the
same subsets of N.

Proof Let Il = (O, u,wy,...,wy,Ry,...,R,) be a symbol
object P system of degree n with promoters/inhibitors. As
before, it is proven that the promoter/inhibitor construction
can be eliminated with the help of non-cooperative boundary
rules when the the maximally parallel execution mode is
applied. From the above constructions it is clear that, having
removed promoters/inhibitors from the P system, we are able
to substitute the maximally parallel execution mode with a
sequential mode following the argumentation of Theorem 1.
As before, two copies of the object set is maintained, this time
the second copy is denoted by O. We also have the set of “anti-
objects” both for O and O. For notational convenience, let us
assume that there are as many as s rules in each compartment
and the promoters have equal lengths for each rule (we use
dummy objects if necessary). Similarly to the proof of The-
orem 1, a child membrane m;, which is an elementary mem-
brane, is created for each membrane m;, except for the skin
membrane. The auxiliary objects not underlined are usually
belong to membranes m;, while their underlined counterparts
are kept or created in the original membrane m;. In the sequel
we use the notation prom(r) = prom(r,1).. .prom(r,d) for
the promoter of the rule r, where d = |prom(r)| the common
length of the promoters. The skin membrane does not have
rules for the evolution of the objects in O and, in the course of
the computation, it does not contain objects except for # and the
objects forming the result. The equations below define the

membrane system II = (O, i, my, my, my, ..., My, My, Ry,
RQ,R27...,R”,R4).



On the power of boundary rule application in membrane computing

23

0=0U-0U0U-0U{p° p,q" q.|recR}
U ek of ok B | 1<i<s, 1 <k<d = |prom(r;)|}

i %0 %is
U {1,721}

B ={of prom(r;,k) | 1 <i<s,1<k<d}
U{ot_f-‘prom(r,-,k) |1<i<s,1<k<d}
U{Ba|1<i<s,a € inh(r)}

U{&a |1<i<s,a € inh(r;)}
U{er, 05| 1<i<s,1<k<d}

U{ngalac 0}
U{up?it|r,»=uﬂv€Rj,1§i§s}
U{up.t|ri=u—veR,1<i<s}
U{pipot, nigot ot | 1<i<s}
U{prgr | 1 <i<s}, and

Wi =t,

Wi =Wi&;ﬂ7

w; =a) (2<i<n)

Inwhat follows, we present the set of rules ﬁk = ﬁ;c U ﬁkﬁ
for membrane 71, and the set of rules R; for n1;, where 7,
is a fixed membrane different from the skin membrane and
the set of rules R 1 for the skin membrane. We obtain R if
we let R=R,JU',(R,UR,UR,). Let 2<k<n
bearbitrary.
R, =0,
Ry ={a] — o (prom(i,j) (— odprom(i.j)) %", our) |

1<i<s, 1<j<d = |prom(r;)|}

U{of — (p(r),_,out)cxilH(prom(i,d)fprom(i,d)(foc‘.’) ol

i i_+]’0ut) |

d = |prom(r;)|,1 <i<s}

U{af{—»ﬁ(—a/,in%) |1<i<s, 1<j<d}

i

ufd — 2 1<j<d}

U {zxi — ol (oc,lﬂ,in;;&) |1<i<s}

O = oy (rving,) | 1<)

U (ot — B, () (prom(s, d)—prom(s,d) — o) B,), our}
U{o = Bu(— o Bring )}

O = By (Broing,))

O {B; = Bror(a(—B2) Bion.om),

By Boar (B, ing,) |1 < i<}
U{a—alaco0}
U {8, = n(=Bysour)}

and

R, ={p, — (—up(—uw)yv|r=u—veR}
U{p?f —>pr,7t19, - qy | lSiSS},

Ry ={11 = 72,72 — e (o], our) }.

Again,an informal explanation is presented. Prior to every
rule application of II, let us collect the rules that are
allowed by their promoters or prohibited by their inhibitors
in that computational step. Firstly, we check whether
prom(r;)Cw; if r; € R;. This is done as follows. As above,
we write prom(r;) = prom(r;,1).. prom(r;,d)  with
prom(r;,l) € O and d = |prom(r;)|. We examine in each
membrane separately whether the conditions imposed by
prom(r;) and inh(r;) are fulfilled. In order to maintain
synchronization, each membrane is supposed to contain
exactly as many as s rules, hence the process finishes at the
same time everywhere in the P system. Let 2 <i<n be
arbitrary. The process starts by checking rule 1 of R;, which
we denote by rj, with the help of oc% Note that there is a
slight impreciseness here: we do not indicate the fact that
r1 € R; in the notation used for the s and fis in order to not
overburden our notation and we do not show that r; € R; in
the indexing of the rule, either. By the stipulation

oaf prom(r;,1) € B the rule ol — o (prom(r,1)—

(oc_{ prom(ry, 1)) O!_%, out) can always be applied provided
prom(ry) Cw;. This means that of appears in m; and o] is
neutralized by —a} in 71; and o is also sent out to m;. At
the same time, a copy of prom(ry, 1) is erased from m; by
driving —prom(ry,1) into m;. The auxiliary element
prom(ry, 1) is placed in 71; in order to enable us to restore
prom(r;) when necessary. On the other hand, if

prom(r;)_w; does not hold and it turns out because of the
fact prom(ry,1) € w;, then ol falls at the boundary of m;

due to ojr € B and the rule of — of(—of,in~ ) applies. If

the object o is introduced, we never return to the objects

o, hence p?l will not appear in n;. We iterate the process
for the other rules of R; until we reach f,. If prom(r;) Cw;
was indeed the case, then p?j is added to m;. Otherwise, we

switch to the objects ocj’? and oc]’? until we reach rx]l +1 and p?j

will not be introduced. The objects p‘,)j indicate that rule r;
satisfies the requirement imposed by prom(r;). Otherwise,
if an element of the multiset ink(r;) occurs in w; provided
rj € R;, then r; is inhibited. In this case, the object qg is
added to w;. We check this for every rule one by one going
through the objects f; (1 <j<s). This time each f; is
connected with a rule, namely r; € R;. The overall process
is finished when we reach fi;. There is one administrative
task left: we checked the correct simulation of the multisets
prom(r;) by eliminating in membrane w; the already found
elements prom(r;,I) and, in the same time, we sent an
object prom(r;,1) into w;. The created objects prom(r;,[)

should be transformed back to objects prom(r;,l) in order
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to give back to w; the missing elements. This is done in the
presence of y; and in one maximally parallel step by the
rules @ — a (a € 0).

Lastly, the simulation of the rule applications of II can
start with the introduction of y,. Termination is ensured by
the conditions up?l_t € B, where r; = u — v € Ry for some
2<k<nand 1 <i<s. Only when at least one of them is
fulfilled can the process be continued. Then the objects p?i
and q(r)’_ evolve to p,, and g, respectively. When p,, is
present, the rule r; =u — v € R, can be simulated by
virtue of the fact up,t € B. The appearance of g,
however, blocks the rule application, since p,.g, € B. At
the same time, 7, is introduced and this leads back to the
beginning of the process since y, creates o} and ol. OJ

5 Conclusion

In this paper, P systems equipped with an underlying
multiset approximation space were studied. The idea grew
out from the works of Pawlak concerning rough sets as a
way of reasoning about data in artificial intelligence
(Pawlak 1982, 1991), and was further pursued in Mihaly-
deak and Csajbok (2013, 2014), Mihalydeak and Vaszil
(2015), Battyanyi et al. (2019) and Battyanyi and Vaszil
(2019). Symbol object membrane systems were considered
with the maximally parallel execution mode and it has been
shown that the dynamic rule applicability property ensured
by the underlying multiset approximation space was
enough for simulating the computational properties of the
original membrane system by a membrane system with
multiset approximation space in sequential mode and
operating only with non-cooperative rules. Furthermore, it
was demonstrated that the membrane dissolution extension
and the presence of promoter/inhibitor rules could be
simulated with P systems with appropriate multiset
approximation spaces. It is enough to utilize only non-
cooperative rules in sequential execution mode in the
newly constructed P systems. To sum up, this in turn means
that P systems with approximation space operating only
with non-cooperative rules and in sequential execution
mode can alone compensate for the features of maximally
parallel rule execution, membrane dissolution and pro-
moter/inhibitor rules.
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