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Abstract

In the framework of Membrane Computing, several efficient solutions to computationally hard problems have been given.
To find new borderlines between families of P systems that can solve them and the ones that cannot is an important task to
tackle the P versus NP problem. Adding syntactic and/or semantic ingredients can mean passing from non-efficiency to
presumed efficiency. Here, we try to get narrow frontiers, setting the stage to adapt efficient solutions from a family of P
systems to another one. In order to do that, a solution to the SAT problem is given by means of a family of tissue P systems
with evolutional symport/antiport rules and cell separation with the restriction that both the left-hand side and the right-
hand side of the rules have at most two objects; that is, with recognizer P systems from ZSEC(2,2). This result improves a
previous one, when 3 objects could be used in the left-hand side of the evolutional communication rules

Keywords Membrane computing - Symport/antiport rules - The P versus NP problem - SAT problem

1 Introduction

Membrane computing is a bio-inspired computing para-
digm based on the structure and behaviour of living cells.
There are several variants of P systems, the computational
models of this paradigm. It was first introduced in Paun
(2000), defining one of the main variants, cell-like P sys-
tems that abstract the hierarchical arrangement of mem-
branes within a single cell. In Martin-Vide et al. (2003), the
idea of the interactions of networks of cells (placed in the
nodes of a directed graph) between cells and between cells
and their environment is used to develop tissue-like
P systems, named by the ensemble of cells in living beings.
Another approach with the same structure are the so-called
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configuration depending on an instance of a decision
problem, they return yes or no depending of the answer of
such instance. A deep vision of complexity can be seen in
Pérez-Jiménez (2005); Pérez-Jiménez et al. (2003).

In this work, we focus on tissue P systems, which have
been widely investigated from the computational com-
plexity point of view, giving characterizations for most of
their variants. For instance, in Gutiérrez-Naranjo et al.
(2009) and Porreca et al. (2012), the borderline of effi-
ciency for tissue P systems with symport/antiport rules and
cell division by means of the length of communication
rules is given, that is, passing from 1 object to 2 objects in
the left-hand side of the rules means passing from non-
efficiency to presumably efficiency. In Pan et al. (2012)
and Pérez-Jiménez and Sosik (2012), a similar result is
given for tissue P systems with symport/antiport rules and
cell separation, but in this case, rules with length at most 3
are needed in order to solve efficiently computationally
hard problems. Thus, three frontiers of efficiency can be
found here: the first two frontiers are the ones described
above; that is, by means of the length of the rules, and the
third frontier is, while using rules with length at most 2,
there is a borderline between separation and division rules.

Song et al. (2017), a new variant of tissue P systems is
defined. Based on the chemical reactions within cells and
how reactives evolve into new components, evolutional
communication rules are described as a movement of
components between different cells or a cell and the
environment but within the reaction, objects can change
into something new. It is interesting to study these systems
from the computational complexity theory point of view,
and in Pan et al. (2018), an efficient solution to the SAT
problem is given by these systems with some restrictions
about the length of their rules, more precisely, three objects
are allowed in the left-hand side of the rules and two
objects are allowed in the right-hand side of the rules. The
main result is thus that NP Uco — NP C PMCrse(3)-
This leaves an unknown concerning to what happens if we
restrict the number of object of the left-hand side also to
two. In this work, we focus on this topic and we give an
efficient solution to SAT with a family of P systems from
TSEC(2,2); that is, recognizer tissue P systems with evo-
lutional communication rules and separation rules where
both the lengths left-hand side and the right-hand side of
the rules are limited to two, reducing the number of max-
imum objects of the left-hand side by one.

The paper is organized as follows: first, we recall some
concepts that are going to be used through the work. In
Sect. 3 the framework of tissue P systems with evolutional
symport/antiport rules is introduced. After that, Sects. 4
and 5 are devoted to give a solution to SAT by means of a
family of P systems with evolutional symport/antiport rules
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with cell separation and rules with length at most (2, 2) and
a formal verification of a design. Finally, some conclusions
and open research lines are exposed.

2 Preliminaries

In order to do this work self-contained, we introduce some
concepts that are going to be used through the paper.

2.1 Alphabets and sets

An alphabet T is a non-empty set and their elements are
called symbols. A string u over I' is an ordered finite
sequence of symbols, that is, a mapping from a natural
number n € N onto I'. The number 7 is called the length of
the string u and it is denoted by | u |. The empty string
(with length 0) is denoted by 4. The set of all strings over
an alphabet I' is denoted by I'*. A language over T is a
subset of T™*.

A multiset over an alphabet I is an ordered pair (T, f)
where f is a mapping from I' onto the set of natural num-
bers N. The support of a multiset m = (I, f) is defined as
supp(m) = {x € T'| f(x) > 0}. A multiset is finite (resp.,
empty) if its support is a finite (resp., empty) set. We
denote by () the empty multiset, M(T") the set of all mul-
tisets over I' and M (T) = M(T) \ 0

Let my = (T, f1), my = (I, f2) be multisets over I, then
the union of m; and mj,, denoted by m; + mj, is the mul-
tiset (T, g), when g(x) = fi(x) + f2(x) for each x € T".

2.2 Decision problems

A decision problem X can be informally defined as one
whose solution is either yes or no. This can be formally
defined by an ordered pair (Iy, fx), where Iy is a language
over a finite alphabet £y and Oy is a total Boolean function
over Ix. The elements of Iy are called instances of the
problem X. Each decision problem X has associated a
language Ly over the alphabet Xx as follows:
Ly = {u € Ex | Ox(u) = 1}. Conversely, every language L
over an alphabet X has associated a decision problem X; =
(I, , Ox,) as follows: Iy, = X* and 0Oy, («) = 1 if and only if
u € L. Then, given a decision problem X we have X;, = X,
and given a language L over an alphabet ¥ we have
Ly, = L.

It is worth pointing out that any Turing machine M (with
input alphabet X,,) has associated a decision problem
Xu = (I, Oy) defined as follows: Iy = X}, and for every
u € Xy, Oy (u) =1 if and only if M accepts u. Obviously,
the decision problem Xy is solvable by the Turing
machine.
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3 Tissue P systems with evolutional
communication rules

Definition 1 A tissue P system with evolutional symport/
antiport rules and cell separation of degree ¢ > 1 is a tuple

M= (ra r07 rlagaMla .- '7Mq7Ra iuuf)
where:

e I and & are finite alphabets whose elements are called
objects, and I' is non empty;

e {I'y,I';} is a partition of I';

e ECT

e Mj,..., M, are multisets over I';

e R is a finite set of rules, of the following forms:

1. Evolutional communication rules:

@ [u] ]j — | ]i[”/]j, where 1<i,j<gq,
i#j,ue M (T)and ' € M(T) (evolutional
symport rules);

) [ul[v];— [V][«], where 1<ij<g,
i#j, u,ve MY (T') and ;v € M(T") (evo-
lutional antiport rules);

2. [a], — [To],[T];, where
and a € T'; (separation rules);

gt

A tissue P system with evolutional symport/antiport
rules and cell separation of degree g > 1

Im= (FaFO7F1787M15"'aM(pRviuur)

ie{l,...,q},i#iou

o i, €{0,1,..

can be viewed as a set of g cells, labelled by 1,...,q such
that (a) My,..., M, represent the multisets of objects
initially placed in the ¢ cells of the system; (b) £ is the set
of objects initially located in the environment of the sys-
tem, all of them available in an arbitrary number of copies;
(c) iy represents a distinguished region which will encode
the output of the system. We use the term region i
(0 <i<q) to refer to cell i in the case 1 <i < g and to refer
to the environment in the case i = 0.

A configuration at any instant of a tissue P system with
evolutional symport/antiport rules and cell separation is
described by the multisets of objects in each cell and the multiset
of objects over I' \ £ in the environment at that moment. The

initial  configuration of I1=(I",Ty,I',E My,...,
My, R i) is (M, ..., Mg 0).
An evolutional symport rule [u][ |, —[ [[u']; is

applicable at a configuration C, at an instant ¢ if there is a
region i from C, which contains multiset u. By applying an

evolutional symport rule, the multiset of objects in region i
from C, is consumed and the multiset of objects u’ is
generated in region j from C, ;.

An evolutional symport rule [ul[v], — [V];[«']; is
applicable at a configuration C, at an instant ¢ if there is a
region i from C, which contains multiset u and there is a
region j which contains multiset v. By applying an evolu-
tional symport rule, the multiset of objects u in region i and
multiset of objects v in region j from C, are consumed and
the multiset of objects u’ is generated in region j and the
multiset of objects V' in region i from Cyq.

A separation rule [a], — [I],[T"1]; is applicable at a
configuration C, at an instant ¢ if there is a cell i from C, which
contains object a and i # i,,;. By applying a separation rule
to such a cell i, (a) object a is consumed from such cell; (b)
two new cells with label i are generated at configuration C,;
and (c) objects from I'y from the original cell are placed in
one of the new cells, while objects from I'; from the original
cell are placed in the other one.

The rules of a tissue P system with evolutional symport/
antiport rules and cell separation are applied in a maximally
parallel manner, following the previous remarks, and taking
into account that when a cell i is being separated at one tran-
sition step, no other rules can be applied to that cell i at that step.

A transition from a configuration C; to another configura-
tion C,4 is obtained by applying rules in a maximally parallel
manner following the previous remarks. A computation of the
system is a (finite or infinite) sequence of transitions starting
from the initial configuration, where any term of the sequence
other than the first one is obtained from the previous config-
uration in one transition step. If the sequence is finite (called
halting computation) then the last term of the sequence is a
halting configuration, that is, a configuration where no rule is
applicable to it. A computation gives a result only when a
halting configuration is reached, and that result is encoded by
the multiset of objects present in the output region i,,;.

A natural framework to solve decision problems is to
use recognizer P systems.

Definition 2 A recognizer tissue P system with evolutional
symport/antiport rules and cell separation of degree g > 1 is
a tuple

IT = (Far07rlazag7Mla"'an7Raiin7i()ul)7

where

— the tuple (I', ['o, I'1, £, My, ..., My, R, igu) is a tissue
P system with evolutional symport/antiport rules of
degree g > 1.

@ Springer
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e Where I strictly contains an (input) alphabet X and two
distinguished objects yes and no, and M; (1<i<q)
are multisets over I' \ Z;

- i €{1,...,q} is the input cell and i,,, is the label of
the environment;

— for each multiset m over the input alphabet X, any
computation of the system IT with input m, represented
as Il + m, starts from the configuration of the form
(M, .. oM, +m,..., Mg 0), it always halts and
either object yes or object no (but not both) must
appear in the environment at the last step.

For each ordered pair of natural numbers
(k1,k2),k1,k, > 1, the class of recognizer P systems with
evolutional symport/antiport rules and cell separation with
evolutional communication rules of length at most (ki, k7)
is denoted by 7SEC(ky,k;). This means that, given an
evolutional communication rule [u],[v]; — [V'];[u']; the
LHS (resp., RHS) of any evolutional communication rule
in a system from 7SEC(k,, k;) involves at most k; =| u |
+ | v | objects (resp., ko =| u’' | + | V' | objects).

Next, we define the concept of solving a problem in a
uniform way and in polynomial time by a family of rec-
ognizer tissue P systems with evolutional symport/antiport
rules and cell separation.

Definition 3 A decision problem X = (Ix, 0x) is solvable
in a uniform way and in polynomial time by a family I1 =
{I1(n) | n € N} of recognizer tissue P systems with evo-
lutional symport/antiport rules and cell separation if the
following conditions hold:

1. the family IT is polynomially uniform by Turing
machines; that is, there exists a Turing machine
capable of constructing the elements of such a family
in polynomial time; and

2. there exists a polynomial encoding (cod, s) of Ix in Il
such that (a) for each instance u € Iy, s(u) is a natural
number and cod(u) is an input multiset of the system
II(s(u)); (b) for each n € N, s7!(n) is a finite set; and
(c) the family II is polynomially bounded ', sound *
and complete 3 with regard to (X, cod, s) (Pérez-
Jiménez et al. 2003).

The set of all decision problems that can be solved by
recognizer tissue P systems with evolutional symport/

! Being f a polynomial function, for each u € Iy, every computation
of TI(s(u)) + cod(u) halts in at most f{lul) steps.

2 For each u €Iy, if there exists an accepting computation of
II(s(u)) + cod(u), then Ox(u) = 1.

® For each u € I, if Ox (u) = 1, then every computation of TT(s(u)) +
cod(u) is an accepting computation.
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antiport rules and cell separation with evolutional com-
munication rules of length at most (ki, k) in a uniform way
and polynomial time is denoted by PMCrseck, k,)-

4 Solution to SAT with evolutional
communication rules and separation rules

Pan et al. (2018) an efficient solution to the SAT problem is
given by means of a family of P systems from ZSEC(3,2).
A frontier of efficiency is given, but some open problems
remain, as indicate Fig. 1 of Pan et al. (2018). It shows that
the class of problems that can be solved by P systems from
TSEC(2,k) with k>2 is unknown. In this work we
improve this borderline closing the previous open ques-
tions, giving an efficient solution of the SAT problems by
means of a family of P systems from 7SEC(2,2).

Let us briefly recall the description of the SAT problem:
given a Boolean formula in conjunctive normal form
(CNF), to determine whether or not there exists an
assignment to its variables, called truth assignment, on
which it evaluates true.

Theorem 1 SAT € PMC 75¢¢(22)
For each n,p € N, we consider the recognizer P system
H(<l’l,p>) = (F7 FO) Fla 27 87 Mla ST Ml)7 R7 iirn i()ut)

from 7SEC(2,2) defined as follows:

" LHS
O P= PMCTSEC(kl,kQ) . NP Uco—- NP c PMCTSEC(kl,kg)

Fig. 1 Computational efficiency of membrane from

TSEC k1, k,)

systems
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1. Working alphabet I':

{yes,no, y1,y2,n1,n2, #}

U{a;j| 1<i<n,0<j<i}
U{aj;[2<i<n,0<j<i—1}

U{au, l2<i<n1<j<i-1}

U{ocj,cx ocj,ocj [1<j<p+1}

Uit it 0 10 AR T 1< i<}
U{ﬁl,kvﬁl,wﬂl,k’ﬁlk 0<k<n,1<I<n}

U {Xijk, Xijk, X ?,-k|1<i<n 1<j<p,1<k<n+j—1}
U{xl,/lw i X w,kv l/jk’ ;/Jk’x*;:/',bx;i;ﬂhxx/llk’x*m
[0<i<n,1<j<p,1<k<n}

U{cx [1<j<p,j<k<p} U {6 |0<i<dn+p+2}
U{d|0<i<dn+p}.

i,k

[y =T\ Ty,

Lo ={d}|2<i<n1<j<i-1}

U |1<j<p+1} U {tfhl1<i<n}
U{BL 1 0<k<nk+1<I<n}

3. Input alphabet X: {xij0,%ij0,X 10| 1<i<n,1<

J<p}
4. Environment alphabet &: {y}.

My = {80,054} U {17 [1<i<n},
My ={aip|1<i<n} U {o; | 1<j<p+1}.

6. The set of rules R consists of the following rules:

1.1 Rules for (4k + 1)-th steps.

[aii1]a[7]o = (@i il oy for 1<i<n
(07l = [T 1o
fiblvlo = U LI o

[aijla[7]o = [aij]a o, for 2<i<n,0<j<i-2
[ ]2[7]0 = [ ]2 Jo, for 1<j<p+1

}for1<z<n

7l = L b} for {0550
(s h(7d = (gl I<i<n,
[ Xk lilv Jo = (X[ Jo p for ¢ 1<j<p,
ikl = [l o ) Losksn—

1.2 Rules for (4k + 2)-th steps.
(a1 L(v]o = [auiff 1l o
[a07]o = [ 1ol o} for 1<i<n

Wl = 0 b\ e
L] — UEAR L] 10}f ==

[“ﬁj]z[”/]o - [“iLﬁl”gH]z[ Jo, for { Bsism
0<j<i—-1
[9‘,{]2[7’}0_’[“;0‘;{]2[ lo, for 1<j<p+1
/ L R O<k=n,
[ﬁz,k]l[ﬂo—’[ﬁz,kﬂﬁl,kﬂh[ los for{k—i-lglgn
[ Xhlvlo = ¥ha bl o I<i<n,
X hilv]o— 1 z,/k+1] [ Jo p, for ¢ 1<j<p,
[x ;‘/,kh[r’]o [x ;,,',k+|]1[ lo 0<k<n-1

1.3 Rules for (4k + 3)-th steps.

laiil, = [Tol,[T1],., for 1<i<n

BO L T — | ][ﬂkko}for 0 € {L,R},

o 1<k<n,
[mkh[]o_ﬁ ]dmkh k+1<I<n
(e dilvlo = [l o 1<i<n,
(X hilvlo = [R50l Jo § for  1<j<p,
[x ud[/b [:Mh[ lo 1<k<n

1.4 Rules for (4k)-th steps.

0 € {L,R},

EAL AN ]o} o LS
[ri ]Z[ﬂk,k]o_)[ri}z[ ]0 1<j<n,
1<k<n

0 € {L,R},

[of }[ﬂmh) (o[ o, for ¢ 1<j<p+1,

0<k<n

[&A[V% [xijelil o 1<i<n,
UXhlylo = [Xijalil Jo p for ¢ 1<j<p,
[*WA[VM [&dﬁ lo 0<k<n

[ 1ilBilo = [Bixhl lo, for 0<k<nk+1<I

@ Spri.
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2.1
Rules to check satisfied clauses.

(tila[Xijmej = Lot )
(i [Xijnrm [y = [ ]y
(il b = (6L ] . .
Uil | — (L 1, (O ' SEmISIEP

il [Zijuri [y = Legfill ]
[ﬁ]z[x?‘j711+j—l L =Ll 1

[Xijasa )1 [7]0 = [Xigmetrn

Il
(X1 710 = (Rt 11

lo
lo .

1<i<n,
for 1 <j<p,

& [ejulalvlo = [ejprr o[ oo for 1<j<p,j<0<k<ph—2.

[Xi*.j,n+k]1 [7]o — [xi*.j,n+k+1 Ll o
3.1 Rules to check if all clauses are satisfied by a
truth assignment.

[op+1 ]2[521;#,:}1 - [“;+I LE o
[ociplal Jo— [ Ll[#ly, for 1<j<p.

4.1 General counters.

[0: ][]0 = [0 i[ o, for 0<i<dn+p+1

[ )i[7)o = (82 )il Jo» for 0<i<n—1
[5izi+k]1[3’]o_’[5gi+k+1]1[ lo, for 0<i<n—1ke{0,2,3}
[&nﬂ]l[?’]o_’[%mﬂ]l[ Jo, for 0<i<p-—1.

4.2 Rules to give a negative answer.

[0, 1l Jo—= [ hLlndy, for 1<j<p
[ Llmlo—[mll o
(11 o[ Oanspia ]y = [m2 [ ]y

(][ Jo—1[ llnoly

4.3 Rules to give an affirmative answer.

[OC;)-H bléanipr2]y — [l

1hlv]o = 2Ll o
[v2],] ]0_’[ ]2[3’95]0

7. The input cell is the cell labelled by 1 (i;, = 1) and the
output region is the environment (i,,; = env).

Let ¢ = C; A...ANC, an instance of SAT problem con-
sisting of p clauses C; =11 V...V, 1 <j<p, where
Var(¢) = {x1,...,x,}, and [z € {x;, ;| 1 <i<n},
1<j<p,1<k<r. Let us assume that the number of
variables, n, and the number of clauses, p, of @, are greater
than or equal to 2.

@ Springer

We consider the polynomial encoding (cod, s) from
SAT in II defined as follows: for each ¢ € Isyr with n
variables and p clauses, s(¢) = (n,p) and
cod(¢) ={xijo0 | xi € Cj} U {Xijp0 | —xi € G}

U {xio [ xi & Cj,—xi & Cj}
For instance, the formula ¢ = (x; Vx V —x3) A (- V
x4) A (—x3 V x3 V —xy) is encoded as follows:

X0 X210 X310 Xijo

* — *
cod(¢p) = X120 *220 X320 X420
X130 X230 X330 X430

We use here matrix representation to make easier the view
of the encoding, but let us recall that cod(¢) is a multiset of
objects. We define cody(¢) as the set of elements of
cod(¢) when the third subscript equals k. In the same way,
we define cod (@), cod(¢) and cod}’(¢) as the sets of
elements of cod(¢) when the third subscript equals k and
elements are primed, double primed and triple primed,

respectively. For notation convenience, we define codi(qo)
the subset of elements of cody(¢) with elements of
Cj,...,C,. For instance, cod?(¢p) would be the following
set:

* — *
cod? (@) = X124 X224 X334 X424
4 = — —
X34 X234 X334 X434

The Boolean formula ¢ will be processed by the system
II(s(¢)) + cod (). Next, we informally describe how that
system works.

The solution proposed follows a brute force algorithm in
the framework of recognizer tissue P systems with sepa-
ration and evolutional communication rules, and it consists
of the following stages:

e Generation stage: using separation rules each 4 steps,
we produce 2" membranes labelled by 2 containing
each possible truths assignment. At the same time, we
generate 2" copies of cod,(¢). This stage spends n
computation steps exactly, n being the number of
variables of ¢.

e First checking stage: With rules from 2.1, we can check
which clauses from the input formula ¢ have been
satisfied by a specific truth assignment. This stage takes
exactly p steps.

e Second checking stage: with rules from 3.1, we remove
objects o; such that they are removed from a membrane
if and only if the truth assignment associated to that
membrane makes true clause C;. This stage takes
exactly one step.
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e OQOutput stage: with rules from 4.2 and 4.3, we can give
an affirmative or a negative answer depending on if the
input formula is satisfiable or not. This stage spends
exactly 4 steps, regardless of whether the formula is
satisfiable or not.

5 A formal verification

In this section, an exhaustive verification of the system is
given.

5.1 Generation stage

At this stage, all truth assignments for the variables asso-
ciated with the Boolean formula ¢(xy,...,x,) are going to
be generated, by applying separation rules from /.2 in
membranes labelled by 2. In such manner that in the
4i + 2-th step (1 <i<n — 1) of this stage, separation rule
associated with an object a;; is triggered, two new cells
distributing #; and f; between them. In the last step of this
stage, each membrane labelled by 2 will contain a truth
assignment of the formula.

Proposition 2 Let C = (Co,Ci, .. .,Cy) be a computation of
the system T1(s(¢)) with input multiset cod(p), and let
C:(h) the contents of the membrane labelled by h in the
configuration C,.

(Ap) For each 4k (0 <k <n — 1) at configuration Cy we
have the following:

* Cul1) = {3 84y, codi(@)” YU LAY, | k+1<1<n}
e There are 2 membranes labelled by 2 such that each
of them contains

— objects ary1ks - -, Anks
— objects ry,..., 1, being r € {t,f}; and
— objects oy, ..., 0pig.

(A1) For each 4k+1 (0<k<n—1) at configuration
Cai+1 we have the following:

k k k
hd C4k+1(1) = {54k+17 6lik+1700d1/(((/’)2 } u {ﬁ,ik ‘ k+1< lf"}
e There are 2 membranes labelled by 2 such that each
of them contains

— objects @y | gy s

— objects r},...,r{, being r € {t,f}
— an object 7 ; and

— objects o}, ..

!
'7a17+1'

(A;) For each 4k+2 (0<k<n—1) at configuration
Ca+2 we have the following:

k1 k+1
o Cu2(1) = {Oms2, 0y, codiy(0)" JU
k
{ﬁoik |0 € {L,R},k+1<I<n}
e There are 2 membranes labelled by 2 such that each
of them contains

— objects Akt1ky - Anis
— objects ry,..., 1y, being r € {t,f}; and
— objects ..., 0py1.

(A3) For each 4k+3 (0<k<n—1) at configuration
Cai4+3 we have the following:

k+1

"

* Cu13(0) = {ﬁ0i+1,k+1} U{Bli1 | k+2<1<n}

®  Cues(1) = {0, 0% 5, codll ()" YU BT [ k+1<1<n}

e There are 2*! membranes labelled by 2 such that
each of them contains

— objects axsik, - - - Ank;
— objects r1,..., 7, being r € {t,f}; and
— objects oy, ..., Opy1.

(B) Can(1) = {54n,5’i;,c0d4n(<p)2"}, and there are 2"
membranes labelled by 2 such that each of them contains
objects ap,..., 0,41, as well as a different subset

{r1,...,ru}, being r € {t,f}.

Proof (A;),0<k<3 is going to be demonstrated by
induction on k.

(Ag) The base case k = 0 is trivial because at the

initial configuration we have:
Co(1) = {0, 0, codo(@)} U{Bro | 1 <I<n}
and there exists a single
membranelabelled by 2 containing objects
of, ..., 0pt1 and objects ayp, ..., a,0. Then,
configuration Cp yields configuration C,
applying the rules:

larob[v]o = @108 1L o

aiola[7]o = [aighl o, for 2<i<n

[
(][]0 =[] Jo, for 1<j<p+1
[

ﬂl.oh[“/]o_’[ﬁ;,oh[ lp, for 1<i<n
[xiJ,()h[V]o_’[xg,,‘,lh[ o
[(Xijohi[v]o = [X 1l Jo p for 1<i<n 1<j<p
[x:i,',o]l[”/}o - [X*;,/,l W o

[Boli[vlo = [o1 1l o

(S hilv]o = [0V 1l 1o
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(A1) Thus, Ci(1) = {0, 0),cod| (@)} U{Bjy | 1 <I<n} — There are 2 membranes labelled by 2 such that each
and in C, there exists one membrane labelled by of them contains
2 such that its contents is the set of objects objects 1.4 Gz
’ ’ . / . +1ky - s Unks
{dig, - 0}, the object 1, e.md ob]ec':ts objects ry, ..., 7y, being r € {r,f}; and
%, ..., %, . Then, configuration C; yields objects oy, ..., oy 1.
configuration C, by applying the rules:
) < (A1) For each 4k+1 (0<k<n—1) at configuration
[a10[7]o = [ fTLL o Ca+1 we have the following:
(410 = [ 1Ll o ot
[aiol[v]o — | fll 51]2[ Jo, for 2<i<n = Carni (1) = {0ar41, 0 g1,
S : .
[‘“}]2[?]0 [“jLajR]z[ Jo, for 1<j<p+1 cod,’((go)z}U{ﬁllz’”k—i—lSlSn}
[ ﬂ;,oh (710 — [ Bt [71 pR KL Jo, for 1<I<n - T;lelrle are 2 rpembranes labelled by 2 such that each
ot them contains
[x {‘0}1[7]0_‘[)5;?,1]1[ Jo cic
[Zohi(7]o— (@20 il Jo §for =" objects a. g - -,
’ */iz I=j=p objects r{,...,r}, being r € {t,f}
[x* iJ,O]l[/}O_}[x i,j.0+1]l[ o . p
an object 7, ;; and
[01]i[v]o = [021i[ 1o objects o, o
(81 01l7]0 = 1201 T bt
<k<n-— i
(A2)  Thus, (1) = {65,82 cod} ()} U{B | O € {L,R}, 1 <I<n} (CA2) F;fe izcvf; ftfej;ozll O(\())v;lk <n—1) at configuration
and in C, there exists one membrane labelled by 2 &
. . . Dk+1 k+1
2 such that its con'tents 1Ls the se;t of Ob]C'CtS — Cui ( ) = {Sas2s s 5/4“260 (¢ )2 }
{ai1,.. an 1}, objects 7y and f{* and objects 02
of,...,a0,, for O € {L,R}. Then, configuration ULA" 1 | Oke {L R}, k+1<l<n}
C, yields configuration C; by applying the rules: — There are 2 membranes labelled by 2 such that each
of them contains
[aii], = [Toly[T1],, for 1<i<n o
objects ag+1k;y - - -5 Anks
[ 10’1 Wi o=l 10’1]0 for 0 € {L,R}, objects V;g .. r,? being r € {t,f},0 € {L,R};
[ 10,1}1[ lo—= 1 LBl 2<i<n and
[(xohlv]o = [0l o } objects af, ..., p+l70€{L R}.
o7l = [l o bfor SIS
ij0ltl?lo Xijolil o 1<j<p (A3) For each 4k+3 (0<k<n—1) at configuration
[(x*Tiohil7]o = (x50 lil To T Car+3 we have the following:
s Jy
[52]1[”)’}0_)[53]1[ ]o Dk
[5,2]1[7)}0_)[5/3]1[ ]0 — Cas3(0 )_{ﬁ0k+1k+1}u{ﬁ1k+1 | k+2<I<n}
k+ k+1
- Cap3(1) = {om 3752 ,cod)! ()"}
(A3)  Thus, C3(1) = {03, 5'§,c0di”((p)}, at the B ks

environment there is the multiset
{510,1 | O € {L,R}} U {ﬁlzl |2<i<n} andin C,
there exists two membranes labelled by 2 such

that its contents is the set of objects {a$,...,al}
with O = L (resp., O = R), object
rf (resp., f{) and objects of, ..., a7, for O =L

(resp., O = R). Hence, the result holds for k =0

e Supposing that, by induction, result is true for k
(1 <k<n-—1); that is,

(Ap) For each 4k (0 <k <n — 1) at configuration Cy we
have the following:

— Cu(1) = {04, 5, codi(@)* } U {ﬁ]2/}< |k+1<1<n}

@ Springer

— There are 2! membranes labelled by 2 such that
each of them contains

objects diy1k, - - - nk;

objects r?,...,r?, being re {tf},0 € {L,R};
and

objects af,...,a%,,,0 € {L,R}.

e Then, by the induction hypothesis, we want to prove the
result for k + 1.

(Ap) Then, configuration Cg.3 yields configuration
Ca(k+1) by applying the rules:
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O € {L,R},

[a I [ﬂk+]k+l lo = [aijlal ]o} for re{tf},
[ri ]2[ﬂk+l‘k+1]o [7i]ol ]o 1<i<n,
1<j<n

[“ﬁ]z[ﬁ/&l.kﬂ]oﬁ[“j]z[ lo, for O€{L,R}, 1<j<p+1
[x z/:;k+|] [v]o = [xijesr L[ o
[ e by o = B L[ Jo 3 for 1<i<n, 1<j<p
[x 1$k+|][?] [xij,kﬂ]l[ lo

[ LilBirilo = (B il Jo, for k+2<i<n

(a3 ][]0 = [asny 1 [ o

[5£tk+3]1["/]0 - [5:t(k+1)]1[ lo

Therefore, the following holds:

2 k+1 2k+1

Cagrn) (1) ={04(k11), 8'4411)> codies1 (@)
U{Bh | k+2<i<n}

}

— There are 2! membranes labelled by 2 such that
each of them contains

Objects ari2k+1, - - Anjt1s
objects ry,. .., rxi1, being r € {z,f}; and
objects oy, .. ., Op41.

(A1) Then, configuration Cyy1) yields configuration
Ca(k+1)+1 by applying the rules:

[akiik]a[7]o = [t LI o
(tih[]o = (8 hLL o
fiklr]o = [ LD o
[aieet ][]0 = [ L[ o, for 2<i<n
[ ][7]o = [l Jo, for 1<j<p+1
[Bigsr L[]0 — [ﬁ;kﬂ] [ ]o} for k+2<I<n
[(Xijart i [7]o = X WL o
[ Xijarr [ Do = [(Xjaa il Jo g for 1<i<n 1<j<p
[X*:Jkﬂ][ lo

[ Ll o
[

}for 1<i<k

[X?J'.Hl Lilvle—
[54(k+l) hivle —

[&(k-*—l)}][”/]o [54 k+1)+ il o

Therefore, the following holds:

2k+1
Cagery+1(1) ={0a@xs1)115 5/4(k+1)+17C0d1,c+1(¢)

U{ﬁ1k+1 | k+1<I<n}

2k+1

}

— There are 2! membranes labelled by 2 such that
each of them contains
ObJeCts @y g ki ps -« Byprrs

objects r{,...,r{,, being r € {t,f}

an object #;_,,; and

H / /!
objects oy, ..., 00,y

(A2) Then, configuration Cy(1)+1 yields configuration
Ca(k+1)+2 by applying the rules:

(@i ba[7]o = larsiie L LL o
[t LIyl — [llfﬂ LL o
[/ Llv]o = [ ef Ll o .
(a0 = (£ L ]o} ot
[aﬁ,k-u Livle — [a%k+2afk+2}2[ lg, for 2<i<n
[@”2[7’]0—’[#“;{}2[ Jo, for 1<j<p+1
[/));,kJrl]l[V]O [ﬁILk+2Bfk+2]l[ Jo, for k+2<i<n

[x;J,kH]l[ﬂ [ ,,th[ lo

[ X;;/}kﬂ LWivle—1 ,,k+2h[ lo I;Eir;
[X*;;;:Hl Livlo = [ ij,k+2]l[ o
[Sagesvy+1 L[]0 = [Gagrn+2 il o
(St h 7)o = [Faanalil o
Therefore, the following holds:
k42 k42

}

= Cageryr2(1) = {Oates1)125 0 4ur1) 42, cOdL 5 ()
U{g [ k+1<I<n}

— There are 2! membranes labelled by 2 such that
each of them contains

objects ax 2411 -+ Ankils
objects ry,. .., rt1, being r € {z,f}; and
objects o, ..., 0.

(A3) Then, configuration Cy(1);> yields configuration
Ca(k+1)+3 by applying the rules:

[aki1hi1]y, = [Tolh[Th ]y, for 1<i<n
[ﬁl?ﬂ.kﬂ]l[ ]OH[ ]l[ﬁfﬂ,kﬂ]o}for OG{L,R},k+2§l§n
[ﬁzok+1] [ Jo=1 LlBuwlo
[xl,/]\+2] 2o — | x,/k+2] [ o ,
(X2 h7lo— [ x,/k+2]l[ lo }fOr 11§<l‘§<n7
[ e [7)o = [k L o =0

[Oagsny2]i[v]o — [54(k+1)+3]1[ lo
]

[52(k+1)+2]1[7]0 - [52(k+1)+3]1[ 0

Therefore, the following holds:

= Capey1)43(0) ={p° k+2k+2}
2A +2

U{Biks2 [ k+3<1<n}

= Cakr1)+3(1) = {0a(k41)43,

/2k+ , 2k+
0y 4(k+1) +3aC0dk+2( ) }U{ﬁlk+l | k+2<1<n}

— There are 2t membranes labelled by 2 such that each
of them contains
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objects agi2k+1, -« - Anj+13
objects ry,. .., rri1, being r € {¢,f}; and
objects oy, ..., tpti.

e In order to prove (B) it is enough to notice that, on the
one hand, from (A3) configuration Can_1* holds:

on
Can-1(1) = {0an—1,0's,_y,cod (9)}.

— There are 2" membranes labelled by 2 such that
each of them contains

a different subset {r¢,..
and O € {L,R}; and
objects o,..., a7, |, for O € {L,R}.

.,r,?}, being r € {r,f}

e On the other hand, configuration Cy,_; yields config-
uration Cy4, by applying the rules:
0 € {L,R},
[rio]z[ﬂr?nlo = [rila o, for re{sf}
1<i<n
[o‘jo]z[ﬂfl).n]o = o5l o, for O € {L,R},1<j<p+1

I

[xi,,',nh[”/]o - [xi,/lnll[ ]0
(X 11 (7 Jo = [Xiga h [ Jo ¢ for 1<i<n1<j<p
[X*;/J/‘,nh[”/]o - [xzj.n}l[ lo

[San—1]1[7]p = [0an] { Jo

(8 17T — (8l o

e Then, we have Cy,(1) = {04, 5/227 cody,(¢)*'}, and
there are 2" membranes labelled by 2 such that each of
them contains objects oy, . .., %,41, as well as a different
subset {ry,...,r,}, being r € {t,f}.

O
5.2 First checking stage

Following the generation stage comes the first checking
stage, where objects ¢;; are created in order to know if
clause C; has been satisfied by the truth assignment enco-
ded in membranes labelled by 2. In each step, we fire rules
for a single clause, therefore in p steps we can obtain
objects ¢;, if this clause is satisfied. This can be because of
two reasons:

e Literal x; appears in clause Cj, and the truth value of
variable x; in a truth assignment is True. Then, we can
say that such truth assignment satisfies this clause; or

e Literal —x; appears in clause C;, and the truth value of
variable x; in a truth assignment is False. Then, we
can say that such truth assignment satisfies this clause.

4 Here, 4n — 1 =4k +3 fork=n— 1.

@ Springer

In any other way, variable x; has nothing to do with clause
C;. At the final step of this stage, membranes labelled by 2
will have objects c¢;, where C; are clauses satisfied by such
truth assignment. We obtain an object oc; .1 to use it in the

next stage.

Proposition 3 Let C = (Co,Cy, . . .,Cy) be a computation of
the system T1(s(¢@)) with input multiset cod().

(a) Foreach k (0<k<p —1) at configuration Cy,,; We
have the following:

27’ n
o Canik(1) = {Oanis 04y 4 codl (@)}
e There are 2" membranes labelled by 2 such that
each of them contains

— objects ry, ..., 1y, being r € {z,f};

— objects oy, ..., 0%41; and

— objects ¢y, - . ., Ck i, Where c¢;; represents that
clause C; has been satisfied by the truth
formula encoded in such membrane.

B)  Canp(1) = {0401y 05, 4p}> and there are 2" mem-
branes labelled by 2 such that each of them contains
objects oy,..., 0,41, a different subset {ri,...,r,}
and objects ¢; when clause C; is satisfied in that
membrane.

Proof (a) is going to be demonstrated by induction on k.

e (a) The base case k = 0 is trivial because at the initial
configuration we have: Cay(1) = {84n, 05, , coda, ()}
and there exist 2" membranes labelled by 2 containing
objects oy, ..., 0,41 and a different subset {ry,...,r,},
being r € {t,f}. Then, configuration Cy, yields config-
uration C4y,+1 by applying the rules:

[tilalxiin ]y = [t ]y
[t a[Fiia]i = (6] 1
[tilalxin, o = (610 ]
filalxiali = [l i

Vila[Xiin ]y = e fill
ilalxia ] = LD

[xi,j,n+k ]1 [y

for 1<i<n,1<j<p

- [xi./!,n+k+1 ]1[ }0

lo
[(Xijnte 11 [7]o = [Kignraer 1[0 Jo p for 1<i<n,2<j<p
[X?J‘Hkh[)’]o - [x;k.leJrkJrl Ll o
[0an ][]0 = [Ganer [y [ o
[&n]l[ﬂo - [(Xw-l L o

2 " .

Thus, Cani1(1) = {0ans1,04,,15codh, (@)” } and in

Can+1 there exist 2" membranes labelled by 2 such that
their contents are objects ay, .. ., %,1, a different subset
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{r1,...,ru}, being r € {t,f} and objects c;; if some
literal present in C; satisfies it.” Hence, the result holds
for k = 1.

Supposing that, by induction, result is true for k
0<k<p—1); that is,

o "

® Cinii(1) = {Oantt, 5/4n+k7 COdﬁ(QD)z }

e There are 2" membranes labelled by 2 such that each
of them contains

— objects ry, ..., 1y, being r € {1,f};
— objects oy, ..., %41; and
— objects ¢y, ...,Crk, Where cj; represents that

clause C; has been satisfied by the truth formula
encoded in such membrane.

Then, configuration Cg,y yields configuration Cypyzy1
by applying the rules:

[ti]z[xi‘kJrl.nJrk]] — [¢k+1k+1 f] [ ]1
[t L[ Figr 1 ]y = (6]l
(i b [X e [t = il
[fi b Xisrrner |y = [filo!
Ui Zikrt ik |y = [Crrt et fi]
i Ll = [fila!
[Xijnre i [7]0 — [
(Xijori 11 [7]o = [Xijmsren |1
[XZ/.rt+k]l[y]0 - [XZ/'.nJrkJrl] [
for 1<i<nmk+2<j<p
[eixlalv]o = [eiwrt Ll o
for 1<j<p,k<k<p-1
[Oanic 1 [7]0 —

[5iln+k]l [v]o — [(5ﬁtn+k+l W o

2
I
h
| (e
oL
I

[(Xijmsert [ Jo
lo
o

[64n+k+1 ]l[ ]0

Thus, Canii41(1) = {54n+k+1’5/421;+k+1760d4n+k+1(§0)2n}
and in Cy,.41; there exist 2" membranes labelled by 2
such that their contents are objects ay, ..., 0,41, a dif-
ferent subset {ry,...,r,}, being r € {r,f} and objects
Clk, - - Crk if some literal present in C; satisfies them.

In order to demonstrate (B) it is enough to notice that, on
the one hand, from (a) configuration Cy;4,—1 holds:

mn _ n
° C4n+p—l (1) = {54n+p—1 ) 5/4n+p71 ’ COd{: 1((/7)2 }
e There are 2" membranes labelled by 2 such that each of
them contains

— objects ry, ..., 1, being r € {t,f};
— objects oy, ..., 0,415 and
— objects ¢y p-1,...,Cp—1p—1, Where cj, | represents

that clause C; has been satisfied by the truth formula
encoded in such membrane.

> Here, objects # are created, but they are not used anymore, so they
are not going to be noted here.

On the other hand, configuration C4,4p—1 yields configu-
ration C4n4p by applying the rules:

lepptilal ]y
[ti ]2 [Xipnip-1]1 = [1i]o] ]y
[ —[tl[ ]
fibolxipnip—1y = fila[ 1y
filaFipamip-1]i = leppfila[ 1y

[fz]z[ Xipntp— 1} _’[fi]z[]l

[¢ip—1]a[V]o— [¢iplal ]g, for 1<
[Oantp-1]1[7]o = [Oan+p]1 [ Jo

[Oanp-1 11 [7lo = [0y 1 [ o

Then, we have Cyyq,(1) = {54n+pa5/£21:¢+p}’ and in Canyp

[tila [Xipnip—1]y —

S

1 —
]2[”. . 1}1
R for 1<i<n,1<j<p

<j<p-1

there are 2" membranes labelled by 2 such that each of
them contains a different subset {r,...,r,}, being
r € {t,f}°, objects o, ..., 2,1 and objects ¢;,, when clause
C; has been satisfied by the truth assignment encoded in
such membrane. O

5.3 Second checking stage

Here, when rules from 3.7 are fired at the (4n + p + 1)-th
step, objects «; within a membrane labelled by 2 are
removed if and only if the truth assignment associated to
that membrane makes true clause Cj, that is, if there is at
least one object ¢; in such membrane. At configuration
Canip We have Canip(1) = {0anip, 82, ,p} and each mem-
brane labelled by 2 contains objects o, ..., o, and objects
¢j such that the corresponding truth assignment satisfies the
clause C;. By applying rules from 3./ and rule
[Oantp 1[7]o = [Oansp+1];[ 1o Object d4,p, evolves into
O4ntp+1 Within the membrane labelled by 1, and in each
membrane labelled by 2, objects a; such that their corre-
sponding object ¢;, are “removed” from the system, and
let the next stage to check whether or not they are present,
besides the object o, that is prepared, evolving to ocp 15
to react with the remaining objects «;. This stage takes
exactly one step.

5.4 Output stage
The output phase starts at the (4n + p + 2)-th step, and

takes exactly four steps, regardless of whether the input
formula ¢ is satisfied or not by some truth assignment.

S This subset is not used anymore, so it will not be noted from now
on.
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Affirmative answer: if the input formula ¢ of SAT
problem is satisfiable then at least one of the truth
assignments from a membrane with label 2 has satisfied
all clauses. Then, there will be a membrane labelled by
2 such that all objects o;, with 1 <j<p have disap-
peared in the previous step. At configuration Cayipt1,
we have Capipii1(l) = {0snsp+1} and in each mem-
brane labelled by 2 there remain objects o; if the
corresponding truth assignment does not make true
clause C; and one object oc;) +1- In this step, only rule
[Oanspr1)1[7]o = [Oantps2 ][ o will be fired and
rules [o5o0 [ Jo— [ Llm]y will be fired in
membranes labelled by 2 such that at least one clause
is not satisfied by the corresponding truth assignment.
Then, at configuration Cy,ypi2, We have Capipia(1) =
{04ntp42,n|}, being r the number of truth assignments
that have at least one clause not satisfied by the
corresponding truth assignment, and membranes
labelled by 2 contains an object oc;, . if and only if
the corresponding truth assignment makes true all
clauses from ¢, and can contain objects a;, 1 <j<p, if
clause C; is not satisfied by the corresponding truth
assignment.

In the next step, applying rules [ |y[m], —
[mbl lo and [0, [ [0anipia]y = 1]l ]is we
obtain an object y; in a membrane labelled by 2 if
and only if the corresponding truth assignment makes
true the input formula. Let us remark that more than one
membrane labelled by 2 can contain a truth assignment
that makes true ¢, but in this case, we as we want to
know if at least one truth assignment makes true the
input formula ¢, we only want one object y;. Then, at
configuration Cyyp+3 wWe have that C4,4p43(1) = 0 and
in membranes labelled by 2, we can have objects n1,7
adding up to ¢ in all membranes labelled by 2, being ¢
the number of truth assignments that do not make true
the input formula, an object oc’p 4 if the corresponding
truth assignment makes true all clauses, excepting one
membrane labelled by 2 which corresponding truth
assignment makes true the input formula that will
contain an object y;, and can contain objects o;,
1 <j<p,if clause C; is not satisfied by the correspond-
ing truth assignment. In the next step the only rule that
can be fired is [yi ],[y]o — [¥2],[ ]y that will be
useful to synchronize the affirmative and the negative
answer. Let us note that rule [n],[0untpi2]; —
[n2],] ], cannot be fired because object 04,43 has
been consumed in the previous step by an object oc; Iy
Then, at configuration Cayqp14, we have that

S This subset is not used anymore, so it will not be noted from now

on.
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Canip+4(1) =0 and in membranes labelled by 2, we
can have objects n;, adding up to ¢ in all membranes
labelled by 2, being ¢ the number of truth assignments
that do not make true the input formula, an object u; T
if the corresponding truth assignment makes true all
clauses, excepting one membrane labelled by 2 which
corresponding truth assignment makes true the input
formula that will contain an object y,, and can contain
objects a;, 1 <j<p, if clause C; is not satisfied by the
corresponding truth assignment. At the last step of the
computation, rule [y,],[ |o— [ Jy[yes], is fired,
sending an object yes to the environment. Then, at
configuration Cayp+5, we have that Cayypi5(1) = 0 and
in membranes labelled by 2, we can have objects ny,
adding up to ¢ in all membranes labelled by 2, being ¢
the number of truth assignments that do not make true
the input formula, an object oc;) 41 if the corresponding
truth assignment makes true all clauses, excepting one
membrane labelled by 2 which corresponding truth
assignment makes true the input formula, and can
contain objects o, 1 <j<p, if clause C; is not satisfied
by the corresponding truth assignment, and there will be
an object yes in the environment. Here, the compu-
tation halts and returns an affirmative answer.

e Negative answer: If the input formula ¢ of SAT
problem is not satisfiable then none of the truth
assignments encoded by a membrane labelled by 2
makes the formula ¢ true. Thus, some object «;
(1 <j<p) will be within all membranes labelled by 2
will not remain in such membranes. At configuration
Cantpt1, we have Capipy1(1) = {04y4p+1} and in each
membrane labelled by 2 there remain objects o; if the
corresponding truth assignment does not make true
clause C;. In this step, only rules [ojo, ;][ o
— [ JalmiJo. for 1<j<p and rule [Suepir (7] —
[Oanip2]i[ Jo will be fired. Then, at configuration
Can+p+2 we have in the environment 2" copies of object
ni, Canipi2(1) = {0anip42} and membranes labelled by
2 will contain objects a; (1 <j < p) when clauses C; are
not satisfied by the corresponding truth assignment. In
the (4n+p +3)-th step, rule [ |,[ni ]y — [m ][ o
will be fired. Here, objects n; will be sent to a
membrane labelled by 2. Then, at configuration Cy4p43
we have Capipy3(1) = {dapip+2} and membranes
labelled by 2 contain objects o; (1 <j<p) if clause C;
is not satisfied by the corresponding truth assignment,
and can contain ¢ objects n; (0<r<2"). At the

7 Let us note that a membrane containing an object n; does not say
that the corresponding truth assignment does not makes true the input
formula. In fact, we can have more than one object n; within a single
membrane labelled by 2.
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(4n + p +4)-th step rule [y [,[danipi2]; = [2 L[ ]
is fired, since object d4,+3 has not been consumed by
any rule from 4.3, creating an object n, in a membrane
labelled by 2. Then, at configuration C4,1,14 We have
Canipr4(1) = 0 and membranes labelled by 2 contain
objects o; (1 <j<p) if clause C; is not satisfied by the
corresponding truth assignment, and can contain ¢
objects n; (0<t<2"), and one of them contains an
object n,. At the last step of the computation, rule
[m2],] 1o — 1 l,[no], is fired, sending an object no
to the environment. Then, at configuration Cayp45 We
have that Cs,4,45(1) = () and membranes labelled by 2
contain objects o; (1 <j <p) if clause C; is not satisfied
by the corresponding truth assignment, and can contain
t objects n; (0 <t <2"), and there will be an object no
in the environment. Here, the computation halts and
returns a negative answer.

5.5 Result

Proof The family of P systems previously constructed
verifies the following:

e Every system of the family IT is a recognizer P systems
from 78EC(2,2).

e The family II is polynomially uniform by Turing
machines because for each n,p € N, the rules of
I1({n,p)) of the family are recursively defined from
n,p € N, and the amount of resources needed to build
an element of the family is of a polynomial order in
n and p, as shown below:

— Size of the alphabet: 9n’p + 61> + % —3np+
2

2n+2+ 524 14 € O (max{n’p,np?}).

— Initial number of cells: 2 € O(1).

— Initial number of objects in cells: n*> +n(p +2)
+p+3€0?).

— Number of rules: 813 + % +4n' + 122 + 230 +
Zyi11 e o).

— Maximal number of objects involved in any rule:
4 €0(1).

e The pair (cod, s) of polynomial-time computable func-
tions defined fulfil the following: for each input formula
@ of SAT problem, s(¢) is a natural number, cod(@) is
an input multiset of the system II(s(¢)), and for each
n €N, s (n) is a finite set.

e The family IT is polynomially bounded: indeed for each
input formula ¢ of SAT problem, the deterministic P
system TI(s(@)) + cod(p) takes exactly 4n+p+5
steps, being n the number of variables of ¢ and p the
number of clauses.

e The family II is sound with regard to (X, cod, s):
indeed, for each formula ¢, if the computation of
I(s(¢)) + cod(e) is an accepting computation, then ¢
is satisfiable.

e The family II is complete with regard to (X, cod, s):
indeed, for each input formula ¢ such that it is
satisfiable, the computation of TI(s(¢)) + cod(e) is
an accepting computation.

O
Corollary 4 NP U co — NP C PMCrsec22).

Proof 1t suffices to notice that SAT problem is a NP-
complete problem, SAT € PMC 7sgc(2,2), and the com-
plexity class PMCrsgc o 2) is closed under polynomial-time
reduction and under complement. O

6 Conclusions and future work

Pan et al. (2018), a tight frontier of efficiency in the
framework of tissue P systems with evolutional symport/
antiport rules and cell separation is defined by the length of
the right-hand side of communication rules; that is, passing
from 1 object to 2 objects is enough to pass from non-
efficiency to presumable efficiency while the length of the
left-hand side is at least 3. This result was demonstrated by
giving a solution of the SAT problem by means of a family
of P system from 7ZSEC(3,2). But an open problem was
opened here: what happens with P systems from
TSEC(k,2) (k>2)? Can we solve computationally hard
problems restricting the length of the LHS to 2?

In this paper, we focus on this topic, and we give an
efficient solution to the SAT problem by means of a family
of P systems from 7SEC(2,2), filling the gap previously
open. Then, we can conclude here with a similar figure to
the one presented in Pan et al. (2018), but while in the
reference there are question marks in the second column
from (2, 2) upwards, we have closed this problem giving
demonstrating that with these types of P systems presum-
ably hard computational problems can be efficiently
solved.

Of course, after this work we can define several clear
research lines to continue investigating these kinds of P
systems.

— What happens when the environment “disappears”?

— Do the structure matter? By this we mean using cell-
like structure with this kind of rules.

— In Song et al. (2017) another definition of length is
given. Let k be the length of the rule defined as follows:

it r=lullv]— VW], k=lul+][v]+]d]

+ | V' |. Then the complexity class of tissue P systems

@ Springer
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with evolutional communication rules with at most
length k and cell separation is denoted by PMCrsgc(x)-
What are the borderline here?

— What is the upper bound of these systems? Leporati
et al. (2017) a characterization of tissue P systems with
symport/antiport rules and both cell division and
separation is given matching their efficiency to the
class P#P_ and it seems that this class of P system can
reach the same complexity class.
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