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Abstract
Meta-heuristics are powerful tools for solving optimization problems whose structural properties are unknown or cannot be

exploited algorithmically. We propose such a meta-heuristic for a large class of optimization problems over discrete

domains based on the particle swarm optimization (PSO) paradigm. We provide a comprehensive formal analysis of the

performance of this algorithm on certain ‘‘easy’’ reference problems in a black-box setting, namely the sorting problem and

the problem ONEMAX. In our analysis we use a Markov model of the proposed algorithm to obtain upper and lower bounds

on its expected optimization time. Our bounds are essentially tight with respect to the Markov model. We show that for a

suitable choice of algorithm parameters the expected optimization time is comparable to that of known algorithms and,

furthermore, for other parameter regimes, the algorithm behaves less greedy and more explorative, which can be desirable

in practice in order to escape local optima. Our analysis provides a precise insight on the tradeoff between optimization

time and exploration. To obtain our results we introduce the notion of indistinguishability of states of a Markov chain and

provide bounds on the solution of a recurrence equation with non-constant coefficients by integration.

Keywords Particle swarm optimization � Discrete optimization � Runtime analysis � Markov chains � Heuristics

1 Introduction

Meta-heuristics are very successful at finding good solu-

tions for hard optimization problems in practice. However,

due to the nature of such algorithms and the problems they

are applied to, it is generally very difficult to derive

performance guarantees, or to determine the number of

steps it takes until an optimal solution is found. In the

present work we propose a simple adaptation of the particle

swarm optimization (PSO) algorithm introduced by Eber-

hart and Kennedy (1995) and Kennedy and Eberhart (1995)

to optimization problems over discrete domains. Our pro-

posed algorithm assumes very little about the problem

structure and consequently, it works naturally for a large

class of discrete domains. It is reasonable to expect from a

meta-heuristic that it solves black-box versions of many

tractable problems in expected polynomial time. We pro-

vide a formal analysis based on Markov chains and

establish under which conditions our algorithm satisfies

this basic requirement. More concretely, we consider two

classical problems that are easy to solve in a non-black-box

setting, namely the problem of sorting items by transpo-

sitions and the problem ONEMAX, which asks to maximize

the number of ones in a bitstring. Our analysis gives precise

information about the expected number of steps our algo-

rithm takes in order to solve these two reference problems.

Our runtime bounds are essentially tight with respect to the

Markov process we use to model the behavior of the

algorithm.
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et al. (2017) published in the proceedings of the 14th ACM/

SIGEVO Workshop on Foundations of Genetic Algorithms

(FOGA), 2017.
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For practical purposes, a meta-heuristic should, in one way

or another, incorporate the following two general strategies:

(1) find an improving solution locally (often referred to as

exploitation) and (2) move to unexplored parts of the search

space (often referred to as exploration). The first strategy

essentially leads the algorithm to a local optimum while the

second one helps the algorithm to avoid getting stuck when it

is close to a local optimum. For our proposed algorithm, as for

many other meta-heuristics, the tradeoff between the two

strategies can be conveniently set by an algorithm parameter.

Our analysis shows that there is a sharp threshold with respect

to this parameter, where the expected runtime of the algorithm

on the reference problems turns from polynomial to expo-

nential. Hence, we can maximize the algorithm’s ability to

escape local optima while still maintaining polynomial run-

time on the reference problems.

A key tool for the runtime analysis of meta-heuristics for

optimization problems over discrete domains is the fitness

level method pioneered by Wegener (2002). The basic idea

is to consider the level sets of the objective function of a

problem instance and to determine the expected number of

steps an algorithm takes to move to a better level set. This

approach has been used extensively in the study of so-

called elitist ð1 þ 1Þ-EAs (Wegener 2002; Droste et al.

2002; Giel and Wegener 2003; Sudholt 2013). These

algorithms keep a single ‘‘current’’ solution and update this

solution only if a better one is found. Our analysis of the

proposed PSO algorithm also relies on the fitness level

method. However, since our algorithm also considers non-

improving solutions in order to escape local optima, a

much more involved analysis is required in order to

determine the time it takes to move to a better fitness level.

We will refer in the following by expected optimization

time to the expected number of evaluations of the objective

function an algorithm performs until an optimal solution is

found. Before giving a precise statement of our results we

provide some background information on the PSO algo-

rithm as well as the two reference problems we consider.

1.1 Particle swarm optimization

The PSO algorithm has been introduced by Eberhart and

Kennedy (1995) and Kennedy and Eberhart (1995) and is

inspired by the social interaction of bird flocks. Fields of

successful application of PSO are, among many others,

Biomedical Image Processing (Schwab et al. 2015; Wacho-

wiak et al. 2004), Geosciences (Onwunalu and Durlofsky

2010), Agriculture (Yang et al. 2017), and Materials

Science (Ramanathan et al. 2009). In the continuous setting,

it is known that the algorithm converges to a local optimum

under mild assumptions (Schmitt and Wanka 2015). The

algorithm has been adapted to various discrete problems and

several results are available, for instance for binary

problems (Sudholt and Witt 2010) and the traveling sales-

person problem (TSP) (Hoffmann et al. 2011).

A PSO algorithm manages a collection (called swarm)

of particles. Each particle consists of an (admissible)

solution together with a velocity vector. Additionally each

individual particle knows the local attractor, which is the

best solution found by that particle. Information between

particles is shared via a common reference solution called

global attractor, which is the best solution found so far by

all particles. In each iteration of the algorithm, the solution

of each particle is updated based on its relative position

with respect to the attractors and some random perturba-

tion. Algorithm parameters balance the influence of the

attractors and the perturbation and hence give a tradeoff

between the two general search strategies ‘‘exploration’’

and ‘‘exploitation’’. Although PSO has originally been

proposed to solve optimization problems over a—typically

rectangular—domain X � Rn, several authors have adap-

ted PSO to discrete domains. This requires a fundamental

reinterpretation of the PSO movement equation because

corresponding mathematical operations of a vector space

are typically lacking in the discrete setting. An early dis-

crete PSO variant is the binary PSO presented in Kennedy

and Eberhart (1997) for optimizing over X ¼ f0; 1gn where

velocities determine probabilities such that a bit is zero or

one in the next iteration. A PSO variant for optimizing over

general integral domains X ¼ f0; 1; . . .;M � 1gn, M 2 N,

has been proposed in Veeramachaneni et al. (2007).

1.2 Problems and search spaces

In this section we briefly define the optimization problems

for which we will study the performance of the proposed

PSO algorithm. The problem ONEMAX asks for a binary

string of length n that maximizes the function

OneMaxðx1; . . .; xnÞ ¼
Xn

i¼1

xi;

which counts the number of ones in a binary string. A more

general version of this problem asks to minimize the

Hamming distance to an unknown binary string of length n.

The proposed algorithm works exactly the same on the

more general problem since it is indifferent to the actual bit

values and each bit is handled independently. Therefore,

the performance of our algorithm on this more general

version is equal to its performance on ONEMAX. The cor-

responding search space is the n-dimensional hypercube:

Any binary string of length n is a (feasible) solution, and

two solutions are adjacent iff they differ by exactly one

bitflip. For n ¼ 4, the search space is shown in Fig. 1. More

generally, a pseudo-Boolean function is any function

f : f0; 1gn ! R.
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By the sorting problem we refer to the task of arranging

n items in non-decreasing order using transpositions. An

(algebraic) transposition t ¼ ði jÞ is the exchange of the

entries at positions i and j. Therefore, the search space is

the following (undirected) graph: the vertices are the per-

mutations on f1; 2; . . .; ng and two vertices x, y are adja-

cent iff there is a transposition t such that x � t ¼ y. The

objective function is the transposition distance to the

identity permutation.1 Figure 2 shows the search space for

the problem of sorting items f1; 2; 3; 4g using transposi-

tions. Any two permutations drawn in the same vertical

layer have the same objective value.

The sorting problem and ONEMAX have a unique opti-

mum. Furthermore, the value of the objective function is

the distance to the unique optimal solution in the corre-

sponding directed graph.

1.3 Our contribution

We propose a simple adaptation of the PSO algorithm to

optimization problems over discrete domains. We refer to

this algorithm as D-PSO. The algorithm works naturally on

a large class of discrete problems, for instance optimization

problems over bitstrings, integral domains, and permuta-

tions. The general task is to optimize a function f : X ! R,

where X is a finite set of feasible solutions. Our assump-

tions on the problem structure are the following. We

assume that the set X is the vertex set of a finite, strongly

connected graph and for any solution x 2 X, we can sample

a neighbor of x efficiently and uniformly. The D-PSO

algorithm essentially explores this graph, looking for an

optimal vertex. In our analysis, we assume at first a swarm

size of one as in Mühlenthaler et al. (2017), similar to the

analysis of EAs and ACO in Sudholt and Witt (2010). We

refer to the corresponding specialization of D-PSO as

ONEPSO. Indeed, for a single particle we have only a single

attractor and, as a consequence, a single parameter is suf-

ficient to control the tradeoff between the moving towards

the attractor and performing a random perturbation.

Our main results are upper and lower bounds on the

expected optimization time of the proposed ONEPSO

algorithm for solving the sorting problem and ONEMAX in a

black-box setting summarized in Table 1. Certainly there

are faster algorithms for the sorting problem or ONEMAX in

a non-black-box setting, e.g., quicksort for the sorting

problem. The upper bounds we prove for ONEPSO naturally

hold for D-PSO and the bounds are tight with respect to our

Markov model. The algorithm parameter c determines the

probability of making a move towards the attractor.

Depending on the parameter c, we obtain a complete

classification of the expected optimization time of

ONEPSO. For c ¼ 0, ONEPSO performs a random walk on

the search space, and for c ¼ 1, the algorithm behaves like

randomized local search (see Papadimitriou et al. 1990 or

Doerr and Neumann 2020 for results on local search

variants). For c 2 ð1=2; 1Þ the ONEPSO behaves essentially

like the ð1 þ 1Þ-EA variants from Droste et al. (2002);

Scharnow et al. (2004), since ð1 þ 1Þ-EA variants perform

in expectation a constant number of elementary mutations

to obtain an improved solution and ONEPSO with c 2
ð1=2; 1Þ in expectation also performs a constant number of

elementary mutations to find an improved solution, before

it returns to the current best solution. Therefore, ONEPSO in

a sense generalizes the ð1 þ 1Þ-EA algorithm since a

parameter choice in c 2 ½0; 1� supplies a broader range of

behavior options than exploring solutions which are in

expectation a constant number of elementary mutations

away from the current best solution. If c\1 then the

ONEPSO uses similar subroutines as the Metropolis

Fig. 1 Search space for the problem of ONEMAX on f0; 1g4
by bitflips,

i.e., the 4-dimensional hypercube. Two bitstrings x, y are adjacent iff

x and y differ in exactly one position

Fig. 2 Search space for the problem of sorting four items by

transpositions. Two permutations x, y on f1; 2; 3; 4g are adjacent iff

there is a transposition t such that x � t ¼ y

1 Note that a different definition of ‘‘transposition’’ is used in

computational biology, so ‘‘transposition distance’’ has a different

meaning, e.g., in Bafna and Pevzner (1998).
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algorithm (see Metropolis et al. 1953), but for ONEPSO

new positions are always accepted and guidance to good

solutions is instead implemented by a ‘‘drift’’ to the best

position found so far.

Indeed bounds on the expected optimization time for

ONEMAX and upper bounds on the expected optimization

time for the sorting problem of the ONEPSO with parameter

c 2 ð1=2; 1� match the respective bounds on the expected

optimization time for ð1 þ 1Þ-EA variants from ci-

teDJW:02,STW:04. We show that for c 2 ½1=2; 1Þ, the

expected optimization time of ONEPSO for sorting and

ONEMAX is polynomial and for c 2 ð0; 1=2Þ, the expected

optimization time is exponential. For c in the latter range

we provide lower bounds on the base of the exponential

expression by aðcÞ for sorting and bðcÞ for ONEMAX such

that 1\bðcÞ\aðcÞ\6 (see Fig. 5). Please note that a and

b have been significantly improved compared to the con-

ference version (Mühlenthaler et al. 2017) and the upper

bound on ONEMAX has also been reduced heavily to an

exponential term with base bðcÞ. This means that the lower

and upper bound on the base of the exponential expression

for the expected optimization time is equal. Note that for

c ¼ 1=2 the expected time it takes to visit the attractor

again after moving away from it is maximal while keeping

the expected optimization time polynomial, i.e., we have a

phase transition at c ¼ 1=2 such that for any c� 1=2 the

expected optimization time is polynomial and for any

c[ 1=2 the expected optimization time is exponential in n.

Hence, the parameter choice c ¼ 1=2 maximizes the time

until the attractor is visited again, i. e., the particles can

explore the search space to the largest possible extent,

provided that ONEMAX and the sorting problem are solved

efficiently in a black-box setting.

In order to obtain the bounds shown in Table 1, we use a

Markov model which captures the behavior of the ONEPSO

algorithm between two consecutive updates of the attractor.

Depending on whether we derive upper or lower bounds on the

expected optimization time, the Markov model is instantiated

in a slightly different way. The relevant quantity we extract

from the Markov model is the expected number of steps it

takes until the ONEPSO algorithm returns to the attractor. We

determine H-bounds on the expected return time by an anal-

ysis of appropriate recurrence equations. Similar recurrences

occur, for example, in the runtime analysis of randomized

algorithms for the satisfiability problem (Papadimitriou 1991;

Schöning 1999). Thus, our analysis of the Markov model

presented in Sect. 3 may be of independent interest. For

c[ 1=2, the recurrence equations can be solved using stan-

dard methods. For the parameter choice c� 1=2 however, we

need to solve recurrence equations with non-constant coeffi-

cients in order to get sufficiently accurate bounds from the

model. The gaps between upper and lower bounds on the

expected optimization times shown in Table 1 result from

choosing best-case or worst-case bounds on the transition

probabilities in the Markov model, which are specific to the

optimization problem. Since our bounds on the transition

probabilities are essentially tight, we can hope to close the gap

between the upper and lower bounds on the sorting problem

(especially in the exponential case) only by using a more

elaborate model.

Furthermore, based on Wald’s equation and the Black-

well-Girshick equation we obtain also the variance of the

number of function evaluations needed to find an optimal

solution with respect to the Markov model.

Upper bounds To obtain the upper bounds shown in

Table 1 we use the established fitness level method (e.g.,

see Wegener 2002). We instantiate our Markov model such

that improvements of the attractor are only accounted for if

the current position is at the attractor. The main difficulty is

to determine the expected number of steps needed to return

to the attractor. We obtain this quantity from the analysis of

the corresponding recurrences with constant and non-con-

stant coefficients. Furthermore, we obtain by integration

closed-form expressions of the expected number of steps it

takes to return to the attractor after an unsuccessful attempt

to improve the current best solution.

Table 1 Summary of upper and

lower bounds on the expected

time taken by the algorithm

ONEPSO to solve the sorting

problem and ONEMAX for

c 2 ½0; 1�

Sorting ONEMAX

Lower bound Upper bound Lower bound Upper bound

c ¼ 1 Xðn2Þ Oðn2 log nÞ Hðn log nÞ
c 2 ð1

2
; 1Þ Xðn2Þ Oðn2 log nÞ Hðn log nÞ

c ¼ 1
2 Xðn8

3Þ Oðn3 log nÞ Xðn3
2Þ Oðn3

2 log nÞ
c 2 ð0; 1

2
Þ XðaðcÞn � n2Þ O 1�c

c

� �n
n2 log n

� �
XðbðcÞn � nÞ O bðcÞn � n2 log nð Þ

c ¼ 0 Hðn!Þy Hð2nÞ

The functions aðcÞ and bðcÞ are given in Lemmas 4 and 5, respectively. Note that 1\bðcÞ\2 and

bðcÞ\aðcÞ\3 þ 2 �
ffiffiffi
2

p
\6 for all c 2 ð0; 1=2Þ

y The upper bound O(n!) is conjectured. All other bounds—including the lower bound Xðn!Þ—are proved

formally in this work
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Lower bounds The runtime of the ONEPSO algorithm is

dominated by the time required for the last improvement of

the attractor, after which the global optimum has been

found. We again use the Markov model and observe that in

this situation, the global optimum can be reached only

when the Markov model is in a specific state. We argue that

the optimal solution is included in a certain set Ŷ of

indistinguishable states. Therefore, in expectation, this set

needs to be hit XðjŶjÞ times until the optimum has been

found. By evaluation of the return time to the attractor we

also obtain bounds on the return time to the set Ŷ . Fur-

thermore, for D-PSO with a constant number of particles,

we give a lower bound of Xðlog nÞ for optimizing a

pseudo-Boolean function and for P ¼ polyðnÞ particles a

stronger lower bound of XðP � nÞ for the same task.

Open problems Finally, we conjecture that the expected

optimization time of ONEPSO for sorting n items is asymp-

totically equivalent to n! if the attractor is not used at all

(c ¼ 0). An equivalent statement is that a random walk on the

set of permutations of n items using single transpositions as

neighborhood relation asymptotically takes expected time n!

to discover a fixed given permutation starting at a random

position. We provide theoretical evidence for this conjecture

in ‘‘Appendix A’’. Furthermore, we conjecture stronger

lower bounds for ONEPSO for sorting n items for c[ 0 and

provide evidence in ‘‘Appendix B’’.

Extensions This article extends the conference paper

(Mühlenthaler et al. 2017) as follows. We present D-PSO,

a discrete PSO algorithm with multiple particles in Sect. 2

and show in Sect. 5.3 which results for ONEPSO generalize

to D-PSO. For Pseudo-Boolean functions, a new general

lower bound is presented, which holds for D-PSO (see

Sect. 5.4). Furthermore, we give a refined analysis in the

case of exponential runtime which allows us to determine

the exact base of the exponential expression (see Sect. 4.4).

In addition to the analysis of the expected optimization

time, we also consider the variance of the expected opti-

mization time (see Sect. 4.5). We conjecture that the

expected number of steps needed until the random walk on

the space of permutations hits a fixed permutation is n!. We

provide evidence for this conjecture in ‘‘Appendix A’’.

Finally, we present an approximate model of the algorithm

with average transition probabilities to obtain the actual

bounds where lower and upper bounds on the expected

optimization time differ (see ‘‘Appendix B’’). Also, some

theorems have been extended to larger classes of functions,

which may make them more useful in other settings.

1.4 Related work

Runtime results are available for several other meta-

heuristics for optimization problems over discrete domains,

for example evolutionary algorithms (EAs) (Droste et al.

2002; Giel and Wegener 2003; Wegener 2002; Antipov

et al. 2018, 2019) and ant colony optimization

(ACO) (Doerr et al. 2007; Neumann and Witt 2007; Sud-

holt and Thyssen 2012). Most of the results relevant to this

work concern the binary PSO algorithm and the ð1 þ 1Þ-
EA algorithm. For the binary PSO, Sudholt and Witt

(2008, 2010) provide various runtime results. For instance,

they give general lower bound of Xðn= log nÞ for every

function with a unique global optimum and a bound of

Hðn log nÞ on the function ONEMAX. Note that the binary

PSO studied in Sudholt and Witt (2010) has been designed

for optimizing over f0; 1gn and it is different from our

proposed D-PSO, which can be applied to a much wider

range of discrete problems. Sudhold and Witt show the

following bound for the binary PSO.

Theorem 1 (Sudholt and Witt 2010, Theorem) Under

certain assumptions on the algorithm parameters, the

expected optimization time of the binary PSO for optimiz-

ing f : f0; 1gn ! R is Oðmn log nÞ þ
Pm�1

i¼1 1=si, where m

is the number of level sets of f and si is a lower bound on

the probability to move from level i to level i� 1.

Essentially, this result reflects the fact that the binary

PSO converges to the attractor in expected time Oðn log nÞ
unless the attractor has been updated meanwhile. This

happens once for each fitness level. For ONEMAX, this

result yields an expected optimization time of Oðn2 log nÞ.
By a more careful analysis of the binary PSO on ONEMAX,

the following improved bound is established:

Theorem 2 (Sudholt and Witt 2010, Theorem) The

expected optimization time of the binary PSO with a single

particle optimizing ONEMAX is Oðn log nÞ.

The ð1 þ 1Þ-EA considered in Scharnow et al. (2004) is

reminiscent of stochastic hill climbing: in each iteration, a

random solution is sampled and the current solution is

replaced if and only if the solution is better. In order to

escape local optima, the distance between the current

solution and the new one is determined according to

Poisson distributed random variables. Scharnow et al.

(2004) provide bounds on the expected optimization time

of a ð1 þ 1Þ-EA sorting n items. They consider various

choices of objective functions (e.g., Hamming distance,

transposition distance, ...) as well as mutation operators

(e.g., transpositions, reversing keys in a certain range, ...).

A general lower bound of Xðn2Þ is proved, which holds for

all permutation problems having objective functions with a

unique optimum Scharnow et al. (2004, Theorem 1). The

most relevant runtime result for a comparison with our

D-PSO algorithm is the following.
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Theorem 3 (Scharnow et al. 2004, Theorem 2/Theo-

rem 4) The expected optimization time of the ð1 þ 1Þ-EA

for sorting n items is Hðn2 log nÞ if the objective function is

the transposition distance to the sorted sequence and

mutations are transpositions.

The upper bound can be obtained by the fitness level

method and a lower bound of Xðk=n2Þ on the probability of

improvement when the current solution is at transposition

distance k to the attractor. The lower bound follows from a

similar argument. In addition, for determining the lower

bound (Scharnow et al. 2004) consider the Hamming dis-

tance to evaluate the distance between the current position

and the optimum although the algorithm still uses the

transposition distance to decide which position is better. In

the conference version (Mühlenthaler et al. 2017) we

incorrectly claimed that the proof does not apply to this

setting. Thanks to an anonymous reviewer we can correct

this statement here.

In contrast to the ð1 þ 1Þ-EA algorithm, the binary PSO

studied in Sudholt and Witt 2010 allows for non-improving

solutions, but it converges to the attractor exactly once per

fitness level. After the convergence occurred, the binary

PSO behaves essentially like the ð1 þ 1Þ-EA.

Additionally, Raß et al. (2019) is based on a preliminary

version of the present paper. There the authors applied the

ONEPSO to the single-source shortest path problem. For

this purpose they extend the Markov model presented here

by allowing self loops. They also used the bounds by

integration which are proved in this work without repeating

the proof. The following upper and lower bounds on the

expected optimization time are given which are dependent

on the algorithm parameter c specifying the probability of

movement towards the attractor.

Theorem 4 (Raß et al. 2019, Theorem 5/Theorem 7) The

expected optimization time T(n), to solve the single-source

shortest path problem with n nodes is bounded by

TðnÞ ¼

Oðn3Þ if c 2 ð1
2
; 1�

Oðn7=2Þ if c ¼ 1

2

Oðn4 � uðcÞnÞ if c 2 ð0; 1

2
Þ

8
>>>>><

>>>>>:

and

TðnÞ ¼

Xðn2Þ if c 2 ð1
2
; 1�

Xðn5=2Þ if c ¼ 1

2

XððuðcÞ � eÞnÞ if c 2 ð0; 1

2
Þ

8
>>>>><

>>>>>:

;

where uðcÞ ¼ e�ð1�2cÞ=ð1�cÞ � ð1�c
c Þ and any arbitrarily

small e[ 0.

1.5 Organization of the paper

In Sect. 2 we introduce the algorithm D-PSO for solving

optimization problems over discrete domains. In Sect. 3 we

provide a Markov model for the behavior of the algorithm

ONEPSO—a restriction of D-PSO to one particle—between

two updates of the local attractor. Section 4 contains a

comprehensive analysis of this Markov model. The results

from this section are used in Sect. 5 in order to obtain the

bounds on the expected optimization time for ONEPSO

shown in Table 1 as well as lower bounds for D-PSO on

pseudo-Boolean functions. Section 6 contains some con-

cluding remarks.

2 Discrete PSO algorithm

In this section we introduce the D-PSO algorithm, a PSO

algorithm that optimizes functions over discrete domains.

A simplified version of the algorithm that uses just a single

particle will be referred to as ONEPSO. Note that ONEPSO

is different from the 1-PSO studied in Sudholt and Witt

(2010), which is tailored to optimization over bitstrings.

The D-PSO and ONEPSO algorithm sample items from a

finite set X in order to determine some x� 2 X that mini-

mizes a given objective function f : X �! R. In order to

have a discrete PSO that remains true to the principles of

the original PSO for optimization in the domain Rn

from Eberhart and Kennedy (1995) and Kennedy and

Eberhart (1995), we need some additional structure on X:

For each x 2 X we have a set of neighbors NXðxÞ. If the

set X is clear from the context we may drop the subscript.

The neighborhood structure induces a solution graph with

nodes X and arcs fxy j x; y 2 X; y 2 NðxÞg. The distance

dðx; yÞ of solutions x; y 2 X is the length of a shortest

(directed) xy-path in this graph. We assume that the solu-

tion graph is strongly connected, so the PSO cannot get

‘‘trapped’’ in a particular strongly connected component.

The search spaces of our reference problems in combina-

tion with the used neighborhood relationship satisfy this

assumption.
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The D-PSO algorithm performs the steps shown in

Algorithm 1. The initial positions of the particles are

chosen uniformly at random (u.a.r.) from the search

space X. The parameter cloc determines the importance of

the local attractor li of each particle, which is the best

solution a single particle has found so far, and the

parameter cglob determines the importance of the global

attractor g, which is the best solution all particles have

found so far. In each iteration each particle moves towards

the local attractor with probability cloc, moves towards the

global attractor with probability cglob and otherwise move

to a random neighbor. If li equals g then the particles still

move only with probability cglob to g. Note that the

attractors li and g are updated in lines 21 and 24 whenever

a strictly better solution has been found.

Alternatively, one could choose to update local and

global attractors whenever the new position is at least as

good as the position of the attractor (use � instead of\ in

lines 21 and 24). The theorems presented here can also be

carried over to this modified setting. Admittedly, for

functions with plateaus this version potentially performs

better, since a plateau is traversed easily by the modified

algorithm. However, for the problems considered in this

work there are no plateaus. Additionally, the probability to

improve the objective function in the situation where

position and attractor differ but have equal objective

function value is higher than in the situation where the

position is placed at the attractor.

At first glance, Algorithm 1 may not seem like an

implementation of the PSO ideas, since we are choosing

only a single attractor on each move or even make a ran-

dom move whereas the classical PSO uses local and global

attractor at each move, but looking at several consecutive

iterations we retain the tendency of movement towards all

the attractors. We consider the PSO to be an infinite pro-

cess, so we do not give a termination criterion. We assume

that sampling of x0 in lines 11, 14 and 17 can be performed

efficiently. This is the case for the neighborhood structures

we consider.

The algorithm ONEPSO is simply given by Algorithm 1

with a single particle, i.e., we have P ¼ 1. Note that there is

only a single attractor in this case. Hence, ONEPSO has just

a single parameter c ¼ cglob that determines the probability

of moving towards the (global) attractor g. In all other

aspects it behaves like the D-PSO algorithm.
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3 Markov model of ONEPSO

We present a simple Markov model that captures the

behavior of the ONEPSO algorithm between two consecu-

tive updates of the attractor. This model has been presented

already in Mühlenthaler et al. (2017) but we repeat it here

to present a self contained overview on the presented

approach. As an extension to Mühlenthaler et al. (2017) we

also present how the variance can be computed. This is

essential for experiments and if ONEPSO and D-PSO are

actually used. Using this model we can infer upper and

lower bounds on the expected optimization time of the

ONEPSO algorithm on suitable discrete functions. For our

analysis, we assume that the objective function f : X ! R

has the property that every local optimum is a global one.

That is, the function is either constant or any non-optimum

solution x has a neighbor y 2 NðxÞ such that f ðxÞ[ f ðyÞ.
Functions with that property are called unimodal functions.

Although this restriction certainly narrows down the class

of objective functions to which our analysis applies, the

class seems still appreciably large, e.g., it properly contains

the class of functions with a unique global optimum and no

further local optima.

Assume that the attractor g 2 X is fixed and g is not a

minimizer of f. Under which conditions can a new ‘‘best’’

solution be found? Certainly, if the current position x is

equal to g, then, by the described structure of f we get an

improvement with positive probability. If x 6¼ g then the

attractor may still be improved. However, for the purpose

of upper bounding the expected optimization time of the

ONEPSO we dismiss the possibility that the attractor is

improved if x 6¼ g. As a result, we obtain a reasonably

simple Markov model of the ONEPSO behavior. Quite

surprisingly, using the same Markov model, we are also

able to get good lower bounds on the expected optimization

time of the ONEPSO (see Sect. 5.2 for the details).

Recall that we think of the search space in terms of a

strongly connected graph. Let n be the diameter of the

search space X, i.e., the maximum distance of any two

points in X. We partition the search space according to the

distance to the attractor g 2 X. That is, for 0� i� n, let

Xi ¼ fx 2 X j dðx; gÞ ¼ ig. Note that this partition does not

depend on the objective function. If the search space is not

symmetric as in our case it could also be possible that some

Xi are empty, because the maximal distance to a specific

solution in the search space could be less than the diameter.

The model consists of nþ 1 states S0; S1; . . .; Sn. Being in

state Si indicates that the current solution x of the ONEPSO

is in Xi.

For each x 2 Xi we denote by px the transition proba-

bility from x to an element in Xi�1. The probabilities px in

turn depend on the parameter c, which is the probability

that the ONEPSO explicitly moves towards the attractor. If

the current position x is in Xi and the algorithm moves

towards the attractor, then the new position is in Xi�1. On

the other hand, if the PSO updates x to any neighbor chosen

u.a.r. from NðxÞ, then the new position is in Xi�1 with

probability jNðxÞ \ Xi�1j=jNðxÞj. So we obtain the tran-

sition probability

px ¼ cþ ð1 � cÞ � jXi�1 \NðxÞj
jNðxÞj :

Remark 1 In this work we assume that the probability that

we move from a position x 2 Xi to an element in Xi is zero,

i. e., if we move from a position x to a neighboring position

x0 2 NðxÞ then the distance to the attractor does always

change (dðx; gÞ 6¼ dðx0; gÞ).

This assumption holds for both problems we investigate

in Sect. 5. Nevertheless, an extensions allowing transitions

inside a level Xi is possible and has been considered

already in the article (Raß et al. 2019) which is based on an

arXiv preprint of this article.

Using the assumption in Remark 1 and the fact that Xi is

defined by distance to a fixed position g the probability of

moving from x to an element in Xj, j 62 fi� 1; iþ 1g, is

zero. Consequently, the probability of moving from x to an

element in Xiþ1 is then 1 � px. Furthermore, if the ONEPSO

is at position x 2 Xn then any move brings us closer to the

reference solution; so px ¼ 1 in these cases.

Please note that px and px0 can differ even if x; x0 are

contained in the same set Xi. Therefore we do not neces-

sarily obtain a Markov model if we use the states Si and the

transition probabilities pi ¼ px for some x 2 Xi as this

value is not necessarily equal for all x0 2 Xi.

Nevertheless, we can analyze Markov chains using

bounds on the transition probabilities. To be more precise,

we can use pi :¼ minx2Xi
px as lower bound and p0i :¼

maxx2Xi
px as upper bound on the transition probabilities in

the direction to the attractor to obtain an upper bound and

lower bound on the expected number of iterations until the

distance to the attractor is decreased respectively. Figure 3

shows the state diagram of this model.

Definition 1 By M ðpiÞ1� i� n

� �
we denote an instance of

the Markov model with states S0; S1; . . .; Sn and data

pi 2 R	 0, 1� i� n. Suppose we are in state Si. Then we

move to state Si�1 with probability

Fig. 3 State diagram of the Markov model
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1 if i ¼ n

minf1; pig if 1� i\n

and otherwise we move to state Siþ1.

Please note that the data does not need to be in [0, 1] but

for the ease of presentation we will refer to them as

probabilities. Furthermore, supposed we are in state Sn
even if pn 6¼ 1 the probability of moving to Sn�1 is 1. This

notation allows us to succinctly specify the currently used

Markov model, e.g., the model which is used to obtain

upper bounds is described by M ðminx2Xi
pxÞ1� i� n

� �
.

Our goal is to determine the expected number of steps

needed to hit a solution which is better than the attractor

after starting in S0. Let pg be the probability to improve the

attractor if we are currently in state S0, hence at the

attractor. Then the probability pg depends on f and the

choice of g. We have that pg is positive since f is unimodal.

In order to reach a better solution from S0 we need in

expectation 1=pg tries. If we are unsuccessful in some try,

then the ONEPSO moves to S1. For upper bounds we can

ignore the chance to improve the attractor through other

states. Thus we need to determine the expected number of

steps it takes until we can perform the next try, that is, the

expected first hitting time for the state S0, starting in S1.

The expected number hi of steps needed to move from Si to

S0 is given by the following recurrence:

hn ¼ 1 þ hn�1; h0 ¼ 0

hi ¼ 1 þ pi � hi�1 þ ð1 � piÞ � hiþ1; 1� i\n:
ð1Þ

4 Analysis of the Markov model

In this section we prove upper and lower bounds on the

expected return time to the state S0 of the Markov model

from Sect. 3. These bounds are of key importance for our

runtime analysis in Sect. 5. For the lower bounds we also

introduce a notion of indistinguishability of certain states

of a Markov model.

In our analysis the probabilities pi are generally not

identical. If we assume that p1 ¼ p2 ¼ � � � ¼ pn ¼ p, then

we obtain a non-homogeneous recurrence of order two with

constant coefficients. In this case, standard methods can be

used to determine the expected time needed to move to the

attractor state S0 as a function of n (Graham et al. 1994,

Chap. 7). Note also that for p ¼ 1=k this is exactly the

recurrence that occurs in the analysis of a randomized

algorithm for k-SAT (Papadimitriou 1991; Schöning 1999;

Mitzenmacher and Upfal 2005, pp. 160f.). If pi has not

necessarily identical values which are dependent on i, then

the recurrence can in some cases be solved, see e.g.,

Graham et al. (1994, Chap. 7) and Petkovšek (1992). Here,

due to the structure of the recurrence, we can use a more

pedestrian approach, which is outlined in the next section.

4.1 Reformulation of the recurrence

We first present a useful reformulation of Recurrence (1).

From this reformulation we will derive closed-form

expressions and asymptotic properties of the return time to

the attractor of the transition probabilities.

Let Wi be the number of steps needed to move from state

Si to state Si�1 and let Hi :¼ E½Wi� be its expectation. Then

Hi can be determined from Hiþ1 as follows: In expectation,

we need 1=pi trials to get from Si to Si�1, and each trial,

except for the successful one, requires 1 þ Hiþ1 steps. The

successful trial requires only a single step, so Hi is captured

by the following recurrence:

Hi ¼
1

pi
1 þ Hiþ1ð Þ � Hiþ1 ¼ 1

pi
þ 1 � pi

pi
� Hiþ1; 1� i\n

ð2Þ

Hn ¼ 1: ð3Þ

Another interpretation is the following: Wi is equal to one

with probability pi, the direct step to Si�1, and with prob-

ability 1 � pi it takes the current step which leads to state

Siþ1, then Wiþ1 steps to go from Siþ1 back to Si and then

again Wi steps. For the expected value of Wi this inter-

pretation leads to the formula

Hi ¼ pi þ ð1 � piÞ � ð1 þ Hiþ1 þ HiÞ;

which is equivalent to Eq. 2 after solving for Hi. Please

note that the probabilities pi are mostly determined by

some function depending on n and i. Unfolding the recur-

rence specified in Eq. (2) k times, 1� k� n, followed by

some rearrangement of the terms yields

H1 ¼
Xk�1

i¼1

1

pi
�
Yi�1

j¼1

1 � pj
pj

 !
þ Hk �

Yk�1

j¼1

1 � pj
pj

: ð4Þ

Thus, for k ¼ n we obtain the following expression for H1:

H1 ¼
Xn

i¼1

1

pi
�
Yi�1

j¼1

1 � pj
pj

 !
�
Yn

j¼1

1 � pj
pj

; ð5Þ

where the second term is a correction term which is

required whenever pn\1 (see Definition 1) in order to

satisfy the initial condition given in Eq. (3). Equation (5)

has also been mentioned in Droste et al. (2001, Lemma 3)

in the context of the analysis of randomized local search or

in Kötzing and Krejca (2018, Theorem 3). Hk can be

obtained analogously, which leads to
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Hk ¼
Xn

i¼k

1

pi
�
Yi�1

j¼k

1 � pj
pj

 !
�
Yn

j¼k

1 � pj
pj

: ð6Þ

4.2 Identical transition probabilities

If the probabilities pi ¼ p for some constant p 2 ½0; 1� and

1� i\n, then Recurrences (2) become linear recurrence

equations with constant coefficients. Standard methods can

be used to determine closed-form expressions for hi and Hi.

However, we are mainly interested in H1 and are able to

determine closed-form expressions directly from Eq. (5).

Theorem 5 Let 0\p\1. Then the expected return time

H1 to S0 is

H1 ¼ h1 ¼

1 � 2p
1 � p

p

� �n

2p� 1
if p 6¼ 1

2

2n� 1 if p ¼ 1

2
:

8
>>>><

>>>>:

ð7Þ

Proof By setting pi ¼ p in Eq. (5) and performing some

rearrangements the theorem is proved. h

It is easily verified that this expression for h1 satisfies

Eq. (1). So, with pi ¼ p we have that the time it takes to

return to the attractor is bounded from above by a constant,

a linear function, or an exponential exponential function in

n if p[ 1=2, p ¼ 1=2, or p\1=2, respectively.

For the case p ¼ 1=2 one can obtain this result also from

the Gambler’s Ruin Model by mirroring the state 0 at n

which would result in termination if values 0 or 2n appear.

Starting at value 1 results in a first hitting time of 2n� 1 in

this Gambler’s Ruin Model as stated in Theorem 5.

4.3 Non-identical transition probabilities

Motivated by the runtime analysis of ONEPSO applied to

optimization problems such as sorting and ONEMAX, we are

particularly interested in the expected time it takes to

improve the attractor if the probabilities pi are slightly

greater than 1/2. By slightly we mean pi ¼ 1=2 þ
i=ð2AðnÞÞ which appears in the analysis of ONEPSO opti-

mizing ONEMAX and the sorting problem, or pi ¼ 1=2 þ
AðiÞ=ð2AðnÞÞ which appears in the analysis of ONEPSO

optimizing the sorting problem, where A : N ! N is some

non-decreasing function of n such that limn!1 AðnÞ ¼ 1.

Recall from Definition 1 that if pi [ 1 then we move from

state Si to state Si�1 with probability 1. Clearly, in this

setting we cannot hope for a recurrence with constant

coefficients. Our goal in this section is to obtain the

asymptotics of H1 as n ! 1 for AðnÞ ¼ n and

AðnÞ ¼ n
2

� �
. We show that for pi ¼ 1=2 þ i=ð2 � AðnÞÞ

and AðnÞ ¼ n the return time to the attractor is Hð
ffiffiffi
n

p
Þ,

while for AðnÞ ¼ n
2

� �
the return time is HðnÞ.

Lemma 1 Let M ¼ Mðð1=2 þ i=ð2nÞÞ1� i� nÞ. Then

H1 ¼ 4n

2n

n

� �� 1

ffiffiffiffiffiffi
pn

p
¼ Hð

ffiffiffi
n

p
Þ:

Proof We have pn ¼ 1 so the correction term in Eq. (5) is

zero. We rearrange the remaining terms of Eq. (5) and find

that

H1 ¼
Xn

i¼1

2n

nþ i

Yi�1

j¼1

n� j

nþ j
¼ 2

Xn

i¼1

n! n!

ðn� iÞ! � ðnþ iÞ! ¼i0¼n�i 2

2n

n

� �

Xn�1

i0¼0

2n

i0

� �
¼ 4n

2n

n

� �� 1:

Applying the well-known relation

4n

ffiffiffiffiffiffi
pn

p 1 � 1

4n

� �
\

2n

n

� �
\

4n

ffiffiffiffiffiffi
pn

p

(for an elegant derivation, see Hirschhorn 2015) finishes

the proof. h

This lemma can be generalized for linearly growing

probabilities.

Theorem 6 Let M ¼ M ðpiÞ1� i� n

� �
, where

pi ¼ 1=2 þ i=ð2AðnÞÞ.
Then H1 ¼ Hðminð

ffiffiffiffiffiffiffiffiffiffi
AðnÞ

p
; nÞÞ with respect to M.

Proof First, we consider the case AðnÞ� n2. Let

n0 ¼ AðnÞ, which is the smallest number such that

pn0 ¼ 1=2 þ n0=ð2AðnÞÞ	 1. First, assume that n0 � n and

consider the ‘‘truncated’’ model M0 ¼ M ðpiÞ1� i� n0

� �
.

Please note that there is actually no difference between M

and M0 because the removed states are never visited as pn0 ,

the probability to move from Sn0 to Sn0�1, is already one and

Sn0þ1 is never visited. Let H0
1 be the expected time to reach

state S0 starting at state S1 with respect to M0. By Lemma 1

we have H0
1 ¼ Hð

ffiffiffiffiffiffiffiffiffiffi
AðnÞ

p
Þ, which is by the construction of

M0 equal to H1. On the other hand, assume that n0 [ n and
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consider the ‘‘extended’’ model ~M ¼ M ðpiÞ1� i� n0
� �

. M

and ~M are visualized in Fig. 4a with omitted probability of

worsening. Let ~H1 be the expected time to reach state S0

starting at state S1 with respect to ~M. By Lemma 1 we have

~H1 ¼ Hð
ffiffiffiffiffiffiffiffiffiffi
AðnÞ

p
Þ and since ~H1 	H1 we obtain

H1 ¼ Oð
ffiffiffiffiffiffiffiffiffiffi
AðnÞ

p
Þ.

To obtain a lower bound on H1 for the case n0 [ n we

consider the model M̂ ¼ M ðp̂iÞ1� i� n̂

� �
, where n̂ ¼

minðn; b
ffiffiffiffiffiffiffiffiffiffi
AðnÞ

p
cÞ and p̂i ¼ 1=2 þ 1=ð2n̂Þ for 1� i\n̂,

and p̂n̂ ¼ 1. For 1� i\n̂ we have that p̂i 	 pi because

1=n̂ ¼ n̂=n̂2 	 n̂=ðAðnÞÞ. A schematic representation of M

and M̂ can be found in Fig. 4b. Let Ĥ1 denote the expected

time to reach state S0 starting at state S1 in M̂. Since p̂i 	 pi

for 1� i� n̂, Ĥ1 is a lower bound on H1. This fact is

obvious as in this Markov model one can move only to

neighboring states. Increasing the probability of moving

towards the final state consequently decreases the proba-

bility of movement in the opposite direction and therefore

the hitting time to reach the final state is in expectation

reduced if the probabilities of moving towards the final

state are increased. Since p :¼ p̂i is constant for 1� i\n̂

we get from Theorem 5 that

Ĥ1 ¼
1 � 2p

1 � p

p

� �n̂

2p� 1
:

Substituting p ¼ 1=2 þ 1=ð2n̂Þ gives

Ĥ1 ¼ n̂� ðn̂þ 1Þ � n̂� 1

n̂þ 1

� �n̂

¼ n̂� ðn̂þ 1Þ2

n̂� 1
� 1 � 2

n̂þ 1

� �n̂þ1

	 n̂� ðn̂þ 1Þ2

n̂� 1
� e�2 ¼ Xðn̂Þ:

Therefore H1 ¼ Xðn̂Þ ¼ Xðminðn;
ffiffiffiffiffiffiffiffiffiffi
AðnÞ

p
ÞÞ.

It remains to show that the statement holds if AðnÞ[ n2.

In this case, H1 ¼ OðnÞ is obtained by setting pi ¼ 1=2,

which is a lower bound on the probabilities of moving

towards S0, for 1� i\n and invoking Theorem 5. On the

other hand, setting �AðnÞ ¼ n2 and using �M ¼ Mðð1=2 þ

i=ð2 �AðnÞÞÞ1� i� nÞ gives a lower bound on H1, because

1=2 þ i=ð2 �AðnÞÞ is an upper bound on 1=2 þ i=ð2AðnÞÞ. As

discussed above, for the case AðnÞ� n2, the expected time

to reach state S0 starting at state S1 in �M is Xðminðn;ffiffiffiffiffiffiffiffiffiffi
�AðnÞ

q
ÞÞ. Therefore, H1 ¼ Xðminðn;

ffiffiffiffiffiffiffiffiffiffi
�AðnÞ

q
ÞÞ ¼ XðnÞ,

which completes the proof. h

For our application, the sorting problem, the following

special case of Theorem 6 will be of interest:

Corollary 1 Let M ¼ Mðð1=2ð1 þ i=
n
2

� �
ÞÞ1� i� nÞ, then

H1 ¼ HðnÞ.

We will now consider a slightly different class of

instances of the Markov model in order to obtain a lower

bound on the ONEPSO runtime for sorting in Sect. 5. For

this purpose we consider transition probabilities pi that

increase in the same order as the divisor A(n), which suits

our fitness level analysis of the sorting problem. This class

of models is relevant for the analysis of the best case

behavior of the ONEPSO algorithm for sorting n items (see

Theorem 3). Although we will only make use of a lower

bound on H1 in this setting later on, we give the following

H-bounds:

Theorem 7 Let M ¼ M ð1
2

1 þ AðiÞ=AðnÞð ÞÞ1� i� n

� �
where

A : N ! Rþ is a non-decreasing function and AðnÞ ¼
HðndÞ for some d[ 0. Then H1 ¼ Hðnd=ðdþ1ÞÞ with respect

to M.

This theorem is a significant extension to Mühlenthaler

et al. (2017, Theorem 5) which covers only the special case

pi ¼ 1=2 � ð1 þ iþ 1

2

� �
=

n
2

� �
Þ:

Proof Consider the expression for H1 given in Eq. (4).

Since pi [ 1=2 for 1� i� n the products are at most 1 and

1=pi is at most 2. Therefore for any

k 2 f1; . . .; ng : H1 � 2k þ Hkþ1. As Hkþ1 is the expected

number of steps to move from state Skþ1 to Sk, the states S0

to Sk�1 are irrelevant for the calculation of Hkþ1 since they

(a)

(b)

Fig. 4 State diagram of the

Markov model M and its

modified versions ~M and M̂
used in the proof of Theorem 6
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are never visited in between. Therefore also probabilities

p1 to pk do not matter. We truncate the model to states

Sk; . . .; Sn. For these states the minimal probability of

moving towards the attractor is pkþ1 	 pk. Therefore we

can set pi ¼ pk for i 2 fk þ 1; . . .; ng to get an upper bound

on the return time. By reindexing the states we obtain the

model ~M ¼ MððpkÞ1� i� n�kÞ and, because of the trunca-

tion and the decrease of probabilities, ~H1 is an upper bound

on Hkþ1, where ~H1 is the expected number of steps to move

from state S1 to S0 in model ~M. In ~M we have the fixed

probabilities pk and can therefore apply Theorem 5 to

determine ~H1. Therefore

Hkþ1 � ~H1 ¼
1 � 2pk

1�pk
pk

� �n�k

2pk � 1
� 1

2pk � 1
¼ AðnÞ

AðkÞ :

Altogether we have H1 � 2k þ AðnÞ
AðkÞ. With k ¼ nd=ðdþ1Þ,

where d is the degree of A, we get

H1 � 2n
d

dþ1 þ AðnÞ
Aðnd=ðdþ1ÞÞ ¼ Hðn d

dþ1Þ þ HðndÞ
Hððnd=ðdþ1ÞÞdÞ

¼ Hðn d
dþ1Þ þHðnd�d2=ðdþ1ÞÞ ¼ Hðn d

dþ1Þ;

which certifies that H1 ¼ Oðnd=ðdþ1ÞÞ. By using Eq. (4) we

have the following lower bound on H1:

H1 	
Xk

i¼1

1

pi

Yi�1

j¼1

1 � pj
pj

	
Xk

i¼1

Yi�1

j¼1

1 � pj
pj

Note:
Qi�1

j¼1
1�pj
pj

is monotonically decreasing as pj 	 1=2.

	 k
Yk�1

j¼1

1 � pj
pj

¼ k
Yk�1

j¼1

1 � 2 � AðjÞ
AðnÞ þ AðjÞ

� �

	 k 1 �
Xk�1

j¼1

2 � AðjÞ
AðnÞ þ AðjÞ

 !
	 k 1 �

Xk�1

j¼1

2 � AðjÞ
AðnÞ

 !

Note: A(j) is non-decreasing.

	 k 1 � k � 2 � AðkÞ
AðnÞ

� �

As this equation holds for any k 2 f1; . . .; ng we can

choose k ¼ g � nz with a not yet fixed constant g 2 ð0; 1Þ
and z ¼ d=ðd þ 1Þ, z 2 ð0; 1Þ. Please note that g � nz tends

to infinity if n tends to infinity and therefore asymptotic

expressions can also be applied if g � nz is the argument.

Please also note that k has to be an integer but errors can be

captured by some Hð1Þ expressions. Substituting k by g � nz
in the previous inequality results in

H1 	dg � nze 1 � dg � nze � 2 � A dg � nzeð Þ
AðnÞ

� �

¼ g � nz �Hð1Þ 1 � g � nz �Hð1Þ �
H ðg � nzÞd
� �

HðndÞ

0

@

1

A

¼ g � nz �Hð1Þ 1 � gdþ1 � nzþd�z�d �Hð1Þ
� �

Note: zþ d � z� d ¼ z � ðd þ 1Þ � d ¼ d � d ¼ 0.

¼ g � nz �Hð1Þ 1 � gdþ1 �Hð1Þ
� �

Note: The last Hð1Þ can be bounded from above by some

constant cH for large n (by definition of H). Choose

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ð2 � cHÞdþ1

p
. Then the expression in parentheses of

the last term 1 � gdþ1 �Hð1Þ
� �

may be negative for small n

but is at least 1/2 for large n which implies that it is in Xð1Þ.

	 g � nz � X 1ð Þ ¼ X n
d

dþ1

� �
:

h

It may be verified that

g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lim inf
n!1

ðAðnÞ=ndÞ
lim sup
n!1

ðAðnÞ=ndÞ �
1

4
� ð1 � eÞdþ1

vuuut ;

is a suitable choice for any 0\e\1, to replace k by g � nz
to obtain the previous inequalities. To see this, note that the

first fraction of lim inf and lim sup counterbalances the

fluctuation of A(k)/A(n) relative to its H-bound. Further-

more, the factor 1/4 compensates the factor 2 which is

hidden by H and supplies the desired factor of 1/2 to ensure

that the expression in parentheses is positive and at least 1/

2 for large n. Finally, the factor of 1 � e is needed for some

tolerance, because without it g is only sufficiently small in

the limit2 but not necessarily for large n.

This theorem is a generalization of Lemma 1 and

implies the H-bound stated in that lemma by using

AðnÞ ¼ n.

4.4 Bounds by integration

Reformulations (4) and (5) of the recurrence (1) given in

Sect. 4.1 do not yield closed-form expressions of H1, the

expected number of steps it takes to return to the attractor

after an unsuccessful attempt to improve the current best

solution. In this section we derive closed-form expressions

for H1. In order to get rid of the sums and products in

Eqs. (4) and (5), we use the following standard approaches.

First, sums may be approximated by their integral. This

2 Similar as ðnþ 1Þ=n has the limit one and there is no n such that

ðnþ 1Þ=n� 1 but for any e 2 ð0; 1Þ and large n we have

ð1 � eÞðnþ 1Þ=n� 1.
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approach works quite well if the summand/integrand is

monotonic, which is true in our case. Second, products can

be transformed to integrals by reformulating the product by

the exponential function of the sum of logarithms. This

approach is an extension to Mühlenthaler et al. (2017) as it

is not present there at all.

Theorem 8 Let M ¼ MððpðiÞÞ1� i� nÞ and p : ½0; n� !
ð0; 1� be a non-decreasing function assigning the proba-

bilities in the model, then

H1 ¼ X baseðp; nÞnð Þ;
H1 ¼ O n � baseðp; nÞnð Þ and

H1 ¼ H� baseðp; nÞnð Þ ; where

baseðp; nÞ ¼ sup
k2½0;n�

exp

Z k
n

0

ln
1 � pðn � xÞ
pðn � xÞ

� �
dx

 !
:

The integral in baseðp; nÞ is maximized by k ¼ inffx j x 2
½0; n� ^ pðxÞ	 1=2g or k ¼ n if the infimum is taken on the

empty set.

Please note that we use H�-bounds in the sense that

polynomial factors can be omitted in H-bounds. This is a

similar notation as in the more common use case ofO� where

polynomial factors can also be omitted for upper bounds.

Proof p(i) is non-decreasing in i and has values in ]0, 1]

and therefore
1�pðiÞ
pðiÞ and also sðiÞ :¼ ln

1�pðiÞ
pðiÞ

� �
are non-in-

creasing as the numerator is non-increasing and the

denominator is non-decreasing. In the following series of

equations, let k 2 ½0; nÞ. Using Eq. (4), we obtain

H1¼
Xn�1

i¼1

1

pðiÞ �
Yi�1

j¼1

1 � pðjÞ
pðjÞ

 !
þ Hn �

Yn�1

j¼1

1 � pðjÞ
pðjÞ

	
Xn�1

i¼1

Yi�1

j¼1

1 � pðjÞ
pðjÞ

 !

	
Ybkc�1

j¼1

1 � pðjÞ
pðjÞ ¼ exp

Xbkc�1

j¼1

sðjÞ
 !

Note: sðjÞ ¼ ln ð1 � pðjÞÞ=pðjÞð Þ is non-increasing.

	 exp

Z bkc

1

sðxÞdx
 !

¼ exp n

Z bkc
n

1
n

sðn � xÞdx
 !

¼ exp n �
Z k

n

0

ln
1 � pðn � xÞ
pðn � xÞ

� �
dx

  

�
Z 1

n

0

ln
1 � pðn � xÞ
pðn � xÞ

� �
dx�

Z k
n

bkc
n

ln
1 � pðn � xÞ
pðn � xÞ

� �
dx

!!

	 exp n �
Z k

n

0

ln
1 � pðn � xÞ
pðn � xÞ

� �
dx� 2

n
ln

1 � pð0Þ
pð0Þ

� � ! !

¼ pð0Þ
1 � pð0Þ

� �2

exp

Z k
n

0

ln
1 � pðn � xÞ
pðn � xÞ

� �
dx

 !n

:

As k can be chosen arbitrarily we get the claimed lower bound

for H1, because
pð0Þ

1�pð0Þ is a constant. As any integral is a

continuous function also the whole expression in the supre-

mum is a continuous function and therefore k ¼ n can be

allowed in the supremum without changing the value. Quite

similar steps lead to the upper bound for H1. We start with

Eq. (5).

H1 ¼
Xn

i¼1

1

pðiÞ �
Yi�1

j¼1

1 � pðjÞ
pðjÞ

 !
�
Yn

j¼1

1 � pðjÞ
pðjÞ

�
Xn

i¼1

1

pð1Þ �
Yi�1

j¼1

1 � pðjÞ
pðjÞ

 !

� n

pð1Þ � max
i2f1;...;ng

Yi�1

j¼1

1 � pðjÞ
pðjÞ

 !

¼ n

pð1Þ � max
i2f1;...;ng

exp
Xi�1

j¼1

ln
1 � pðjÞ
pðjÞ

� � !

� n

pð1Þ � max
i2f1;...;ng

exp

Z i�1

0

ln
1 � pðxÞ
pðxÞ

� �
dx

� �

�
k¼i�1 n

pð1Þ � sup
k2½0;n�

exp

Z k

0

ln
1 � pðxÞ
pðxÞ

� �
dx

� �

� n

pð1Þ � sup
k2½0;n�

exp

Z k
n

0

ln
1 � pðn � xÞ
pðn � xÞ

� �
dx

 !n

:

This proves the claimed upper bound and as the base of the

exponential part is equal for upper and lower bound we

obtain the claimed H� bound.

The logarithm in baseðp; nÞ is positive as long as

1 � pðn � xÞ	 pðn � xÞ. Therefore the integral is maximized

if we use the smallest possible k (the infimum) which

satisfies the condition 1 � pðkÞ� pðkÞ , pðkÞ	 1
2
. h

pðn � xÞ can in most cases be tightly bounded by a value

independent of n. This is the case if for example

pðiÞ ¼ cþ ð1 � cÞi=n, which we have for the model solv-

ing ONEMAX by ONEPSO. The k which maximizes the

integral in the expression of baseðp; nÞ is usually obtained

by solving the simple equation pðkÞ ¼ 1=2.

Therefore the integral can be evaluated and the base of

the exponential part of the runtime can be determined.

4.5 Variance of the improvement time

We show that the standard deviation of the return time is in

the same order as the return time. Therefore in experiments

the average of such return times can be measured such that

a small relative error can be achieved. Also the variance of

Wi, the number of steps needed to move from state Si to

state Si�1, can be computed recursively. Let Vi :¼ Var½Wi�
be the variance of Wi.

To evaluate this variance we need the expectation and

variance of a random variable which is the sum of random
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variables where the number of summed up random vari-

ables is also a random variable. Such random variables

appear in the Galton-Watson process (see Durrett 2010)

from one generation to the next generation.

Lemma 2 Let T be a random variable with non-negative

integer values and let ðYiÞi2N be independent identically

distributed random variables Yi 
 Y which are also inde-

pendent of T. Additionally let Z ¼
PT

i¼1 Yi. Then E½Z� ¼
E½T � � E½Y � and Var½Z� ¼ E½T � � Var½Y � þ E½Y �2 � Var½T�.

The statement on expected values is also known as

Wald’s equation and the statement on the variance is

known as the Blackwell-Girshick equation. The Blackwell-

Girshick equation can be obtained by application of the law

of total variance:

Var½Z� ¼ E½Var½ZjT �� þ Var½E½ZjT��
¼ E½TVar½Y �� þ Var½TE½Y��
¼ E½T �Var½Y � þ E½Y �2Var½T�:

Also Wi can be specified as a sum of random variables

where the number of summed up random variables is also a

random variable. If we are currently in state Si we have

some success probability to move to Si�1 in the next iter-

ation. Therefore the number of trials in Si until we move to

Si�1 follows a geometric distribution. In case of failure we

move to Siþ1 and need additional Wiþ1 steps until we can

make our next attempt to move to Si�1. Therefore

Wi ¼
XT�1

j¼1

ð ~Wiþ1;j þ 1Þ þ 1;

where T is a random variable distributed according to a

geometric distribution with success probability equal to the

probability of moving to Si�1 from Si and each ~Wiþ1;j is an

independent copy of Wiþ1.

Theorem 9

Var½Wi� ¼ Vi ¼
1 � pi
pi

� Viþ1 þ
1 � pi
p2
i

� ðHiþ1 þ 1Þ2

¼ 1 � pi
pi

� Viþ1 þ
1

1 � pi
� ðHi � 1Þ2

1� i\n

ð8Þ

Var½Wn� ¼ Vn ¼ 0; ð9Þ

where pi is the probability of moving to Si�1 from Si.

Proof Wn ¼E½Wn� ¼Hn ¼ 1) Var½Wn� ¼Vn ¼Var½1� ¼ 0.

Let T be a random variable distributed according to a

geometric distribution with success probability pi and

let all ð ~Wiþ1;jÞy2N be independent copies of Wiþ1.

Var½Wi� ¼ Var½Wi � 1� ¼ Var
XT�1

j¼1

ð ~Wiþ1;j þ 1Þ
" #

¼Lemma 2
E½T � 1� � Var½Wiþ1 þ 1� þ E½Wiþ1 þ 1�2 � Var½T � 1�

¼ 1 � pi
pi

� Var½Wiþ1� þ ðE½Wiþ1� þ 1Þ2 � Var½T �

¼ 1 � pi
pi

� Viþ1 þ
1 � pi
p2
i

� ðHiþ1 þ 1Þ2

Finally the rightmost expression of Eq. (8) is obtained by

replacing Hiþ1 according to Eq. (2). h

Therefore one can evaluate Hi by Eqs. (2) and (3) and

then one can evaluate Vi by Eqs. (8) and (9).

Please note that Vi will always be in the same order as

H2
i . If ð1 � piÞ=pi is less than one then the recursively

needed values of Vj for j[ i become less important and we

have mainly H2
i and if ð1 � piÞ=pi is greater than one then

H2
i is growing by at least ðð1 � piÞ=piÞ2

[see Eq. (2)] which

is the square of the growing factor of Vi.

As Vi is in the same order as H2
i we obtain by an

arithmetic average of T evaluations of Wi a relative error of

approximately 1=
ffiffiffiffi
T

p
. This is indeed a relevant statistic if

evaluations are performed and is consolidated in the fol-

lowing corollary.

Corollary 2 Let ~Wi;j 
Wi be independent random vari-

ables. Then

E
j
PT

j¼1

~Wi;j

T � Hij
Hi

2
4

3
5 ¼ O

1ffiffiffiffi
T

p
� �

:

5 Runtime analysis of ONEPSO and D-PSO

As mentioned above, we present a runtime analysis of

ONEPSO for two combinatorial problems, the sorting

problem and ONEMAX. Our analysis is based on the fitness

level method (Wegener 2002), in particular its application

to the runtime analysis of a ð1 þ 1Þ-EA for the sorting

problem in Scharnow et al. (2004). Consider a (discrete)

search space X and an objective function f : X ! R, where

f assigns m distinct values f1\f2\ � � �\fm on X. Let Si �
X be the set of solutions with value fi. Assuming that some

algorithm A optimizing f on X leaves fitness level i at most

once then the expected runtime of A is bounded from

above by
Pm

i¼1 1=si, where si is a lower bound on the

probability of A leaving Si. The method has also been

applied successfully, e.g., in Sudholt and Witt (2010) to

obtain bounds on the expected runtime of a binary PSO

proposed in Kennedy and Eberhart (1997).
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5.1 Upper bounds on the expected optimization
time

Similar to Scharnow et al. (2004) and Sudholt and Witt

(2010), we use the fitness-level method to prove upper

bounds on the expected optimization time of the ONEPSO

for sorting and ONEMAX. In contrast to the former, we

allow non-improving solutions and return to the attractor as

often as needed in order to sample a neighbor of the

attractor that belongs to a better fitness level. Therefore, the

time needed to return to the attractor contributes a multi-

plicative term to the expected optimization time, which

depends on the choice of the algorithm parameter c.

We first consider the sorting problem. The structure of

the search space of the sorting problem has been discussed

already in Scharnow et al. (2004) and a detailed analysis of

its fitness levels is provided in Mühlenthaler et al. (2017).

In the following lemma we bound the transition probabil-

ities for the Markov model for the sorting problem. This

allows us to bound the runtime of ONEPSO for the sorting

problem later on.

Lemma 3 For the sorting problem on n items, c ¼ 1=2

and x 2 Xi, the probability px that ONEPSO moves from x to

an element in Xi�1 is bounded from below by

pi ¼ 1
2
ð1 þ i=

n
2

� �
Þ. Furthermore, this bound is tight.

Proof The lower bound pi on px can be obtained by

px ¼ cþ ð1 � cÞ jNðxÞ \ Xi�1j
jNðxÞj

� �
¼ 1

2
1 þ jNðxÞ \ Xi�1j

n

2

� �

0
BBB@

1
CCCA	 pi:

To show the above inequality, consider the attractor a and a

permutation s such that x � s ¼ a. For each cycle of length

k of s, exactly k � 1 transpositions are needed to adjust the

elements in this cycle and there are
k
2

� �
	 k � 1 trans-

positions which decrease the transposition distance to the

attractor a. Therefore the number of ways to decrease the

transposition distance to a is bounded from below by the

transposition distance to a. Hence, we have

jNðxÞ \ Xi�1j 	 i.

The lower bound is tight as it appears if only cycles of

length two (or one) appear. In Mühlenthaler et al. (2017,

Sect. 4) a more detailed discussion on improvement

probabilities can be found. h

Using Lemma 3 we prove the following bounds on the

expected optimization time TsortðnÞ required by ONEPSO

for sorting n items by transpositions.

Theorem 10 (Mühlenthaler et al. 2017, Theorem 13) The

expected optimization time TsortðnÞ of the ONEPSO sorting

n items is bounded from above by

TsortðnÞ ¼

Oðn2 log nÞ if c 2 ð1
2
; 1�

Oðn3 log nÞ if c ¼ 1

2

O
1 � c

c

� �n

�n2 log n

� �
if c 2 ð0; 1

2
Þ:

8
>>>>>><

>>>>>>:

See Fig. 5 for a visualization of 1�c
c .

Proof Consider the situation that the attractor has just

been updated. Whenever the ONEPSO fails to update the

attractor in the next iteration it will take in expectation H1

iterations until the attractor is reached again and then it is

improved with probability at least i=
n
2

� �
. Again, if the

ONEPSO fails to improve the attractor we have to wait H1

steps, and so on. Since we do not consider the case that the

attractor has been improved meanwhile, the general fitness

level method yields an expected runtime of at mostPn
i¼1ððH1 þ 1Þð1=si � 1Þ þ 1Þ ¼ H1 � Oðn2 log nÞ.
We now bound the expected return time H1. Let c 2

ð1
2
; 1� and recall that pi is the probability of moving from

state Si to state Si�1. Then 1	 pi [ c[ 1
2
. Then the

expression for H1 given in Theorem 5 is bounded from

above by the constant 1=ð2c� 1Þ, so

TsortðnÞ ¼ Oðn2 log nÞ. Now let c ¼ 1
2
, so pi 	 1

2
ð1 þ

i=
n
2

� �
Þ by Lemma 3. Then, by Corollary 1, we have

H1 ¼ OðnÞ, so TsortðnÞ ¼ Oðn3 log nÞ. Finally, let c 2 ð0; 1
2
Þ.

Then pi [ c[ 0, and by Theorem 5, H1 is bounded from

above by

H1 �
2c

1 � 2c

1 � c

c

� �n

¼ O
1 � c

c

� �n� �
;

so TsortðnÞ ¼ O 1�c
c

� �n�n2 log n
� �

. h

For c ¼ 0, ONEPSO always moves to a uniformly drawn

adjacent solution. Hence, the algorithm just behaves like a

random walk on the search space. Hence, in this case,

TsortðnÞ is the expected number of transpositions that need

to be applied to a permutation in order to obtain a given

permutation. We conjecture that TsortðnÞ has the following

asymptotic behavior and provide theoretical evidence for

this conjecture in the ‘‘Appendix A’’.

Conjecture 1 TsortðnÞ
 n! if c ¼ 0.
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Please note that the conjecture is actually only a con-

jecture on the upper bound as Theorem supplies a proof

that TsortðnÞ ¼ Xðn!Þ if c ¼ 0.

Using a similar approach as in Theorem 10, we now

bound the expected optimization time TOneMaxðnÞ of

ONEPSO for ONEMAX.

Theorem 11 The expected optimization time TOneMaxðnÞ of
the ONEPSO solving ONEMAX is bounded from above by

TOneMaxðnÞ ¼

Oðn log nÞ if c 2 ð1
2
; 1�;

Oðn 3
2

log nÞ if c ¼ 1

2
;

O bðcÞn � n2 log nð Þ if c 2 ð0; 1

2
Þ; and

Oð2nÞ if c ¼ 0:

8
>>>>>>>><

>>>>>>>>:

where bðcÞ ¼ 21=ð1�cÞ � ð1 � cÞ � cc=ð1�cÞ.

See Fig. 5 for a visualization of bðcÞ.

Proof The argument is along the lines of the proof of

Theorem 10. We observe that on fitness level 0� i� n

there are i bit flips that increase the number of ones in the

current solution. Therefore, si ¼ i=n and the fitness level

method yields an expected runtime of at mostPn
i¼1ðH1 þ 1Þð1=si � 1Þ þ 1 ¼ H1 � Oðn log nÞ. The

bounds on H1 for c[ 1
2

are as in the proof of Theorem 10.

For c ¼ 1
2

we invoke Lemma 1 and have H1 ¼ Oð
ffiffiffi
n

p
Þ. For

c\ 1
2

we use Theorem 8. The probabilities in the Markov

model for H1 are pi ¼ cþ ð1 � cÞi=n which can be con-

tinuously extended to the non-decreasing function

pðiÞ ¼ cþ ð1 � cÞi=n. Here k ¼ n � 1�2c
2ð1�cÞ solves the equa-

tion pðkÞ ¼ 1
2
. Hence, we need the value of

baseðp; nÞ ¼ exp

Z 1�2c
2ð1�cÞ

0

ln
1 � c� ð1 � cÞ � x
cþ ð1 � cÞ � x

� �
dx

 !

¼ exp

Z 1�2c
2ð1�cÞ

0

ln 1 � xð Þ � ln
c

1 � c
þ x

� �� �
dx

 !

¼ exp ðx� 1Þ lnð1 � xÞ � c

1 � c
þ x

� �
ln

c

1 � c
þ x

� �			
1�2c

2ð1�cÞ

0

� �

¼ 21=ð1�cÞ � ð1 � cÞ � cc=ð1�cÞ ¼ bðcÞ:
ð10Þ

Now Theorem 8 gives the upper bound H1 ¼ Oðn � bðcÞnÞ.
It remains to consider the case that c ¼ 0. The claimed

bound on TOneMax can be obtained by using the model

Mðð inÞ1� i� nÞ. Each state represents the distance to the

optimal point. By Eq. (6) we have

Hk ¼
Xn

i¼k

n

i

Yi�1

j¼k

n� j

j
¼
Yk�1

j¼1

j

n� j

Xn

i¼k

n

i

Yi�1

j¼1

n� j

j

¼ 1

n� 1

k � 1

� �
Xn

i¼k

n

i

� �
� 2n

n� 1

k � 1

� � :

The maximal expected time to reach the optimal point is

the sum of all Hk:

TOneMaxðnÞ�
Xn

k¼1

Hk �
Xn

k¼1

2n

n� 1

k � 1

� � ¼ 2n � 2 þ O
1

n

� �� �

¼ Oð2nÞ:

h

We remark that the upper bounds given in Theorem 11

for c 2 ½1
2
; 1� were presented in Mühlenthaler et al.

(2017, Theorem 14) and that the upper bound for c 2 ð0; 1
2
Þ

is newly obtained using the bounds-by-integration from

Sect. 4.4 and the proof of the upper bound for c ¼ 0 is also

new compared to Mühlenthaler et al. (2017). Admittedly,

the bound for c ¼ 0 is already available in the context of

randomized local search and can be found in Garnier et al.

(1999). Furthermore, note that for c ¼ 1
2

it is not sufficient

to use the lower bound pi 	 p1 ¼ 1
2
þ 1

2n in order to obtain

the runtime bound given in Theorem 11.

By repeatedly running ONEPSO and applying Markov’s

inequality for the analysis, an optimal solution is found

with high probability so we have the following Corollary.

Corollary 3 If the ONEPSO is repeated k � log2ðnÞ times but
each repetition is terminated after 2 � TðnÞ iterations,

where T(n) is the upper bound on the expected number of

iterations to find the optimum specified in Theorems 10

and 11 with suitable constant factor, then ONEPSO finds

the optimal solution with high probability.

Fig. 5 The functions aðcÞ, bðcÞ and 1�c
c for c 2 ð0; 1

2
Þ
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5.2 Lower bounds via indistinguishable states

In this section we will provide lower bounds on the

expected optimization time of ONEPSO that almost match

our upper bounds given in Sect. 5.1. We will use the

Markov model from Sect. 3 to obtain these lower bounds.

The main difference to the previous section is that we

restrict our attention to the last improvement of the

attractor, which dominates the runtime, both for sorting and

ONEMAX. We will introduce the useful notion of indistin-

guishability of certain states of a Markov chain. Note that

our lower bounds are significantly improved compared to

the conference version (Mühlenthaler et al. 2017) by using

the newly introduced bounds-by-integration from Sect. 4.4.

5.2.1 Indistinguishable states

We now introduce a notion of indistinguishability of cer-

tain states of a Markov chain already presented

in Mühlenthaler et al. (2017). We will later use this notion

to prove lower bounds on the expected optimization time of

ONEPSO for sorting and ONEMAX as follows: We show that

the optimum is contained in a set Ŷ of indistinguishable

states. Therefore, in expectation, the states Ŷ have to be

visited XðjŶ jÞ times to hit the optimum with positive

constant probability.

Definition 2 (Indistinguishable states) Let M be a Markov

process with a finite set Y of states and let Ŷ � Y . Fur-

thermore, let ðZiÞi	 0 be the sequence of visited states of M

and let T ¼ minft[ 0 j Zt 2 Ŷg. Then Ŷ is called indis-

tinguishable with respect to M if

1. the initial state Z0 is uniformly distributed over Ŷ , i. e.,

for all y 2 Y :

Pr½Z0 ¼ y� ¼ 1y2Ŷ=jŶ j ¼
1=jŶ j if y 2 Ŷ

0 if y 62 Ŷ :

(

2. and the probabilities to reach states in Ŷ from states in

Ŷ are symmetric, i. e., for all y1; y2 2 Ŷ :

Pr½ZT ¼ y2 j Z0 ¼ y1� ¼ Pr½ZT ¼ y1 j Z0 ¼ y2�:

Now we can prove a lower bound on the expected time

for finding a specific state.

Theorem 12 Let M be a Markov process as in Definition 2

and let Ŷ be indistinguishable with respect to M. Let h(M)

be a positive real value such that E½T � 	 hðMÞ, then the

expected time to reach a fixed y 2 Ŷ is bounded below by

hðMÞ � XðjŶ jÞ.

Proof Let Ti be the stopping time when Ŷ is visited the ith

time.

Ti ¼ minft	 0 j jfk j 0� k� t ^ Zk 2 Ŷgj	 ig:

With Statement 1 of Definition 2 Z0 is uniformly dis-

tributed over Ŷ . Therefore T1 ¼ 0 and T2 ¼ T . Statement 2

of Definition 2 implies that Pr½ZTi ¼ y� ¼ 1y2Ŷ=jŶ j for all

i	 1 by the following induction. The base case for i ¼ 1

and Ti ¼ 0 is ensured by the Statement 1 of Definition 2.

The induction hypothesis is Pr½ZTi�1
¼ y� ¼ 1y2Ŷ=jŶj. The

inductive step is verified by the following series of

equations.

Pr½ZTi ¼ y� ¼
X

ŷ2Ŷ
Pr½ZTi�1

¼ ŷ� � Pr½ZTi ¼ y j ZTi�1
¼ ŷ�

¼ind:hyp: X

ŷ2Ŷ
1=jŶ j � Pr½ZTi ¼ y j ZTi�1

¼ ŷ�

¼Definition 2 St:2
1=jŶ j �

X

ŷ2Ŷ
Pr½ZTi ¼ ŷ j ZTi�1

¼ y� ¼ 1=jŶ j:

It follows that for all i[ 0 the difference Tiþ1 � Ti of two

consecutive stopping times has the same distribution as T

and also

E½Tiþ1 � Ti� ¼ E½T� 	 hðMÞ:

Now let y 2 Ŷ be fixed. The probability that y is not

reached within the first TbjŶ j=2c�1 steps is bounded from

below through union bound by

1 � Pr½Z0 ¼ y� �
XbjŶ j=2c�1

i¼1

Pr½ZTi ¼ y� 	 1=2

and therefore the expected time to reach the fixed y 2 Ŷ is

bounded from below by

1

2
� E½TbjŶ j=2c�1� ¼

1

2
�
XbjŶ j=2c�1

i¼2

E½Ti � Ti�1�

	 1

2
�
XbjŶ j=2c�1

i¼2

hðMÞ ¼ hðMÞ � XðjŶjÞ:

h

5.2.2 Lower bounds on the expected optimization time
for sorting

In this section we consider the sorting problem. Our first

goal is to provide lower bounds on the expected return time

to the attractor for the parameter choice c 2 ð0; 1
2
Þ.

Lemma 4 Let c 2 ð0; 1
2
Þ. For the sorting problem on n

items, assume that the attractor has transposition distance
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one to the identity permutation. Then the expected return

time H1 to the attractor is bounded from below by

XðaðcÞnÞ, where

aðcÞ ¼
1 þ

ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

1 �
ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

0

B@

1

CA � exp �2

ffiffiffiffiffiffiffiffiffiffiffi
c

1 � c

r
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2c

2c

r ! !
:

See Fig. 5 for a visualization of aðcÞ.

Proof The probability of decreasing the distance to the

attractor in state Si can be bounded from above by

pi�1 � cþ ð1 � cÞ �

i

2

� �

n

2

� � ¼ cþ ð1 � cÞ � iði� 1Þ
nðn� 1Þ � cþ ð1 � cÞ � i

2

n2
:

We increase all indices by one such that ~pi ¼ pi�1 such that

we have n states again. Please note that H2 ¼ XðH1Þ. This

can be obtained by the following equations while using

Eq. 2 and the fact that H1 	 1
1�c is true in this case

H2 ¼ p1

1 � p1

H1 �
1

1 � p1

	 c

1 � c
H1 �

1

1 � c� oð1Þ ¼ XðH1Þ:

We use Theorem 8 to get a lower bound on H1 by using

pðiÞ ¼ cþ ð1 � cÞ � i2

n2. Here k ¼ n �
ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q
maximizes the

integral, because it solves the equation pðkÞ ¼ 1
2
. An

application of Theorem 8 supplies

H1¼X exp

Z ffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

p

0

ln
1 � c� ð1 � cÞx2

cþ ð1 � cÞx2

� �
dx

 !n !
:

In the following we calculate the exact value of this inte-

gral. The integrand can be converted to the expression

ln
1 � c� ð1 � cÞx2

cþ ð1 � cÞx2

� �
¼ ln

1 � x2

c
1�c þ x2

� �

¼ lnð1 � x2Þ � ln
c

1 � c
þ x2

� �
:

The indefinite integral of lnð1 � x2Þ is

x � lnð1 � x2Þ � 2xþ ln
1 þ x

1 � x

� �
:

It can be evaluated for values x 2 ½0; 1½, but this is fine as

0� k=n\1. Furthermore the indefinite integral of

ln c
1�c þ x2
� �

is

x � ln
c

1 � c
þ x2

� �
� 2xþ 2

ffiffiffiffiffiffiffiffiffiffiffi
c

1 � c

r
arctan x �

ffiffiffiffiffiffiffiffiffiffiffi
1 � c

c

r !
;

which can be evaluated for all values, because c
1�c is

positive. The indefinite integral of the whole expression is

obtained by the subtraction of both

x � lnð1 � x2Þ þ ln
1 þ x

1 � x

� �
� x � ln

c

1 � c
þ x2

� �

� 2

ffiffiffiffiffiffiffiffiffiffiffi
c

1 � c

r
arctan x �

ffiffiffiffiffiffiffiffiffiffiffi
1 � c

c

r !

and evaluation of the bounds k=n ¼
ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q
and 0 results

in

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2c

2ð1 � cÞ

s

� ln 1 � 1 � 2c

2ð1 � cÞ

� �
þ ln

1 þ
ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

1 �
ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

0
B@

1
CA

2
64 ½0�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2c

2ð1 � cÞ

s

� ln
c

1 � c
þ 1 � 2c

2ð1 � cÞ

� �
½0�

� 2

ffiffiffiffiffiffiffiffiffiffiffi
c

1 � c

r
arctan

ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

ffiffiffiffiffiffi
c

1�c

p

0

@

1

A

3

5� 0 þ lnð1Þ � 0 � 0½ �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2c

2ð1 � cÞ

s

� ln
1

2ð1 � cÞ

� �
þ ln

1 þ
ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

1 �
ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

0
B@

1
CA

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2c

2ð1 � cÞ

s

� ln
1

2ð1 � cÞ

� �
� 2

ffiffiffiffiffiffiffiffiffiffiffi
c

1 � c

r
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2c

2c

r !

¼ ln
1 þ

ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

1 �
ffiffiffiffiffiffiffiffiffiffiffi
1�2c

2ð1�cÞ

q

0

B@

1

CA� 2

ffiffiffiffiffiffiffiffiffiffiffi
c

1 � c

r
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2c

2c

r !
:

An application of the exp function on this result gives the

claimed lower bound. h

This lower bound is the best possible bound which can

be achieved with this model as the probability pi ¼ cþ

ð1 � cÞ � iþ 1

2

� �
=

n
2

� �
actually appears at distance i if

the permutation transforming the current position to the

attractor consists of one cycle of length iþ 1 and the

remaining permutation consists of singleton cycles. For this

improvement probability the bound is H�ðaðcÞnÞ.
The following theorem supplies lower bounds on the

expected optimization time of ONEPSO on the sorting

problem.

Theorem 13 The expected optimization time TsortðnÞ of the
ONEPSO sorting n items is bounded from below by
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TsortðnÞ ¼

Xðn2Þ if c 2 ð1
2
; 1�

Xðn8
3Þ if c ¼ 1

2

X aðcÞn � n2ð Þ if c 2 ð0; 1

2
Þ

X n!ð Þ if c ¼ 0:

8
>>>>>>>><

>>>>>>>>:

Proof The situation where already the initial position is

the optimum has probability 1/n!. As 1 � 1=n![ 1=2 for

n	 2 we have the same X bound if we ignore this case. In

all other cases we can consider the situation that the

attractor has just been updated to a solution that has dis-

tance one to the optimum. Without loss of generality, we

assume that the attractor is the identity permutation and the

optimum is the transposition ð0 1Þ. The number of steps

required for the next (hence final) improvement of the

attractor is a lower bound on the expected optimization

time for the ONEPSO. We determine a lower bound on this

number for various choices of c.

For all c 2 ð0; 1� we apply Theorem 12. We use all

permutations as set of states Y in the Markov process M.

Let Ŷ ¼ X1 be the subset of states which are a single swap

away from the attractor. Therefore the optimal solution is

contained in Ŷ , but up to the point when the ONEPSO

reaches the optimal solution it is indistinguishable from all

other permutations in Ŷ . We will immediately prove that Ŷ

is actually indistinguishable with respect to M. Initially the

particle is situated on the attractor and after a single step it

is situated at a permutation in Ŷ , where each permutation

has equal probability. We use the permutation after the first

step as the initial state of the Markov process Z0 and all

other Zi are the successive permutations. Therefore State-

ment 1 of Definition 2 is fulfilled. Let T ¼ minft[ 0 j
Zt 2 Ŷg the stopping time of Theorem 12. For each

sequence of states Z0; . . .; ZT there is a one to one mapping

to a sequence ~Z0 ¼ ZT ; ~Z1; . . .; ~ZT�1; ~ZT ¼ Z0 which has

equal probability to appear. The sequence ~Z0; . . .; ~ZT is not

the reversed sequence, because the forced steps would then

lead to the wrong direction, but the sequence can be

obtained by renaming the permutation indices. The

renaming is possible because the permutations Z0 and ZT
are both single swaps. As this one to one mapping exists

also the Statement 2 of Definition 2 is fulfilled. Finally we

need a bound on the expectation of T. If we are in X1 ¼ Ŷ

we can either go to the attractor by a forced move or

random move and return to X1 in the next step or we can go

to X2 by a random move and return to X1 in expectation

after H2 steps. We have E½T � ¼ cþ ð1 � cÞ=
n

2

� �� �
�2 þ

ð1 � cÞ� 1 � 1=
n
2

� �� �
ð1 þ H2Þ ¼ XðH2Þ ¼: hðMÞ.

Theorem 12 provides the lower bound XðjŶ j � H2Þ for the

runtime to find the fixed permutation ð0; 1Þ 2 Ŷ which is

the optimal solution. From Eq. 2 we get

H2 ¼ ðp1 � H1 � 1Þ=ð1 � p1Þ	 ðc � H1 � 1Þ=ð1 � cÞ. As

H1 ¼ Xðn2=3Þ for c ¼ 1
2

(see Theorem 7) and H1 ¼
XðaðcÞnÞ for c 2 ð0; 1

2
Þ (see Lemma 4) also H2 ¼ XðH1Þ

for c 2 ð0; 1
2
� which results in the lower bounds TsortðnÞ ¼

XðjŶ j � H1Þ ¼ Xð n
2

� �
� n2=3Þ ¼ Xðn8=3Þ for c ¼ 1

2
and

TsortðnÞ ¼ XðjŶ j � H1Þ ¼ Xð n
2

� �
� aðcÞnÞ ¼ Xðn2 � aðcÞnÞ

for c 2 ð0; 1
2
Þ. Trivially the return time to X1 in M can be

bounded by 2, which results in the lower bound TsortðnÞ ¼
Xðn2Þ for the case c 2 ð1

2
; 1�.

The lower bound for c ¼ 0 can be derived directly from

the indistinguishability property: Let Ŷ ¼ Y . It is readily

verified that the initial state is uniformly distributed over Ŷ .

Furthermore, any Ŷ-Ŷ-path can be reversed and has the

same probability to occur. Therefore, Condition 2 of

Definition 2 is satisfied and the lower runtime bound

follows from Theorem 12 by choosing hðMÞ ¼ 1. h

Beside that formally proved lower bounds we conjecture

the following lower bounds on the expected optimization

time of ONEPSO for sorting n items.

Conjecture 2

TsortðnÞ ¼

Xðn2Þ if c 2 ð1
2
; 1�

Xðn3Þ if c ¼ 1

2

X
1 � c

c

� �n

�n2

� �
if c 2 ð0; 1

2
Þ:

8
>>>>>><

>>>>>>:

Note that these lower bounds differ from our upper

bounds given in Theorem 10 only by a log-factor. Evi-

dence supporting this conjecture is given in ‘‘Ap-

pendix B’’. We obtain our theoretical evidence by

considering the average probability to move towards the

attractor, instead of upper and lower bounds as before.

5.2.3 Lower bounds on the expected optimization time
for ONEMAX

First we provide a lower bound on the expected return time

to the attractor.
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Lemma 5 Let c 2 ð0; 1
2
Þ. For ONEMAX, assume that the

attractor has Hamming distance one to the optimum 1n.

Then the expected return time H1 to the attractor is

bounded from below by H1 ¼ XðbðcÞnÞ, where

bðcÞ ¼ 21=ð1�cÞ � ð1 � cÞ � cc=ð1�cÞ:

See Fig. 5 for a visualization of bðcÞ.

Proof We use Theorem 8. The value bðcÞ is already cal-

culated in Theorem 11 Eq. 10. h

This result enables us to prove lower bounds on

TOneMaxðnÞ.

Theorem 14 The expected optimization time TOneMaxðnÞ of
the ONEPSO for solving ONEMAX is bounded from below by

TOneMaxðnÞ ¼

Xðn log nÞ if c 2 ð1
2
; 1�

Xðn 3
2
Þ if c ¼ 1

2

X bðcÞn � nð Þ if c 2 ð0; 1

2
Þ

X 2nð Þ if c ¼ 0:

8
>>>>>>>><

>>>>>>>>:

Proof First, let c 2 ð1
2
; 1�. Then, with probability at least 1

2
,

the initial solution contains at least k ¼ bn=2c ¼ XðnÞ
zeros. Each zero is flipped to one with probability 1/n in a

random move, and none of the k entries is set to one in a

move towards the attractor. The expected time required to

sample the k distinct bit flips is bounded from below by the

expected time it takes to obtain all coupons in the fol-

lowing instance of the coupon collector’s problem: there

are k coupons and each coupon is drawn independently

with probability 1/k. The expected time to obtain all cou-

pons is Xðk log kÞ (Mitzenmacher and Upfal 2005,

Sect. 5.4.1). It follows that the expected optimization time

is Xðn log nÞ as claimed.

For c 2 ð0; 1
2
� we use the same approach as in the proof

of Theorem . Also here the event that the initial solution is

optimal can be ignored. Consider the situation that the

attractor has just been updated to a solution that has

distance one to the optimum. We use the set of all bit

strings as set of states Y in the Markov process M. Let

Ŷ ¼ X1 the subset of bit strings which is a single bit flip

away from the attractor, hence Ŷ contains the optimum. Zi
and T are instantiated as in the proof of Theorem .

Therefore Statement 1 of Definition 2 is fulfilled. Again

for each sequence of states Z0; . . .; ZT we have a one to one

mapping to a sequence ~Z0 ¼ ZT ; ~Z1; . . .; ~ZT�1; ~ZT ¼ Z0

which has equal probability to appear. This sequence is

again obtained by renaming the indices plus some bit

changes according to the shape of the attractor. Hence also

Statement 2 of Definition 2 is fulfilled. Hence Ŷ is

indistinguishable with respect to M. We obtain

E½T � ¼ XðH2Þ ¼: hðMÞ. Theorem 12 provides the lower

bound XðjŶj � H2Þ for the runtime to find the optimal

solution. From Eq. (2) we get H2 	ðc � H1 � 1Þ=ð1 � cÞ.
As H1 ¼ Xðn1=2Þ for c ¼ 1

2
(see Theorem 6) and H1 ¼

XðbðcÞnÞ for c 2 ð0; 1
2
Þ (see Lemma 5) also H2 ¼ XðH1Þ

for c 2 ð0; 1
2
� which results in the lower bounds

TOneMaxðnÞ ¼ XðjŶ j � H1Þ ¼ Xðn � n1=2Þ ¼ Xðn3=2Þ for c ¼
1
2

and TOneMaxðnÞ ¼ XðjŶ j � H1Þ ¼ Xðn � bðcÞnÞ ¼ Xðn�
bðcÞnÞ for c 2 ð0; 1

2
Þ.

Again the lower bound for c ¼ 0 can be obtained by the

indistinguishability property. The proof for this case is

identical to the corresponding part of Theorem . h

Finally all runtime bounds claimed in Table 1 are jus-

tified and for this purpose all of the presented tools in

Sect. 4 are used.

5.3 Bounds on the expected optimization time
for D-PSO

The upper bounds on the runtime of ONEPSO in Theo-

rem 10 and Theorem 11 directly imply upper bounds for

D-PSO. Recall that we denote by c the parameter of

ONEPSO and by TOneMaxðnÞ and TsortðnÞ the expected

optimization time of ONEPSO for ONEMAX and sorting,

respectively.

Corollary 4 Let T 0
OneMax

ðnÞ and T 0
sortðnÞ be the expected

optimization time of D-PSO for ONEMAX and sorting,

respectively. If c ¼ cglob, then T 0
OneMax

ðnÞ ¼ OðP �
TOneMaxðnÞÞ and T 0

sortðnÞ ¼ OðP � TsortðnÞÞ, where P is the

number of particles.

Proof In each trial to improve the value of the global

attractor at least the particle which updated the global

attractor has its local attractor at the same position as the

global attractor. This particle behaves exactly like the

single particle in ONEPSO until the global attractor is

improved. Therefore we have at most P times more

objective function evaluations than ONEPSO, where P is

the number of particles. h

One can refine this result by again looking on return

times to an attractor.

If the global attractor equals the local attractor then this

particle performs the same steps as all other particles

having equal attractors. As all those particles perform

optimization in parallel in expectation no additional
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objective function evaluations are made compared to the

ONEPSO.

For particles where the global attractor and the local

attractor differ we can use previous arguments applied to

the local attractor. With two different attractors alternating

movements to the local and global attractor can cancel each

other out. Therefore if (only) cloc is fixed then for the worst

case we can assume only cloc as probability of moving

towards the local attractor and 1 � cloc as probability of

moving away from the local attractor. This enables us to

use Theorem 5 to calculate the expected time to reduce the

distance to an attractor from one to zero. We denote the

return time from Theorem 5 as Wðn; pÞ

Wðn; pÞ : ¼
1 � 2p

1 � p

p

� �n

2p� 1
if p 6¼ 1

2

2n� 1 otherwise

8
>><

>>:

9
>>=

>>;

¼

Hð1Þ if
1

2
\p� 1

HðnÞ if p ¼ 1

2

H
1 � p

p

� �n� �
if 0\p\

1

2
:

8
>>>>>><

>>>>>>:

If the position equals the local attractor and consequently

differs from the global attractor the probability for

improving the local attractor can be bounded from below

by a positive constant. E.g., for the problem ONEMAX this

constant is cglob=2 because for a move towards the global

attractor for at least half of the differing bits the value of

the global attractor equals the value of the optimal solution

as the global attractor is at least as close to the optimum as

the local attractor. Therefore the number of trials until the

local attractor is improved is constant. As such an update

occurs at most once for each particle and fitness level we

obtain an additional summand of OðWðn; clocÞ � P � nÞ
instead of the factor P for the problems ONEMAX and the

sorting problem.

In contrast to the upper bounds, the lower bounds for

ONEPSO do not apply for D-PSO for the following reason.

The bottleneck used for the analysis of ONEPSO is the very

last improvement step. However, D-PSO may be faster at

finding the last improvement because it may happen that

the local and global attractor of a particle have both dis-

tance one to the optimum but are not equal. In this case, as

described above, there is a constant probability of moving

to the optimum if a particle is at one of the two attractors

whereas for ONEPSO the probability of moving towards the

optimum if the particle is located at the attractor tends to

zero for large n.

An analysis of experiments of D-PSO with small num-

ber of particles and ONEPSO applied to the sorting problem

and ONEMAX revealed only a small increase in the opti-

mization time of D-PSO compared to ONEPSO. This

increase is way smaller than the factor P. For some

parameter constellations also a significant decrease of the

optimization time of D-PSO compared to ONEPSO is

achieved.

5.4 Lower bounds for pseudo-Boolean functions

Also for general pseudo-Boolean functions f : f0; 1gn ! R

we can prove lower bounds on the expected optimization

time.

Theorem 15 If P ¼ Hð1Þ, where P is the number of par-

ticles, then the expected optimization time of D-PSO opti-

mizing pseudo-Boolean functions ðf0; 1gn ! R) with a

unique optimal position is in Xðn logðnÞÞ.

Proof If there are P ¼ Hð1Þ particles, then in expectation

there are n=2P ¼ XðnÞ bits such that there is no particle

where this bit of the optimal position equals the corre-

sponding bit of the initial position. The expected opti-

mization time is therefore bounded by the time that each

such bit is flipped in a random move at least once. This

subproblem corresponds to a coupon collectors problem

and therefore we have the claimed lower bound of

Xðn logðnÞÞ. h

For larger values of P we obtain an even higher lower

bound by the following theorem.

Theorem 16 If P ¼ OðnkÞ, where P is the number of

particles and k is an arbitrary non-negative real value,

then the expected optimization time of D-PSO optimizing

pseudo-Boolean functions ðf0; 1gn ! RÞ with a unique

optimal position is in Xðn � PÞ.

Proof To bound the probability to be at least some dis-

tance apart from the attractor after initialization we can use

Chernoff bounds. For a fixed particle we can define

Yi ¼
1

if the ith bit of the initial position differs from

the corresponding bit of the unique optimal position

0 otherwise:

8
<

:

Therefore Y ¼
Pn

i¼1 Yi is exactly the initial distance of the

fixed particle to the unique optimal position. For each i we

have that Pr½Yi ¼ 1� ¼ 1
2

and E½Y � ¼ n
2
. By Chernoff bounds

we obtain the lower bound

Pr Y [
n

4

h i
¼ 1 � Pr Y � 1 � 1

2

� �
E½Y�


 �
	 1 � exp �

1
2

� �2� n
2

2

 !

¼ 1 � exp � n

16

� �
:

The probability that the initial position of all P particles

Exact Markov chain-based runtime analysis of a discrete particle swarm optimization algorithm… 671

123



have distance at least n
4

to the unique optimal position is the

Pth power of this probability and can be bounded from

below for large n by

1 � exp � n

16

� �� �P
	 1 � P � exp � n

16

� �
	

n	 16 lnð2PÞ 1

2
:

Please note that one can choose such an n as P ¼ OðnkÞ
and 16 � lnð2 � polyðnÞÞ ¼ oðnÞ for any polynomial. If the

distance of the positions of all particles is at least n
4

then it

takes at least n
4

iterations until the optimal position can be

reached as the distance can change only by one in each

iteration. For each iteration P evaluations of the objective

function are performed. Therefore we have at least n�P
4

objective function evaluations with probability at least 1
2

for

large n which results in the claimed optimization time of

Xðn � PÞ. h

This means if we choose , e.g., P ¼ n10 we would have

at least Xðn11Þ function evaluations in expectation.

6 Conclusion

We propose a simple and general adaptation of the PSO

algorithm for a broad class of discrete optimization prob-

lems. For one particle, we provide upper and lower bounds

on its expected optimization time for the sorting problem

and ONEMAX and generalize the upper bounds to D-PSO

with arbitrary number of particles and we also prove lower

bounds of D-PSO optimizing pseudo-Boolean functions.

Depending on the parameter c, which is the probability of

moving towards the attractor, the expected optimization

time may be polynomial (c	 1=2) and exponential

(c\1=2), resp. The cornerstone of our analysis are H-

bounds on the expected time it takes until the PSO returns

to the attractor. Our analysis also provides the variance of

this value. We analyze Markov chains and provide tools to

evaluate expected return times for certain classes of tran-

sition probabilities. Additionally we establish a useful

general property of indistinguishability of a Markov pro-

cess for obtaining lower bounds on the expected first hit-

ting time of a special state. Application of the presented

tools on other Markov chains, often appearing in the

analysis of randomized algorithms, would obviously be

possible.

For future work, it would be interesting to see if the

upper and lower bounds on the expected optimization time

for ONEMAX given in Theorems 11 and 14 are valid for any

linear function f : f0; 1gn ! R, f ðx1; x2; . . .; xnÞ ¼
P

i wixi.

Furthermore, we conjecture that the upper bounds on the

sorting problem for c ¼ 0 is n! and that the other proved

upper bounds on the sorting problem are tight. Another

direction for future work is to apply our technical tools to

other meta-heuristics. In particular, our tools may be useful

in the analysis of ‘‘non-elitist’’ meta-heuristics, for instance

the Strong Selection Weak Mutation (SSWM) evolutionary

regime introduced in Gillespie (1983) as an example of

non-elitist algorithm.

Finally, it would be interesting to determine the return

time to the state S0 in a more general Markov model

MððpiÞ1� i� nÞ, where pi ¼ 1=2 þ zði; nÞ such that

zði; nÞ ¼ polyðiÞ=polyðnÞ, where the degrees of the poly-

nomials differ, and z(i, n) is non-decreasing for 1� i� n.

This would generalize Theorems 6 and 7, and shed some

light on the relation between z(i, n) and the return time to

state S0. Here, we conjecture that for z(i, n) as defined

above the return time is in polyðnÞ. Finally a proof for the

claimed upper bound of O(n!) on the expected time to

reach a specified permutation in the graph of permutations

by an actual random walk searching for the optimum would

be beneficial. To the best of our knowledge no proof exists

so far.

Appendix A: Evidence for Conjecture 1

In this section we provide computational evidence for

Conjecture 1. To this end we compute exact values for

TsortðnÞ for n� 40. For the calculation of TsortðnÞ for small

n a system of linear equations similar to Eq. 1 is used. Let

s0 be the optimal permutation (say, the identity) then

hs0
¼ 0;

hs ¼ 1 þ
X

m2NðsÞ

1

jNðsÞj hm; s a permutation:
ð11Þ

This simple approach works only for very small n since one

variable for each permutation is used. Our results are based

on the following insight: for each permutation s we

examine the permutation m such that s � m ¼ s0. Since the

value hs is equal for all permutations with the same cycle

lengths of the cycle decomposition of m the number of

variables in the system of linear equations can be reduced

to the number of integer partitions of n, where n is the

number of items to sort. Hence, for n ¼ 40, we have

reduced the number of variables from 40! to 37, 338,

which is a manageable number. TsortðnÞ is then just a linear

combination of the calculated values.

Side note: The transition probabilities as well as the

system of linear equations can be represented by a matrix.

For elitist algorithms the matrix can be transformed to an

upper-triangular matrix and therefore it is much easier to

analyze them. Such a transformation to an upper-triangular

matrix is not possible in our situation.
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In Fig. 6 we can see the search space of the sorting

problem for four items partitioned by their cycle lengths.

This results in states which are represented by the integer

partitions of n ¼ 4. The complete search space with all

permutations with n ¼ 4 items is already visualized in

Fig. 2. In Fig. 6 each state is labeled by the cycle lengths of

the current permutation and can represent different per-

mutations. (1, 1, 1, 1) is only a single permutation—the

identity permutation 1234—where each cycle is a singleton

cycle—a cycle with length one. All neighboring permuta-

tions of (1, 1, 1, 1) contain two swapped items and two

items which stay at their position. Therefore the cycle

lengths are (2, 1, 1) and there are six permutations with

these cycle lengths. The neighbors of permutations with

cycle lengths (2, 1, 1) can have cycle lengths (1, 1, 1, 1),

(3, 1) or (2, 2). Out of the six possible exchange operations

one splits the cycle of length two into two cycles of length

one, one exchange operation merges the two singleton

cycles to one cycle of length two getting two cycles of

length two and the remaining four exchange operations

merge the cycle of length two with a singleton cycle get-

ting cycle lengths (3, 1). The respective transition proba-

bilities for a random walk are also visualized in Fig. 6.

Furthermore, there are three permutations with cycle

lengths (2, 2) - the permutations 2143, 3412 and 4321. The

remaining eight permutations of the third column in Fig. 2

have cycle lengths (3, 1) and the six permutations in the

last column in Fig. 2 have only a single cycle of length

four. The values of hs satisfying Eq. 11 are hð1;1;1;1Þ ¼ 0,

h2;1;1 ¼ 23, hð2;2Þ ¼ 27, hð3;1Þ ¼ 105
4

, hð4Þ ¼ 55
2

and then we

have
Tsortð4Þ ¼

1

4!
� ðhð1;1;1;1Þ þ 6 � h2;1;1 þ 3 � hð2;2Þ

þ 6 � hð3;1Þ þ 6 � hð4ÞÞ ¼
99

4
¼ 4!þ 3

4

.

Please note that this value does not rely on experiments.

Instead the evaluations result in the exact expected opti-

mization time.

In Fig. 7 the exact value of TsortðnÞ divided by n! tends

to one. Proving that this holds for large n implies that

TsortðnÞ ¼ Hðn!Þ and also Conjecture 1.

Appendix B: Evidence for Conjecture 2

For the sorting problem, the lower and upper bound on the

return time to the attractor have the following gaps. For

0\c\1=2 the expected number of iterations to return to

the attractor vary from X�ðaðcÞnÞ to O� ð1 � cÞ=cð Þnð Þ and

for c ¼ 1=2 these values vary from Xðn2=3Þ to O(n). We

provide a simplified Markov model based on an averaging

argument. We conjecture that the simplified model and the

actual model are asymptotically equivalent.

To improve the understanding of the search space of

permutations we will approximate the improvement prob-

abilities to obtain approximations of the expected return

time to the attractor. For this purpose, instead of using

upper and lower bounds on the probability to move towards

the attractor, we use the average value. If the probability to

be in a specific permutation equals the probability to be in

any other permutation with the same distance to the

attractor then this approximation would also result in the

exact values.

Conjecture 3 Let H1 be the expected number of iterations until the
ONEPSO returns to the attractor g if the current distance to the
attractor is one while optimizing the sorting problem. Let px be the
probability to move from permutation x to a permutation y such that
dðx; gÞ ¼ 1 þ dðy; gÞ. Let

p̂i ¼
X

x2Xi

px=jXij

be the average probability to reduce the distance to the

attractor. Let Ĥ1 be the expected number of iterations in

M̂ ¼ Mððp̂iÞ1� i� n�1ÞÞ to move from state S1 to S0 (see

Definition 1). We conjecture that H1 
 Ĥ1.

To provide evidence we compute these average

improvement probabilities and compare the number of

expected iterations.

Fig. 6 Search space for the

problem of sorting four items by

transpositions. The states are

partitioned by their cycle

lengths
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Theorem 17 The average improvement probability of moving
towards the attractor while optimizing the sorting problem is

p̂i ¼ cþ ð1 � cÞ �

Piþ1
k¼1

k�1
n�1

� ðn�1Þ!
ðn�kÞ! �

n� k

n� i� 1


 �� �

n

n� i


 � ;

where i is the distance to the attractor and
n
m


 �
are the

unsigned Stirling numbers of the first kind.

Proof The unsigned Stirling numbers of the first kind
n
m


 �

represent the number of permutations of n elements with exactly m
cycles which can easily be calculated by the recursive formula

n

m


 �
¼

1 if n ¼ 0 ^ m ¼ 0

0 if n ¼ 0 ^ m 6¼ 0

n� 1

m� 1


 �
þ ðn� 1Þ �

n� 1

m


 �
if n[ 0

8
>>><

>>>:

W.l.o.g let the attractor be the identity permutation. Then

the attractor has n singleton cycles. An increase of the

distance to the attractor by one is equivalent to a decrease

of the number of cycles by one. Therefore a permutation

with distance i to the attractor has exactly n� i cycles. This

means that the number of permutations with distance i is

n
n� i


 �
. The probability that a fixed item is in a cycle of

length k among all permutations with distance i from the

attractor is

n� 1

k � 1

� �
� ðk � 1Þ! �

n� k

n� i� 1


 �

n

n� i


 � ¼

ðn�1Þ!
ðk�1Þ! �

n� k

n� i� 1


 �

n

n� i


 �

Choosing the remaining i� 1 items in the cycle of length k

from the remaining n� 1 items has
n� 1

k � 1

� �
options.

There are ðk � 1Þ! orderings of these items within the

cycle. The remaining n� k items have to be partitioned

into n� i� 1 cycles which results in another factor of

n� k
n� i� 1


 �
options. In combination with the first cycle of

length k a permutation with n� i cycles is achieved. This

probability does not change if we choose a random item instead of a

fixed item. Furthermore the probability of moving towards the

attractor is determined by the probability that a cycle is split into two

cycles which happens if two items of the same cycle are picked for an

exchange. If the first picked item is in a cycle of length k then the

probability that the second item is in the same cycle is k�1
n�1

. Summing

up these probabilities over all possible cycle lengths for the first

picked item results in the claimed result for p̂i, but there also the

constant c of the D-PSO comes into play which forces a move

towards the attractor. Please note that the maximal cycle length at

distance i from the attractor is iþ 1 which explains the upper limit of

the sum. h

By using these average probabilities of moving towards

the attractor we obtain a Markov chain where it is only

possible to move to state Si�1 or Siþ1 from state Si (and not

to any other state) in a single step. For Markov chains with

this property the return times can be computed as in

Sect. 4.2. The result helps us to estimate the expected

return time to the attractor. If c is zero then the expected

return time if we are at distance one to the attractor is

exactly n!� 1 which is also obtained exactly by the model

with average probabilities.

Remark 2

1.

Assuming TðnÞ ¼ cðcÞn � f ðnÞ where f is a polynomial

then

lim
n!1

TðnÞ
Tðn� 1Þ ¼ cðcÞ:

2. Assuming TðnÞ ¼ f ðnÞ where f is again a polynomial

then

lim
n!1

log n
n�1

TðnÞ=Tðn� 1Þð Þ

is the maximal degree of f(n).

Proof Let f ðnÞ ¼ a � nb þ oðnbÞ, b[ 0.

1.

Assuming TðnÞ ¼ cðcÞn � f ðnÞ leads to

lim
n!1

TðnÞ
Tðn� 1Þ ¼ lim

n!1
cðcÞ nb þ oðnbÞ

ðn� 1Þb þ oððn� 1ÞbÞ

¼ lim
n!1

cðcÞ
ð n
n�1

Þb þ oð1Þ
1 þ oð1Þ ¼ cðcÞ

2. Assuming TsortðnÞ ¼ f ðnÞ leads to
Fig. 7 Expected time it takes for the random walk to reach the sorted

sequence of n items in the graph of permutations divided by

n factorial
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lim
n!1

log n
n�1

TðnÞ
Tðn� 1Þ

� �
¼ lim

n!1
log n

n�1

ð n
n�1

Þb þ oð1Þ
1 þ oð1Þ

 !

¼ lim
n!1

log n
n�1

n

n� 1

� �b� �
¼ b

h

Let

qexðn; cÞ :¼
H1

H0
1

where H1 and H0
1 are the expected return times to the

attractor for the sorting problem on n and n� 1 items

respectively if the attractor has transposition distance one

to the current position (actual exact model).

Let additionally

qavðn; cÞ :¼
H1

H0
1

where H1 and H0
1 are the corresponding return times in the

Markov model with average success probability specified

in Theorem 17.

In Fig. 8 qex and qav for different values of n and the

upper bound ð1 � cÞ=c and the lower bound aðcÞ on the

base of the exponential part of the return time for the

sorting problem.

With the first part of Remark 2 we also notice that ð1 �
cÞ=c is also an upper bound and aðcÞ is a lower bound on

the limit of qex if n tends to infinity as qex tends to the actual

base of the exponential part of the expected return time.

As qex has to be calculated by a system of linear equa-

tions where the number of variables equals the number of

integer partitions of n (see description after Conjecture 1)

we can not evaluate qex for large n. The values of qav are

quite similar to the values of qex for corresponding n. For

c ¼ 0 the values are exactly the same and for n ¼ 30 the

relative error is less than 0.04. Therefore we conjecture that

the limit of qav if n tends to infinity is close or even equal to

the limit of qex. But as we can see in Fig. 8 the values of qav
tend to the upper bound of ð1 � cÞ=c. We omitted the graph

of qavð10; 000; cÞ as it overlaps the graph of the upper

bound almost completely. So it is reasonable to conjecture

that the limit of qex is close to the upper bound ð1 � cÞ=c. If

this is actually true then for all runtime results the value of

aðcÞ can be replaced by ðð1 � cÞ=cÞ � e for some small

non-negative value e which could probably be even zero.

By using the second part of Remark 2 the limit of

log n
n�1

qexðn; 1=2Þ if n tends to infinity supplies us the

exponent of the largest monomial (probably omitting log-

arithmic factors) of the return time if c ¼ 1=2. In Fig. 9 we

can see the quotients qexðn; 1=2Þ for n up to 40 and

qavðn; 1=2Þ for even larger values of n. Also here qav can be

used as an approximation on qex and it is reasonable to

assume that the limit is one. Please note that Theorem 10

tells us that the limit limn!1 qexðn; 1=2Þ� 1. Similarly to

the exponential case with c\1=2 we conjecture that the

actual expected value H1 is close to the proposed upper

bound on H1 described in the proof of Theorem 10.

Using these results for lower bounds on the expected

optimization time we would have

TsortðnÞ ¼

Xðn2Þ if c 2 ð1
2
; 1�

Xðn3Þ if c ¼ 1

2

X
1 � c

c

� �n

�n2

� �
if c 2 ð0; 1

2
Þ

8
>>>>>><

>>>>>>:

as specified in Conjecture 2. These bounds are only a factor

of logðnÞ apart from the upper bounds specified in

Theorem 10.

Please note that the results in this section do not rely on

experiments. Instead, exact values for the expectation are

computed. Nevertheless, we have done some experiments

with small values of n and the measured optimization times

Fig. 8 Quotients of return times qex and qav for different values of n
and the upper and lower bound on the limit of qex if n tends to infinity

Fig. 9 Quotients of return times qex and qav for c ¼ 1=2
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comply with the evaluated exact optimization times.

Especially for values c close to zero, optimization times of

up to n! are claimed which can not be confirmed in rea-

sonable time for larger values of n.
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