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Abstract

The paper helps to understand the essence of stochastic population-based searches that solve ill-conditioned global
optimization problems. This condition manifests itself by presence of lowlands, i.e., connected subsets of minimizers of
positive measure, and inability to regularize the problem. We show a convenient way to analyze such search strategies as
dynamic systems that transform the sampling measure. We can draw informative conclusions for a class of strategies with a
focusing heuristic. For this class we can evaluate the amount of information about the problem that can be gathered and
suggest ways to verify stopping conditions. Next, we show the Hierarchic Memetic Strategy coupled with Multi-Winner
Evolutionary Algorithm (HMS/MWEA) that follow the ideas from the first part of the paper. We introduce a complex,
ergodic Markov chain of their dynamics and prove an asymptotic guarantee of success. Finally, we present numerical
solutions to ill-conditioned problems: two benchmarks and a real-life engineering one, which show the strategy in action.
The paper recalls and synthesizes some results already published by authors, drawing new qualitative conclusions. The
totally new parts are Markov chain models of the HMS structure of demes and of the MWEA component, as well as the
theorem of their ergodicity.

Keywords Irreversibly ill-conditioned problems - Measure-driven algorithms - Markov chain modeling

1 Introduction
1.1 lll-conditioned global optimization problems

Many problems in machine learning, optimal control,
medical diagnostics, optimal design, geophysics, etc. are
formulated as global optimization ones. They are fre-
quently irreversibly ill-conditioned and possess many
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solutions that can form uncountable, continuous subsets in
the admissible domain.

A substantial part of such computational tasks are called
“inverse problems” (IPs) in which parameters of a prede-
fined mathematical model have to be identified. A general
framework for handling inverse problems for which
mathematical model is given by the system of Partial
Differential Equations (PDEs) can be found in [22, 59]. 1ll-
conditioning of IPs, mentioned above, is caused mainly due
to unavailability of complete and accurate measurements,
e.g. insufficient set of data used for Artificial Neural Net-
work (ANN) learning or pointwise measurement of the
electric field called “logging curve” for investigation of oil
and gas resources (see [28, 31] and [9]). Ambiguity and
lack of correctness of their mathematical model ( e.g. due
to some symmetries, see [7]) can also contribute.

We may also refer to the representative examples of
engineering ill-conditioned IPs: regression solved by Deep
Neural Networks (DNNs) [18], ambiguity in lens design
[23], calibration of conceptual rainfall-runoff models [12],
investigation of oil and gas resources [56], and diagnosis of
tumor tissue [37].
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1.2 Deterministic and stochastic strategies
of solving ill-conditioned problems

Traditional methods of local, convex optimization are
hardly relevant for solving ill-conditioned problems men-
tioned above. If the problem is formulated as finding all
global or “almost global” minimizers of the objective
function (e.g. misfit between the measured and simulated
data for IPs or loss function in case of ANN learning) then
any single steepest-descent method can converge at least to
a single minimizer. Even if multistart of steepest-descent
processes is applied, a finite number of minimizers can be
approximated at most. Moreover, a remarkable search
redundancy may appear when many processes focus on the
same minimizer or on different points of the same con-
nected component of a continuous set of minimizers.

A more advantageous way is to apply a stochastic
population-based strategy, which generally “breeds” a
“flock” of candidate solutions in such a way that they tend
to concentrate in regions containing solutions (both iso-
lated and continuous clusters).

There are many stochastic Al techniques inspired by
nature such as evolutionary computation, ant colony opti-
mization, simulated annealing as well as their recent spe-
cialized instances (CMA-ES, IM, HGS, HMS, etc.) that
follow this idea. Generally, they perform consecutive re-
sampling of the more or less structured “flock” of candi-
date solutions, where the sampling measure is successively
updated according to the information gathered during the
search process.

The broad review of stochastic, population-based
methods of solving global optimization problems in con-
tinuous domains involving multiple local minimizers is
reported in Pardalos and Romeijn handbook [36], while the
population-based methods dedicated to the ill-conditioned
multimodal global optimization problems was discusses in
the Preuss book [39]. The information about some spe-
cialized strategies (HGS, HMS, CGS and EMAS) can be
found in our former papers
[4, 6, 13, 17, 47, 50, 53, 55-57, 64].

1.3 State-of-the-art approaches of a solving
strategies analysis

Most popular technique of analyzing stochastic global
searches consists in evaluating the First Hitting Time
(FHT) after which at least one point from the sample hits
the set of solutions. Chapter devoted to such methods
written by Wood and Zabinsky can be found in the
monograph [36]. Yao and He delivered a survey of FHT
evaluation based on the Markov processes theory and
applied to Evolutionary Algorithms (EAs) analysis [20].
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The similar results for Island Model were obtained by
Rudolph [45].

An other approach of studying population-based algorithm
dynamics starts from the features of elementary stochastic
operations changing the population members at each step, and
then generalizing them to some rules of sampling measure
modification. Such results were obtained by Arabas [3],
Ghosh [19] as well as by Qi and Palmieri [40, 41].

Analysis of the sampling measure dynamics of a whole
population for small population instances were studied by
numerous researchers, e.g. Rudolph [45], Sudholt [58],
Beume [5] and their collaborators. The dynamics of a
population composed of two individuals encoded by real
numbers, processed by EA was deeply investigated by
Karcz-Duleba [25, 26].

The last approach, but most interesting from our point of
view, consists in analyzing the sampling measure dynamics
as a stochastic dynamic system, especially as the stationary
Markov chain. Such model for the population composed of
individuals encoded by real numbers and processed by EA
was introduced by Rudolph [43, 44]. Our future consider-
ation will refer mainly to the model developed by Vose
with collaborators [33, 62] suitable for expressing the
dynamics of the sampling measure of the stochastic pop-
ulation-based search in finite, but very large admissible set
and who introduced the so called “heuristic operator”.

2 Modeling measure-driven stochastic
algorithms inspired by nature

2.1 Reconsidering definition of the ill-
conditioned global optimization problems

We intent to describe more precisely the class of ill-con-
ditioned problems and their sets of solutions under con-
sideration. The solutions of such problems will be searched
is a bounded, connected, closed admissible set & C
R!,1>1 with a Lipschitz boundary [65], having a positive
measure. Potential solutions will be evaluated by the
objective function f € C(R' — R) so, that the lower the
value f(x) is, the better is the candidate solution x. Of
course, there exists at least one pair Xpip, Xmax € & s0, that

—00 <f(%min) <f(x) <f(xmax) < + 00, Vx € D.
Definition 1 (see Definition 3 in [30])

1. Eachy € & will be called the local minimizer to fin &
if

3B, C Z;y€By,Byisconnected, f(y) =f(&) V¢ € By and
JActop(R'); B, CA, f(y) <f(&) VE€(ANZ)\B,.
(1)
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2. Each local minimizer y to fin & will be called a global
minimizer if £(y) = f (Xmin)-

3. Set By will be called the minimum manifold to f'in Z.
We will denote by Mmanifolds; s the family of all
minimum manifolds to fin Z.

4. Each minimizer y € & to fin & will be called isolated
if By = {y}.

It can be proven (see Theorem 5 in [30]), that if y is a local

minimizer of fin &, then B, is a connected component of

(f12)""(f(y)) that contains y. Moreover By =B,Vy € B,
and By = B,. Additionally if f is differentiable, then
Vf|x = 0 Vx € B, (see Observations 6 and 11 in [30]).

Definition 2 (see Definition 9 in [30]) Lowland £, to fin
Z associated with local minimizer z € By, is the maximum
open-connected set (in the sense of inclusion) so that 2, C
By and z € 2, or the empty set. Let us denote by
Lowlands; 5 the family of all non-empty lowlands to f in
9.

It can be proven, that a non-empty lowland 2, is
unambiguously defined for z€ B, and satisfies
meas(#;) > 0. Moreover, V7 € P, P,=2P,, f(z) =
f(Z) =f(y) (see Remark 10 in [30]).

The further constructs will base on a strictly-steepest-
descent local optimization methods denoted by loc.
Roughly saying, they generate a minimizing sequence
{xi}iz12.. C  starting form an arbitrary xo € ¢ which
tends to the “nearest” stationary point to f (possibly, to the
nearest local minimizer) called loc(xp). Moreover, the
value of f(x) has to decrease strictly along its path. The
methods mentioned above were introduced in [11, 42]. The
paper [30] contains the broad discussion of such methods
and also proposes their approximation called o-strictly-
steepest-descent method. In the particular case when f is
continuously differentiable, we may replace the strictly-
steepest-descent method by the antigradient flow for f, i.e.
the family of solutions of equation %(t) =
=Vf£(y(1)), y(0) =x for which loc(xy) will be set as
limy(t), t — +o0.

Definition 3 (see Definitions 28, 32 and 36 in [30]) Let loc
be a strictly-steepest-descent local optimization method on
% and y the local minimizer of fin &.

1. The set R = {x € Z;y = loc(x)} will be called the

set of attraction of y with respect to method loc. We
will further simplify its notation to R.

2.The sets
Ry, = JRe Ry=|JR
XEBy xETA

will be called the set of attraction of minimum manifold
By, and the set of attraction of lowland 2,, respectively.

Definition 4 (see Definitions 35 and 38 in [30])

1. Basin of attraction #p, of minimum manifold B, to the
function f is the connected part of set
{x € 2;f(x)<hy} N (R, UBy) that includes B,,
where h, = inf{f(z),z € ORp, \ 0Z}.

2. Basin of attraction ,%a/vy of lowland 2, to the function f
is the connected part of set {x € Z;f(x)<h}N
(Rp, UZy) that includes 2y,
hy = inf{f(z),z € O0R», \ 0Z}.

It can be observed, that B, C Rg, and 2, C Ra,. Moreover
Definition 3 does not depend on loc method if f is con-
tinuously differentiable. The definition of the basin of
attraction for an isolated minimizer y can be obtained from
the Definition 4.1 for the case By = {y}.

where

Remark 1 The following important separability conditions
can be drawn (see Theorems 43, 47 and Remark 50 in
[30]):

1. All different lowlands are pairwise disjoint.

Moreover in case of continuously differentiable function f:

2. All different minimum manifolds are pairwise disjoint.

3. Basins of attractions of two different minimum man-
ifolds are disjoint.

4. If two lowlands have disjoint closures then their basins
of attractions are also disjoint.

Finally, we introduce the ill-conditioned problems which

will be studied in the sequel of this paper.

Definition 5 Given the admissible domain & and the
objective function f find:

I1, Approximation of all lowlands.
I, Approximation of the central parts of basins of
attraction for all minimum manifolds.

Notice, that both above problems lead to find a subset
(possibly not connected) of the admissible domain
9 c R, 1>1, such that each of its connected parts has a
positive measure in R/. Such tasks are suitable for
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stochastic search methods working with a finite samples in
the admissible domain.

2.2 The principles of Vose model and its
extensions for more advanced strategies

Perhaps the first result towards stochastic modeling popu-
lation-based searches as a stochastic dynamic system was
obtained by Michael Vose and his collaborators in 1990s
[33, 62].

Let U be the finite genetic universum being a set of
codes of the finite number of chosen potential solutions to
the global optimization problem. The universum 2l will be
identified (labeled) with the set of positive integers where
r< 4+ oo is the number of codes. Such labeling introduces
the total linear order on W. We will write i <j, i,j € W if the
label of the code i is smaller than the label of j, if it does
not lead to ambiguity.

We assume that U is injectively mapped into the
admissible set & by function code : Ml — & and denote by
9, = code(N) the set of “phenotypes”. Moreover, we
denote by d;; = d(code (i), code (j)), i,j € U the distance
between points code (i), code (j) € Z corresponding to the
codes i,j € U. Finally, we introduce the fitness function
f: U — R, being the composition f = f o code. For the
sake of simplicity, we will denote f; = (i), i € .

The random sample of a size p processed at each step of
a stochastic algorithm is a multiset which can be also

represented by its frequency vector
%= (), = 19,(3).j = 0,....r — 1. The pop-
ulation P, represents also the sample (Z,,7,) in &, so that

7:(x) = (i) if code (i) = x.
Let us denote by X, the sets of all frequency vectors

associated with the populations of size u. The cardinality of
X, C A" is equal to:

card (X,) = s(r,u) = (M+;_1)<+oo. (2)

When we want to highlight the size of the genetic uni-
versum, we shall use the double-script notation Xfl. Further

it can be proven that

UXe=a'= {(a" ----- a)

HEZLy

where the simplex A"~' C R” is a universal set of repre-
sentations of all populations with an arbitrary size u € Z,
containing codes from U [62].

The stochastic, population-based strategy with a con-
stant size of population u generates a random sequence of
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populations or, equivalently, a sequence of their frequency
vectors If the following conditions hold:

Pr{x; € A|x 1,5 2,....x0} =Pr{x, €A |x, 1} VACXyVt € Zy ,
Pr{x; ik €A | xgi} =Pr{x, €A | x;} VA C Xy Vk,s € Z, U{0}VI € Zy 1 > 5,

(4)
then the strategy is modeled by a stationary Markov chain
with the space of states X,.. Let us denote by =}, € M(X,)
the probability distribution of a random variable x; at a step
where 9i(X,) is a space of probabilistic measures on the
set X,,. The stochastic dynamics of such algorithm are
determined then by the initial probability distribution ng
and the Kolmogorov equation:

+1
T, = Qn

t=0,1,2,..., (5)

where denotes the transition probability matrix of this
process. Further, we will use for various X, C A" the
polymorphic notation for the probability transition map-
pings 7 : X, — M(X,,) that return the probability distribu-
tions over the states in the next step accordingly to the
current state, i.e. 7(x) = {Qrv}yey, (see e.g. [35)).

The essence of the model presented above is shown at
the upper part of diagram Fig. 1. The real operations
applied to pass from the population frequency vector x; to
the next one x,;; called implementation can be expressed
by extracting the probability distribution njjl over the set
of all population vectors X,,, followed by one-time sam-
pling of x,; from X,. Both ways are stochastically
equivalent.

Let us consider now the family of the population-based
stochastic algorithms Fy; so, that all of them operate on
populations P = (21, 1) of clones from the same finite set U
and all of them use the same stochastic operations trans-
forming a population P, to the consecutive one P;;|, and
such operations do not depend on the step ¢ of the algo-
rithm. In fact, all of these algorithms solve the same opti-
mization problem imposed by the same fitness function f,
and they differ only in size of population u they proceed.
Of course, the frequency vectors of all such populations
belong to the simplex A",

T(x;) —Jr’“ € M(Xy)

1-times sampling from X;; with
the probability distribution 717"14rl

AT OX X —--- - - - > X1 €Xy CAT!

implementation
u-times sampling with return
from 4 with the probability dis-
H tribution @ (7 (x;))

A 19/(’)(, —»@

Fig. 1 Heuristic diagram
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Notice, that each x € A"~ can be also interpreted as a
stochastic vector that belongs to (). In order to avoid
ambiguity, we introduce the mapping @ : A"~ — M),
being numerically the identity, changing only the meaning
of its argument.

Definition 6 We will say, that the family %y ; has a

heuristic, if there exists the continuous mapping # :
AV A1 g0, that:

1. Vx€ A" #(x) is the expected population vector in
the next step following x,

2. Vx € A" @(#(x)) is the measure used for sampling
the members of population immediately following x
from the set of codes .

Moreover, we will say, that the heuristic is focusing, if
there exists a non-empty set of fixed points .#" C A"! to
the operator J# so, that:

3. VxeA™'AzeH; HP(x) =z, p— +oo, where
AP denotes the p-times composition of the mapping
H.

Remark 2

1. Because A" ! is a bounded and convex set in R” and
A is continuous then the Schauder theorem (see [54])
follows, that it has at least one fixed point.

2. Assuming an arbitrary size of the population u, the
coefficients of the transition probability matrix Q can
be computed from the formula (see [62])

0y = u'H(”fﬁ)j)? VeyEX, ©)

The lower part of a diagram shown on Fig. 1 illustrates
the idea of modeling dynamics of a search with heuristic.
The implementation can be replaced by taking the heuristic
value on the current frequency population vector, followed
by the u-times sampling without return from 2l according
to the probability distribution imposed by #(x;).

The above model was introduced and successfully
applied for the Simple Genetic Algorithm (SGA) by Vose
and his collaborators. In particular, they effectively com-
puted the SGA heuristic, called the genetic operator (see
e.g. [62]). During the last two decades the authors of the
proposed contribution partially extended this model to
several more complex stochastic searches interesting from
the application point of view:

1. Island Model (IM) [52],
2. multi-deme memetic algorithm governed by computing
agents (EMAS) [6],

3. Hierarchic Genetic Strategy (HGS) performing search

with the adaptive accuracy [14, 51, 53],

4. sequential niching with fitness deterioration called

Clustered Genetic Search (CGS) [50, 64],

5. multi-objective evolutionary search with non-domi-

nated selection (NSGA-MOEA) [16].

2.3 Extracting the behavioral features
from the Markov model of a strategy

The mathematical model of a family of population-based
stochastic searches % ; with heuristic /# allow for a new
course of their asymptotic analysis well suited when the ill-
conditioned problems I1;, II, (see Definition 5) are solved.
Let us assume for a further consideration, that:

H;: The heuristic is strictly positive, i.e.

H(x)' >0, Vxe A", Vi e . It holds in
particular, if the mutation is applied as the last
stochastic operation at each step of the algorithm.
Typically, it appears in almost all evolutionary
searches.

H,: The heuristic is focusing, and there is a finite
number of fixed points (card(#") < 4 c0). The
computing experience shows, that typically the
unique fixed point to heuristic exists and more fixed
points appear occasionally [1].

Remark 3 1If the assumptions H;,H, for a family of
stochastic searches .#; hold, then:

1. Each search from Fy; processing the population of an
arbitrary size ¢ can be modeled by the ergodic Markov
chain and the associated sequence of measures
{n.}i—012. has a weak limit 7, independent of a
starting population xo or/and initial distribution ng (see
[33, 62]).

2. The probability distribution 7, can be computed as a
solution of the algebraic system, if we know the
transition probability matrix Q of such process (see
[35]). The computational cost of such task for a real
wold problems is huge, because of a huge matrix
dimension s(r, u)* (see (2)), so this way of asymptotic
analysis is applicable only for searches in small
universa l.

3. The sequence {m,} contains at least one sub-sequence
{m,.} converging in distributions to some " ¢
M(A") for p; — +oo, moreover m*(A) =1 (see
[33, 62]).

4. Each trajectory of the heuristic iterates xo, # (xp),
H2(x0), ..., #%(xy) can be arbitrarily closely approx-
imated by the trajectory xo,x;,xs,...,xgx of a finite, u-
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sized population for arbitrary xo € X,,, K > 1 with an
arbitrarily large probability v, if the population size is
sufficiently large u > N (see Theorem 13.2 in [62]).

5. The fixed points of the heuristic can be well approx-
imated by the finite population vector x; € X, in the
stochastic sense, i.e. x, will be sampled from an
arbitrarily close metric neighborhood of 7", D " with
the arbitrarily large probability v, if the size of
population p and the number of steps ¢ are sufficiently
large (see [8]).

Remark 4 The above considerations lead us to the fol-
lowing qualitative conclusions:

1. The stochastic population-based searches with a
dynamic sampling measure adaptation that belong to
F i are in fact the machine learning processes, that
gather more and more information about the problem
characterized by a fitness f, when the number of
iteration grows.

2. We may conjecture, that the maximum information
about the problem that can be gathered by the family
F i is contained in the fixed points of heuristic
z € A, that are the frequency vectors of the limit
populations representing most exhaustive searches
(infinite sample after infinite number of steps).

3. Roughly saying, the family %y ; might be assessed as
“well tuned” to the solving problem, if its members are
effective learning processes, i.e. the information about
the solutions they are able to gather is satisfactory for
the user.

The crucial questions that remain are: what could be the
validation criteria for the family %y ; to be “well tuned”
and how such criteria could be verified?

One of the possible answers to the first question needs
the additional construction of a special family of proba-
bilistic measures over the admissible domain &. For each
y € , we select the set ¥, C & of points located closer to
y then to other phenotypes w € &,, w # y. If & is suffi-
ciently regular, then the family of subsets {dy},,, is the
Voronoi tessellation associated with phenotypes (see e.g.
[34]). We can introduce now a new measure over & with
the following density function:

O(xy

"~ meas (Veoe())

px(&) if € € Jeode(j)- (7)
No matter how p, is only a partial function (it is not defined
for £ € & equally distanced from at least two phenotypes),
it satisfies meas(dom(p,)) = meas(Z) and for all x € A"~
we have p, € [P(2), p>1 (see [49]). We will further call
p, the “brightness” of a population represented by the
frequency vector x.
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The idea of “well tuning” criteria was introduced in [49,
Def. 4.63] for a family of SGA searches and a finite set of
local minimizers. Its extended version proposed below
consists in assuming some numerical conditions on the
brightness p, of all fixed points z € " to the heuristic #
of the family of searches #y; leading to find continuous
subsets of the admissible domain (lowlands and minimum
manifolds).

Definition 7 We will say, that the family of stochastic,
population based searches #; with a focusing heuristic
A possessing a finite set of fixed points 4" is well tuned to
the set of lowlands if for each 2, € Lowlands; 5 hold:

1. 3C(#,), simply connected, closed set so that
P, C C(P,) C B,

2. VzeA p, >threshold ae.in C(#,) and
p. <threshold a.e. in 2\ C(2,).

Replacing Lowlandsy s by Mmanifolds; 4, 2, by B, and
,@% by 933)_ in the above definition, we get a similar def-
inition of well tuning with respect to the minimum
manifolds.

The intuition standing behind the above Definition is as
follows. If we represent the chart of “brightness” p, as an
I-dimensional monochrome graphic, then the sets we are
looking for (lowlands, minimum manifolds) should
“shine” over a darker background. Because all stochastic
global searches allow for some degree of “blurring”, it is
more convenient to assume that the central parts of the
interesting basins of attraction have a “shine”.

Remark 5

1. Recalling the Remark 1 we may observe, that all sets
C(2y),C(By), 2, € Lowlands; 5, B, €
Mmanifoldsy s are pairwise disjoint, which ensures,
that each set we are looking for can “shine” separately
(see Fig. 2).

2. It can be proven (see [49, Th. 4.67]), that each

“brightness” p_ associated with a fixed point of
heuristic z € # can be well approximated in L7(2)
norm (p>1) in the stochastic sense, i.e. with the
arbitrary large probability v, by the sequence of
“brightness” p, , x; € X, if the size of population p
and the number of steps ¢ are sufficiently large.

Now, we are able to gather main qualitative conclusions
and suggestions derived in the first part of this paper.

Remark 6

1. The formal model presented in above sections shows,
that if the family of stochastic searches applied 7y is
“well tuned” to the ill-conditioned problems I1;, Il
(see Definition 5), then we can draw the information
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Fig. 2 The two graphs show the
fitness functions (values at left

Example 1
1072

Example 2
1072

axes) and density of a unique
fixed point of a heuristic (right
axes). The results were obtained
for SGA type heuristic with
proportional selection and
mutation rate of 0.05. No
crossover was utilized. The
universum 2 collects all single
byte binary codes that represent
256 uniformly distributed
phenotypes in the domain

0.5

2 =0, 10]. Fixed points were
computed analytically, see [27]

about lowlands and minimum manifolds by the proper
post-processing of the limit population xx or the
cumulative population %Zf: , X1, where K is a suffi-
ciently large number of steps and xx € X, for suffi-
ciently large u (see Remark 5.2). Such post-processing
may consist in clustering, cluster separation analysis,
local fitness approximation, etc.

The above reasoning shows us, that in order to solve
I1,, I, we really expect to obtain a random sample
with a probability distribution sufficiently close to at
least one fixed point of heuristic. It is then much more
reasonable to analyze the dynamics and asymptotic
features of sampling measures {p, },t=0,1,2,3,...,
then the dynamics of a single individual in the
consecutive populations, as it is performed in the
classical approaches.

The assumed ergodicity of the Markov chain modeling
each search from the family % ;, ensures the asymp-
totic guarantee of success of each search for which
X, NA ', #0, ie. the well approximation of at least
one fixed point of heuristic can be reached in a finite
number of steps, starting from an arbitrary xo € X,.
The possible concept of stopping a stochastic strategy
solving one of the problems II,II, is to recognize,
whether at least one population vector x, falls into the
set of states ., arbitrary close to the fixed points of
the heuristic. The Remark 5.2 guarantees, that the
associated measure p, will “shine” over the basins of
attraction of lowlands or minimum manifolds to be
found if the family Zy; is “well tuned”.

More formally, we can define the random variable
H; = inf{r>0; x, € A, x, € X,,} being the first hit-
ting time (FHT) of the set ;N X, by the Markov
chain modeling the stochastic search. It can be proven,
that the expected hitting time E,(H}) of reaching H;,

—— fitness - - - density

starting from xo € X, is the unique non-negative
solution to the linear system [14, 35]:

EXO(HZ):O, for xo € A . NX,,
Eq(Hy) =143 ex, Oxy Ey(H}), for xo & A":NX,.
(8)
Notice, that E,(H}) is wholly determined by the
heuristic, because %", depends only on its fixed points
and the matrix Q can be computed for arbitrary u from
the formula (6). No matter how, the above system (8)
allows for qualitative study of a mean complexity of
solving problems under consideration, its practical
application is restricted to the problems with moderate
set of codes M because of a huge dimension of the
system matrix Q.
The other, more practical possibility of verifying
stopping condition is to check, whether the consecutive
samples form clusters of a sufficiently high quality, i.e.
sufficiently dense and well separated from each other.
The third possibility is to couple the stochastic searches
with a fitness deterioration, that “fills” consecutively
the parts of basins of attraction recognized in each step
or several steps of the algorithm. At the end of this
strategy the resulting fitness becomes flat, so new
heuristic has only one fixed point—the center of the
simplex A"~! [49, 62]. Such fitness imposes the chaotic
behavior of the searching process, which can be
recognized by analyzing ©(x,) in several consecutive
steps (see e.g. [50, 60, 64]).
Assessing whether the particular family of searches is
“well tuned” is difficult in the computational practice.
Typically, the algorithms with a stronger selection
pressure are more likely “well tuned”. Unfortunately,
such algorithms are ineffective in a global search. The
possible solution is to use a cascade of stochastic
searches, in which the upper ones are designated to
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global search, while the lowest ones deliver the sample
concentrated in the basins of attraction of lowlands or
minimum manifolds. Such proposition called HMS
will be presented later in this paper.

9. The Fig. 2 shows two examples of finding fixed points
of heuristic to the family of SGA equipped with
proportional selection and mutation only. The 1D
domain was encoded using only single byte binary
strings representing uniformly distributed phenotypes.
Fixed points were computed analytically, see [27]. The
Example 1 shows, that the utilized SGA family is
“well tuned” for the wide range of threshold param-
eter, so the brightness will “shine” on central parts of
basins of attraction to both minimizers. The “bright-
ness” of fixed point in Example 2 does not “shine” on
the whole lowland areas leaving “dark”™ parts close to
their border, so the family of searches is not “well
tuned” in this case. Such behavior is observed for most
stochastic searches using classical evolutionary mech-
anisms as selection and mutation. The complex
stochastic search including the MWEA component is
recommended in next Sect. 3 to avoid this obstacle.

10. The “well tuned” stochastic search can be also used as
the first phase of solving particular problems, if only
the finite number of isolated local minimizers have to
be found (all minimum manifolds are singletons). In
this phase the number of solutions and the central parts
of their basins of attractions are recognized. The
precise approximation of minimizers are performed in
the second phase, by a steepest descent local methods
started in parallel in each basin already recognized (see
e.g. [60]).

3 Multi-Winner evolutionary algorithm

Multi-Winner Evolutionary Algorithm (MWEA) is a pop-
ulation-based stochastic search with the Multi-Winner
Selection (MWS), which mimics the rules originally used
for electing boards of directors in large corporations [13]. It
significantly increases the capability of identification of
insensitivity set shape components. Here we introduce
MWEA Markov model and derive the formula for its
probability transition, i.e. the transition probability matrix.

We will study an artificial genetic system which at each
genetic epoch t =0, 1,2, ... takes the parental population
P, to create an intermediate offspring population O, and a
resulting population P, |, which will be an input to the next
epoch. Both P; and P,y are multisets of codes from U of
the cardinality p represented by the frequency vectors
X;, X:4+1 respectively. The offspring can be also represented
by the frequency vector
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ye=0% ..y =19(),j=0,...,r — 1. Moreover
X € X, y: € X; where both X, X; C A1 (see Sect. 2.2).
Using the notation of frequency vectors we obtain
n,(i) = ﬂxi? 7)) =4y, VielW and P, = (U pux),
O, = (U, Ay,), where x, € X,,, y; € X.

We can compute the union of multisets containing
clones of codes from U (see [49]). Let A = (2, 5) and
B=(,y) be two arbitrary multisets, so that
card (A) = 3y (i) = %, card (B) = >,y ¥(i) = x and
%, ¥ < + oo, then:

AUBY C =L n+y). (9)
Remark 7 If the parental and offspring populations are
P, = (U, pux;), O; = (U, Ly,) for some epoch ¢ and their
Boolean sum P,UO, = (U, (u+ A)z) € X,1;, then
= u% (ux, + Ay). For the particular case /. = y we obtain

i = %(xt +Yt)-

Apart from the frequency vector notation, we will use
the notation of multisets based on the permutational power
of a set (see [49, Def. 2.13]). We can introduce an equiv-
alence eqp C U* x U¥, so that two strings J, { € U* satisfy
(0,0) € eqp if there exists a permutation from a symmetric
group S, that maps ¢ to (.

Each multiset (1, zx) associated with a frequency vector
x € X, can be represented by a class of abstraction [¢']

eqp
of a sequence ¢ = (&j, ..., ;) € U* so that:
if = :Bkl, i= 17"'7/'ka]
& = By 1= 1 1 (M x)
§ (10)

. —1 X .
éf = ﬁkpv 1= (:uszzl xkj) + 17"'7:“’25):1)(](/ )

where f; € supp (wx), j=1,..,p, By, > B, if j>1,
supp (px) C W is a set of codes represented in the multiset
(U, ux), and p = card (supp (ux)) <u. We will denote
such a representation of the multiset (21, ux), corresponding
to the permutational power of the set, as:

'>ﬁk27"

w2 times

P

<ﬁkl7ﬁk17-~~7ﬁklaﬁk27ﬂk27”

wikt times

) ka7ﬁkp7 .. -7ﬁk >
wke times
(11)

The main advantage of this representation over the repre-
sentation using the occurrence function is the possibility to
distinguish between two individuals &, ;‘, i #j which
represent the same code ﬂkp € supp (ux). All individuals
are unambiguously labeled and linearly ordered by their
indices in the chosen sequence &' which takes a form (11),
while all permutations of &' represent the same multiset.
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However, this representation is not mathematically
precise and makes the Boolean operations difficult to for-
malize. It can be proven that both representations are
equivalent if u< + oo (see [49, Rem. 2.15]).

In Algorithm 1, we show the scheme of the evolutionary
strategy that performs p + p succession using MWS [13].

Proposition 2 Probability distribution w5, € M(X,) of
the frequency vector z; can be obtained by the product
my, = Am, where A € [0, 109 % [0, 172 is given by:

Algorithm 1: MWEA: an evolutionary algorithm utilizing MWS.

1 Sample the initial population Py
2 Evaluate P
310
// The main loop over the epochs
4 while —stopping_condition(F;) do

Evaluate Oy

G < MW_select(R, U O;, 1)
P41 < mutate(G)

Evaluate P4

10 tt+1

11 Output P,

E-EN- R B

Produce the offspring O; by a single step of the search with a transition matrix Q

The stochastic, population-based strategy following the
above schema (Algorithm 1) generates a random sequence
of populations or, equivalently, a sequence of their fre-
quency vectors

The line 5 in Algorithm 1 represents the evolutionary
search which can be modeled by a stationary Markov chain
with a space of states X,, (i.e., it satisfies (4)) with a
transition probability matrix . We will use also the
stochastic operation mutate : X, — 9(X,) characterized
by a strictly positive transition probability matrix
M e o, l]f(r,u)xx(r‘u).

Now, we intend to derive a transition probability matrix
for the Markov model of Algorithm 1, assuming that we
know the transition probability matrices Q and M.

Proposition 1 Assuming p = J, the probability distribu-
tion of the offspring O; frequency vector y; € X,, at the t-th
epoch of Algorithm 1 is given by the product QTCL, where
Q is the transition probability matrix of the SGA.

Let us now study the probability distribution of a sum of
the current population at an epoch ¢ and its direct offspring
P; U O;. The frequency vector of such multiset will be
denoted by z,€X,, and by Remark 7 we have
Z =5 (x + ).

We will denote by 75, € 9i(X,) the probability distri-
bution of a frequency vector z;, so that:

1
Pr{Zl | Xr} = Pr{ E(X[ +yr)

xf} :QytJCz . (12)

2
0 otherwise

. 1
A — Ouy if yeX,;; z==(x+y) €Xy
X,Z ]

(13)

where x € X, andz € X;,. For each combination (x, z), it
ensures that it is possible to reach z from x by adding a
member y of X,,. Only for such combinations, the proba-
bility Q. is copied to A. In that way, there is a certainty,
that for each possible z (given x), one has x C z and the
additional individuals are added according to Q.

Let us now define an operator:

E:Xpydz—wekX,, (14)

which determines the outcome of election carried out on a
sum of parents and children. Moreover, it allows to define a
probability transition matrix:

Be [07 l]s(r,2u)><5(r7u)7
{ 1 if&G@) =w (15)
Bz,w = 0

, 2 € le,, w GXH,
associated with this step of evolution. The definition of &
presented below employs the greedy-CC election rule and
the plus-1 proportional utility function. The CC rule
chooses the highest-ranking committee among all the
possible ones, so it has exponential computation time. See
Fig. 3 for an example election with the CC voting rule. The
greedy version uses a simple heuristic, which favors the
individuals which contribute the most to the scoring
function.

otherwise
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The election is based on a family of utility functions:

utilx:llaﬁﬁfipeﬂ%+

a1 o,fell. (16)

Next, we use a representation of the population (I, 2uz) by
the sequence & € U (see (10)), which allows to distin-
guish the individuals containing the same genotype.

Using utility functions (16) we can introduce a family of
linear total orders , oo € supp (24z) in the population & so
that:

{giz - gj?}<=>
{uma(gf) > utily () v (uma(gf) = utilg (E5) A > j) } .
(17)

On the right side, the first part (before the alternative
operator) checks the utility values. The second part breaks
the ties in the utility values using the ordering of &, which
is ensured by the representation (10).

Next, we define a family of permutations
o € supp (2uz), so that pos, , reorders the sequence ¢° to a
sequence ordered by the relation >,. The image
pos, ,(1,...,2u) of the naturally ordered set of indices will
be the preference list associated with a genotype
o € supp (2uz).

The resulting frequency vector w € X, will be obtained
in u steps. In each step, the multi-winner procedure

Borda scores: 3 2 1 0
g g ™ ™
voter 1: > Y N
g ™ g ~
voter 2: > > > &
°-0-0-2
voter 3: > > > P
g g ™ (an)
voter 4: > > > P

all possible committees: 0

sum:

Fig. 3 Example showing election with Chamberlin-Courant voting
rule. We have 4 candidates (represented by heads) and 4 voters, who
have the candidates ordered by preference. We want to choose a
winning committee with two candidates, so we consider all possible
committees of two and choose the committee that maximizes its total
score. On the bottom right we show 6 possible committees and we
intersect them with the voters. In each cell, we show the Borda score
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produces one element of a finite sequence of sets
Wi,...,W,, called committees such that card (W,) = x,
w=1,...,u4, and W, CW,., w=1,...,u—1. The
coordinates of the vector w will be given by:

. card{jGW#‘éj:a}
- u

w aell. (18)

The first element of the sequence of committees will be
obtained as:

wi={j} Jj= ?:r%mgz{score{i}} : (19)

score: 21124t 5 W (max 2u —pos, ¢ () ) eN,,
1_122“ Jew { & }

=1,

(20)

where pos, (j) stands for the position of the coordinate of
the population member éjz. in the preference list
poszﬁgv’;(l, ..., 2p), associated with the genotype of popula-
tion member &.

The next elements W, i=1,...,u—1
sequence will be defined by the formula:

of the

Wiz =W;U{j} j= argmax {score(W;U{k})—score(W;)}.

ke{1,...2u\W;
(21)
3 3 3 2 2 1
3 1 2 3 3 2
2 1 3 2 3 3
3 2 2 3 3 1
oRy e R ol * R
>
™ ™ ™ ™ ™
> >
11 7 10 10 11 7

of the best ranking committee member for a voter. (For example,
voter 1 and the first committee: the two committee members have
scores 3 and 2, respectively, so we note 3, the better score, in the cell.)
Summing each column, we get the total scores of all possible
committees. We have a tie (two scores 11), so we arbitrarily choose
one of them
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This is the main formulation of the greedy algorithm, as
each candidate added to the winning committee maximizes
the score surplus. Invariants are maintained by enforcing
satisfaction of the inequality in arg max.

The function score(-) calculates the k-Borda score of a
committee (20). What it does, is for each voter to find the
most preferred candidate from a committee and add its k-
Borda score to the sum. The k-Borda score linearly depends
on the position of the committee member on the preference
list of a voter.

Transition matrix D € [0, 1]""**("%) of the entire (u +
u) scheme is then given by:

D =CM where [0,1]"00 5
=Y AuB. xweX,. (22)

z2€Xo,

Finally, the Kolmogorov equation for the Markov process
associated with Algorithm 1 has the form:

n=Dn, 1=0,1,2,.... (23)

Remark 8 The Markov process modeling MWEA is
ergodic, because D is a strictly positive stochastic matrix as
a product of the stochastic matrix C and the strictly positive
stochastic matrix M.

4 A formal model of the dynamics of HMS
enhanced with MWEA

In this contribution we will concentrate on our recent
strategy HMS/MWEA devoted to solving most challenging
global search problems. This complex memetic strategy is
equipped with a new component, MWEA —an evolution-
ary algorithm with the Multi-Winner Selection (MWS).

The whole complex strategy turns out to be a global
search tool especially well-suited for solving problems
with many local solutions possibly surrounded by thick
objective insensitivity sets. The strategy aims at providing
the information about all the global solutions, even when
these form an uncountable set. The algorithmic details of
the described strategy are covered in our previous works. In
this paper we will include a formal model of the dynamics
of the strategy. In the model the strategy is represented by a
homogeneous (stationary) Markov chain. We provide the
details on the construction of the state space and the tran-
sition matrix.

In this paper after the model formulation we prove the
ergodicity of the obtained Markov chain, which implies the
asymptotic guarantee of success. The other properties, such
as well-tuning of the whole strategy or a concept of stop-
ping conditions, are subject to further studies.

4.1 HMS extended with insensitivity region
approximation

The HMS is a complex stochastic strategy consisting of a
multi-deme evolutionary algorithm and other accuracy-
boosting, time-saving and knowledge-extracting tech-
niques, such as gradient-based local optimization methods,
dynamic accuracy adjustment, sample clustering and
additional evolutionary components equipped with a MWS
operator aimed at the discovery of insensitivity regions in
the objective function landscape (see e.g. [47, 57] and the
references therein).

The HMS sub-populations (demes) are organized in a
parent-child tree hierarchy. The number of hierarchy levels
is fixed but the degree of internal nodes is not. Each deme
is evolved by means of a separate single-population evo-
lutionary engine with a finite genetic universum such as
SGA or MWEA.

In a single HMS global step (a metaepoch) each deme
runs a prescribed number of local steps (genetic epochs).
After each metaepoch, a change in the deme tree structure
can happen: some of the demes that are not located at the
maximal level of the tree can produce child demes through
an operation called sprouting. It consists in sampling a set
of points around the parent deme’s current best point using
a prescribed probability distribution: here we use the nor-
mal distribution. The sprouting is conditional: we do not
allow sprouting new children too close to other demes at
the target HMS tree level. HMS typically starts with a
single parent-less root deme. The maximal-level child-less
demes are called leaves. The evolutionary search per-
formed by the root population is the most chaotic and
inaccurate. The search becomes more and more focused
and accurate with an increasing tree level. The general idea
is that the higher-level populations discover promising
areas in the search domain and those areas are explored
thoroughly by the child populations. It is then the leaves
that find actual solutions.

The well-tuning of the entire strategy is achieved by
having well-tuned lower-level demes. However, the high-
level demes can, and even should not be well tuned,
maintaining good exploratory characteristic.

The hierarchic structure of the HMS search is especially
effective if the computational cost of objective evaluation
strongly decreases with its accuracy, which is typically the
case when solving Inverse Parametric Problems (IPPs)
[14].

The results of such global phase are then transferred to
the MWEA. Each deme from the highest level of the HMS
hierarchy is treated as a cluster. We merge neighboring
clusters using the hill-valley rule, i.e., we ascertain that
there is no hill separating the two clusters to be merged
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[61]. Such merged clusters are input to the MWEA, which
raises their local diversity.

In this case, MWEA is well-tuned not to obtain best
objective values, but to concentrate its sampling measure
on the lowlands. Such concentration allows the next stage,
local approximation, to determine the boundaries of the
lowlands.

The next stages, not included in the formal model,
consist in designing the local objective approximation for
each set of individuals 32,-, where i is the identifier of an
MWEA population, with the methods described in [47].
We prepare the Lagrange 1% order splines on a tetrahedral

grid spanned over the 2, points with the Delaunay’s
algorithm. Next, this function is mapped onto the space of
2nd order B-splines spanned over a regular polyhedral grid
using either L or H' projection. Both types of projections
result in C' smoothness of the local objective representa-
tion. We compare the two projections to the kriging

approximation [24]. Let us denote by fl the local approx-
imation of the objective associated with the set of indi-

viduals 2;.
Finally, the level set of fi, taken at a sufficiently low

level with respect to the local minimum encountered, is
taken as the approximation of the insensitivity set com-

ponent, associated with each set of individuals Zzi.
4.2 HMS model basic notions

Now, let us recall some notions from [51] used to build the
HMS formal model. The model was formulated for the
HGS but the HMS inherits its main structural features from
the predecessor.

e afamily of m € N genetic universa l; with card (2;) =
rreNfori=1,...,m;
e an associated family of encoding operators

code; : W; - 9 (24)

featuring the progressive increase of the search accu-
racy, i.e.,

ri+1:diri7 izl,...,m—l, (25)

for some d; € N describing the increment rate in the
search accuracy between ; and U, ;
e the following sequence of inheritance onto mappings

inherit; : W; — W; 1, i=2,....m (26)

and sets

;| =(inherit;) " (&) 27)
={{ € U, : inherit;({) = &}, E€ Uy,
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where we assume that

card (H,|5) = d,'_l
Wl N, =0

for é S 1Ii_1,i: 2,. . m,
for ¢ # (;
(28)

e a family of probability distributions gy € 9(;) and
ot € MW,y,) for £ €Wy, i=1,...,m — 1 such that

of (Wal;) =1,
used for sampling initial populations in demes.
e the family of fitness functions
i — Ry, (29)
e.g., f' =f o code ;1 — f(Xmin); since U; is finite we

can identify {' with the vector of its values indexed by
¢eU;

1 _ yr m __ Yrm : _
* deme state spaces X' =X ,..., X" = X" with popu
lation sizes iy, ..., 4,,, at HMS tree levels 1, ..., m;

e lengths of “metaepochs” kstepy, ..., kstep,, € N;
e one-step transition matrices Q; € [0, 1]V *SUnit) oy
erning the deme evolution, cf. (5), (22), (23); obviously,

. .. . kstep;
the respective metaepoch transition matrices are Q;"";

e the probability p,.u,e € [0, 1] of pruning one of stopped
branches of the root;

e a family of local efficiency stopping conditions of type
described in [51], i.e., a family of positive thresholds
Isc; such that the probability of stopping a deme
evolution after executing a metaepoch in a deme state
x € X' is given by
Si(e) = 1= > (@) [(Fx =) = Isel],

xext o
(30)
where [] is the Iverson bracket, i.e., and (-,-) is the

standard inner product in R";
e a family of proximity relations

(gicuixX”l (31)
meaning that (¢, x) € &, if an individual ¢ € 11; is close
enough to a deme with population vector x € X'*1.
In the sequel we shall use the following functions:
b;: X' >x— min{n e, x>0, (n) <)

; (32)
for { € U; such that x* > 0} e U;

that selects the best individual from the population x that
has the minimal genotype according to any fixed ordering
in ;. We shall also use a kind of neighborhoods (prox-
imity sets) related to the proximity relation:
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Ci(&) ={xe X" (&x) € 6} (33)

A particular example of proximity relation (31) that is
useful in practice can be found in [51].

4.3 HMS tree

The HMS populations form a hierarchy represented here by
m-level undirected graph

HMSTREE = (V,E, F).

The vertices V correspond to HMS populations (demes),
the edges E follow the parent-child relation between pop-
ulations. In our formal model we assume that this graph
shows all the possible populations and does not change
over time. Operations that in practice create new demes
(i.e., the sprouting) here simply activate an available one.
Similarly, the deme destruction (in the pruning) is here
replaced with the deactivation. The number of children of
each node can be different for different levels but at each
level it is a constant k; (i = 2, ..., m). For the uniformity we
set k; = 1. The labeling

F:V—-N"

encodes the path from the root to a given node. Namely, let
us take the set of admissible deme numbers at the tree level
i

Ki=1{1,... k)
and define
K'={% ={(1,0,...,0)},
{7 =A( )}
m—1times
Ki:{(11j27"'7ji707"'70):jrceKmKZZ,...,l'} fori22,
——

m—itimes

K" = {(17j27 ..
K=|JK cN",
i=1

a.]m) :jK € KK7K = 27"'7m}7

m—1

KM =K\ K" = | K"
i=1
(34)

Here, K is the domain of all labels (i.e., the image of F), K
is the set of labels of i-level demes, KP* is the set of
parental deme labels and K™ is the set of leaf deme labels.
In the sequel we shall use two auxiliary functions len :
K — {1,...,m} returning the length of a path j € K, i.e.,
the level of the deme with label j, and prefix;: K — K
returning the length-i “prefix” of j. Namely

len (j) = max{l € {1,...,m} : j, > 0}
prefix ;(j) = (ji, - -

The root is obviously the unique node for which
len (j) = 1. Furthermore, for each parental node j € K7
(i.e., such that len (j) <m) we can introduce the set of child
node indices .#;

(35)

ji,0,...,0) e Kmintilen ()}

5= {K € K101 prefix (i) = j}, (36)

In the sequel we shall also make use of the set of all
descendants of j together with j, i.e.,

I = {K € K @ prefix i, ;) (x) zj} . (37)

4.4 The HMS state space

First, note that the HGS model differs from the one pre-
sented in [51] in some points. To make the structure more
flexible we have added a pruning operation. The latter
consists in deactivating a stochastically selected sub-tree
that was previously stopped, i.e., it exhausted its search
capabilities. The pruning operation is already used in the
computational practice and provides a probabilistic way to
stop ineffective computations. In this manner it also
enables us to prove the ergodicity of the whole strategy.

The overall state of the algorithm is determined by the
states of all active and potentially active demes. All such
demes are one-to-one related to nodes of the HMSTREE
structure described in Sect. 4.3, hence they are also one-to-
one related to the node indices, i.e., the elements of K. The
state of a particular deme with label j € K is determined by
its frequency vector x € X'*"(), Moreover, each non-root
deme has a status indicator that can have one of values
s; € {inactive,new, active, stopped}. The root deme can
only have status active or stopped.

At the beginning the only active deme is the root, all the
other are set as inactive. An initial population of the root
deme is generated by sampling with return from 1,
according to a given probability distribution.

Below we summarize the meaning of the status values.

e A deme is inactive if it has not been activated yet by the
sprouting operation or was pruned previously. To make
it entirely formal, we assume that the deme vector of
each inactive deme at the level i has a fixed arbitrary
value from X’. This assumption affects neither the
formal analysis nor the computational results in any
way.

e A deme j is new if it has just been sprouted by its
parental deme. A new deme cannot sprout another
deme. The population of the new deme is sampled
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according to a given distribution, hence the population
vector is set appropriately to a specific value (the initial
setting is removed). The status changes from new to
active or stopped after having executed the deme’s first
metaepoch. In order to perform the sprouting the
parental deme has to be active in at least one of the
previous steps.
e A deme is active if it was new or active in the previous
metaepoch and the stopping condition is not satisfied.
e A deme is stopped if the efficiency stopping condition
is satisfied currently or was satisfied in the past, and the
deme has not been pruned yet. In the case of a parental
deme the status is also set to stopped when all its child
demes have been activated (i.e., they have status active
or stopped). Such a situation appears very rarely in the
computational practice. The deme marked stopped once
either stays stopped up to the end of computation and
does not change its deme vector, or can be pruned with
some positive probability.
Note that there are some relations among node status val-
ues and not all sequences of status values are possible.
First, the HMS tree develops from the root towards leaves,
hence if a deme is inactive, then all its descendants must
bear the same status, i.e.,

s; = inactive = s, = inactive for k € fl*

This condition is naturally preserved by the pruning oper-
ation (cf. Algorithms 2—4). Second, the root is stopped if
and only if all its children are not inactive.

Summing up, the HMS state space can be described in
the following way:

X= {((sj,xj))‘ RS x'n0) 50 € {active, stopped},
je

s; € {inactive, new, active, stopped} for j # 7,

s; = inactive = s, = inactive for k € f}‘,

s = stopped < s, # inactive for k € fjo}.
(38)

Note that an HMS state is a vector indexed by the elements
of HMSTREE. Each component of this vector has in turn
two sub-components: a deme population vector x; and a
deme status s;. Note also that X is finite provided all genetic
universa l; are finite.

In the sequel we shall also need the following subsets of
child node labels for j € K computed in a strategy state
xcX.
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ﬂj’”(x) = {K €Jjis.= inactive},
S (x) = S5\ I (x), (39)
I5(x) = {K € J; : 5, = stopped }.

S ;" (x) is the set of labels of nodes that are active in state
x € X, 7;(x) is the set of stopped node labels and .77 (x)
is the set of labels of nodes that are active, stopped or new.
We shall also use the function returning the label of the
inactive child of j that has the minimal number

mind : X x K 3 (X,j) > arg min ke, (j41 € K.
KEf;"(X)

(40)

4.5 Algorithmic details

In this subsection we shall provide a detailed description of
particular algorithms used in the HMS. It is based on the
one presented in [51] but here we provide some clarifica-
tions and noteworthy modifications.

First of all, let us note that the strategy can be highly
parallelized: the demes (sub-populations) can be evolved in
parallel with some well-defined synchronization points.
Moreover, the HMS structural operations (sprouting and
pruning) can also be parallelized to some degree. There-
fore, we shall formulate the overall strategy as three types
of algorithms that are run concurrently: the root deme
algorithm, the mid-level deme algorithm and the leaf deme
algorithm. The latter two differ only in that the leaves do
not perform actions related to children management.

We assume that in the initial state of the strategy, all
demes except the root are inactive and the root itself is set
to be active, i.e.,

Xo = ((gj’fj))jel(

with §p = active and 3; = inactive for j # j°.The follow-
ing auxiliary functions will be used as primitive building
blocks of the algorithms presented in the sequel. They are
explained here without details.

e Sample(k, o)—samples with return k times according
to a probability distribution ¢.

e SelectOne (list)>—selects an element from list with the
even probability.

e GetStatus(deme, {statusy,statuss,...})—returns indi-
ces of the children of deme, i.e. the elements of .# 4., that
have either of provided statuses (see (36)).

e  MetaEpoch (level, population)—runs a metaepoch for

the current deme, i.e., evolves population according to the

Kstepievel

transition matrix Q)
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e  CheckGlobalStop()—checks the global stopping
condition.

e  CheckLocalStop(deme)—checks the local stopping
condition for deme.

Moreover, the algorithms use the functions b; and mind
introduced above, see (32) and (40), respectively.

The deme synchronization is based here on message-
passing primitives. Namely we use two following
operations:

e Send(deme, message) —a non-blocking operation of
sending message to another deme;

® BReceive(deme, message)—a blocking operation of
receiving message from another deme.

When there is a need to receive or send an object along
with a message we use the overloaded functions
Send (deme, message, data) and
BReceive (deme, message, data). The realization of Send and
BReceive is a classical problem: their implementation can
make use of, e.g., message queues.

Algorithm 2 shows the activity of the root deme. First,
an initial population is sampled according to the distribu-
tion oy. Then, the main event loop is started. Its first stage
is the execution of metaepochs in admissible subtrees fol-
lowed by the execution of a metaepoch in the root itself.
Note that during the first run of the loop there are no
admissible subtrees, i.e., all children of the root are inac-
tive. After the receipt of messages signaling metaepoch
finishing the root checks the proximity of the best current
individual to feasible children’s populations, initiates the
sprouting in admissible subtrees and, if possible, sprouts a
new branch from the current best individual. The com-
pletion of the sprouting in the subtrees is followed by the
stochastic pruning of a stopped subtree. The decision of
pruning is taken with probability p,nm..: note that Bi-
nom(n, p) denotes the binomial distribution with parame-
ters n and p. If the decision is positive, we select one of
stopped children of the root and prune it, i.e., deactivate the
children and all its successors. After the finish of the
pruning the root checks if there are some inactive children.

Algorithm 2: Root deme algorithm

Data: Root deme label j° = (1,0,...,0)

status <— active

1
2 population < Sample (U1, 0p)

3 stopCondition <— false

4 repeat

5 children < GetStatus (j°, {active,stopped,new})
6 foreach a € children do Send (a, RUNMETA)

7 if status = active then

8 ‘ population < MetaEpoch (1, population)

9 foreach a € children do BReceive (a, READY)
10 seed < by (population)

11 foreach a € children do Send (a, ISCLOSE, seed)
12 canSprout < true

13 foreach a € children do

14 BReceive (a, CLOSE, reply)

15 if reply = YES then canSprout < false

16 foreach a € children do Send (a, RUNSPROUT)

17 if status = active and canSprout then

18 newdeme <— mind(population, j°)

19 Send (newdeme, ACTIVATE, seed)

20 BReceive (newdeme, ACTIVATED)

21 foreach a € children do BReceive (a, SPROUTED)
2 stoppedChildren + GetStatus (j°, {stopped})

23 if stoppedChildren # ( then

// We toss an unfair coin: 1 comes with probability pprune

24 toss < Sample (1, Binom(1, pprunc))

25 if toss = 1 then

26 selected <— SelectOne (stoppedChildren)
27 Send (selected, PRUNE)

28 BReceive (selected, PRUNED)

29 if GetStatus (0, {inactive}) = 0 then

30 |
31 else
32 | status < active

3 stopCondition <+ CheckGlobalStop ()
34 until stopCondition

35 foreach a € children do Send (a, FINISH)
36 status <— inactive

status <— stopped
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If not, the root status is set to stopped, otherwise it is set to  is satisfied, the computations are finished and all the demes
active. The final stage of the loop is the evaluation of a  are halted in the appropriate order. Otherwise, the loop
global stopping condition of the whole strategy. If the latter ~ proceeds to the next run.

Algorithm 3: Mid-level deme algorithm

Data: Deme label j € K7\ K, i.e., such that len(j) < m
Data: parent € K'en()=1 guch that J € Fparent
1 status < inactive

2 finished < false
3 while not finished do

4 BReceive (parent, order, individual)
5 switch order do
6 case ACTIVATE do
7 population < Sample (fenj), GI’Z’SI(“]‘.')“T‘I“I )
8 status <— new
9 Send (parent, ACTIVATED)
10 case PRUNE do
11 status <— inactive
12 children < GetStatus (j, {new,active,stopped})
13 foreach a € children do Send (a, PRUNE)
14 foreach a € children do BReceive (a, PRUNED)
15 Send (parent, PRUNED)
16 case FINISH do
17 status <— inactive
18 foreach a € GetStatus (j,{active}) do Send(a, FINISH)
19 finished < true
20 case RUNMETA do
21 children < GetStatus (j,{active,stopped,new})
22 foreach a € children do Send (a, RUNMETA)
23 if status € {new,active} then population < MetaEpoch (len( ), population)
24 foreach a € children do BReceive (a, READY)
25 if CheckLocalStop (j) then status < stopped else status < active
26 Send (parent, READY)
27 case ISCLOSE do
28 if (individual, population) € Gien(j)—1 then reply < YES else reply <~ NO
29 Send (parent, CLOSE, reply)
30 case RUNSPROUT do
31 children + GetStatus (j, {active,stopped, new})
k5 activeChildren + GetStatus (j, {active})
33 newseed < byey( ;) (population)
34 foreach a € children do Send (a, ISCLOSE, newseed)
35 canSprout < true
36 foreach a € children do
37 BReceive (a, CLOSE, reply)
38 if reply = YES then canSprout <+ false
39 if len(j) < m—1 then // children are not leaves
40 \ foreach ac € activeChildren do Send (ac, RUNSPROUT)
a1 if status = active and canSprout then
42 newdeme <+ mind(population, j)
43 Send (newdeme, ACTIVATE, newseed)
44 BReceive (newdeme, ACTIVATED)
45 if len(j) < m— 1 then
46 \ foreach ac € activeChildren do BReceive (ac, SPROUTED)
47 if GetStatus (j, {inactive}) = 0 then sratus < stopped
48 Send (parent, SPROUTED)
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Next, let us consider a mid-level deme activity shown in
Algorithm 3. After the initialization of the deme status and
a loop control variable, the mid-level deme starts an event
loop that consists of handling orders sent by the parent
deme. The following order types are handled.

e ACTIVATE—the deme is initialized, i.e., its population
is sampled according to the distribution aﬁ‘éﬁdm_l and the
deme status is set to new.

e PRUNE—the deme gets deactivated along with all its
children.

e FINISH—the deme halts its computations and passes
the message to all its children.

e RUNMETA—the deme passes the message to all its children
and then runs its own metaepoch if its status is new or active;
afterwards, the deme waits for the READY responses from
all their children that signal the end of the children-deme
metaepochs; subsequently, the local stopping condition is
checked, which can change appropriately the deme status;
finally, the READY message is sent to the parent.

e [SCLOSE—the deme checks if an individual sent from
the parent is close to the current population, cf. (31).

e RUNSPROUT —if the deme’s children are not leaves
they are requested to perform the sprouting; then, if the
deme is active it performs the sprouting itself; next, it
waits for the finish of the sprouting in the children; if
there are no inactive children, the deme status changes
to stopped; finally, the deme acknowledges the parent
about the completion of the sprouting.

Finally, the activity of leaf demes is presented in Algo-
rithm 4. Note that it is a simplified version of Algorithm 3
that omits all operations related to child management. To
state it clearly, the event handling in leaves looks as follows.

e ACTIVATE —the population is sampled according to
the distribution ¢°? and the deme status is set to new.

e PRUNE —the deme simply gets inactive.

e FINISH—the deme halts the evolution.

e RUNMETA—the deme runs its metaepoch if its status is
new or active; afterwards, the local stopping condition
is checked, which can change appropriately the deme
status; finally, the READY acknowledgment is sent to
the parent.

e [SCLOSE —the deme checks if an individual sent from
the parent is close to the current population, cf. (31).

4.6 Transition operators related to HMS steps

The vast part of this subsection is a simplified version of
the description provided in [51]. For the full details we
refer the reader there. Note that the model presented in [51]
uses the agent-based framework, hence such notions as
“action” arise therein naturally. To highlight the corre-
spondence between the current model and the older one we
preserve the basic terminology, at the same time not
retaining agents themselves. Therefore, in the sequel “ac-
tion” has exactly the same meaning as “operation”.

Algorithm 4: Leaf deme algorithm

Data: Leaf deme label j € K™
Data: parent € K”~! such that j € I parent

1 status < inactive
2 finished < false
3 while not finished do

4 BReceive (parent, order, individual)

5 switch order do

6 case ACTIVATE do

7 population < Sample (m, Gr’;:’flfi‘{”“l)
8 status <— new

9 Send (parent, ACTIVATED)

10 case PRUNE do

11 status < inactive

12 Send (parent, PRUNED)

13 case FINISH do

14 status < inactive

15 finished <+ true
16 case RUNMETA do

17 if status € {new,active} then

18 ‘ population < MetaEpoch (m, population)
19 if CheckLocalStop(j) then

20 ‘ status <— stopped
21 else

2 | status < active
23 Send (parent, READY)
24 case ISCLOSE do
25 if (individual, population) € 6,,— then reply < YES else reply < NO
26 Send (parent, CLOSE, reply)
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4.6.1 General structure of operators

An HMS action « is here represented as a pair of functions
(04, Y,). The first of them

S, X — [0,1] (41)

is the decision function. It computes the probability of
choosing the action « in state x € X, i.e., o is run with
probability J,(x) and rejected with probability 1 — J,(x).
The state transition function

9y X — MX) (42)

defines a non-deterministic state transition resulting from
the execution of o: ¥,(x)(y) gives the probability of
changing state from x to y as the result of a. A trivial yet
important example of such an action is the no-op (do-
nothing action) denoted here null. Its state transition
function is the Kronecker delta, i.e.,

1 ifx=y

B (X)(y) = { (43)

0 otherwise.
The overall Markov kernels related to any action o can be
computed using the chain rule. It has the following form.

2, (X)(¥) = 05(x) - D2 (x)(¥) + (1 = 0x(x)) - Dnutr (x)(y)-
(44)

The first term on the right-hand side is connected to the
state transition when the decision of executing o is positive.
The second term represents the case of the rejection of o
when in fact we do not perform any state transition.

In the sequel we show decision functions and state-
transition functions for the following non-trivial action

types:

e metaepoch actions {meta;:j € K} available for all
demes;

e sprouting actions {sproutj 1j € K”‘”} defined only for
the parental demes;

e pruning action prune available for the root deme.

4.6.2 Metaepoch operators

Now let us recall the stochastic operators for the meta;
action. To this end let us consider two consecutive states
X,y € X appearing during the HMS computation. We will
denote by (s;,x;) the components of x and by (t;,y;) the
components of y.

The decision function for the root deme j° is given by
the following formula

1 if sp = active,
5metaj (X) - { !

. (45)
0 otherwise.
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For lower-level demes j € K \ K! the decision function has
the form

B ) = {

1 if s; = active or s; = new, (46)
0 otherwise.
Now let us proceed to the state transition function for

meta;. To this end denote i = len (j). Then we have
79metaj (X) (y)

_ ( Qk.\‘tep,v )
' Xjsj

Si(x) [(fi,xj —yj) <lsc;] if t; = stopped and

S = b, X = vy for K £,
(1=8;(x)) [(",x —y;) > 1scy] if t; = active and

s = b, X =y fOr K #J,
0 otherwise.

(47)

4.6.3 Sprouting operators

First let us introduce the following family of stochastic
functions:

¢0/~iIXi—>EIR(XH_1), i=1 m—1

; (48)

PR

where 7 ;(x) is the distribution of g, ;-times sampling with

return from 2l;,; according to the distribution aibi(x). To
simplify the formulae defining operators let us introduce
another auxiliary function

a: X x KM 3 (x,j) — card 7' (x) € N,

Using the above-defined notions we can formulate the
decision function for the sprouting in demes j € KP*"
1 if ¥ =activeand (b;(x),x,) €% for k€ 7" (x),
(sspmutj (X) = .
0 otherwise
(49)

Similarly we obtain the following form of the state-tran-
sition function for the sprouting.

T ten () (%) (¥ mind (x,)) if ((z’ = active and a(x,j) > l) or

(¢ = stopped and a(x,j) = 1) | and
Osprou; (X)(¥) = ’
tmind (xj) = new and

s = te, o = X, for k& # mind (x, ),
0 otherwise.

(50)

4.6.4 Pruning operator

Now, let us proceed to the pruning operator. Note that this
definition cannot be found in [51] because the model
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presented in that paper does not include the pruning. The
decision function in our case has the following form.

P (X) _ {ppmne if jjso (X) 7& ®7
prine 0 otherwise.

(51)
The state transition function can be expressed as follows

1

card (]/‘U (X))
0 otherwise

if y € PB;(x) for some j € S5 (x),
791)rum'(x)(y) =

(52)
where

PB;(x) = {y € X : t, = inactive,y, = X,

for k € J}‘,ti =s,,y, =x, for ng;}

4.7 The transition probability function
for the whole HMS

First, let us recall that the superposition of two Markov
kernels

o', 0* : X — M(X), (53)
can be computed using the total probability law:

000" (M)(y) =Y o' (X)(u) *(w)(y). (54)
ueX

In [51] we showed that if two actions «;, o, are either both

metaepoch actions or both sprouting actions their kernels

commute, i.e,

9y © 9y, = Qg © 0y

which means that the outcome of the actions’ execution is
independent upon their order. Therefore, as in Algo-
rithms 2—4 they can be safely run in parallel.

The Markov kernel for the whole metaepoch step T, :
X — M(X) is the superposition of single-deme metaepoch
Markov kernels ¢ for all demes j € K:

Cmeta;

Tmeta = meta; -

ta = O Pmet (55)
Note that according to what has been written above the
superposition in (55) does not depend on an order of labels
in K. Similarly, the Markov kernel for the sprouting step
Toprow * X — M(X) is the superposition of single-deme
Markov kernels ¢y, for all parental demes j & K’
Therefore

Tsprour = jECK) psproutj- (56)

par

Here, again, the superposition is not sensitive to deme
ordering.

The synchronization scheme used in Algorithms 2—4
divides each global step of the HMS into three subsequent
stages: the metaepoch stage, the sprouting stage and the
pruning stage. Therefore, the transition function for the
whole strategy 7 : X — M¢(X) is the superposition of the
respective Markov kernels, i.e.,

T= Qprune O Tsprout © Tmeta- (57)

4.8 HMS asymptotic analysis

In this subsection we consider an important asymptotic
property of the whole strategy, i.e., its ergodicity, which
can be understood as the guarantee of success, in the sense
that if a complex dynamical system as HMS can reach any
of its states in a finite number of steps, it can end up in any
desired state in finite time.

Theorem 1 Assume that for every i=1,....m
(Hslmp): the stopping conditions (30) are not trivial,

i.e., the genetic universa W;, the fitness
functions {' and the thresholds lsc; are such
that for each x € X' we have

0< Pr{y ex: (fi,x—y)< lsc[}<l;

(Hvztop): the global stopping condition is trivial, i.e., it
cannot be satisfied;

(Hevo): the evolution in each deme is an ergodic
Markov chain such that the metaepoch
transition matrix Q""" is positive;

(Hprune):  the pruning is probable but not certain, i.e.,
0 <Pprune < I;

(Hlﬁmx): the proximity relations €; are not trivial, i.e.,
for every £ € U;

Pr{Ci(§)} > 0.
(H]%m): the proximity relations €; are such that the

sprouting is always possible provided not all
child indices are used, i.e., for every k<k;,
j €K' and every &,..., & €,

k
PI‘{ U C,‘(é[)} < 1.
=1
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Then the Markov chain with transition function (57) is
ergodic.

Proof To prove the ergodicity of the considered chain we
need to show its irreducibility and aperiodicity.

Recall that the irreducibility means that any two states
X,y € X communicate, i.e., we can pass from x to y in a
finite number of steps with positive probability. The proof
shall proceed by showing that all elements of X are
reachable from x( and that x( is reachable from any other
state.

Let us start with the second claim. Let x be an arbitrary
state. First observe that if the root has some children that
are not inactive (i.e., they are new, active or stopped) any
of them can be deactivated by means of the pruning
operation in the following sequence of steps:

1. If it is new or active We execute a metaepoch (and
possibly the sprouting) such that the local stopping
condition gets satisfied and the status changes to
stopped,

2. We prune the stopped child.

Step 1 has positive probability because it is a chain of
positive-probability events. Namely, thanks to assumption
(H,,,) we can pass between arbitrary elements of X’ in one
metaepoch with positive probability and thanks to
assumption (Hslmp), the probability that the reached popu-
lation satisfies the local stopping condition is also positive.
After the completion of step 1 the probability of running
the pruning action is positive, see (51), and the probability
of selecting the considered child is also positive, see (52).
Therefore, the chain rule implies that the deactivation of
the child deme in a finite number of steps has a positive
probability.

Next, observe that, as long as there are the root’s
children that are not inactive, with positive probability we
can repeatedly prune stopped demes without sprouting any
new children between two subsequent deactivations. This
means that the event of not sprouting a new deme after
pruning a stopped one has the positive probability provided
there are not-inactive children of the root. But thanks to
assumptions (H,,,) and (Hlﬁmx
event: a metaepoch in the root ending up with the best
individual that falls close to any of not-inactive children.

This way, with positive probability we can prune all-
but-one children of the root. The next step is that we evolve
the root finishing in Xp at the same time pruning the last
child. Such an event has a positive probability as well due

to assumptions (Hey), (Hprune) and (Hfmp). Therefore, we

) this is a positive-probability

have shown the way to pass from an arbitrary state x € X to
Xq in a finite number of steps with positive probability.
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To proceed the opposite way, take an arbitrary x € X
and consider the following chain of possible events:

1. We start in x( evolving the root in such a way that we
sprout the number of children that equals the maximal
child number at level 2 in x,

2. We proceed the same way at lower levels at the same

time pruning the branches that are inactive in X,

3. We evolve the not-inactive branches to reach the same

status and population as in X.

The above events have positive probability thanks to our
assumptions, which shows that we can pass from X to x
with positive probability.

To conclude the proof, we need to prove the aperiodicity
of the chain, which, thanks to the irreducibility, is
equivalent to the aperiodicity of any of its states. To this
end, take x € X such that s; = stopped for all j € K. Then
no sprouting is possible because all demes are busy and no
deme evolution occurs because all demes are stopped.
Hence, as long as the pruning does not happen, which has
positive probability thanks to (Hpmume), the state does not
change, which means that x is aperiodic. O

Remark 9 Assumption (H,,,) is satisfied for both SGA
with positive mutation and MWEA (see Sects. 2 and 3).

Remark 10 For some natural proximity relations assump-

. 1 2 . .
tions (H,,,,) and (H,,,,) reduce to geometric constraints on

the neighborhoods C; with respect to the computational
domain. This is, e.g., the case of proximity relation defined
in [51] where the neighborhoods are discretizations of balls
in R” that must have sufficiently small diameters in order to
satisfy (Ho,,.)-

5 lllustrative examples

The essential, qualitative results of this paper are presented
in the preceding sections. Here, we mean to present in
action the strategies which are supported by these formal
postulates. We have carefully chosen these simulations
from our previous publications [47, 48], refining their
results.

In particular, we will show two benchmark cases, fol-
lowed by an engineering example. The first benchmark will
use a fitness function with 4 non-convex regions of
insensitivity. We will show how particular stages of the
algorithm up to the local approximation work on this
example. The second will use a fitness function with sim-
ilar features, but with more regions of insensitivity—we
present a comparison based on metrics for this case. In both
benchmarks insensitivity regions and their approximations
are constructed as level sets with cutoff 0.1, i.e. subsets of
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the domain where the objective function (or its approxi-
mation) assumes values less than 0.1. We will finish with
the engineering example from the domain of underground
hydrocarbon prospecting.

5.1 Benchmark with 4 regions of insensitivity

The first example consists in finding the shapes of the four
insensitivity regions, which objective function is shown in
Fig. 4 on the left, and it is meant to present the mechanics
of the strategy. The strategy is composed of the global
phase and the local phase with MWEA. In the global phase
we use HMS-CMA-ES [46], and compare it with NEA2
[38]. The former is supported by the Markov analysis we
presented earlier in the paper, and the latter is a state-of-
the-art algorithm dedicated to multimodal problems. For
more details about the objective function and the configu-
ration, see [48, Sect. 3.1].

We show the results of running both variants of the
strategy in Fig. 5. In the first row, there are clusters
returned by the global phases. HMS-CMA-ES produces
more focused samples, which better identify the lowlands.
The clusters laying in the same basins of attraction, based
on the hill-valley rule, are in the second row. For NEA2,
this operation results in clusters that do not separate low-
lands. In the final row, we show MWEA demes popula-
tions. For HMS-CMA-ES clusters, MWEA explores the
neighborhoods of the lowlands, possibly allowing shape
approximation, maintains separation and reducing overall
number of evaluations. However, MWEA does not handle
NEA2 clusters well: although lowland neighborhoods are
explored, the lowlands are not separated, and it results in
expendable objective evaluations.

5.2 Benchmark with 25 regions of insensitivity
Here, we present how the two variants of the strategy

(NEA2 and HMS-CMA-ES based) perform on a bench-
mark with more lowlands, compared to the previous case.

NEA2 selected clusters HMS-CMA-ES selected clusters
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Fig. 5 The strategy steps visualised for NEA2 and HMS-CMA-ES
global phase [48, Fig. 2]. Steps are presented in consecutive rows:
clusters after the global phase, clusters after reduction and points
obtained by MWEA. The clusters from the first row are not
exhaustive to keep the plots readable. Each cluster is shown with a
different mark type and the solid lines are 0.1 isolines of the fitness
function
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We show its objective function in Fig. 4 on the right. In
this example, we perform calculations with evaluation
budget varying from 2000 to 10000. After its exhaustion,
the global phase is stopped and only the local phase con-
tinues, see [48, Sect. 3.2].

Figure 6 displays the results of the global and local
phases. On the graphs, three metrics are shown in function
of the budget: number of clusters after the global phase,
after reduction and the ratio of covered regions. For a well-
tuned strategy, we expect the number of clusters to reflect
the number of lowlands, especially after the reduction. The
higher the region coverage ratio, the better. Unfortunately,
the NEA2 features indicated in the previous example make
it ineffective at identifying a larger number of lowlands —
the non-separated clusters are merged into a single one.
HMS-CMA-ES fares much better in that regard, yielding
also a higher region coverage ratio.

We also compare the quality of the lowland shape
approximation with different methods: kriging, L>-projec-
tion and H'-projection. In Table 1 we collect Hausdorff
distances of the approximations from the exact lowlands.
Kriging achieves the best accuracy, with L?-projection
closely behind. The samples obtained from using NEA2
prevent obtaining good approximations for any approxi-
mation algorithm.

For illustration, we present an example of the shape
approximations for different approximation and global
phase algorithms in Fig. 7. The approximations resulting
from HMS-CMA-ES are better than NEA?2 in general, and
deficiency of the H'-projection is evident.

5.3 Engineering example

The magneto-telluric (MT) method [10, 63] is a geophys-
ical prospecting method which is used to determine the
resistivity distribution in the Earth crust. It exploits the
telluric currents induced by the solar wind, modeling the
electromagnetic field. The underground formation influ-
ences these currents, which in turn are measured indirectly
by antennae placed at the surface of Earth or its seafloor.
This feature makes it possible to invert such measurements

Fig. 6 Metric values for NEA2
and HMS-CMA-ES variants in

Clusters after global phase

to obtain the unknown resistivity distribution. Being clean
and inexpensive, it has been applied for different purposes,
such as mapping of active faults [29], the study of volca-
noes [21], and exploration of offshore hydrocarbons [66].

Figure 8 describes the selected Earth model for the MT
problem. The computational domain consists of air and a
1D layered media where a 2D heterogeneity (grey rectan-
gle) is embedded in one of the layers. The blue rectangle
corresponds to the natural source in the ionosphere, while
the red triangles correspond to the receivers at the Earth’s
surface. The physical domain is truncated with a Perfectly
Matched Layer (PML) complemented with a Dirichlet
homogeneous border condition imposed on its outer part,
and hp—FEM solves the problem, see [2] and [57, Sect. 3]
for more details.

The task is to identify the resistivities of the subsurface
regions presented in Fig. 8. We take the computation

domain of the problem % = [0,6]*, to be able to apply
HMS. The points from the computation domain are map-
ped to the resistivities by a function .

The resistivities depend on the type of subsurface
region. Example approximate values of resistivities are:
water 1 Qm, rock 1000 Qm, oil 20 Qm, shale 5 Qm.

We calculate the misfit for a single wave frequency
vi = 10712 Hz. Such a choice ensures sufficient penetra-
tion of the waves into the subsurface (in terms of depth)
while maintaining resolution, see, e.g. [63].

In this case, in the global phase we only used HMS. For
configuration and other details, see [47, Sect. 3.4].

The best misfit values in most of the demes fluctuate
around 107! and the median is around 10?2, which misfit
level is comparable to results obtained when solving sim-
ilar problem in [57]. In Fig. 9, all points from the local
phases are shown. An insensitive region in x4 dimension is
clearly visible.

Some of the demes returned from the global phase
contained individuals, which were within the range 0.3 in
the 4D space from the real resistivity parameter vector,
which was around the best achieved distance. In particular,
the solution with best approximation of the p; value, that
also had the misfit of a degree 1071°, was within 1073 of

Clusters after reduction phase Regions covered ratio

the second case. The data points 500 7| x NEA2 30 « NEA2 ! % % « NEA2
are shown for budgets ranging 400 0.8

from 2000 to 10000 evaluations. x © HMS § % % % % © HMS % % o HMS
Each point is an average of the 300 x 20 0.6

metric value for 10 runs of each 200 . 0.4 l f %
configuration. The error bars 10

depict the maximum and the 100 Z © ® & 8 0.2 f

minimum value among these 10 0 oloe s s x x 0

runs 0.5 1 1.5 0.5 1 1.5 0.5 1 1.5
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Table 1 Average Hausdorff

: 2 1 i o
distances between the exact sets - SOt Budget L -projection H -projection Kriging
of insensitivity and their NEA2 2000 1372+ 0.13 1.910 + 0.35 1313 4 0.07
approximations [48, Tab. 1]
4000 1.369 +0.12 1.766 + 0.18 1.315+0.11
6000 1.390 £ 0.11 1.707 £ 0.18 1.315+0.10
8000 1.395 + 0.08 1.797 £ 0.18 1.309 + 0.06
10000 1.319 +0.09 1.746 £ 0.21 1.322 +0.07
HMS-CMA-ES 2000 1.382 +0.16 1.761 £0.19 1.056 +0.11
4000 1.062 + 0.09 1.746 £ 0.15 0.797 + 0.05
6000 0.939 +£0.14 1.781 £ 0.11 0.664 + 0.07
8000 0.907 £ 0.13 1.700 £ 0.16 0.610 + 0.08
10000 0.940 £ 0.15 1.770 £ 0.20 0.640 + 0.09
12 T 12 T
Exact —— Exact
L2 L2
115 F H1 . 115 H1 g
Kriging —— Kriging ——
1 | . 11 | g
105 | . 10.5 | g
10 | . 10 | g
9.5 B 9.5 - 4
9L . 9L g
8.5 Il Il Il Il Il 8.5 Il Il Il Il Il
8.5 9 9.5 10 10.5 11 11.5 8.5 9 9.5 10 10.5 11 11.5

(a) Resulting contours for NEA2

(b) Resulting contours for HMS-CMA-ES

Fig. 7 Each graph presents contours of the insensitivity region generated by approximation methods compared to the exact contour [48, Fig. 4].

We show L?-projection, H'-projection and kriging methods

PML ‘ 12km ‘ 4km ‘ 4km ‘ 4km ‘ 4km ‘ 12km \
]
=
) P1 3km
P2 P4 P2 27km
—
10km P3 10km
Z
2500km

L.

Fig. 8 The domain of the MT computation [47, Fig. 4]

e Source A Receivers

the real p; value. So, the extracted clusters, which we
created based on demes, inherited information about the
subregion which may contain oil. However, such evalua-
tion is an a posteriori claim. Because of the ill-condition-
ing, we cannot distinguish which points with good misfit

10~°

misfit

10—10

10711

10712 -

Fig. 9 MT local phase test, a combined sample from all the LBA runs
[47, Fig. 5]. Selected dimensions are plotted, including misfit and a
projection of points with misfit below 107! in gray
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Table 2 MT local phase test, approximation errors [47, Tab. 6]

Method L? error H' error
L projection 1.85 £ 0.30 124438
H' semi-projection 1.84 £0.30 2.78 £0.47
Kriging 2.19£0.33 3.88 £0.81

values correspond to the real resistivity parameters, how-
ever, the real parameters can be extracted with further
informed analysis of the lowland regions.

As a reference solution for the assessment of the local
phase, we use an approximation based on evaluations
gathered from multiple MT experiments (over 80,000
evaluations with different precision levels, 2000 chosen to
cover the domain with the highest available precision
solutions). For this test, we have identified 30 individual
lowland regions by computing a level set of such an
approximation of misfit, one of which contained the real
resistivity parameters vector.

The statistics of the approximation errors for all the
LBAs are presented in Table 2. Moreover, for each LBA,
we calculate two dedicated coverage metrics, shown in
Table 3. For each LBA, we determine the points which lie
within the obtained lowland approximation (with either L2
projection, H'! semi-projection, or kriging), let us call them
approximation points.

Firstly, we verified if each LBA covered the real resis-
tivity parameters vector by checking if any of its approx-
imation points lies within the distance 0.3 from the vector.
Then, we calculated the percentage of the runs, that had
such an LBA, and we show its values under name coverage
of real parameters (column 2, Table 3).

For calculating the second metric we use the reference
points, which are inside a particular reference lowland.
Then, for each reference lowland we calculate how well the
approximation points cover it, which is done by checking if
a point from the reference lowland lies within the distance
0.1 from an approximation point. The lowland coverage
equals to the percent of the reference points covered. The

best lowland coverage is then the best coverage from the
30 reference lowlands (column 3, Table 3).

Kriging achieves the best lowland coverage in these
results, but the results are too uncertain to make stronger
claims.

6 General conclusions

1. The stochastic population-based search with a dynamic
sampling measure adaptation, that can be modeled as a
stationary Markov chain, might be treated as a machine
learning process that gathers more and more informa-
tion about the problem with each iteration. If the family
of such searches has a focusing heuristic (see Defini-
tion 6), then we may conjecture, that the maximum
information about the problem is contained in the set
A of fixed points of heuristic, that are the frequency
vectors of the limit populations representing most
exhaustive searches (infinite sample after infinite
number of steps) (see Remarks 4.1 and 4.2). Notice,
that typically ¢ is a singleton.

2. The above reasoning shows us, that in order to solve

I1,, IT, (see Definition 5) we really expect to obtain a
random sample with a probability distribution suffi-
ciently close to at least one fixed point of heuristic, i.e.
falling into e—convex envelope 7", of the fixed points,
for a sufficiently small ¢. The analysis of dynamic and
asymptotic features of sampling measures, seems to be
more adequate in such case, than behavior analysis of
single, selected individuals (e.g. best fitted ones) in the
consecutive populations, as it is performed in the
classical approaches (see Remark 6.2).

3. If the Markov chain modeling the search is ergodic,

than it ensures the asymptotic guarantee of success i.e.
the well approximation of fixed point of heuristic %",
can be reached in a finite number of steps, starting from
an arbitrary xo € X, if p is sufficiently large, so that
H N Xy, # 0 (see Remark 6.3).

4. 1If we apply the family of “well tuned” searches to

solve the ill-conditioned problems I1,, I1,, then we can
draw the information about lowlands and minimum

Table 3 MT local phase test,

Method
coverage results

Coverage of real parameters (%)

Best lowland coverage (%)

L? projection
H' semi-projection

Kriging

69 + 35
47 +£39
81 +£32

Coverage of real parameters is the percentage of the runs that resulted in covering the real resistivity
parameters vector. Best lowland coverage metric shows the best achieved reference lowland coverage for

each LBA
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manifolds by the proper post-processing of the limit
population xgx or the cumulative population %Zf: | Xt
where K is a sufficiently large number of steps and
xg € X, for sufficiently large u. Such post-processing
may consist in clustering, cluster separation analysis,
local fitness approximation, etc. (see Remarks 4.3, 6.1
and 6.2).

5. The possible concept of stopping a stochastic strategy
solving such problems is to recognize, whether at least
one population vector x;, € X, falls into the set of states
A .. More formally, we may evaluate the proper
statistic of the FHT of the set 2#"; N X,,. In particular,
FHT expectation might be computed from the linear
system (8) (see Remarks 6.4, 6.5). The other, more
practical possibility of verifying a stopping condition is
to check, whether the consecutive samples form
clusters of a sufficiently high quality, i.e. sufficiently
dense and well separated from each other (see
Remark 6.6).

6. Assessing whether the particular family of searches is
“well tuned” is difficult in the computational practice
(see Remark 6.8). Typically, the algorithms with a
stronger selection pressure are more likely “well
tuned”. Unfortunately, such algorithms are ineffective
in a global search. The possible solution is to use a
cascade of stochastic searches, in which the upper ones
are designated to global search, while the lowest ones
deliver the sample concentrated in the basins of
attraction of lowlands or minimum manifolds. Such
proposition called HMS/MWEA was presented later in
Sect. 4.

7. We have proven that the HMS/MWEA strategy has the
asymptotic guarantee of success in the sense that it can
reach any of its states in a finite number of steps with
positive probability (see Sect. 4). Therefore, we can
expect that when run sufficiently long, the strategy will
produce populations in leaf demes that will occupy
significant parts of interesting regions. However mostly
theoretical, this result forms a solid foundation for the
confidence in the HMS/MWEA search capabilities.

8. In Sect. 5, the computational examples display how the
HMS/MWEA strategy performs on benchmarks and in
an engineering case. The strategy behaves as expected
from the previous Markov chain analysis. The search is
focused in the vicinity of the lowland regions. Thanks
to this, decent lowland shapes approximations are then
obtained. We also determine lowland regions of the
engineering example’s misfit function. This case
proves more challenging, nevertheless, correctness of
the obtained solution is retained.

9. Currently, it is impossible to provide a comprehensive
comparison of the presented strategy with respect to

state-of-the-arts strategies. The reason is that the aim of
our strategy is the insensitivity region approximation,
which is illustrated in Sect. 5, and possible competi-
tors, like those described in [15, 32, 38], concentrate on
finding the global minimizers or even a single global
minimizer. Despite that, in Sect. 5 we compare the
performance of our strategy with algorithms that
provide partial coverage of its functionality. In partic-
ular, we compare its global phase with NEA2 [38] and
its local-approximation phase with kriging method [24]
(see Figs. 6, 7 and Tables 6-3).
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