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Abstract
A two-field formulation of the nonlinear dynamics of an elastic body is presented in which
positions/orientations and the resulting velocity field are treated as independent. Combin-
ing a nonclassical description of elastic velocity that includes the convection velocity due to
elastic deformation with floating reference axes minimizing the relative kinetic energy due to
elastic deformation provides a fully uncoupled expression of kinetic energy. A transforma-
tion inspired by the classical Legendre transformation concept is introduced to develop the
motion equations in canonical form. Finite element discretization is achieved using the same
shape function sets for elastic displacements and velocities. Specific attention is brought to
the discretization of the gyroscopic forces induced by elastic deformation. A model reduc-
tion strategy to construct superelement models suitable for flexible multibody dynamics ap-
plications is proposed, which fulfills the essential condition of orthogonality between a rigid
body and elastic motions. The problem of expressing kinematic connections at superelement
boundaries is briefly addressed. Two academic examples have been developed to illustrate
some of the concepts presented.

Keywords Dynamics · Flexible body · Multibody dynamics · Model reduction ·
Superelement

1 Introduction

The floating frame of reference formulation (FFRF) is a well-established method for the
dynamic description of an elastic body undergoing arbitrarily large motion. Its principle
consists in trying to simplify the problem by splitting the general motion between the rigid
body motion of a reference frame and an elastic deformation with respect to that frame. The
instantaneous position and orientation of the reference frame are however undeterminate.
They can thus be chosen following two main criteria that are hopefully compatible:

– The average relative and rotation from the reference configuration should be kept mini-
mal, so that the assumption of linear elasticity can be adopted in the reference frame.
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– The description of the kinetic energy and of the resulting inertial forces should be made
as simple and accurate as possible. This can be achieved through maximal decoupling
between kinetic energies associated with rigid and elastic motions, with a minimum of
neglected terms.

Following these two criteria leads naturally to the determination of a reference frame under-
going a global motion that does not follow the motion of any point of the material support
but follows its own trajectory, thus referred to as a floating reference frame.

The floating frame concept was introduced in 1976 by Fraeijs de Veubeke [10] and was
soon exploited in the context of spacecraft dynamics e.g. in [5].

The development of the FFRF to describe the elastic behavior of a flexible component in
the context of flexible multibody dynamics started about 10 years later [1, 17, 21], and its
description into Shabana’s textbook [20] greatly contributed to its popularity. The method is
still receiving a lot of interest nowadays, as demonstrated by the constantly growing number
of publications on the subject [4, 18, 22, 24, 26, 27].

Indeed a number of important questions relevant to is efficient implementation remain
open, such as:

– Is it feasible to choose the floating frame of reference to achieve total decoupling between
kinetic energies associated with rigid and elastic motions without any approximation?

– If not, which approximations can be made to achieve this goal?
– What is the most efficient approach to discretize the relative elastic motion?
– Under which circumstances are the gyroscopic forces of elastic origin negligible?
– How appropriate are the modal reduction methods classically used in linear structural

dynamics in the FFRF context?
– What do we define as elastic velocity?
– Should elastic displacements and velocities obey the same discretization?
– How to select the system unknowns in the most efficient way?
– Does the floating center of the reference frame need to be kept as an unknown of the

problem?

The development of the FFRF is classically based on the determination of a reference
frame such that orthogonality is maintained between rigid body and elastic motions. It re-
sults from the assumption that the kinetic energy associated with elastic deformation is min-
imum. The resulting axes are generally referred to as Tisserand axes. In practice, however,
the concept of Tisserand axes is difficult to implement exactly because of the nonlinearity
of the orthogonality conditions to be fulfilled.

The FFRF version described in this paper (and already introduced in [12]) aims at get-
ting around this difficulty by adopting an appropriate definition of elastic velocity. The latter
takes into account the convection term due to angular rotation around the instantaneous
center of mass. Adopting such a representation of the elastic velocity is the key to full de-
coupling of the system kinetic energy into rigid body and elastic deformation contributions
without any approximation. Such a decoupling is, however, submitted to the essential con-
dition of orthogonality between a rigid body and elastic velocity fields.

Developing this new FFRF version imposes treating the elastic displacement and velocity
fields as independent, as was already proposed in [12]. It will be shown in the first part
of the paper that the derivation of the formulation can be best achieved by introducing a
transformation inspired by the Legendre transformation concept [8], from which a canonical
form of Hamilton’s principle results.

The remainder of the paper proceeds as follows.
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The full discrete expression of elastic inertia forces is developed in Sect. 5 devoted to
finite element discretization. The matrix form of the gyroscopic forces resulting from elas-
tic deformation is given. Despite their apparently simple form, getting their explicit ex-
pression would normally require developing the associated matrices at the finite element
creation level. Strategies exist, however, to get them from manipulations on the linear stiff-
ness matrix [12] when the finite element model results from the discretization of a 3D con-
tinuum. It is also observed that rotational equilibrium around the instantaneous center of
mass is affected by elastic deformation since the angular momentum of the body becomes
deformation-dependent.

The development of an appropriate reduction strategy of the elastic finite element model
(Sect. 7) is subject to the essential condition of orthogonality. Consequently, the component
mode synthesis (CMS) widely used not only in structural dynamics, but also in flexible
multibody dynamics [7, 11] is not suitable in this case since it generates a modal reduction
basis consisting of static and vibration modes obtained from fixed boundary configurations.
The model reduction scheme adopted here results thus from the combination of attachment
and vibration modes obtained in free-free configuration as was proposed in [13] and [16].

As illustrated in Sect. 8, different ways are possible to interface the superelements re-
sulting from the proposed FFR formulation with other components of a complex multibody
system. Most of the connection strategies are based on the use of Lagrange multipliers,
but the possibility also exists to make use of the nonlinear kinematic relationship between
boundary elastic degrees of freedom and nodal frames. Selecting the most appropriate in-
terfacing method might depend on the architecture of the software environment in which
the superelement model is exploited. It is generally advisable to adopt an interconnection
method that encapsulates the constraint equations linking nodal elastic displacements to
nodal frames inside the superelement model.

The academic examples presented in Sect. 9 consist of simple beam systems undergo-
ing large rotation. In both examples, the numerical model consists of superelement models
obtained through assembly of linear beam finite elements and reduced through the method-
ology described in Sect. 7. The gyroscopic terms resulting from elastic deformation have
not been included. However, post-processing the results of both examples shows that the
ratio between kinetic energy of elastic origin and total kinetic energy is quite small, so that
the influence of the elastic gyroscopic forces is likely to be insignificant in either case. On
the other hand, the second example presented highlights the fact that the generally neglected
effect of geometric stiffening may become significant at high rotation speeds.

2 Kinematics of the flexible body

The current position of a given point X of an elastic body undergoing overall rigid body
motion (Fig. 1) can be expressed in the form

x = x0 + R0(X + e), (1)

where

– x0 is the current position of the reference point 0,
– R0 is the current rotation about it,
– X is the material (body axes) position of any point on the body, and
– e = e(X, t) is its elastic displacement from the rigid configuration.
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Fig. 1 Kinematics of the flexible
body

The velocity vector may then be expressed in the material frame as1

V = RT
0 v0 + ˜Ω0X + ė + ˜Ω0e (2)

with

v0 = ẋ0 = R0V 0 (3)

being the translation velocity of the reference point 0 expressed in the inertial frame, and

˜Ω0 = RT
0 Ṙ0 (4)

being the skew-symmetric matrix of angular velocities about 0 expressed in the material
frame.

Equation (2) can be split in the form

V = V rig + V e, (5)

where

V rig = RT
0 v0 + ˜Ω0X (6)

is the velocity field due to rigid motion and

V e = ė + ˜Ω0e (7)

is the velocity field due to elastic deformation.
The velocity field due to rigid motion (6) may also be written in the form

V rig = U(X)T

[

V 0

Ω0

]

(8)

1Throughout the paper, ã denotes the skew-symmetric matrix associated with a column vector a. Conversely,
the vector a is obtained from ã as a = vect(̃a).
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the rigid body modes being described in the material frame by the 6 × 3 matrix

U(X) =
[

I
˜X

]

. (9)

3 Kinetic energy

The instantaneous kinetic energy of the elastic body is computed as follows:

K = 1

2

∫

V

V T V ρdV

= 1

2

∫

V

(V 0 + ˜Ω0X)T (V 0 + ˜Ω0X) ρdV

+ 1

2

∫

V

V T
e V e ρdV +

∫

V

V T
e (V 0 + ˜Ω0X) ρdV

= K1 +K2 +K3 .

(10)

The first term K1 represents the rigid body kinetic energy. Assuming that the center of mass
of the undeformed body is taken as the origin of the material frame, we get

∫

V

XρdV = 0 (11)

so that it can be rewritten as

K1 = 1

2
mvT

0 v0 + 1

2
ΩT

0 J 0Ω0, (12)

where m and J 0 are respectively the mass of the body and its tensor of inertia in rigid
configuration

m =
∫

V

ρdV and J 0 =
∫

V

˜X˜X ρdV . (13)

The amplitudes of the rigid body velocities V 0 = RT
0 v0 and Ω0 expressed in the body frame

are not uniquely determined but depend on the choice of the instantaneous reference axes
for the deformed configuration. Following [10], let us thus assume that the choice of the
reference axes for the deformed configuration is made so that the kinetic energy associated
with elastic motion K2 is minimum.

For that purpose, the second term of (10) can conveniently be rewritten in the form

K2 = 1

2

∫

V

(V − V rig)
T (V − V rig) ρdV = 1

2

∫

V

(V − V 0 − ˜Ω0X)T (V − V 0 − ˜Ω0X) ρdV,

(14)
in which the material velocity V has to be regarded as invariant to a change of reference.
Therefore expressing the condition

min
(V 0, Ω0)

1

2

∫

V

(V − V 0 − ˜Ω0X)T (V − V 0 − ˜Ω0X) ρdV (15)
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yields

−δV T
0

∫

V

(V − V 0 − ˜Ω0X) ρdV − δΩT
0

∫

V

˜X
T
(V − V 0 − ˜Ω0X) ρdV = 0, (16)

and thus
∫

V

V e ρdV = 0
∫

V

˜XV e ρdV = 0 . (17)

Conditions (17) mean that the translation and rotation momentums due to elastic motion
around the rigid reference configuration are null. Owing to definition (9) of the rigid body
modes, they also express orthogonality of the elastic velocity field to rigid body motion

∫

V

U(X)V e ρdV = 0 . (18)

Reorganizing the last term in (10) yields

K3 =
∫

V

V T
e (V 0 − ˜XΩ0) ρdV =

[

V 0

Ω0

]T ∫

V

U(X)V e ρdV = 0 . (19)

As a result, and under the assumption that the material axes coincide with the principal axes
of the undeformed body, the system kinetic energy K can be expressed in the fully uncoupled
form

K = 1

2
mvT

0 v0 + 1

2
ΩT

0 J 0Ω0 + 1

2

∫

V

V T
e V e ρdV . (20)

In the next section, we will refer to this expression of kinetic energy in terms of the velocities
(v0, Ω0,V e) as the dual form of kinetic energy

K�(v0, Ω0,V e) = 1

2
mvT

0 v0 + 1

2
ΩT

0 J 0Ω0 + 1

2

∫

V

V T
e V e ρdV . (21)

It is indicated by the � superscript. The primal form of kinetic energy results from the sub-
stitution of kinematic relationships (3), (4), and (5) in (20). It has for expression

K(ẋ0,R
T
0 Ṙ0, ė) = 1

2
mẋT

0 ẋ0 + 1

2
vect(RT

0 Ṙ0)
T J 0vect(RT

0 Ṙ0)

+ 1

2

∫

V

(ė + RT
0 Ṙ0e)

T (ė + RT
0 Ṙ0e) ρdV .

(22)

4 Canonical form of the variational problem

The motion equations will be derived from the application of Hamilton’s principle stated in
the form

δ

∫ t2

t1

(K − Vint) dt =
∫ t2

t1

δVext dt, (23)
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where Vint represents the internal energy associated with elastic deformation and the right-
hand side describes the virtual work of external forces.

Let us first consider the contribution to (23) of the kinetic energy. It is obtained by sub-
stituting into (23) the primal form (22) of kinetic energy

δ

∫ t2

t1

K(ẋ0,R
T
0 Ṙ0, ė) dt . (24)

The variation to be performed on (ẋ0, RT
0 Ṙ0, ė) involves thus the knowledge of the angular

variation vector δΘ0 = vect(RT
0 δR0) and its time derivative.

The material expression of angular variation δΘ0 is obtained by considering the associ-
ated matrix relationship

δ˜Θ0 = RT
0 δR0 . (25)

Time-differentiation of the angular variation matrix (25) yields

δ ˙̃Θ0 = Ṙ
T

0 δR0 + RT
0 δṘ0 . (26)

Likewise performing the variation the angular velocity matrix (4) yields

δ(RT
0 Ṙ0) = δRT

0 Ṙ0 + RT
0 δṘ0 (27)

so that we get the matrix relationship

δ(RT
0 Ṙ0) = δ ˙̃Θ0 − δ˜Θ0(R

T
0 Ṙ0) + (RT

0 Ṙ0)δ˜Θ0 (28)

and the associated vector expression

δ(vect(RT
0 Ṙ0)) = δΘ̇0 + (RT

0 Ṙ0)δΘ0 . (29)

Developing variational expression (24) can be achieved by substituting into it variation
expressions (25), (28), and (29) and integrating by parts in time whenever appropriate. It
leads however to a rather complex second-order expression of elastic inertia forces due to
the occurrence of the gyroscopic terms elastic origin.

Second-order derivation in time of the displacement/rotation fields can however be
avoided by introducing a transformation between the primal and dual expressions of kinetic
energy inspired by the classical concept of Legendre transformation [8, p. 114]. It exploits
the fact that the following forms of kinetic energy are quantitatively equivalent:

K(ẋ0,R
T
0 Ṙ0, ė) = K�(v0, Ω0,V e)

= 1

2

(

mvT
0 ẋ0 + ΩT

0 J 0 vect(RT
0 Ṙ0) +

∫

V

V T
e (ė + RT

0 Ṙ0e) ρdV

)

.
(30)

The transformation reads thus

K(ẋ0,R
T
0 Ṙ0, ė) +K�(v0, Ω0,V e) =

mvT
0 ẋ0 + ΩT

0 J 0 vect(RT
0 Ṙ0) +

∫

V

V T
e (ė + RT

0 Ṙ0e) ρdV .

(31)
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Substituting (31) into variational expression (24) and making use of (21) provides the
kinetic energy contribution to the canonical form of the variational problem

δ

∫ t2

t1

K dt = δ

∫ t2

t1

(

mvT
0 ẋ0 + ΩT

0 J 0 vect(RT
0 Ṙ0) +

∫

V

V T
e (ė + RT

0 Ṙ0e) ρdV

−(
1

2
mvT

0 v0 + 1

2
ΩT

0 J 0Ω0 + 1

2

∫

V

V T
e V e ρdV)

)

dt .

(32)

It is a mixed variational expression in which the kinematic variables (ẋ0,R
T
0 Ṙ0, ė) and

the associated velocities (v0, Ω0, V e) play equal roles and can be varied independently.
Expressing the variation of (32) provides two sets of first-order equations which have the
meaning of momentum equations on the one hand and inertia forces expressions on the
other hand. Their explicit expression will be given later on in the discrete case.

The other contributions to variational expression (23) are now developed.
It is assumed that the elastic deformation of the system is governed by an internal poten-

tial energy Vint resulting from the integration over the body of the strain energy density W

Vint =
∫

V

W(εij) dV, (33)

where the strain tensor εij is derived from the elastic displacements by a strain-displacement
relationship of type

ε = D(e), (34)

D(.) being a strain operator. Assuming linearity between strains and elastic displacements
and linearity material behavior, the internal potential energy is described by the quadratic
expression

Vint = 1

2

∫

V

(De)T E(De) dV, (35)

where D is the linear strain operator and E is a symmetric, positive-definite matrix of elastic
coefficients.

External actions result from two contributions, namely external body forces in the volume
and surface traction forces on a part Sσ of the boundary on the one hand and imposed
displacements on a complementary part SB on the boundary on the other hand.

The virtual work of external loads resulting from the application of body forces f in V

and surface traction forces t on Sσ reads

δVext = −
∫

V

δxT f dV −
∫

Sσ

δxT t dS . (36)

By making use of

δx = δx0 + R0δe − R0(˜X + e)δΘ0, (37)

we get

δVext = −δxT
0 F 0 − δΘT

0 C0(e) −
∫

V

δeT f dV −
∫

Su

δeT t dS (38)
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with the external force and torque acting on the rigid body

F 0 =
∫

V

f dV +
∫

Sσ

t dS (39)

C0(e) =
∫

V

(˜X + e)RT
0 f dV +

∫

Sσ

(˜X + e)RT
0 t dS . (40)

Equation (40) shows that the torque acting about the instantaneous center of mass is
deformation-dependent. It can be split in the form

C0(e) = C0(0) +
∫

V

ẽRT
0 f dV +

∫

Sσ

ẽRT
0 t dS (41)

with

C0(0) =
∫

V

RT
0
˜Xf dV +

∫

Sσ

RT
0
˜Xt dS . (42)

Finally, prescribed position x̄B on SB will be expressed through a 3 × 1 vector of kinematic
constraint functions imposed on the boundary through the Lagrange multipliers method

Φ(X) = x0 + R0(X + e) − x̄ = 0 on SB . (43)

To summarize, the canonical variational expression governing the dynamic behavior of
the flexible body is obtained in the form

δ

∫ t2

t1

{

mvT
0 ẋ0 + ΩT

0 J 0W 0 +
∫

V

V T
e (ė + ˜W 0e) ρdV

− (
1

2
mvT

0 v0 + 1

2
ΩT

0 J 0Ω0 + 1

2

∫

V

V T
e V eρ dV)

− 1

2

∫

V

(De)T E(De) dV

+
∫

SB

λ(X)T (x0 + R0(X + e) − x̄)dS }dt

+
∫ t2

t1

(

δxT
0 F 0 + δΘT

0 C0(e) +
∫

V

δeT f dV +
∫

Sσ

δeT tdS

)

dt = 0

(44)

under the constraints
∫

V

U(X)V e ρdV = 0,

and where we have for convenience introduced the notation

W 0 = vect(RT
0 Ṙ0) ˜W 0 = RT

0 Ṙ0 (45)

to denote the angular velocities computed from time differentiation of the rotation operator.
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5 Discretization

The finite element discretization of the elastic continuum can conveniently be achieved using
the same set of shape functions N(X) for elastic displacements e and velocities V e:

{

e(X) = N(X)q

V e(X) = N(X)r
N(X) ∈ R(3 × n) . (46)

The discretization of the volume and surface integrals in functional (44) requires the evalu-
ation of the following matrices:

– The linear, symmetric, and positive semi-definite stiffness matrix

K =
∫

V

(DN(X))T E(DN(X)) dV (47)

such that

Vint = 1

2
qT Kq . (48)

– The symmetric and positive definite mass matrix

M =
∫

V

N(X)T N(X) ρdV (49)

such that
∫

V

V T
e ė ρdV = rT Mq̇ (50)

and

1

2

∫

V

V T
e V eρdV = 1

2
rT Mr . (51)

– The N × 6 discrete matrix of rigid body modes U such that constraints (18) obey the
discretized form

∫

V

U(X)V e ρdV = UT Mr = 0 . (52)

– The skew-symmetric coupling matrix of gyroscopic origin

G(˜W 0) = − (

G(˜W 0)
)T = −G(−˜W 0) =

∫

V

N(X)T
˜W 0N(X) ρdV (53)

and the 3 × n matrix S(q)

S(q) =
∫

V

˜(N(X)q)N(X) ρdV (54)

such that
∫

V

V T
e

˜W 0e ρdV = W T
0

∫

V

ẽV e ρdV = rT G(˜W 0)q = W T
0 S(q)r . (55)
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– The vector external forces on the elastic body expressed in the body frame

f e =
∫

V

NT (X)RT
0 f ρdV +

∫

Sσ

NT (X)RT
0 t ρdS . (56)

– The external torque on the instantaneous center of mass being deformation-dependent is
expressed as

C0(q) = C0(0) +
∫

V

˜(N(X)q)RT
0 f dV +

∫

Sσ

˜(N(X)q)RT
0 t dS . (57)

The discretization of the constraint function vector (43) to describe imposed position on
the boundary is made in all generality by defining at the NB boundary nodes a set of nodal
frames

wP = (xP , RP ) (58)

collected in

wB =
⎡

⎢

⎣

w1
...

wNB

⎤

⎥

⎦
=

⎡

⎢

⎣

(x1, R1)
...

(xNB
, RNB

)

⎤

⎥

⎦
. (59)

It gives rise to a set of 6 × NB kinematic constraints which we write in the generic form

ΦB(w0,LBq,wB) = 0, (60)

where LB is an NB × N extracting from the global set the boundary degrees of freedom the
NB degrees of freedom involved in the connection

qB = LBq, (61)

and where w0 stands for the nodal frame at the instantaneous center of mass

w0 = (x0, R0) . (62)

Finally, the discretized form of the canonical variational expression (44) reads

δ

∫ t2

t1

{

mvT
0 ẋ0 + ΩT

0 J 0W 0 + rT Mq + rT G(˜W 0)q

− 1

2
(mvT

0 v0 + ΩT
0 J 0Ω0 + rT Mr + qT Kq)

+ λT ΦB(w0,LBq,wB) }dt

+
∫ t2

t1

(

δxT
0 F 0 + δΘT

0 C0(q) + δqT f e

)

dt = 0 .

(63)

6 Equations of motion

In order to get the system motion equations from the variation of canonical form (63), we
first note the following:
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– Owing to (29) the variation of the angular velocity W 0 has for expression

δW 0 = δΘ̇0 + ˜W 0δΘ0 . (64)

– By making use of equality (55) we get

δ
(

rT G(˜W 0)q
) = δrT G(˜W 0)q − δqT G(˜W 0)r + δW T

0 S(q)r

= δrT G(˜W 0)q − δqT G(˜W 0)r + δΘ̇
T

0 S(q)r − δΘT
0

˜W 0S(q)r .
(65)

– Assuming for the time being that the boundary nodal frames (59) are themselves variables
of the problem, the variation of (60) can be formally expressed as

δΦB = Bw0δw0 + BqB
LBδq + BwB

δwB, (66)

where Bw0 , BqB
, and BwB

are Jacobian matrices resulting from the differentiation of
(60). The first term in the right-hand side of (66) can be further split into

Bw0δw0 = Bx0δx0 + BΘ0δΘ0 . (67)

Performing the variation of (63), integrating by parts in time whenever appropriate, tak-
ing account of results (64), (65), and (66), and reordering the terms yields

[

δxT
0 mv0 + δΘT

0 J 0Ω0 + δqT Mr
]t2

t1

+
∫ t2

t1

{

δxT
0 (−mv̇0 + F 0 + BT

x0
λ) + δvT

0 (mẋ0 − v0)

+ δΘT
0 (−J 0Ω̇0 − ˜W 0(J 0Ω0 + S(q)r) − S(q)ṙ + S(r)q̇ + C0(q) + BT

Θ0
λ)

+ δΩT
0 (−J 0Ω0 + J 0W 0) + δqT (−Kq − Mṙ − G(˜W 0)r + f e + LT

BBT
qB

λ)

+ δrT (Mq̇ − Mr + G(˜W 0)q) + δλT ΦB(w0,LBq) }dt = 0 .

(68)

We thus get the canonical motion equations of the elastic body in the form

mv̇0 − F 0 − BT
x0

λ = 0 (69a)

m(ẋ0 − v0) = 0 (69b)

J 0Ω̇0 + ˜W 0(J 0Ω0 + S(q)r) + S(q)ṙ − S(r)q̇ − C0(q) − BT
Θ0

λ = 0 (69c)

J 0(W 0 − Ω0) = 0 (69d)

Kq + Mṙ + G(˜W 0)r − f e − LT
BBT

qB
λ = 0 (69e)

Mq̇ + G(˜W 0)q − Mr = 0 (69f)

ΦB(w0,LBq,wB) = 0 (69g)

under the constraint of orthogonality between elastic velocity field and rigid body motion

UT Mr = 0 . (69h)

The following observations can be made.
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Remark 1 Constraint (69h) is an essential condition to be fulfilled to obtain the solution to
the set of equations (69a)–(69g). In all generality, it should be taken into account using a set
of Lagrange multipliers in order to remove the indeterminacy over the position and orienta-
tion of the floating reference frame. An alternative consists in adopting a modal reduction
basis already orthogonal to rigid body modes. In Sect. 7 a choice of modal reduction basis
is proposed which is the property of orthogonality with respect to rigid body modes while
keeping local elastic displacements as generalized degrees of freedom.

Remark 2 The rotational equilibrium equation (69c) at the center of mass is expressed in
terms of a deformation-dependent expression of the angular momentum

J 0Ω0 + S(q)r.

The total torque C0(q) applied to the instantaneous center of mass is also deformation-
dependent.

Remark 3 The momentum equation (69f) is nothing else than a discretized form of the kine-
matic compatibility relationship V e = ė + RT

0 Ṙ0e. A possible simplification to it would be
to replace it with its collocated variant

q̇ + diag(˜W 0)q − r = 0 . (70)

Remark 4 The equilibrium equation (69e) of the discretized continuum is modified by the
addition of the gyroscopic term G(˜W 0)q .

Remark 5 The effective computation of the N ×N gyroscopic matrix G(˜W 0) and the 3×N

matrix S(q)r is discussed in [12]. In the specific case of a 3D continuum model, the same
shape functions are generally adopted for all three directions so that the mass matrix can be
split in the form

M =
⎡

⎣

M� 0 0
0 M� 0
0 0 M�

⎤

⎦ (71)

with an identical mass kernel M� in all three space directions. It is easily verified that the
matrices G(˜W 0) and S(q)r may then be easily computed from the knowledge of this kernel.

Remark 6 Most of the time, the motion equations governing the flexible behavior of the mov-
ing body are simplified by assuming linearity with respect to relative elastic displacements
and velocities. Equations (69c), (69e), and (69g) are then simplified as

J 0Ω̇0 + ˜W 0J 0Ω0 − C0 − BT
Θ0

λ = 0 (72a)

Kq + Mṙ − f e − LT
BBT

qB
λ = 0 (72b)

Mq̇ − Mr = 0 . (72c)

Remark 7 When using the linearized approximation of inertia forces as proposed in Remark
6, the resulting system of equations is easily recast in the classical second-order form. There
is however a benefit in keeping the canonical form of the motion equations, in the sense
that treating velocities as independent authorizes velocity discontinuity on the boundary of
the superelement. Avoiding the time-differentiation of kinematic constraints (69g) required
to express velocity continuity at interfaces simplifies significantly the computation of the
iteration matrix, but at the cost of an increase in the number of degrees of freedom.
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7 Model reduction

Model reduction of the system of equations (69a)–(69f) can be achieved by adopting a modal
reduction basis Y which applies equally to displacements and velocities

q = Y q̄ r = Y r̄, (73)

q̄ and r̄ being the reduced sets of displacements and velocities.
The choice of the modal basis Y is not arbitrary but is submitted to the following require-

ments:

1. Condition (69g) of orthogonality of the elastic velocity field r to rigid body modes is an
essential condition which ought to be fulfilled by the modal reduction basis

UT MY = 0 . (74)

The classically used component mode synthesis (CMS) method [9] generates a modal
reduction basis composed of static boundary modes and vibration modes resulting from
fixation conditions on the boundary. They are by construction not orthogonal to rigid
body modes. Therefore the CMS method does not fulfill the essential condition (74) and
has to be discarded in the present context.

2. The model reduction method adopted should be able to provide a statically correct so-
lution on the boundary B of the reduced model to allow for a correct transmission of
reaction forces resulting from interaction between bodies of the global system.

3. Ideally, the boundary displacements qB should remain part of the reduced set q̄ to facili-
tate kinematic connections on the boundary shared by adjacent bodies.

As demonstrated in [12], conditions 1 and 2 are fulfilled by adopting a reduction scheme of
type

q = Y q̄ = [

F B Ξ
]

[

pB

η

]

, (75)

where F B is a set of free attachment modes defined on the boundary B , pB is the associated
nodal intensities, Ξ is a set of free-free vibration modes, and η is the associated modal
intensities. The drawback of reduction scheme (75) initially proposed in [15] is its hybrid
character, the pB being unknowns of force type.

In [12], use is made of the fact that, based on a transformation proposed in [16] and [13],
Equation (75) can be recast in terms of the conjugated boundary nodal displacements qB in
the form

q =
[

I 0
F IBF−1

BB Ξ I − F IBF −1
BBΞB

][

qB

η

]

. (76)

The matrices F BB, F IB, ΞB , and Ξ I involved in the transformation result from a splitting
of the matrices F B and Ξ into boundary and internal contributions.

All discrete canonical equations (69a)–(69g) are not affected by modal reduction. The
modified equations are:

– Equation (69c) governing rotational equilibrium of the center of mass:

J 0Ω̇0 + ˜W 0 (J 0Ω0 + S(Y q̄)Y r̄) + d

dt
(S(Y q̄)Y r̄) − C0(Y q̄) − BT

Θ0
λ =

J 0Ω̇0 + ˜W 0
(

J 0Ω0 + S̄(q̄)r̄
) + d

dt
(S(q̄)r̄) − C0(q̄) − BT

Θ0
λ = 0 .

(77)
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– Equation (69e) governing dynamic equilibrium of the elastic continuum:

Y T KYq̄ + Y T MY ˙̄r + Y T G(˜W 0)Y r̄ − Y T f e − Y T LT
BBT

qB
λ =

K̄q̄ + M̄ ˙̄r + Ḡ(˜W 0)r̄ − f̄ e − BT
qB

λ = 0 .
(78)

– The elastic momentum equation (69f):

Y T MY ˙̄q + Y T G(˜W 0)Y ˙̄q − Y T MYr̄ =
M̄ ˙̄q + Ḡ(˜W 0)q̄ − M̄r̄ = 0 .

(79)

– Since the kinematic constraints apply only to boundary displacements, Equation (69g) is
simplified as

ΦB(w0,qB,wB) = 0 . (80)

The matrices K̄ = Y T KY and M̄ = Y T MY are the usual reduced stiffness and mass matri-
ces. Getting the explicit expression of the reduced gyroscopic matrices Ḡ(˜W 0) and S(q̄)r̄

without returning to the generation step of the finite element model is not a simple task.
Developing a simplified formulation of the gyroscopic terms from the knowledge of the lin-
ear mass matrix M and integrating them in system models in which their effect might be
significant is still an open subject of research [24].

In practice, the nonlinear gyroscopic contributions of elastic origin to inertia forces can
be considered as negligible in most applications of multibody dynamics. However, they still
play an important role in specific domains of application such as rotor dynamics. In the ex-
amples developed in Sect. 9 linear elastic deformation has been assumed, and gyroscopic
effects of elastic origin have been considered as negligible. The splitting of the kinetic en-
ergy in the form (20) that the present formulation allows provides a tool to measure the
relative contribution of elastic deformation to the total kinetic energy of the system.

On the one hand, looking a posteriori to energy distribution as done in both examples
presented allows verifying the correctness of this approximation to inertia forces. On the
other hand, it will also be observed in the second example that the nonlinear elastic forces
induced by large centrifugal forces may play a significant role in the system response.

8 Boundary connections

Discretizing the constraint function (43) on the boundary is more easily performed through
collocation, thus in an inconsistent way. For that purpose, let us assume that the set of de-
grees of freedom of the finite element model consists of triplets of nodal infinitesimal dis-
placements dP and possibly (for models including beams, plates, or shells) infinitesimal
rotations αP , so that

qP =
[

dP

αP

]

. (81)

At each node P of boundary B the following set of six constraints has to be satisfied:

ΦP = Φ(w0,qP ,wP ) =
[

x0 + R0(XP + dP ) − x̄P

vect(R̄
T

P R0R(αP ))

]

= 0 . (82)
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The variations of the nodal frames wk can be expressed as

δwk =
[

δxk

vect(RT
k δRk)

]

=
[

δxk

δΘk

]

k = 0, P . (83)

In [12] it has been shown that, in the vicinity of ΦP = 0, we get for the variation of the
constraints

δΦP =
[

I

0

]

δx0 +
[

R0
˜(XP + dP )

I

]

δΘ0 +
[

R0 0
0 I

][

δdP

δαP

]

+
[

δxP

δΘP

]

= 0 . (84)

ΦB is then the (6∗NB ×1) vector collecting the nodal sets of constraints (82). The associated
Jacobian matrices Bx0 , BΘ0 , BqB

, and BwB
as defined by Equation (66) have thus for

explicit expressions

Bx0 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

I

0
...

I

0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

BΘ0 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

R0
˜(X1 + d1)

I
...

R0
˜(XNB

+ dNB
)

I

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

BqB
=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

R0 0
0 I

. . .

R0 0
0 I

⎤

⎥

⎥

⎥

⎥

⎥

⎦

BwB
= I .

(85)
In order to describe the connectivity between bodies, let us consider the general case of two
bodies sharing the same boundary B . Interconnection can be expressed by defining two sets
of kinematic constraints sharing the same nodal frames wB

ΦB 1(w
1
0,q

1
B,wB) = 0 (86)

ΦB 2(w
2
0,q

2
B,wB) = 0 . (87)

In practice, it can be achieved in different ways.

8.1 Mixed interface method

In the mixed interface method, the interface constraints result from collecting information
from both interfacing domains. Equations (86)–(87) are combined to eliminate between
them the common nodal frame wB to generate the single interface constraint

ΦB(w1
0,q

1
B,w2

0,q
2
B) = 0 . (88)

The principle of the mixed interface method is illustrated on Fig. 2.
With the mixed assembly method, the geometrically nonlinear treatment of the interface

is done outside the superelement models through collection of information on their current
position, rotation, and current local deformation state. The global kinematic constraint (88)
is generally imposed through a single set of Lagrange multipliers λB . There is however no
direct access to the global state wB of the common boundary.

8.2 Local interface method

The principle of the local interface method (Fig. 3) consists in introducing inside body k the
spatial frame wk

B through a set of Lagrange multipliers λk
B . In this manner, the superelement
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Fig. 2 The mixed interface assembly method: a single set of constraints ΦB is imposed to interface the bodies
through a common set of multipliers λB . Each body has thus to communicate its current nodal frame w0 and
elastic deformation qB at the interface

Fig. 3 The local interface assembly method: each body has its own set of constraints Φk
B

and multipliers λk
B

to generate the current nodal frames wk
B

. The latter are external connectors which can be treated Boolean-wise

model is self-contained in the sense that there is no need to communicate internal informa-
tion to express interface connections. The method is very flexible since the connectors wk

B

can be treated Boolean-wise, and it requires a minimum of complexity for its development.

8.3 Spatial coordinates method

The spatial coordinates method (Fig. 4) consists in inverting kinematic relationships (82) to
get an explicit expression of the local elastic degrees of freedom

qP =
[

dP

αP

]

=
[

RT
0 (xP − x0) − XP

vect
(

RT
0 RP

)

]

(89)

or, symbolically,

qB = QB(wB,x0,R0). (90)

Making use of Equation (90) allows to adopt the nodal frames wB as unknowns on the
boundary. The hidden complexity of the method results from the observation that taking the
variation of the elastic unknowns qB provides the expression

δqB = ∂QB

∂wB

δwB + ∂QB

∂w0
δw0, (91)
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Fig. 4 The spatial coordinates assembly method: the elastic boundary degrees of freedom qk
B

are eliminated

to provide an explicit expression of the nodal frames wk
B

. The latter are external connectors which can be
treated Boolean-wise

where wB = (x0,R0) is the nodal frame at the center of mass. As a result of the existence
of the second term in Equation (91) which corresponds to motion variation at the instanta-
neous center of mass, a coupling is introduced between equilibrium equations of the local
elastic model (Equation (78)) and equilibrium equations at the instantaneous mass center
(Equations (69a) and (77)).

The spatial coordinates assembly method is described in detail in [12]. Its main advan-
tages are:

– encapsulation into the superelement model of the inherent geometric nonlinearity of the
connection between local and global degrees of freedom,

– absence of Lagrange multipliers to express boundary connections that can be formulated
Boolean-wise,

– minimization of the number of degrees of freedom.

The drawback of the spatial coordinates assembly method is the increased complexity in the
development of the superelement model.

9 Applications

Both examples presented in this section are simple beam systems undergoing large rotation.
In either case, the discrete model consists of superelements obtained from the assembly of
linear beam elements. The boundary connectors of the superelements are in all cases the
positions and rotations at end nodes. The gyroscopic inertia forces have not been included
because the corresponding terms Ḡ(˜W 0) and S(q̄)r̄ are not directly deductible from the
reduced mass matrix M̄ for a beam-like model. The superelement models have been built
using either method 2 or 3 as described in Sect. 8. Both methods provide identical results.
Method 2 turns out to be easy to implement but generates a larger set of dofs, while Method
3 provides a minimum set of dofs at the cost of more complex implementation. Validation
is obtained in both cases through comparison with a nonlinear beam finite element solution.

9.1 Rotating beam with a spherical joint submitted to driving torque and tip load

The rotating beam example sketched on Fig. 5 was first proposed in Reference [6]. It consists
of a rotating beam with the following physical characteristics: length 141:42, mass density
7.8E-03, cross Sect. 9.0, moment of inertia 6.75, Young modulus 2.1 E+06, and Poisson
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Fig. 5 Rotating beam on a
spherical joint

Fig. 6 Rotating beam with a
spherical joint submitted to tip
load: trajectories of mid-length
and tip nodes (Color figure
online)

ratio 0.3. The beam is linked to the foundation through a spherical joint. The loading is such
that the system is undergoing 3D motion, allowing thus to validate the 3D character of the
formalism and assess its correct implementation. The beam is first put into rotation in the
OXY plane through the application of a torque of 200 Nm around OZ, and a tip load of 100 N
is applied next in order to induce flapping motion in the OZ direction.

The beam has been modeled with two superelements described each by their reference
node and two boundary nodes, and six vibration modes per superelement have been included
in the model. The model has been assembled following method 3 (spatial coordinates).

The time integration has been achieved using the α-generalized method for first-order
systems [14] in the form proposed in [3]. The simulation has been performed on the time
interval [0., 50.s] with a time step of 0.01 s and a spectral radius of 0.9.

Figure 6 displays the 3-dimensional trajectory of the nodes at mid-length and at the beam
tip. The motion remains plane during the first 15 seconds of the simulation. The driving
torque and its period of application are such that the rotation angle around OZ is still rather
small (0.3 rad) when the tip load is applied. The impulse intensity is such that the angular
velocities about OY and OZ after application of the tip load have the same order of magni-
tude. The system undergoes large rotation since the hub angular orientation at t = 50 s is
described by the rotation vector (0.22, −1.54, 1.27) rad. The local vibrations induced by
the driving motion after application of the tip load impulse are already noticeable on the
trajectory plot, but will be further investigated from the next figures displaying velocities.
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Fig. 7 Rotating beam with a
spherical joint submitted to tip
load: angular velocities along Z
at hub, mid-length, and tip nodes
(Color figure online)

Fig. 8 Rotating beam with a spherical joint submitted to tip load: angular velocities at a spherical joint along
X, Y, and Z directions (Color figure online)

Figure 7 compares Ωz the angular velocities at the hub (blue curve) and at mid-length
and tip nodes (red and green curves). A rather low oscillation of angular velocities is ob-
served during the first 10 seconds, which results from the rather low intensity of the driving
torque. A vibration of much higher intensity occurs after application of the tip load, indica-
tion that coupling occurs between the responses to both components of the excitation. The
slight linear reduction of the average angular velocity which occurs after application of the
transverse tip load results very likely from the change of orientation of the initial rotation
axis. Zooming has been achieved on the angular responses through two time windows of 1
second as shown on the figure. It shows that the responses remain very similar in frequency
content, and that the responses at hub (in blue) and tip (in red) have always opposite phases.

It is also worthwhile comparing the time evolution of the angular velocities about OZ
and OY axes as done on Fig. 8. Due to the impulsive character of the transverse excita-
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Fig. 9 Comparison between the superelement solution (2 SE) and a nonlinear finite element model (10 ele-
ments) using ODIN software [19] (Color figure online)

tion, an oscillation of much higher amplitude is observed around OY (green curve). On
the one hand, the initial torque induces a linear increase of the Ωz angular velocity up to
0.0295 rad/s. On the other hand, the tip load induces immediately an average angular ve-
locity of −0.0434 rad/s about OY . One can verify that the fundamental oscillation period
of Ωy is 1.74 Hz, which corresponds exactly to the fundamental vibration frequency of the
hinged-free beam.

In order to asses the quality of the results provided by the superelement model, the same
problem has been solved using the ODIN multibody software currently in development at
Uliege (BE) [19]. Figure 9 displays the comparison of the angular velocity curves obtained
both at the beam hub and beam tip. There is a remarkable agreement between solutions dur-
ing the torque application phase. Some discrepancy occurs after application of the tip load:
both responses remain perfectly in phase, but a linear increase of the velocity oscillation
amplitude is observed for the superelement solution.

The next results of interest are the beam deflections at the beam tip. They can be com-
puted from the relationship

d tip = RT x tip − Xtip (92)

and are displayed on Fig. 10. In the same manner as observed for angular velocities, to the
impulse character of the excitation in the Oz direction corresponds a much higher vibration
amplitude but with 0 average value. In the Oy direction, a small quasi-static deflection occurs
due to the driving acceleration. After extinction of the driving torque, the average value of
the response in the OY direction is also 0.

It is easy to measure the apparent frequency of the observed vibration. We measure again
1.74 Hz, which matches exactly the fundamental vibration frequency of the hinged-free
beam.

Figure 11 displays the distribution versus time of the different forms of energy present in
the system, the sum of which corresponds to the external work produced.

Three different periods can be distinguished. During the torque driven period the exter-
nal work produced (black curve) increases quadratically and stabilizes around 30 Nm after
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Fig. 10 Rotating beam with a spherical joint submitted to tip load: elastic displacements along X, Y, and Z
at tip node (Color figure online)

Fig. 11 Rotating beam with a spherical joint submitted to tip load: distribution of different types of energy
versus time (Color figure online)

extinction of the driving torque. It then jumps to 125 Nm when the impulse load is applied
to remain constant up to the end of the simulation period.

One observes that the bulk of the kinetic energy corresponds to rigid body motion (blue
curve), which means that almost all the kinetic energy is carried out by the centers of mass
of the superelements. The part associated with vibration around the center of mass (green
curve) remains very small. Strain energy (red curve) remains very small during the accelera-
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Fig. 12 Rotating beam with a spherical joint submitted to tip load: relative energy balance versus time (Color
figure online)

tion phase but can reach as much as 28% of the total energy after application of the impulse
load. Its variation is compensated by equal change in the amplitude of rigid kinetic energy.

Finally, Fig. 12 displays the relative energy balance over the simulation period. It sud-
denly increases after application of the impulse loading but nevertheless remains always
quite small, indicating adequate energy conservation of the time integration scheme with
the set of parameters adopted.

9.2 Displacement-driven rotating beam

In 1988, Wu and Haug [25] proposed as a benchmark the rotation beam model described
hereafter. It differs from the previous one mainly by its driving mode since it is displacement-
driven. Due to the occurrence of geometric nonlinear effects resulting from high rotation
acceleration, this example has been widely used by several authors [2, 7, 23] to assess dif-
ferent modal synthesis techniques suitable for flexible multibody dynamics. We will refer to
this example as Haug’s rotating beam.

The system consists of a cantilevered beam of length L = 8 m connected to the ground
via a revolute joint. The root rotation angle φ(t) at the joint is prescribed as follows:

φ(t) = ωT

{

τ 2/2 + (cos 2πτ − 1) for τ < 1

τ − 1/2 for τ ≥ 1
(93)

where T = 15 s, ω = 4 rad/s, and τ = t/T . For τ < 1, the system undergoes a sharp angular
acceleration which is responsible for nonlinear geometric behavior of the system. For τ ≥ 1,
the root rotation is driven at a constant angular velocity and the motion is characterized by
small amplitude vibrations.

The beam is again described through repetition of the same superelement model having
one reference node and two boundary nodes, plus six free-free vibration modes as internal
dofs.
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Fig. 13 Haug’s rotating beam: imposed versus computed angular motion (Color figure online)

The beam’s mechanical properties are as follows: axial stiffness EA = 5.03 106 N, shear
stiffness GA22 = GA33 = 1.94 106 N, bending stiffness EI22 = EI33 = 566 N m2, mass
per unit length m = 0.201 kg/m, and moments of inertia per unit length m22 = m33 =
22.7 10−3 kg m. The problem is simulated for 20 s with a constant time step size of 2 ms.
The spectral radius of the generalized-α scheme is ρ∞ = 0.8.

The beam performs about eight complete turns over the simulation period since the final
rotation computed from (93) is 50 rad. The rotation vector at the nodes of the model being
mapped on the [0, 2π ] interval, the computed rotation does not follow the imposed one as
described by Equation (93). Figure 13 compares the time evolution of the rotation computed
at hub level (red curve) to the imposed one (blue curve).

Figure 14 compares the angular rotation imposed on the hub (in blue) to the angular
rotation undergone by the center of mass (red curve). Very low angular deviation is observed
both at the center of mass and tip nodes. The response appears to be nearly vibration free,
meaning thus from a structural standpoint that the response is quasi-static as seen from an
observer in the rotating frame. When zooming on both curves, one notes a slight phase delay
at both CM and tip nodes, which results from the bending occurring during the acceleration
phase.

Figure 15 compares likewise the angular velocity imposed on the hub (in blue) to the
angular rotation undergone by the center of mass (red curve). Again, some delay is observed
between the hub motion and the center of mass velocity response, but still without any
oscillation, confirming the quasi-steady character of the response.

The results of main interest are the relative elastic displacements at the beam tip com-
puted as described before by Equation (92). Figure 16 shows the elastic deflection in the
transverse direction (red curve, left) and the resulting beam shortening in the axial direction
(blue curve, right). The maximum deflection remains moderate since it corresponds to 7.5%
of the beam length. A beam shortening of 0.28% is observed in the axial direction. It has
geometric origin and results from the fact that, the axial stiffness being quite high, the beam
is nearly inextensible.
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Fig. 14 Haug’s rotating beam: angular displacements at CM and hub (response with two superelements)
(Color figure online)

Fig. 15 Haug’s rotating beam: angular velocities at CM and hub (response with two superelements) (Color
figure online)

It turns out however that the geometric stiffening due the centrifugal force has a major
effect on the effective bending stiffness of the beam which cannot be properly captured by a
single superelement model. It can be expected, as observed by other authors [2, 6, 23, 25],
that increasing the number of superelements allows proper transfer to the elastic model of
the centrifugal force undergone by the centers of masses.
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Fig. 16 Haug’s rotating beam: bending deflection in the OY direction and shortening in the OX direction
(Color figure online)

Fig. 17 Haug’s rotating beam: variation of the computed maximum bending deflection with the number of
superelements and comparison with a nonlinear finite element solution (Color figure online)

Figure 17 shows how the bending deflection of the beam changes when increasing the
number of superelements. One observes a significant decrease of the maximum deflection
with the number of superelements. Its value stabilizes with four superelements in the model,
which is consistent with the results presented by other authors. A comparison of our results
with those reported in the literature is made in Table 1.
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Table 1 Comparison of maximum tip deflections

Authors Model Number of elements Max. deflection (m)

Boer et al. [2] nonlinear beam 4 0.5388

id. [2] superelements 4 0.5375

Wu and Haug [25] substructures 6 0.543

ODIN [19] nonlinear beam 4 0.5257

ODIN nonlinear beam 16 0.5333

present superelements 1 0.6015

id. id. 2 0.5520

id. id. 4 0.5386

Fig. 18 Haug’s rotating beam: Evolution with time of the various types of energies present in the system
(Color figure online)

Worthwhile noticing is the difference in convergence behavior between the nonlinear
finite element and superelement analyses. On the one hand, increasing the number of su-
perelements has a stiffening effect on the response since splitting the beam allows trans-
mitting an axial force through the connections. On the other hand, geometric stiffening is
inherent to the nonlinear formulation. Therefore the flexibility of the model—and thus the
maximum tip deflection—increases with the finite element discretization.

Finally, it is observed on Fig. 17 that an oscillation of small amplitude and low frequency
remains after stabilization of the driving velocity to its final value of 4 rad/s. The apparent
frequency measured from the red curve (4SE) is 0.446 Hz to be compared to the frequency
of 0.464 Hz for the cantilevered beam at rest.

Figure 18 displays the evolution in time of the different types of energies present in the
system. The rigid body kinetic energy (blue curve) largely dominates the behavior of the
system. Its maximum theoretical value can be computed as 274,43 Nm. The strain energy
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(red curve) follows the same time evolution as the elastic displacements at the tip (Fig. 17),
but its maximum value (� 0.6 Nm) corresponds to a small fraction of the rigid body kinetic
energy. The elastic kinetic energy (green curve) remains negligible compared to the other
forms of energy present in the system, confirming thus the quasi-static character of the
response.

10 Conclusion

A two-field variant of the FFR formulation has been presented, which should facilitate an
exact description of the inertia forces resulting from arbitrary motion and deformation of an
elastic body. The formulation leads to a canonical form of the discretized motion equations,
implying thus the use of a first-order time integrator for dynamic simulation. The examples
presented demonstrate the effectiveness of the formulation to develop simple superelement
models for integration in flexible multibody simulations. They also show that the decoupling
of kinetic energy inherent to the formulation provides insight on the relative magnitude
of the different contributions to the global system energy. Further work is still needed to
develop and implement the discrete expression of gyroscopic forces of elastic origin from
the only knowledge of the linear mass matrix of the body. The formulation needs also to
be further developed to take into account the second-order geometric stiffening effects that
may occur at large rotation speeds.

The two-field FFRF has been implemented in a prototype code developed in the
MATLAB® environment, in which elastic gyroscopic effects are currently neglected. A new
version of the code is currently developed using the JULIA© language, which will be used
to implement all further developments of the formulation.

Acknowledgements The author acknowledges the support of the Technical University of Munich’s Institute
for Advanced Study (TUM-IAS). He also thanks Dr. Alejandro Cosimo (Conicet, Argentina and University
of Liège, Belgium) for providing the simulations with the ODIN software.

Funding Note Open Access funding enabled and organized by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Berzeri, M., Campanelli, M., Shabana, A.A.: Definition of the elastic forces in the finite-element absolute
nodal coordinate formulation and the floating frame of reference formulation. Multibody Syst. Dyn. 5(1),
21–54 (2001)

2. Boer, S., Aarts, R., Meijaard, J.P., Brouwer, D.M., Jonker, J.B.: A two-node superelement description
for modelling of flexible complex-shaped beam-like components. Multibody Dynamics. In: Samin, J.C.,
Fisette, P. (eds.) ECCOMAS Thematic Conference, Brussels, Belgium, 4–7 July 2011, (2011)

3. Brüls, O., Arnold, M.: The generalized-α scheme as a linear multistep integrator: toward a general
mechatronic simulator. J. Comput. Nonlinear Dyn. 3(4), 041007 (2008)



Dynamics of a flexible body: a two-field formulation 29

4. Cammarata, A., Pappalardo, C.M.: On the use of component mode synthesis methods for the model
reduction of flexible multibody systems within the floating frame of reference formulation. Mech. Syst.
Signal Process. 142, 106745 (2020)

5. Canavin, J., Likins, P.: Floating reference frames for flexible spacecraft. J. Spacecr. Rockets 14(12),
724–732 (1977)

6. Cardona, A.: Superelements modelling in flexible multibody dynamics. Multibody Syst. Dyn. 4(2–3),
245–266 (2000)

7. Cardona, A., Geradin, M.: Modelling of superelements in mechanism analysis. Int. J. Numer. Methods
Eng. 32(8), 1565–1593 (1991)

8. Courant, R., Hilbert, D.: Methods of Mathematical Physics, vol. 2. Interscience Publishers, New York
(1962)

9. Craig, R.R., Bampton, M.C.C.: Coupling of substructures for dynamic analysis. AIAA J. 6(7),
1313–1319 (1968)

10. Fraeijs De Veubeke, B.: The dynamics of flexible bodies. Int. J. Eng. Sci. 14(10), 895–913 (1976)
11. Géradin, M., Cardona, A.: Flexible Multibody Dynamics: A Finite Element Approach. Wiley, New York

(2001)
12. Géradin, M., Rixen, D.J.: A fresh look at the dynamics of a flexible body. Application to substructuring

for flexible multibody dynamics. Int. J. Numer. Methods Eng. 122(14), 3525–3582 (2021)
13. Herting, D.: A general purpose, multi-stage, component modal synthesis method. Finite Elem. Anal.

Des. 1(2), 153–164 (1985)
14. Jansen, K.E., Whiting, C.H., Hulbert, G.M.: A generalized-α method for integrating the filtered Navier–

Stokes equations with a stabilized finite element method. Comput. Methods Appl. Mech. Eng. 190(3-4),
305–319 (2000)

15. MacNeal, R.H.: A hybrid method of component mode synthesis Comput. Struct. 1(4), 581–601 (1971)
16. Martinez, D., Carne, T., Gregory, D., Miller, A.: Combined experimental/analytical modeling using

component mode synthesis. In: 25th Structures, Structural Dynamics and Materials Conference, p. 941
(1984)

17. Nikravesh, P.E., Lin, Y.s.: Use of principal axes as the floating reference frame for a moving deformable
body. Multibody Syst. Dyn. 13(2), 211–231 (2005)

18. Nowakowski, C., Fehr, J., Fischer, M., Eberhard, P.: Model order reduction in elastic multibody systems
using the floating frame of reference formulation. IFAC Proc. Vol. 45(2), 40–48 (2012)

19. ODIN: A research code for the simulation of nonsmooth flexible multibody systems. Developed at the
University of Liège, Department of Aerospace and Mechanical Engineering. To be released as open-
source under the Apache v2 license (2020)

20. Shabana, A.A.: Dynamics of Multibody Systems. Cambridge University Press, Cambridge (2003)
21. Shabana, A., Schwertassek, R.: Equivalence of the floating frame of reference approach and finite ele-

ment formulations. Int. J. Non-Linear Mech. 33(3), 417–432 (1998)
22. Sherif, K., Nachbagauer, K.: A detailed derivation of the velocity-dependent inertia forces in the floating

frame of reference formulation. J. Comput. Nonlinear Dyn. 9(4), 044501 (2014)
23. Sonneville, V., Scapolan, M., Shan, M., Bauchau, O.A.: Modal reduction procedures for flexible multi-

body dynamics. Multibody Syst. Dyn. 51, 377–418 (2021)
24. Witteveen, W., Pichler, F.: On the relevance of inertia related terms in the equations of motion of a flexible

body in the floating frame of reference formulation. Multibody Syst. Dyn. 46(1), 77–105 (2019)
25. Wu, S.C., Haug, E.J.: Geometric non-linear substructuring for dynamics of flexible mechanical systems.

Int. J. Numer. Methods Eng. 26(10), 2211–2226 (1988)
26. Zwölfer, A., Gerstmayr, J.: A concise nodal-based derivation of the floating frame of reference formula-

tion for displacement-based solid finite elements. Multibody Syst. Dyn. 49(3), 291–313 (2020)
27. Zwölfer, A., Gerstmayr, J.: The nodal-based floating frame of reference formulation with modal reduc-

tion. Acta Mech. 232(3), 835–851 (2021)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.


	Dynamics of a flexible body: a two-field formulation
	Abstract
	Introduction
	Kinematics of the flexible body
	Kinetic energy
	Canonical form of the variational problem
	Discretization
	Equations of motion
	Model reduction
	Boundary connections
	Mixed interface method
	Local interface method
	Spatial coordinates method

	Applications
	Rotating beam with a spherical joint submitted to driving torque and tip load
	Displacement-driven rotating beam

	Conclusion
	Acknowledgements
	Funding Note
	References


