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Abstract A constitutive material law for linear viscoelasticity in the time domain is pre-
sented. It does not only allow for anisotropic elastic behavior but also for anisotropic
(i.e. direction dependent) relaxation response. Under the assumption of thermo–rheological
simple material behavior, the model is capable to account for direction dependent time–
temperature-shift functions.

The application is demonstrated for a linear viscoelastic matrix material reinforced by
linear viscoelastic continuous fibers. The effective orthotropic linear viscoelastic response of
the composite is computed by means of a periodic unit cell approach. These data, evaluated
at different temperatures, are used to calibrate the input for the developed material law.
Predictions from the latter are compared to the results from the unit cell simulations.

Keywords Linear viscoelasticity · Orthotropic relaxation · Time–temperature shift ·
Constitutive law · Finite Element Method · Composite materials

1 Introduction

The apparent effects of viscoelasticity manifest itself in a time dependent response to load-
ing and accompanying energy dissipation. Relaxation or creep occurs when a material is ex-
posed to quasi-static loads and load changes. Viscoelastic effects are widespread in natural
and in engineering materials. Among them are almost all biological tissues and most poly-
mers, in particular thermoplastic materials. As fiber reinforced plastics, they have gained im-
portance in lightweight design and for industrial applications. Such composites often have
elongated reinforcements with preferred orientation. Consequently, their properties are di-
rection depended and the consideration of anisotropy becomes inevitable. In engineering
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composites, composition and spatial arrangement allow for the tailoring of the properties to
meet certain demands arising from service loads of composites parts.

For the design process, computational tools are desired which are capable to predict the
response of composite materials. There are two groups of models which serve for this pur-
pose. First, micromechanical approaches which are based on a detailed representation of
the geometry of the composite’s constituents, and second, constitutive material laws which
describe the homogenized behavior of the composite. The latter are well suited for struc-
tural analyses of large scale components and parts made from composites, because they can
handle general multi-axial time varying loading scenarios.

A general introduction into viscoelasticity can be found, e.g. in (Lakes 2009; Gurtin
and Sternberg 1962; Schapery 2000) which focus predominantly on isotropic behavior.
Transversely isotropic (and orthotropic) viscoelastic models have been presented, e.g. in
(Holzapfel 2000; Bergström and Boyce 2001), based on invariants of the strain representa-
tion, which are commonly used for biological soft tissues. Typically, they combine nonlinear
orthotropic elasticity with linear isotropic viscosity. Anisotropic formulations are presented
in (Li et al. 2016; Pettermann and DeSimone 2018; Endo and de Carvalho Pereira 2017)
which treat the direction dependence not only of the elasticity but also of the relaxation
contribution. A linear viscoelastic constitutive law in the time domain for cubic material
symmetry is presented in (Pettermann and Hüsing 2012) and applied to highly porous struc-
tures. Linear and nonlinear orthotropic viscoelasticity adopting not the full set of orthotropic
viscous effects is presented in (Melo and Radford 2004; Kaliske 2000) and applied to com-
posites and foam materials, respectively. An anisotropic nonlinear viscoelastic constitutive
law has been introduced in (Schapery 1969) which found widespread application to study
composite materials.

Micromechanical approaches based on numerical schemes are presented in (Brinson
and Lin 1998; Liu and Brinson 2006; Brinson and Knauss 1991) to study composites.
However, such approaches pertain to material characterization rather than formulating an
anisotropic viscoelastic constitutive law. Micromechanical approaches based on (semi) an-
alytical schemes are presented in (Hashin 1966; Friebel et al. 2006). Typically, Laplace
transforms are utilized and the back transformation is facilitated by numerical means.

For the treatment of temperature dependent relaxation response in the context of lin-
ear viscoelasticity, the common approach is to introduce a time–temperature-shift function
(TTS), based on the assumption that relaxation processes take place faster at higher temper-
atures; see e.g. (Lakes 2009; Tschoegl et al. 2002). This way, a functional relation between
temperature and the so called reduced time can be established. Materials obeying the above
assumption are called thermo–rheological simple. However, not all materials are thermo–
rheological simple, as has been shown for polymer blends, block co-polymers, multi-phase
system, and the like in, e.g. (Fesko and Tschoegl 1971; Caruthers and Cohen 1980; Tao
et al. 2018). Micromechanical modeling to predict thermo–rheological complex response
has been applied for some composite material in (Brinson and Knauss 1991) based on unit
cell approaches, and e.g. in (Kaplan and Tschoegl 1974; Gibson et al. 1982; Nakano 2013)
based on stress and strain coupling considerations. The concept of thermo–rheological sim-
plicity, also, establishes a relation between temperature and frequency for considerations
in the frequency domain. It is not only used in simulations but is also widely utilized in
experimental material characterization.

The present paper somewhat extends the concept of thermo–rheological simplicity by
introducing direction dependent TTS functions. An orthotropic material model is set up to
allow for independent TTS functions with respect to the principal material directions, in
each of which thermo–rheological simple response is assumed. The developments are based



Mech Time-Depend Mater (2021) 25:679–689 681

on the constitutive material law for linear thermo–viscoelasticity in the time domain with
orthotropic material symmetry under plane stress assumption as presented in (Pettermann
and DeSimone 2018, 2016). The formulation of the constitutive material law allows not only
for elastic orthotropy but also for orthotropic relaxation behavior, i.e. the viscous part of the
response is direction dependent. The formulation of the TTS functions is orthotropic as well.
The constitutive law is implemented into the commercial FEM package ABAQUS/Standard
(R2018) (Dassault Systémes Simulia Corp., Providence, RI, USA) using the interface “user
supplied material routine” (UMAT).

The developments are exemplified on a continuous fiber reinforced composite with dis-
similar generic material data of the constituents. Both the fiber and the matrix material is
linear viscoelastic and possess different TTS functions. A periodic unit cell approach is em-
ployed to compute a set of homogenized composite responses. These are used to calibrate
the input parameters for the developed constitutive law. The predicted behavior by the latter
is compared to the unit cell simulations with respect to the quality of the orthotropic material
fit including the TTS. The concept of direction dependent TTS functions is discussed, and
the predictive capabilities for the present example is assessed.

In addition, linear elastic fibers as well as fibers with the same TTS function as the matrix
are employed to study its effect on the composite’s temperature dependent relaxation.

2 Constitutive model

The constitutive model as presented in (Pettermann and DeSimone 2018, 2016) is briefly
reviewed. It is formulated for linear viscoelasticity under plane stress conditions and or-
thotropic material symmetry. The equations, however, are of general character and can be
extended to tri-axial settings in a straightforward manner.

The hereditary integral in tensorial form reads

σi(t) =
∫ t

0
Rij (t − s)ε̇j (s)ds , (1)

adopting plane stress and Voigt notation, stress and strain are given as

σi = (σ11 σ22 σ12)
T , εi = (ε11 ε22 γ12)

T . (2)

The time dependent material tensor for orthotropic materials under plane stress,

Rij (t) =
⎛
⎝R11(t) R12(t) 0

R21(t) R22(t) 0
0 0 R33(t)

⎞
⎠ , R12(t) = R21(t) , (3)

is composed of individual relaxation functions,

Rij (t) = Rij 0[1 −
∑

k

rij k(1 − exp(−t/τ rij k ))] (no sum on ij) , (4)

which are given by Prony series expansions with Rij 0 being the instantaneous values, i.e. the
elasticity tensor elements giving the short term behavior. The sum over k Prony terms con-
tains the relative relaxation elements, rij k , and the corresponding characteristic times, τ rij k .

This formulation requires extended treatment in contrast to the isotropic (or uni-axial)
case which can be formulated by uncoupled scalar equations. In the present formulation of
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the relaxation tensor, Eq. (3), each terms can exhibit its own independent relaxation behav-
ior. Also, each term can exhibit its own independent TTS function which will be exploited
next.

The temperature dependence of viscoelastic material response is widely treated by intro-
ducing a reduced time; see e.g. (Lakes 2009; Tschoegl et al. 2002). This way, it is accounted
for the fact that the internal deformation mechanisms can act faster at higher temperatures.
The reduced time,

tred ij = t

Aij (T )
, (5)

modifies the “real” time, t , by the shift function, Aij (T ), which depends on the temperature,
T . Note that the formulation of Eqs. (3) and (4) offers the opportunity to treat each relaxation
function Rij (tred ij ) in dependence of its own individual reduced time. This is enabled by
direction dependent TTS functions, Aij (T ), and applying Eq. (5).

For polymers the empirical Williams–Landel–Ferry (WLF) shift function is often used
which reads,

logAij (T ) = − C1 ij (T − Tref ij )

C2 ij + (T − Tref ij )
(no sum on ij) , (6)

with Tref ij being the reference temperature and C1 ij and C2 ij are constants pertaining to the
particular material under consideration.

The implementation of the viscoelastic model is carried out by means of the UMAT option
for ABAQUS/Standard (R2018) (Dassault Systémes Simulia Corp., Providence, RI, USA).
For details of the numerical solution strategy see (Pettermann and DeSimone 2018). Arrhe-
nius shift functions are implemented, too, and not only the parameters but even the type of
shift function can be selected individually for each element Rij (tred ij ) within one analysis
run. These features, however, are not used in the present study. Here, only a set of individual
WLF functions, Aij (T ), is used.

3 Example — composite

To apply the developments a composite material with continuous fiber reinforcement of
40%vol is studied. In the following, for the relaxation tensor elements Voigt notation is used
as given in Eqs. (3) and (4). In contrast, stress and strain components are printed in their two
index tensor representations.

Both fiber and matrix material are taken to be isotropic, linear viscoelastic, and thermo–
rheological simple. Generic material behavior is assumed; see Tables 1 and 2. The instanta-
neous Young’s modulus of the fibers is ten times the one for the matrix, the instantaneous
Poisson’s ratio is assumed to be identical. The bulk response is linear elastic (i.e. no bulk
relaxation occurs, k = 0) for matrix as well as fiber material. Each relaxation function for
the shear responses is given by one Prony term only, whereby the matrix shows more pro-
nounced but slower relaxation. The WLF shift function parameters for the matrix follows
some common values, whereas the WLF function of the fibers reflect a more pronounced
temperature dependence. The ABAQUS/Standard built in material model is employed to
model the matrix and fiber behavior. Graphs of the shear relaxation functions for the matrix
and the fiber material as functions of the temperature are shown in Fig. 1.
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Table 1 Isotropic linear viscoelastic material data of the matrix as input to the ABAQUS material law; in-
stantaneous elastic moduli, shear relaxation by one Prony term, g, and no bulk relaxation, k, WLF temperature
shift data

E0 = 2500 MPa ν0 = 0.25 (G0 = 1000 MPa)

k = 0 (τk = 0 s) g = 0.5 τg = 1.0 s

Tref = 0 °C C1 = 17 C2 = 50

Table 2 Isotropic linear viscoelastic material data of the fibers as input to the ABAQUS material law; instan-
taneous elastic moduli, shear relaxation by one Prony term, g, and no bulk relaxation, k, WLF temperature
shift data

E0 = 25000 MPa ν0 = 0.25 (G0 = 10000 MPa)

k = 0 (τk = 0 s) g = 0.2 τg = 2.0 s

Tref = 0 °C C1 = 30 C2 = 70

Fig. 1 Temperature dependent
shear relaxation functions of
matrix (top) and fiber (bottom)
material for 8, 4, 0, and −4 °C,
corresponding to Tables 1 and 2,
respectively

3.1 Unit cell homogenization

Now the effective behavior of the composite material is predicted by computational homog-
enization based on periodic unit cell simulations. For the case of linear viscoelastic com-
posites, the entire constitutive behavior can be extracted by computational homogenization
of unit cells in a consistent way. The response is solely and comprehensively determined
by the relaxation tensor elements as given in Eqs. (3) and (4). They can be computed by a
set of three independent load cased for plane stress situations as in the present study, or by
six independent load cases for full anisotropy in tri-axial cases. Particularly suited for that
purpose are uni-axial strain Heaviside steps. Once the Rij (t) are predicted, proper terms for
the Prony series have to be calibrated to achieve a suitable fit. The latter is the only approxi-
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Fig. 2 Three-dimensional unit
cell with regular hexagonal
arrangement of continuous fibers

mation to get from the unit cell results to the homogenized representation by the constitutive
material law. Note that the above described procedure is not possible for other dissipative
material responses and anisotropic nonlinear (visco)elasticity. In such cases, free/dissipation
energy potentials have to be given which cannot be gained in a direct and consistent way
from unit cell homogenization.

The employed FEM unit cell (Pettermann and Suresh 2000) represents a periodic hexag-
onal arrangement of aligned fibers in three-dimensional space; see Fig. 2. Eight-noded
isoparametric continuum elements with linear interpolation functions and full integration
are used. The unit cell is equipped with fully periodic displacement boundary conditions to
allow for arbitrary loading scenarios. Note that the periodicity in 3-direction is shifted by
half of the unit cell width to reduce its size. To apply the loads and to read the responses, the
concept of the macroscopic degrees of freedom, see e.g. (Böhm 2004), is utilized. Thereby,
the four master nodes which sit at the corners of the unit cell at the coordinate axes are used
to control the homogeneous (far field) stresses and strains. To achieve the required plane
stress conditions, i.e. σ3i = 0, the corresponding master node on the 3-axis show force free
boundary conditions. The boundary conditions of the remaining master nodes are displace-
ment controlled to realize the set of required Heaviside step loading conditions for evaluation
of Rij (t) in Eqs. (3) and (4). For example, a Heaviside step displacement at t = 0 is applied
to represent ε11(t > 0) = 1, and ε22 = γ12 = 0 at any time. From the reaction forces at the
master nodes, the stress responses follow which correspond to R11(t) and R12(t), respec-
tively. For the remaining elements of Rij (t), Heaviside step strains of ε22(t > 0) = 1 and
γ12(t > 0) = 1 are applied and evaluated accordingly (see also (Pettermann and DeSimone
2018)).

The simulations are carried out for four constant temperatures each of which is assumed
to be in stress free state, i.e. no thermal expansion effects are considered. The predicted
temperature dependent effective relaxation behavior of the composite is shown in Fig. 3
(thick lines). Note that even if the constituents of the composite are thermo–rheologically
simple, the homogenized response of the composite does not need to be.

3.2 Constitutive law calibration and predictions

Next, the material parameter for the UMAT input can be calibrated, including direction de-
pendent TTS functions. The short and long term values, i.e. Rij 0 and Rij (t → ∞) as well as∑

k rij k , can be computed directly from the short and long term responses of the unit cell and
are not influenced by the TTS. It remains the fitting of the relative relaxation elements, rij k ,
(if k > 1) and the corresponding characteristic times, τ rij k . This is done for T = Tref = 0 °C,



Mech Time-Depend Mater (2021) 25:679–689 685

Fig. 3 Temperature dependent
relaxation functions Rij of the
composite for 8, 4, 0, and −4 °C,
unit cell predictions (thick lines),
corresponding homogenized
responses of the constitutive law
with direction dependent shift
functions (Table 3, thin solid
lines) and selected results with
isotropic shift functions from
fiber (thin dashed) and matrix
(thin dotted) data, respectively

which is taken as the reference temperature for the WLF data in all cases throughout this
example. The complete data set is listed in Table 3. Note that a proper fit for the coupling
term R12(t) requires (at least) two Prony terms since it does show a change of curvature
when displayed in linear time (corresponding effects have been discussed in (Pettermann
and DeSimone 2018)). The response of R11(t), R22(t), and R33(t) can be fitted properly by
one term each. For the sake of completeness, the values rij = 0 are added to Table 3. The
WLF shift parameters are fitted based on the unit cell responses, too, also accounting for
direction dependence.

Single element simulations are carried out and the predictions by the constitutive law are
added to Fig. 3 (thin solid lines), including direction dependent time–temperature shifts. For
selected cases, results computed by means of the isotropic shift functions of the fiber (thin
dashed lines) and the matrix (thin dotted lines) material, respectively, are added.
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Table 3 Orthotropic linear viscoelastic material data as input to the UMAT; instantaneous elasticity matrix
elements, relative relaxation elements and characteristic times, as well as WLF temperature shift data

R11 0 = 11800 MPa R22 0 = 4790 MPa R12 0 = R21 0 = 1200 MPa R33 0 = 1970 MPa

r11 = 0.201 r22 = 0.376 r12 = r21 = 0.183 r33 = 0.467

τ r11 = 1.75 s τ r22 = 1.20 s τ r12 = τ r21 = 1.70 s τ r33 = 1.00 s

r11 = 0.000 r22 = 0.000 r12 = r21 = −0.010 r33 = 0.000

τ r11 = 1.75 s τ r22 = 1.20 s τ r12 = τ r21 = 0.20 s τ r33 = 1.00 s

R11 Tref = 0 °C C1 = 17 C2 = 40.3

R22 Tref = 0 °C C1 = 17 C2 = 49.5

R12 Tref = 0 °C C1 = 17 C2 = 54.0

R33 Tref = 0 °C C1 = 17 C2 = 49.3

3.3 Discussion of direction dependent TTS

The most straightforward interpretation can be given for the shear response, i.e. R33. The
calibration of the relaxation response with one Prony term is sufficient. For the pertinent
shear loading scenario the matrix properties dominate the effective relaxation behavior. The
characteristic time is the same as for the matrix and the relative relaxation element is slightly
lower owing to the presence of the fibers. The WLF shift parameters are essentially identi-
cal to that of the matrix material and fit the temperature dependence very well. Moreover,
thermo–rheological simple behavior for this relaxation element applies, and the TTS shift
function of the matrix material is inherited to the composite. Application of the shift func-
tion of the fiber material (thin dashed lines) does not give rise to satisfactory predictions.
Equivalent interpretations hold true for R22, i.e. loading perpendicular to the fibers. At high
temperature the fit shows some minor deviations.

The response in fiber direction, R11, is widely dominated by the presence of the contin-
uous fibers (and their material properties). The temperature dependence of the relaxation
is more pronounced, i.e. the curves are more spread out, owing to the TTS function of the
fibers. At high and low temperatures, moreover, thermo–rheological simplicity seems to
be violated to some extent. Note that the unit cell predictions give the “correct” response
(within the framework of computational homogenization), while the UMAT results resemble
thermo–rheological simple behavior. The UMAT predictions (in combination with direction
dependent shift functions) may be considered acceptable in a certain temperature range for
which a particular fit can be found. Neither the application of the shift function of the fiber
material nor the one of the matrix material give rise to satisfactory predictions. In fact the
developed direction dependent shift functions contribute to a much better approximation of
the temperature dependent behavior of the studied orthotropic composite.

The relaxation element which implicitly carries the Poisson effect, R12, shows the most
complicated behavior. The fit for the reference temperature (Tref = 0 °C) is facilitated by
two Prony terms and shows some minor deviation at short times. For the other temperatures
the deviation increases. In comparison to the thermo–rheological simple assumption by the
UMAT, the unit cell predictions show a variation of the maximum slope in the graphs. At the
highest temperature the fit does not well resemble the response, in particular for short times.
However, the approximation is much better than applying the isotropic shift functions from
fiber or matrix material. Alternatively, the fit could be made with respect to another reference
temperature to better represent a certain temperature range, of course, compromising the
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predictions at deviating temperatures. Note that the predicted response by the unit cell at the
highest temperature shows a non-monotonic behavior in time, a behavior which has been
addressed in (Pettermann and DeSimone 2018), too.

For the present example with generic material data, the effective direction dependent TTS
functions which imply thermo–rheological simple behavior can be applied with a sufficient
degree of accuracy for the most important properties. The highest deviations arise for the
coupling element which may be considered as being of “secondary” importance. In any
case, the approximated individual direction dependent TTS functions work much better than
some unique one would do. Considering the capability of an analytical constitutive law,
such a compromise is considered viable, even more, as it enables the simulation of large
components.

Moreover, the present formulation of the constitutive law allows for a (straightforward)
extension of the implementation with more intricate shifting functions. Doing so, the full
capability of different shifting functions for the different Rij would be maintained, including
a possible mixture of shifting types.

3.4 Variation of the fiber material

In addition, linear elastic fibers as well as fibers with the same TTS function than the ma-
trix are employed. Matrix material (Table 1), fiber arrangement, and fiber volume fraction
are kept the same throughout these investigations. Homogenization by the periodic unit cell
approach is carried out to study the effect on the composite’s temperature dependent relax-
ation.

First, linear elastic, isotropic glass fibers are used as reinforcement with an Young’s mod-
ulus of E = 70000 MPa and a Poisson’s ratio of ν = 0.2 The relaxation tensor, Rij (t), of
course, exhibits the expected orthotropic behavior with direction dependent elasticity and
relaxation. Predictions for various temperatures, however, revealed that the TTS function of
the matrix material applies to all elements of the relaxation tensor (no graphs shown) and
thermo–rheological simplicity holds true.

Second, a linear viscoelastic, isotropic fiber material is chosen which is dissimilar from
the matrix but has the same TTS function as the matrix. In fact, the instantaneous elasticities
and the Prony term are taken from Table 2 and the WLF data from Table 1 to prescribe
the fiber properties. Again, the relaxation tensor, Rij (t), exhibits the expected orthotropic
behavior with direction dependent elasticity and relaxation. Predictions for various temper-
atures show that the identical TTS functions of matrix and fiber now apply to all elements of
the relaxation tensor (no graphs shown) and thermo–rheological simple material behavior is
resembled.

4 Summary

A constitutive material law for linear viscoelasticity in the time domain with orthotropic ma-
terial symmetry under plane stress assumption is presented, and it is extended to allow for
direction dependent time–temperature-shift functions. The concept of thermo–rheological
simple materials is widened in the sense that different directions can have their individ-
ual shift functions. The developments are implemented into the commercial FEM package
ABAQUS/Standard using the interface “user supplied material routine”.

As an example a model composite is studied with orthotropic material symmetry in a
plane stress setting. It is composed of two distinct isotropic linear viscoelastic constituents
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with different time–temperature-shift functions. The effective response is predicted by com-
putational homogenization employing unit cell simulations. From those the material param-
eters for the developed constitutive law are calibrated, including direction dependent shift
functions. The responses are compared and discussed in terms of thermo–rheological sim-
plicity and the direction dependent effective shift functions.

For some directions the effective shift functions work well, for some other directions
they are of approximate character. However, a significant improvement compared to some
direction independent time–temperature-shift functions is demonstrated.

Moreover, the present formulation of the constitutive law allows for an extension of the
implementation with more intricate shifting functions, while maintaining the capability of
different shifting functions for the different Rij , including a possible mixture of shifting
types.

For composites with linear elastic fibers embedded in a linear viscoelastic matrix, the
composite exhibits the shift function of the matrix, independent of the direction.

Finally, the constitutive material law enables the simulation of large structures which is
far beyond the feasibility of numerical micromechanics based approaches. This way, the
developed constitutive law provides a tool for structural analyses of components made from
orthotropic linear viscoelastic materials.
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