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Abstract

Using Araki—Yamagami’s characterization of quasi-equivalence for quasi-free rep-
resentations of the CCRs, we provide an abstract criterion for the existence of
isomorphisms of second quantization local von Neumann algebras induced by Bogol-
ubov transformations in terms of the respective one particle modular operators. We
discuss possible applications to the problem of local normality of vacua of Klein-
Gordon fields with different masses.
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1 Introduction

Since the time of its appearance, Tomita—Takesaki modular theory has been recognized
as a fundamental tool in the study of von Neumann algebras. The outstanding work
of Connes, Takesaki, Haagerup and others on the classification of injective factors of
type Il is a notable illustration of this fact (see [24] for a detailed exposition). Not too
surprisingly, modular theory plays also a major role in the algebraic approach to Quan-
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tum Field Theory (QFT), as first recognized by Bisognano-Wichmann in the middle
of the seventies. Indeed it was shown under mild assumptions that the one-parameter
group of modular unitaries associated to certain spacetime wedges implements the
Lorentz boosts. However, while many more related aspects have been subsequently
clarified in later works by Borchers, Buchholz, Longo, Schroer, Wiesbrock and many
others (see [15] for a review), the properties of the modular operators associated to
bounded regions in the theory of a scalar massive free field remain elusive (see e.g.
the recent discussion in [7]).

In the case of free field theories, the modular theory of local algebras has a coun-
terpart at the one particle level. Namely, it is possible to associate to certain real
subspaces (known as standard subspaces) of the one particle Hilbert space modular
operators whose second quantization yields the modular operators of the von Neu-
mann algebra associated to the given subspace. Within this setting, a further aspect
of the relevance of modular theory in QFT, which was overlooked until very recently,
shows up. Namely the polariser of a standard subspace, connecting its symplectic
structure with its real Hilbert space one, can be expressed as a functional calculus of
the corresponding modular operator [17] (see also Proposition 2.1 below).

The interest of this observation lies in the fact that the polariser is a central object in
the analysis of the quasi-equivalence properties of quasi-free states on Weyl algebras,
as was discussed independently by Araki, van Daele and others [3-5, 25], without
explicit use of modular theory. The main object of the present work is then to char-
acterize the quasi-free isomorphisms of second quantization von Neumann algebras
in terms of their one particle modular structure. We accomplish this task in Sect. 2
relying on the powerful quasi-equivalence criterion of [5]. A related, but apparently
different, criterion has appeared in [17].

A natural application to QFT of such a result is the analysis of local quasi-
equivalence of vacuum states of free Klein-Gordon fields of different (non negative)
masses, that was discussed about fifty years ago by Eckmann and Frohlich [10]. How-
ever, rather than using modular theory, whose relevance for QFT at the time was just
starting to be recognized, their proof is deeply rooted on the remarkable work of
Glimm and Jaffe in constructive field theory (roughly speaking, their idea is to look at
the difference of the mass terms as an interaction). Unfortunately, the justification of
some of its central statements, though probably clear for people working in the field at
that time, is only sketched, and moreover the proof makes essential use of results by
Rosen which were available only in preprint form, and which cannot be easily found
at present. This makes in our opinion [10] difficult to understand for non experts in
constructive methods nowadays. Furthermore, an independent proof using modern
techniques based on modular theory would be desirable also from a conceptual point
of view.

In Sect. 3.1, we then provide a direct verification of some of the conditions appearing
in our abstract result of Sect. 2 in the case of the restriction to a local algebra of massive
and massless Klein—Gordon vacua in d = 2, 3 spatial dimensions. As a byproduct,
we show that the resolvents of the local modular operators on the one-particle space
depend continuously on the field mass with respect to the Hilbert—Schmidt norm of the
relevant local standard subspace. This fact looks interesting on its own (cf. e.g. [23])
but also enriches the scenario around modular theory for Weyl algebras developed
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Quasi-free Isomorphisms of Second Quantization... Page 3 of 23 8

in [17]. Of course, strictly speaking our result is implied by the analysis in [10], but
our arguments provide a self-contained independent approach which is somewhat
more intrinsic and also sheds some new light on the mathematical structures behind
these operators. Unfortunately, a complete characterization of local quasi-equivalence
of such states along these lines seems to require a more detailed knowledge of the
massive modular operator than is presently available.

The case of a massive and a massless vacuum in d = 1 spatial dimension is not
covered by the results of Eckmann and Frohlich, due to an infrared divergence. In
Sect. 3.2 we show that our abstract quasi-equivalence criterion and the results of [9]
imply the existence of a quasi-free isomorphism between the local von Neumann
algebras generated by massive and massless Weyl operators corresponding to test
functions of zero mean in d = 1 (see [6] for a related result).

2 General Results

Let (H, (-, -)) be a complex Hilbert space (where the scalar product is linear in the
second variable). We consider the usual associated symmetric Fock space

+oo
o = P HEs"
n=0
in which the coherent vectors
+oo
et = —x®n, x e H,

form a total set (here H®59:=C and x®%:=1). In particular the vector Q:=¢° € ¢/ is
called the vacuum vector. We also consider the Weyl unitaries W (x), x € H, on et

defined by their action on 2 and by the canonical commutation relations (CCR):

W(x)eo:ze_%”x‘lze”/ﬁ, x€H,
WEOW@G) =e s MEN W +y),  x,yeH.

For any closed real subspace K of H, we define a von Neumann algebra
AK)={W(h)|he K}

one!, the second quantized algebra of K. We say that K is standard if K +i K is dense
in H and K NiK = {0}. Then the vacuum vector 2 € e’’ is cyclic and separating
for A(K) if and only if K is standard [1]. The symplectic complement of the standard
subspace K is the standard subspace K:={h' € H : Im(k,h’) = 0 Vk € K},
and K is called a factor (or factorial) if K N K’ = {0}, which is equivalent to A(K)
being a factor von Neumann algebra, namely A(K) N A(K)" = CI. In this case,
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K equipped with the non-degenerate form o (h, k):=Im (h, k), h, k € K, becomes a
(real) symplectic space.

To any standard subspace K we associate a closed, densely defined conjugate linear
operator

s:K+iK—- K+iK, sth+ik)=h-—ik, h,keK.

Moreover, if s = j§!/? is the polar decomposition, we call j and § the modular
conjugation and the modular operator of K. They satisfy:

jF=j=j"" js=6"j, jK=K, §'K=K,teR.

The operators J = I'(j), A = I'(§) are respectively the modular conjugation and
the modular operator of A(K) with respect to 2 [11, 16], where for a closed densely
defined operator T : D(T) — H, D(T) a subspace of H, its second quantization
I'(T) is the closure of the operator on ¢! defined on the linear span of coherent
vectors ¥, x € D(T), by I'(T)e*:=eT*. Also, one has log A = dI'(log8), where
dT" denotes the usual second quantization of a self-adjoint operator [20, Sect. 10.7].
Since s is invertible, O is not an eigenvalue of §, and then, following [13], we can also
introduce the bounded self-adjoint operators 6, ¥ on e’!, defined as

tan(0/2) = eiéllog‘sl, y = sgnlogé,

with the convention sgn(0):=0. Notice that o (8) C [0, /2], [y,0] = 0 = [j, 0],
and jyj = —7.

Also, K is afactorif and only if 1 ¢ 0,(8). Indeed, on the one hand K N K" = {h €
K | 8h = h} (cf. [13]) and, on the other hand, if 0 % x € H and §x = x then x + jx
and ix + j(ix) = i(x — jx) are both invariant under §, j and s, therefore belong to
K N K’ and at least one of them is nonzero.

The following proposition shows that the modular structure of K relates its real
Hilbert space structure with the symplectic one, cf. [17, Proposition 2.4].

Proposition 2.1 Let K be a standard real subspace of the Hilbert space H, and con-
sider the bounded skew-adjoint operator R:=i 6_1 on H. Then it holds:

(i) Rh € K foreveryh € K;
(ii) —R* < 1;
(iii) Im (h, k) = Re (h, Rk), h,k € K

Proof (i) Since for y € H one has js%y = yifandonlyif y € K, given h € K the
statement follows from

-8 1 I

1 1
iSTRh = ij—8%h =i i51h = Rh.
J Y155 T+o-1/

(ii) It is an immediate consequence of the fact that the function A € [0, +-00)
(,\Jrl )% is bounded above by 1.
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(iii) We begin by observing that, if e_, e1, e denote the spectral projections of §
associated to the sets [0, 1), {1}, (1, +00) respectively, then y = e, — e_ and

_ 9 ,1—tan2(9/2)( ) 1=61 1-35
LYy COSU =1l————(é4 —e—_) =1 ey —
4 1+ @n2©/2) " 1o 1t

i e_ =R,
146

where the last equality holds since Re; = 0. Now given h € K, with hy:=e4h, one
has

tan(0/2) jh_ =8 2es jh = eq j82h = hy
and therefore, if h, k € K,
I

Re (h, Rk) = = [(h4 + h_, cos O (ky —k_)) — (cos O (ks —k_), hy + h_)]

|~ N

[(jtan(0/2)h_, j tan(8/2) cos Ok_) — (h_, cos Ok_)
— (jtan(0/2) cosOk_, jtan(6/2)h_) + (cosOk_, h,)]

= 15 [{k-. (tan?©/2) + coson_) — (wan’(9/2) + 1) cosoh—, k)]

_ _% [(k_, (tan?(0/2) — 1)h_> - <(tan2(9/2) — Dh_, k_>] .

On the other hand h11:=e1h, k1:=e1k € KN K’ entails Im (h1, k1) = 0, and therefore

Im (h, k) = =3 [y + By + ko) = (ks + ke + 7o)

= —% [(j tan(6/2)h_, j tan(0/2)k_) + (h_, k_)
—(jtan(0/2)k_, jtan(@/2)h_) — (k—, h_)]

= 2 [{e-. @72 - D)~ (@@ — va- k).

thus proving the required formula. O

The operator R introduced above, or better, its restricition to K, is known as the
polariser of the symplectic form Im (-, -) (with respect to the real scalar product
Re (-, -)). We collect some of its further properties in the factorial case.

Proposition 2.2 Let K be a standard factorial subspace of H. Then:

(i) the operator R~ = —i % is a densely defined skew-adjoint operator (possibly

unbounded) on H, mapping the dense subspace RK of K onto K ;
(ii) the Tomita operator s maps D(R™YHN(K +iK) into D(R™Y);
(iii) if 1 ¢ 0(8), then RK = K.
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8 Page6o0f23 R. Conti, G. Morsella

Proof (i) We only need to check the density of RK in K. If K is a factor (i.e.,
1 ¢ 0,(8)), denote by e, the spectral projection of § relative to the set [0, 1 —
1/n) U ((1 — 1/n)~!, +00), n € N. Therefore, given k € K, the vectors e,k are
in D(R_l). Moreover, since sR~! = R~ !s and se, = e,s by functional calculus,
R le,k e K. Finally, e,k = R(R_le,,k) converges to k.

(ii) Letx € H besuchthat Rx € K +iK = D(s), then j Rx is in the domain of §~1/2
and, again by functional calculus, sRx = §~'/2jRx = 8§ 71/2Rjx = R§™1/% jx is
in the domain of R~.

(iii) The operator R~' =i % is bounded and commutes with s = j§!/2, therefore
R7'K C K,ie.,K C RK. o

Given a standard subspace K C H, we can introduce on K +i K the scalar product
inducing the graph norm of s:

(x, y)s:=(x,y) + (sy,sx) x,y€ K +iK.

Obviously, since s is closed, K + i K is a complex Hilbert space with respect to this
scalar product. Notice also that for hj, k; € K, j = 1,2,

(h1 +ihy, ki +iky)s = 2Re [{(hy, k1) + (ha, k)] + 2iRe [{hy, k) — (h2, k1)].
2.1

We observe that llﬁ = % (14i R) maps K +i K into itself, and it is easy to verify that

it is a bounded self-adjoint operator on the Hilbert space (K + i K, (-, -)s). Moreover,
if f:[0,1] — R is a bounded continuous function, by uniform approximation with
polynomials the functional calculus f (ﬁ) maps K +i K into itself, and its restriction
to K + i K coincides with the functional calculus of f on ﬁ thought as an operator
on (K +iK, (-, -)s). In particular, if f is non negative, f (l—ia) is a positive operator
on K + iK. Thus, in the following, it will not be necessary to specify what is the
Hilbert space structure with respect to which such a functional calculus is considered.

Given now two standard subspaces K1, K» C H and areal linear bounded operator
T : K1 — K>, we denote by Tt . K, — K the adjoint of 7" w.r.t. the real Hilbert
space structures of K1, K, namely 77 is the unique real linear bounded operator
satisfying

Re (TTh,ky =Re (h, Tk), he KskeK;.

We remark, for future reference, that given a linear operator 7 : K| + iK; —
K> + i K7 which is bounded with respect to the scalar products (-, -)sj, j =12,

and such that T(K1) C Kj, with the notation YA"::T|K1 one has, for all k € K,
hy, hy € K,

(hy +iha, Tk)s, = 2Re (h1, Tk) — 2iRe (ha, Tk)
=2Re (T hy, k) — 2iRe (T Thy, k) = (TThy +iT hy, k)y, .
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Quasi-free Isomorphisms of Second Quantization... Page 7 of 23 8

Then the adjoint of T coincides with the C-linear extension of T to Ky + iAK%’ and
therefore it will be denoted also by 7. Moreover, this entails 77 T| K = T7T and
since, by functional calculus, (T'I'T)l/ 2 maps K into itself, and

1 .
Re (k, (TTT)"?k) = 5, (T71)"%k);, =0, ke Ky,

we conclude that the restriction to K of (T77)!/2 coincides with (YA"TYA")I/ 2 namely
11k, = IT]. 2.2)

We now introduce a natural notion of equivalence between standard subspaces.

Definition 2.3 Let Ky, K» C H be standard subspaces. A real linear bijection Q :
K1 — K> is said to be a (real) symplectomorphism if Im (Qh, Qk) = Im (h, k) for
all h, k € K.

Clearly, if Q : K1 — K3 is a symplectomorphism, the operators W (Qk), k € K1,
still satisfy the CCRs, so that they generate a C*-algebra isomorphic to the one gen-
erated by the W (k), k € K. It is then natural to ask for which Q such isomorphism
extends to an isomorphism between the corresponding second quantization von Neu-
mann algebras A(K1) and A(K»).

Definition 2.4 Let K|, K» C H be standard subspaces, and Q : K| — K asymplec-
tomorphism. An isomorphism of von Neumann algebras ¢ : A(K;) — A(K3) such
that o (W (k)) = W(Qk), k € K1, is called the quasi-free (or Bogolubov) isomorphism
induced by Q.

The following result characterizes those symplectomorphisms between standard
subspaces which induce quasi-free isomorphisms between the corresponding second
quantization von Neumann algebras in terms of their one particle modular structures.

Theorem 2.5 Let K1, K» C H be standard subspaces, and Q : K| — K» be a (real)
symplectomorphism. There exists an isomorphism ¢ : A(K1) — A(K») such that
¢(W(h)) = W(Qh), h € K\, if and only if:

(i) Q is bounded (w.r.t. the restriction to K| and K of the norm | - || on H);
(i) the operator

1 . 1
[1+iR]? —[iR1 + Q" Q]? (2.3)
is Hilbert—Schmidt on K; + i K.

Proof The statement is a direct application of [5]. Indeed, defining the indefinite inner
product y : (K1 +iK;) x (K1 +iK;) - C

Y, y)i=(x,y) — (s1y.s1x),  x,y € K| +iKj,
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8 Page8o0f23 R. Conti, G. Morsella

one verifies at once that y (s1x, s;y) = —y (v, x), and therefore one can consider the
self-dual CCR algebra 2A(K| + iK1, y, s1). Moreover one computes

y(hy +ihy, ki +iky) = 2iIm [(hy, k1) + (ho, ko)] — 2Im [(hy, ko) — (h2, k1)1,

which easily entails (Qx, Qy) — (520, 50x) = y(x,y),x,y € K1 +iK, where
Q is extended to K| + i K| by C-linearity (thus getting a bijection onto K; + i K>7).
Therefore, if S, S’ : (K1 +iK1) x (K1 +iK;) — C are the Hermitian forms

S(%}’)i:(xs)’), S/(X,Y)3=<va Qy)s x’yEK1+iKla

one finds S(x, y)—=S(s1y, s1x) = ¥ (x, y) = §'(x, y) =5 (s1y, 51%),x, y € K1+iKj,
which implies that S, §” define quasi-free states ¢, ¢’ on A(K +i K1, y, s1) such that
@(x*y) = S(x, y) (and similarly for ¢’, §"). Now clearly

(x, y)s:=S8(x, y) + S(s1y, 51%) = (X, Y)s;
<x1 y)S’::S/(-x’ )’) + S/(Slys Slx) = (Q-xv Qy)szy

and, by Eq. (2.1),
ki +ika 3, = 2(Iki 1> + K2l®). QK1 +iQkall}, = 211 QK1 11> + | Qkall?).

Then the boundedness (with respect to the norm || - || on H) of Q, which implies,
by the open mapping theorem, that of its inverse, is equivalent to the fact that (-, -)g
and (-, -)s define the same topology on K + i K|. Moreover, extending also Q' to
K> + i K> by C-linearity, by Eq. (2.1) and Proposition 2.1(iii) we get

1 1
<x’§[1+iR1]y> = S(x, ), <x,§[iR1+QTQ]y> =5y, 24

S1 51

Then by the main result of [5] (Theorem on p. 285) the existence of the isomorphism
¢ : A(K1) — A(K») is equivalent to the operator [1 + iRl]% —[iR1 + Q*Q]% being
Hilbert—Schmidt on Ky + i K| equipped with the scalar product (-, -)s,. O

Itis worth pointing out that thanks to (2.1), the restriction of (-, -), to K7 is (a multiple
of) the real scalar product Re (-, -) of K. This implies that an orthonormal basis of
the real Hilbert space K is also an orthonormal basis of the complex Hilbert space
K1 4+ iKj (up to a common normalization), and therefore (also thanks to Eq. (2.2))
an operator on K 4+ i K1 mapping K into itself is Hilbert—Schmidt (resp. trace class)
on K| + i K1 if and only if its restriction is Hilbert—Schmidt (resp. trace class) on K.
Then, in particular, by [19, Lemma 4.1] a sufficient condition for (ii) is that

[1+iRi]-[iRi+07Q]=1-0"0
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Quasi-free Isomorphisms of Second Quantization... Page 9 of 23 8

is trace class on K. On the other hand, given bounded operators A ;, B; on K; such
that A; — Bj is in a Schatten class, j = 1, 2, then by the identity

A1By — A2By = A1(B1 — By) + (A1 — A2) B (2.5)

one sees that A1 By — A B, is again in the same Schatten class. Therefore, a necessary
condition for (ii) is that 1 — QT Q is Hilbert—-Schmidt on K. Moreover, it follows
easily from [5, Proposition 6.6(iv)], by arguments similar to those in the proof of the
above theorem, that another condition equivalent to (ii) is that the operators

1- 070,
Jra iRy -0 E(1 4 iR = 4 — 0 0 (6)
p T P TR = s JT+o, '

are both Hilbert—Schmidt on K; +i K. (Notice that the second operator is not neces-
sarily self-adjoint on K1 +iK.)

Corollary 2.6 Let K|, Ko C H be factorial standard subspaces, and Q : K| — K»
be a symplectomorphism. There exists an isomorphism ¢ : A(K1) — A(K»2) such
that ¢ (W (h)) = W(Qh), h € Ky, if and only if:

[1+ iRl]% — iR + RlQ_lelQ]%

=|:1+1—51]2_[1—31+1—51Q_11~|—82Q1|2 @7

146 14461 1468 1—46;

is Hilbert—Schmidt on Ky + i K, where, by a slight abuse of notation, the unique
bounded extension to K, +iK» oleQflR;1 Ry (K> +iK>) — K| +iKy (which
exists in the above hypotheses) is denoted by the same symbol.

Proof We start by observing that the operator (2.7) is a priori densely defined and
bounded. Indeed, for all 7 € Ky, k € Ry K>, there holds

Re (Qh, k) = Re (Qh, RyR; 'k) = Im (Qh, Ry 'k)

(2.8)

=1Im (h, 0"'R; 'k) =Re (h, R1 Q"' R; k).
Thanks to Proposition 2.2(i) and to (2.1), this implies that, in the unbounded operator
sense, 0T > R 07! Rz_l is densely defined as an operator from K> +i K> to K1 +i K1,
so that Q is closable and, being everywhere defined, it is closed. Thus, by polar decom-
position and the Hellinger-Toeplitz theorem, it is bounded. Moreover Ry Q! Ry and
RiO7! Ry ! Q extend uniquely to the bounded operators 0" and 07 Q. The statement
then follows at once from Theorem 2.5. O

We notice also that if K; is a factor and §; is bounded on H (or, equivalently,
0 ¢ o0(8;)), j = 1,2, then for the existence of the quasi-free isomorphism ¢ :
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8 Page100f23 R. Conti, G. Morsella

A(K1) — A(K») it is actually sufficient that 1 — 07 Q is Hilbert—Schmidt on K
(equivalently, on Ky +i Ky w.rt. (-, -);,). Indeed,

oo L 1—6 ;
_QQ_[+1+51] [1+3+QQ}

and, from the boundedness of §;, we see that O does not belong to the spectrum of
0L on K +i K. This follows from the identity, valid for x € K| +i K1,

1+1+ = 1+51
2
x>= llxI7,

1 1 1
X, x) ={(x, x)+ (s x,s1x)=(x, (1
< 146, >Sl < 146 > <'1+51 : > < (

which, thanks to the boundedness of §;, implies

1
12 = (x,x)s, = (x, (1+8Dx) < L+ 181D x> = (1 + ||81||><x, x> ,
146 51

ie., g Jia is bounded below away from O on K| + i K1. Moreover

11—

i i 1 t i
1+5+QQ Q((Q) 1+8+Q) Q<1+5Q Q) Q Q

1+6

is also invertible with bounded inverse on K| +i K1, i.e., its spectrum does not contain
0 either, so we can apply [14, Theorem 4.1] with f(A) = 212 and obtain that (2.7) is
Hilbert—Schmidt on K| + i K.

Remark 2.7 Given a standard (factorial) subspace K, the quasi-free automorphisms
¢ : A(K) - A(K) clearly form a subgroup of the automorphism group of A(K).
Theorem 2.5 and Corollary 2.6 then imply that the same is true for the (bounded)
symplectomorphisms Q : K — K such that

1

|:1+ﬂ:|;_|:ﬂ+QTQi|2 (2.9)
1+46 '

is Hilbert—-Schmidt on K + i K.

In the factorial case, a criterion for the existence of quasi-free isomorphisms related
to the one in Theorem 2.5 could be obtained by using, instead of [5], the results of [25],
but, due to the somewhat different assumptions of the latter work, a direct comparison
between the two is not completely straightforward.

The main issue is the fact that, in order to be able to apply [25] to our setting, we
would need to assume that Q : K1 — K> maps C°°(A1) N K onto C°°(A2) N K>,
where A]-:=Rj_1 = 5 +1
the point of view of the apphcatlons to QFT that we have in mind (see next section).

Another possibility would be to require that 1 ¢ o (8;) (which is also not true in
QFT [12, end of Sect. 3]), so that A; is everywhere defined on K, j = 1,2. The
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Quasi-free Isomorphisms of Second Quantization... Page 11 of 23 8

necessary and sufficient condition for the quasi-equivalence of quasi-free states of the
Weyl algebra found in [25] could then be rephrased in our language by saying that Q
induces a quasi-free automorphism ¢ : A(K1) — A(K») if and only if

- 81/2Q lMl/zQ -t h<11 5)Q—1 th<1l 5)@210)
=1 — tanh | - log §; coth | —log &2 .
148,27 1-8) 4 4

is Hilbert—Schmidt on K. We notice explicitly that it is not too difficult to provide a
direct argument showing that if (2.10) is Hilbert—Schmit on K then the same is true
for (2.7).

Remark 2.8 In [17, Theorem 4.9] a necessary and sufficient condition on Q for the
innerness of the associated quasi-free automorphism is given. Such condition then
of course implies the validity of the condition in Rem. 2.7, although a direct proof
seems not to be immediate. In particular, a sufficient condition for the innerness is that
(0 — 17 1+51 is Hilbert—Schmidt on K. By the boundedness of =2 S S this entails that
O — 1, and then QT — 1, are Hilbert—-Schmidt on K, and thus on K +i K. This in turn,
by the identity (2.5), implies that 1 — Q7 Q is Hilbert—Schmidt on K + i K, and, by

the boundedness of Q! and of ﬁ
L ol p_p [#(1—@—(1—@#}
T+4 JI+s - NAE JI1+3

is Hilbert—-Schmidt on K + i K too.

Remark 2.9 In the setting of Fock states/representations, a classical result by Shale [22]
shows that given a complex Hilbert space H and setting Re H:=H as a real Hilbert
space with its natural real inner product, the quasi-free automorphism of the associated
Weyl C*-algebra corresponding to T € Sp(Re H):={T € B(ReH) | T(Re H) =
ReH, Im(Tx,Ty) = Im (x, y), x, y € Re H} is unitarily implemented if and only
if |T'| — 1 is Hilbert—Schmidt on Re H. Note however that the representation of the
Weyl C*-algebra associated to the symplectic space (K, Im (-, -)) provided by the
Weyl operators W (k), k € K, on e is not a Fock one, as A(K) # B(e').

3 Applications to QFT
In this section we discuss some applications of the above general framework to second
quantization von Neumman algebras arising in the description of free field models in

the algebraic approach to quantum field theory.
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8 Page120f23 R. Conti, G. Morsella

3.1 Free Scalar Fieldind > 1

In H = L2(]Rd), d = 2,3, for a given mass m > 0 consider the standard factor
subspace [2, 12]

1L 1 1
Ky = 0’ Hy > (B) + iwp HE (B), 3.1)

where @?, is the multiplication operator by w,, (p)® = (m? + p*)*/? in Fourier trans-
form, B C R is the ball of radius 1 centered around the origin, and H&(B) is the
closure of C2°(B, R) in the Sobolev space of real tempered distributions f such that

/R dp(1+ P IF () < 4o0. (3.2)

Proposition 3.1 The one particle Tomita operator sy, : K,y + 1K, — Ky + 1K,y is
unbounded on H.

_l 1
Proof We first notice that K +i Ky = @y’ H~2(B) + iwl H? (B) with H*(B) =
Hpy (B)+i Hy (B) the Sobolev space of complex tempered distributions such that (3.2)
holds, and that

1 1

_1 1 _ 1 _ 1
sm(on” f +iong) =wn’ f+iong,  feH V*(B), g e H/*(B).

Consider now a sequence { f,} C H~'/?(B) converging to some f € H~/?(B), and
set gu:=iw,' f € H'2(B), n € N. Then

_1 1 _1
lwm® f +iongnll = llon® (f = f)ll = 0,
_1 1 1 1 L 1
sm (@ f + iomgn)ll = llom” [ +iongall = lon® (f + f)ll = 2llon® f1,

thus proving the statement. O

Given now two masses m1, my > 0, the operator Q : K,,;, = K, defined by

1 1

_1 1 _1 1 _1 1
Q: o [ +iomgr> Om; [ +ion,g,  f€Hy (B),ge Hy(B),

is a symplectomorphism which of course depends on both 1 and m5, but we will omit
to indicate this explicitly in order to simplify the notation. By the result of Eckmann—
Frohlich [10], Q induces an isomorphism of the corresponding second quantization
algebras. Therefore, by Corollary 2.6, condition (2.7) holds for the modular operators
Sm i associated to K, i As already mentioned, it seems desirable to have a proof of
the results of [10] using modular theory. In the remainder of this section we provide
some first steps in this direction.
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Given m > 0, consider the following real subspaces of LZ(R"):

wPDr(B),  Li=wy/"Dr(B)

L:(p =Wm
(closure in the L% norm), and the respective orthogonal projections Ey, Ex, wrt. the
real scalar product Re (-, -). Since w,, maps real functions to real functions, it is clear
that £, and i L, are real orthogonal. Moreover it is easy to check that

71 2 1/2 1/2 71 2
B = w* Ly, HY*(B) =y Ly,

and therefore K, = £, + i L, and the real projection Eg,, : LZ(R" ) — K,, satisfies
Eg, = Ey —iEl.

In the following, we will consider the symplectomorphism Q in the case m| =
m > 0, my = 0, which is the most interesting one.

Lemma 3.2 The symplectomorphism Q : K,, — Ko is bounded and there holds, on
Ko,

" (O™ . ( .
070 = <E¢w—E(p +zE,,—Eﬂz> (3.3)
0

m

K

Proof The boundedness of Q follows from the factoriality of K,,,, K¢ (see the proof of
Corollary 2.6), but it can also be proven directly as a consequence of [12, Proposition

A.2], cf. the proof of Theorem 3.4 below. If f, f' € Hy "*(B), g, &' € Hy*(B),
from the identity
Re 1/2f_i_lw(1)/2g7a)0 1/2f +lw1/2 &)
= (f oy f) + (g, w0g')
_ —1/2 —1 1/2
= (i 0y froom P f) + (on P oog. onl 8

= Re (Ex,, (o "oy f +ion

m

172 12 1y

1/2
@08). 0> ' + i

)

there follows, for ¢ € K,

i _ < ) (wm ) )
Q'0Oy =Eg, | —Re w—i—l—lml[/ (Ep —iEgi)| —Ey, +i—Ezi | Y.
o W

Wm

Eq. (3.3) then follows by observing that the ranges of i 2> E, and i 2 on Eg are made
of purely imaginary functions, and therefore they are real orthogonal t0 E and L,
respectively, which entails Egi 2> E; = 0 and i Exi ?u_rng =0. a

There is another way to arrive to the same result, which is somewhat less direct but
it has the advantage of making more apparent the connection with other related work,
notably [12, 18]. It is based on the observation that the map

H 2By H'2B) 5 (f.g) — 27 (0 > f —iwn’e) € K+ iKy (3.4)
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8 Page140f23 R. Conti, G. Morsella

defines a unitary equivalence between H —1/2(By® H'Y2(B) and K, + i K,,, with its
own Hilbert space structure. Under this identification, it is not hard to see that, thanks
to [12, Sect. 3],

—1
QTQ_I "o 11+<SoQ (P com P xpog ) o_ ) 3.5)

+5 1 -8 0 Prw, ' P xpwo

m

(on H -l 2(B) ® HY 2(B)), where P,,jf denotes the orthogonal projection from the
global Sobolev space H,f 12 (R9) onto H il/ 2(B) Formula (3.3) is then obtained by
observing that the restriction of (3.4) to Hy, (B)@HI/Q(B) isonto K,, C L2(R?) =
Lﬁ(Rd) ® L3 (Rd) and is given by the direct sum of the (restriction to Hp £/ 2(B) of
the) natural unitaries from Hp £1/2 (R%) onto L3 (Rd ) mapping f into wy, / 172 f.

We are now ready prove the Hilbert—Schmidt property of 1 — Q7 Q. To this end, it
is useful to observe that indeed

—1 1/2 1/2 2
Ey, = wy /2 me/ Ey,, Eg —a)m/ X O Y Ex

for any x € Dr(R?) such that x = 1 on B.

Theorem 3.3 Ford = 2, 3, the operator 1 — QJr Q is Hilbert—Schmidt on K, + i K,,.
Moreover, lim,, o+ ||[1 — Q" Qll» = 0.

Proof For the first claim, it suffices to show that 1 — Q7 Q is Hilbert-Schmidt on K,
equipped with the restriction of the scalar product of K,, + i K,,, which coincides
(up to a multiplicative constant) with the real part of the standard scalar product of
L2(R?). Since this induces the same norm as the full scalar product of L*(R?), we can
equivalently prove that Eg, (1 — 0"O)E K, = Ek,, — 0TQE ,, 1s Hilbert—Schmidt
on L2(R%). Now,

. [0)] (O]
Ek, — Q' QEx, = E, — i Eqi — (Ew—mE(p +iEﬂ—0Eﬂi) (Ey — i Exi)

= E, (1 —w—’") E,—iE, (1 —ﬂ) Eqi
wo W

If we prove that both the two terms in the last sum are Hilbert—Schmidt we are done.
Let us start with

E, (1 — a)_m> E, = E(pa),ln/z)(a)ml/2 (1 - a)_m> a)_l/ )(a),ln/2 E,.
wo wo

We will actually prove that a),l,,/zxwml/2 (1 — ‘”’”) ~1/2 Xw,ln/z is Hilbert—Schmidt

wQ

by showing that its integral kernel

1 1
wm(p)'/? [/ dq;?(p—q)( ——)fc(q—k)] wm (k)12
Rd om(q)  wo(q)
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is in L2(R??). In doing so, we will keep track of the dependency on m of our esti-
mates, in order to gain control on the m — 0 limit of the Hilbert—Schmidt norm of
this operator. In particular, we will use capital letters, without any index, to denote
positive constants independent of m. Writing for brevity F(q) = m - #(q) =
2
m
@0(q)om(q)(@o(q)+wm(q))’

q € R“, we have to show that

/dpwm(p)/ d‘h/ dgx |X(p — gDl X (p — q2)|
Rd Rd ]Rd

X [/Rd dk wm (k)X (q1 — k)l 1X(q2 — k)l] F(q1)F(q2) (3.7

is convergent. Now, since x is a Schwarz function, the integral in the square brackets
can be estimated, for sufficiently large n, by an m-independent constant times

/ . max{1, m}(1 + |k|) _ / Jh max{1, m}(1 + |q1 — h|)
re (I +g1 —kD"(1 + |g2 — kD" re (I +1D"(1 + g2 — g1 + A"
< Cmax{l, m}(lgi| + 1).

Moreover, we have that F (g) is bounded by C,,|¢| ™' (1+]q |)~2 for a suitable constant
C,, > 0, and by the inequality

m*(1+|gD*  1+1q|
m? +|q/? 1+@
m

<1 forO<m§1,qeRd,

we can take Cy,, = 1 for 0 < m < 1. This, together with the previous estimate, entails
that the double integral in ¢; and g, can be majorised by a product of two integrals of
the form

120 — )l
dg ———— 3.8
Adqma+mw 8)
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with s = 1 and s = 2, respectively. Each of the latter integrals is in turn bounded, for
|pl > landn > d + 1, by

/ i
re g1+ g1 +|p —gDh"

_/ dq
lgi<ipl2 lal(X+ g1 +1p —gD"

+f 44
lgizipl2 lgl(X+ gD +|p —q)”
<1 / __da

T+ 1pl/2™ Jig1<ipiy2 1g1(1 +1gD?

2 dq
IpI(1+1pl1/2)* Jigi=1pii2 L+ 1p—gqD”
C/

=< C|: + j| < )
I+ [phr=d+s — (14 |p]s+! (1 + [phst!

where in the last but one inequality we have exploited the fact that the first integral
diverges for large | p| like | p|?~*, and the second one is bounded by the integral over all
R4, which is independent of p. This finally shows that the integral (3.7) is dominated
by

(») 2 dp
c’'c max{l,m}/ dp-2m P crey max(t,m)? | — < 1o
" re - (L+1p])° " re (1+[pD*

Analogously, proving the Hilbert—Schmidt property for the second term in (3.6)
amounts to showing that

d n n
/ b qulf dg213(p — g1 12 (p — g2
Rd W (p) JRrd Rd

» [/ i |X(q1 — )| 1X (g2 —k)l} GG lan) < +oo. (3.9)
R4 wm (k)

with G(q):=w,(q) — wo(q) = ijo(q)' The integral in square brackets can now

be bounded for large n by an m-independent constant times

/ dk
rd 0 (K)(1 + g1 — kD"

1 L+ lqi
T+ lai] Jra " ontar = A+ D"
1 1 —h 1 1 h
; dh[ +lq1 = | 1 ]
T lqrl Jaa ™ Lomt@ —m - 1rD" " m (1 JaDy”
c 1
S_—7
m 1+ 11|
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where we used the straightforward estimate

1+ k| _ 14+ m? c’

<=, keR4
on(k) = M2 +mHI2 = <

Furthermore, G(gq) is bounded by mC,, (1 + lgD)~! for a suitable constant C,, > 0,
and by the estimate

m?(1 + |q) _ 1+ gl
=m N2
lg| + wm(q) (I +1q19)

O<m§1,qeRd,

we see that we can assume that C,, does not depend on m for 0 < m < 1. Therefore,
reasoning as above we see that in place of (3.8) we have a product of two integrals of
the form

/dqlx(p—q)vlS C
Rd (I +1gql)* (I+1Ip*

with s = 1 and s = 2, so that finally (3.9) is bounded by

d d
mc’”c,f,/ — gmc’”c,i/ — P 4o,
Rrd Wy (p)(1+1p)) rd |pl(1+|pl)

which concludes the proof of the first statement.

Concerning the proof of the second statement, we first observe that, by what we
saw above, the Hilbert—Schmidt norm of 1 — Q7 Q on K, +i K, is proportional to the
Hilbert—Schmidt norm of (3.6) on Lz(Rd). The fact that this latter norm vanishes for
m — 07 is then a straightforward application of the dominated convergence theorem,
since the integrands in (3.7), (3.9) vanish pointwise in this limit, and are bounded by
integrable functions uniformly for 0 < m < 1 by the above estimates. O

Note that the above proof does not work in d = 4, which is compatible with the
fact that the massive and massless vacua are not locally quasi-equivalent in this case,
cf. [8, Sect. 5].

As an immediate consequence, since 1 — 00 =0-10D(1+1|0]) and 1 + | Q|
has a bounded inverse, 1 — | Q| is Hilbert—Schmidt too.

Due to the unboundedness of s,,, Proposition 3.1, the result just obtained is not
sufficient to conclude that Q induces a quasifree isomorphism of the local von Neu-
mann algebras of the massive and massless Klein-Gordon field. On the other hand,
it seems unlikely that 1 — 070 is trace class. Moreover, it seems that one lacks a
sufficiently explicit knowledge of the second operator in (2.6) in order to prove its
Hilbert—Schmidt property.

It is a long standing expectation that §,, is, in some sense, a small perturbation of
8o (cf., e.g., [21, Sect. 6]). A first quantitative version of this idea has been considered
in [12], where, analyzing the resolvents of modular operators, the continuity of the
associated one-parameter unitary group w.r.t. to the mass was proven. Here we point
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8 Page180f23 R. Conti, G. Morsella

out another consequence of our analysis in this direction, namely the resolvent of
the modular operator at mass m is a perturbation in the Hilbert—Schmidt class of the
resolvent of the modular operator at mass 0. Furtermore, we show the continuity of
the resolvents in the Hilbert—Schmidt norm.

To this end, first note that, for any given mass m > 0, all the resolvent operators
Rk, 8m) = Bn — A7, 4 € C\o(8,) leave K, + le globally invariant, as they

can be obtained as continuous functional calculi of —— S 5

Theorem 3.4 Let m be positive and Q : K,, — K as above. For every A € C\
[0, +00), the operator

R(A, 8m) — Q7'R(R, 80) 0

is Hilbert—Schmidt on K,, + i K,, (w.r.t. the scalar product (-, -)s ), and its Hilbert—

Schmidt norm vanishes in the limit m — 07.

Sm

Proof Consider first the case A = —1. There holds

1 1
-0
146, 1+50

114, 0! 50Q
“2\1+3s, 1468

)
= ——<1 -0'po! 1+80Q

R(=1,8,) — Q"'R(=1,80)Q

Q

where the second and third equalities follow respectively from the identities

1 1 1-6 1-— 146
==L 7 QT le + 0o
1+8 2 146 146, 1—8

and the latter has been shown in the proof of Corollary 2.6. The first claim then
follows immediately from Theorem 3.3. In order to prove the second claim it is then
sufficient to show that the operator norms of Q : K,, +iK,, — Ko + iK( and of
Q_1 : Ko+iKo — K, +iK,, are uniformly bounded in m for m in a neighbourhood
of 0. This follows at once from the estimates in [12, Proposition A.2], according to

which, for f € Hy "*(B), g € Hy*(B),
—1/2 1/2 —1/2 1/2
10(@n' " f +ion 1% = llog > F +iwy gl = 1£1%1 20 + 181320
< cm, BYIFI2 o + 1121152

1/2 1/2
< c(m, B llog 2 f + ionl g%,

—1/2 1/2 1/2 1/2
10 @y 2 f +iwy > = llom > £ +iwn g1 = 1F 121/ + 1813 /2m
< If11” 1/2,0 +clm, B)* ||g||1/2,0

—1/2 . 1/2
< c(m, B |lwy P f +iwy gl
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with supg_,, < c(m, B) < +o00.
Let now A € C\ [0, +00) be arbitrary. From the identity

A1 1 1
1+ - ,
Sm—2) 1+8m  Om—A

it follows that defining E = 1 + (A + 1)(8,, — AD)™', F = O M1+ 0+ DS —
A1D~110, one has

E(— -0 o)F= L F-EQ" 1 0
1+ 8, 1+ 8 T S — A 8o — A

= R, 8n) — Q7 'R(1, 80) 0.

Since, by functional calculus, the operator norms of E,F are uniformly bounded in
m, the statement follows from the above identity. O

We also remark that from the identity

( Lo Q)( : —Q‘l;Q>
1+ 6 1+ ) \1+6, 1+
I A T 1 1
:<1+5m> -e (1+3m) Q_[1+3m’Q T&)Q}

it follows that the commutator [ﬁ, 0! ﬁ Q] is Hilbert—Schmidt too. By a sim-

ilar reasoning one can also show that

1Q_11QQ_11Q1
(1480)*° 1468n 1+ 8m ~ (14 80)™

is Hilbert—Schmidt for all « > 0.

3.2 Free Scalar Fieldind = 1

We now turn back to the setting of [9, Sect. 3] to which we refer for notations, ter-
minology and further details, and consider H = L*(R) with the usual scalar product.
Denoting by Dy(I) the space of smooth, complex valued functions f with compact
support in the interval I C R such that || ; [ =0, we define, for I bounded, the real
closed subspace of H

Kn(I) = oy "Re f +iw"Im f | f € Do(D} M, m > 0.

Proposition 3.5 For any m > 0, the subspace K,,(I) is a standard subspace of H.

Proof 1t is enough to show that the vector Q) e e/ is cyclic for C" (0y;). By
[9, Proposition 3.1(i)], the statement will follow from the fact that, for any I € J,
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8 Page200f23 R. Conti, G. Morsella

CmoOpQm = Cctm0,;)QM. To this end, consider open intervals I,y C J,
k =1,...,n, of fixed length &, such thate, — 0 asn — +oo, J = |J;_; Inx and
LixN Iy kg1 #@fork =1,...,n—1.Then we pick functions ¢x € DI 1 N Iy k+1)
with [ ¢x = 1,and given f € Dy(J) itis possible to find a partition of unity x1, ..., xa
of the compact set supp f C J with supp xx C I, . This entails f = > }_, fi with
Sk € Do(Iy k) given by

fi=x1f —oe1,

k-1 k
fie = Zajwk—l + xif — Zotjfpk, k=2,...,n—1,
j=1 j=1

n—1
fo= Zajﬁon—l +xnf,

Jj=1
where o = [ x; f. This shows that C"™ (0,) = \/}_, C('”)(OIn’k). Then, forn e N
sufficiently large, one can find k such that I, i € I.Thereforeif ® € (C m0HQm)L
then, by the Reeh-Schlieder argument, ® € (\/XER C(’")(01nv,2 + x)Q(’”))J_ so that
® € (Vi_i €™ (01, )Q") " = €™ (0HQ™)* . o
Proposition 3.6 K(([/) is a standard subspace of the complex Hilbert space

—1/2 . 1/2 .
Hy={w, *f +iwy g f, g € Do®R)} I c L2(R).

Proof By a similar argument as in the above proposition, the net C¥) satisfies weak
additivity, and then the Reeh-Schlieder property, on its cyclic Hilbert space K@ =

COQO), Moreover, the operators on e'%0
. —1/2 RV
Wo(f +ig):=W(w, "~ f +iwy g, f,.e€eDR,R), [ f=0= ] g,

(3.10)

generate the Weyl C*-algebra associated to the symplectic space Dy(R) on which
Q € e induces the vacuum state »©, whose GNS representation defines C © we
show that €2 is cyclic for the algebra generated by the operators (3.10). To this end, let
® € Mo be orthogonal to all vectors Wo(f + ig)<2. Then, for all 1 € R,

(@, Wo(A(f +ig))2)

g”z+°° 1 /ir\" 12, 12 am
Zﬁ 75) (@ (00 T o 9" =0,
n=0 '

—1/2 ;.
— efﬁllw0 /f+zw

172
0
where the power series converges for all A € R, so that

—1/2

(P, (wy ' f + iw(l)/zg)‘g’") =0, neNlN
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By polarization and complex linearity this entails

(@, Su((y 2 i +iwy?g) @+ @ (wy P fu +iwy*gn))) =0, neN.

forall fj,g; € DR,C), [ fj =0= [gj,j=1,....n,ie, ® = 0. Therefore,
by GNS unicity, the algebras C(?(0;) on K© are unitarily equivalent to the second
quantization algebras A(Ko(/)) on e which proves the claim. O

The following result is a reformulation, in the present framework, of [9, Theorem
A.1].

Theorem3.7 The map Q : K,(I) — Ko(I), w,,]l/zRef + iw,%zlmf —
w, 1/2Re f+ ia)(l)/ ’Im f, is a symplectomorphism which induces a quasi free iso-

morphism between the corresponding second quantization algebras.

Proof 1tis clear that Theorem 2.5 and its proof remain valid, mutatis mutandis, also for
a symplectomorphism between standard subspaces K1, K7 of two different complex
Hilbert spaces Hj, H;. It is then sufficient to prove that 1 — QTQ is a trace class
operator on K, (I). To this end, consider the map

Vo : Do " S K(), > o PRe f+ioIm £, m>o0.

Itis clear that V), is an orthogonal transformation between real Hilbert spaces and that
QV,, = Vy. Therefore

Re (f. V' QT QVinghm =Re (QVin f. QVng) =Re(f. g)o

implying V,; 'Q0TQV,, = T, the operator defined in [9, App. A]. The statement then
follows by [9, Lemmas A.4 and A.6]. O
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