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Abstract In this paper we analyze the dynamical behavior of large dust grains in the
vicinity of a cometary nucleus. To this end we consider the gravitational field of the
irregularly shaped body, as well as its electric and magnetic fields. Without considering the
effect of gas friction and solar radiation, we find that there exist grains which are static
relative to the cometary nucleus; the positions of these grains are the stable equilibria.
There also exist grains in the stable periodic orbits close to the cometary nucleus. The
grains in the stable equilibria or the stable periodic orbits won’t escape or impact on the
surface of the cometary nucleus. The results are applicable for large charge dusts with
small area-mass ratio which are near the cometary nucleus and far from the Solar. It is
found that the resonant periodic orbit can be stable, and there exist stable non-resonant
periodic orbits, stable resonant periodic orbits and unstable resonant periodic orbits in the
potential field of cometary nuclei. The comet gravity force, solar gravity force, electric
force, magnetic force, solar radiation pressure, as well as the gas drag force are all con-
sidered to analyze the order of magnitude of these forces acting on the grains with different
parameters. Let the distance of the dust grain relative to the mass centre of the cometary
nucleus, the charge and the mass of the dust grain vary, respectively, fix other parameters,
we calculated the strengths of different forces. The motion of the dust grain depends on the
area-mass ratio, the charge, and the distance relative to the comet’s mass center. For a large
dust grain (> 1 mm) close to the cometary nucleus which has a small value of area-mass
ratio, the comet gravity is the largest force acting on the dust grain. For a small dust grain
(< 1 mm) close to the cometary nucleus with large value of area-mass ratio, both the solar
radiation pressure and the comet gravity are two major forces. If the a small dust grain
which is close to the cometary nucleus have the large value of charge, the magnetic force,
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the solar radiation pressure, and the electric force are all major forces. When the large dust
grain is far away from the cometary nucleus, the solar gravity and solar radiation pressure
are both major forces.

Keywords Dust grains - Relative equilibria - Characteristic multipliers - Periodic
orbits

1 Introduction

Recently, several space missions were devoted to the exploration of comets, including
Deep Impact and Rosetta (A’Hearn et al. 2005; Glassmeier et al. 2007). The NASA probe
Deep Impact constrained the composition of comet 9P/Tempel by droping a projectile that
collided with the nucleus of the comet at 5:52 UTC on July 4, 2005 (A’Hearn et al. 2005;
Lisse et al. 2006). The Rosetta mission encountered comet 67P/Churyumov—Gerasimenko
in 2014, finding that the nucleus consists of two lobes connected by a short neck
(Capaccioni et al. 2015; Sierks et al. 2015). Either the two lobes represent a contact binary
body, having formed about 4.5 billion years ago, or a single body has formed a gap by
mass loss (Sierks et al. 2015).

Space missions to comets revive the interest in the dynamics of dust in the potential of a
cometary nucleus. The spacecraft Stardust brought interstellar particles and grains from
comet 81P/Wild2 back to Earth on 2006 (Brownlee et al. 2003). There were 256 grains
found on the collector surface with sizes larger than 100 pm and about 1200 grains larger
than 1 um (Burchell et al. 2008). The dust grains can be produced on active areas when
cometary ices evaporate if the comet is close enough to the sun (Belton 2010). Oberc
(1997) investigates only the ejection of secondary particles from larger aggregates already
flying in the coma, not the direct ejection from the nucleus. For the latter, both electrostatic
and centrifugal forces are likely of minor relevance. Fulle et al. (1997) discussed the
sunward structure in the comet 19P/Borrelly’s dust tail. The nucleus can have one or more
active areas producing gas and dust (Combi et al. 2012; Yu et al. 2016). Belton (2010)
discussed the active areas of 1P/Halley, 19P/Borrelly, 81P/Wild 2, and 9P/Tempel 1
respectively, and found there are 3 types of active areas. For Type I, H,O is sublimated
through the porous mantle. For Type II, super-volatiles from the interior is persistent
effused; while for Type III, super-volatiles from the interior is episodic released.

Richter and Keller (1995) studied the motion stability of dust particle with considering
the weak solar radiation pressure force and the gravitational force of a spherical body. Liu
et al. (2011) investigated the equilibrium points and periodic motion around a rotating
cube. However, cometary nuclei possess irregular shapes (Stern 2003; Jiang et al. 2014;
Wang et al. 2014; Jiang et al. 2015a). To understand the dynamical behavior of grains in
the gravitational potential of an irregularly shaped body, several models for irregular nuclei
have been investigated in the literature, including a straight segment (Romero et al. 2004;
Linder et al. 2010; Najid et al. 2011), a triangular plate and a square plate (Blesa 2006), a
homogeneous annular disk (Alberti and Vidal 2007; Fukushima 2010) and a circular ring
(Najid et al. 2012). Hughes (2000) studied the final velocity of dust particles emitted by a
nucleus, while Farnocchia et al. (2014) discussed the ejection velocity from comet C/2013
Al. Moreno et al. (2012) derived dust loss rates, ejection velocities, and power-law size
distributions as functions of the heliocentric distance. Rotundi et al. (2015) reported the
velocity distribution relative to comet 67P/Churyumov-Gerasimenko’s body-fixed frame of
grains as observed by the spacecraft Rosetta.

@ Springer



Hamiltonian Formulation and Perturbations for Dust Motion... 149

The equations of motion around the cometary nucleus were derived applying the Hill
approximation (Scheeres and Marzari 2002). Using an expansion in Legendre polynomials
for the potential of the nucleus, the gravitational potential diverges within the Brillouin
sphere, and the spacecraft dynamics cannot be modeled close the surface (Takahashi et al.
2013; Wang et al. 2014). The characteristics of the interior gravity field are derived near
the surface of the asteroid and comet for the purpose of small body proximity operations
(Takahashi et al. 2013).

The dynamical behaviours around comets include equilibria and periodic orbits. The
equilibrium points are the critical points of the effective potential. The physical charac-
teristics of equilibrium points means that there exist a physical point in actual 3D space
where one can put a particle such that the resultant external force of the massless particle
relative to the body of the comet nucleus is zero. If an equilibrium points is stable, the
particle will not move (relative to the nucleus). In the body-fixed frame, the equilibrium
point is not the stable periodic orbit. However, relative to the inertia frame, the equilibrium
point is a periodic orbit. The Floquet multiplyers of a periodic orbit mean the eigenvalues
of monodromy matrix of the periodic orbit. The distribution of the Floquet multiplyers
confirms the stability of the periodic orbit. The topological cases of a periodic orbit confirm
its stable level. The grain may move in the stable periodic orbit relative to the comet, the
Floquet multiplyers can help one to confirm the stability of the periodic orbit and point out
if a periodic orbit can be possible for the grain. Wang et al. (2014) calculated the locations
and stability of equilibrium points of comet 1P/Halley, 9P/Tempel 1, and 103P/Hartley 2,
and found each of these three comets has five equilibrium points. Jiang et al. (2015b) found
two different periodic orbits with different topological cases around comet 1P/Halley.
Jiang and Baoyin (2016) investigated the continuation of periodic orbit family around 1P/
Halley, and pointed out that the collisions of Floquet multipliers may be maintained during
the continuation.

This paper investigates the dynamical behavior of large dust grains in the vicinity of a
cometary nucleus, including the types of local motion near equilibrium points, i.e.
stable global motion, unstable global motion, and resonant motion. In addition to the
irregular gravitational field, electric and magnetic fields are considered. The effect of gas
friction and solar radiation are neglected in a Hamiltonian approach to describe the dust’s
motion. The approximations are applicable for dusts with small area-mass ratio
(< 1.0 x 10° m? kg™"), large charge (> 1.0 x 10~"8 C), short distances of the dust grain
to the mass center of the cometary nucleus (< 10 km), as well as long distances of the dust
grain to the Solar (> 3—4 AU). The Lorentz force is thought to become relevant only under
very specific conditions far from the Sun (Kramer et al. 2014).

Linearised equations of motion for the dust particles around equilibrium points in the
potential of the cometary nucleus are derived. The characteristic equation of the dust
grains’ motion around equilibrium points is also presented. Furthermore, a corollary for a
sufficient condition of the linear stability is presented and proved. An identical equation
with regard to the number of non-degenerate equilibria in the gravitational field, electric
field, and magnetic field of the cometary nucleus is presented and proved. We find that the
number of non-degenerate equilibria for the dust grain only varies in pairs, and the number
of non-degenerate equilibrium points is an odd number.

We identify five equilibrium points in the combined gravitational, electric, and mag-
netic fields of the nucleus of comet 1P/Halley. Positions and eigenvalues of these equi-
librium points are calculated. Although Rosetta found indication of grains in orbit about
the nucleus in the early phase of the mission (Rotundi et al. 2015), these did not pose a
threat to the mission. The biggest problem was caused by a huge number of large grains on
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un-bound orbits that confused the software of the startracker sensors, disturbing the on-
board navigation. There exist stable non-resonant periodic orbits, stable resonant periodic
orbits and unstable resonant periodic orbits in the combined gravitational and electric field
of comet 1P/Halley. The periodic orbits with the 1:1, 1:2, and 1:8 resonances are discussed.

Perturbations acting on the dust grain are also considered. To compare different forces,
some parameters are fixed and let other parameters change. The comet gravity is the
biggest force when the dust grain is near the cometary nucleus. The comet gravity and the
electric and magnetic forces decrease rapidly while the distance from the dust grain to the
mass center of the cometary nucleus is increasing. When the dust grain is far away from the
cometary nucleus, the solar gravity and the solar radiation pressure are the major forces.

2 Dynamical Equation and Effective Potential

Consider a dust grain which orbits around the cometary nucleus. Denoting with r the radius
vector from the nucleus’s centre of mass to the dust grain, the first and second time
derivatives of r are expressed with respect to the body-fixed coordinate system of the
nucleus. The reference coordinate system used throughout this paper is the body-fixed
frame. Denoting with @ the angular velocity vector of the cometary nucleus relative to the
inertial space, the generalised momentum of the dust grain is p = (f + ® X r), and the
generalised coordinate is q = r. Further, we denote with U(r) the gravitational potential of
the cometary nucleus, and with E(r) and B(r) the electric field intensity and the magnetic
flux density of the cometary nucleus, respectively.The gravitational fields and shape
models of cometary nuclei can be calculated using the polyhedral model (Werner 1994;
Werner and Scheeres 1997) using data from radar observations or spacecraft images
(Stooke 2002). Spacecraft images provide excellent data for shape models. With the
polyhedron method, the gravitational potential (Werner and Scheeres 1997) of a cometary
nucleus can be represented by

1 1
U:EGJ Z re~Ee~re-Lef§Ga Z ry-Fporp - oy, (1)

e € edges f € faces

where G = 6.67 x 107" m® kg™ 572 is the gravitational constant and ¢ is the cometary
nucleus’ density; L, is a factor of integration and wy is the signed solid angle; r, and ryare
body-fixed vectors from the field point to fixed points on the edges and the faces,
respectively; E, and Fy are dyads representing geometric parameters of edges and faces,
respectively. The electric field intensity of the cometary nucleus can be calculated from

E() = /Vp(rl)rSdV(r1)=—V¢(r)» (2)

= dne 3
4mey r;

where ry =r — 1}, gp = 8.854 x 1072 Fm~! is the vacuum permittivity, and p(r;) and
¢ are the charge density and electrostatic potential of the cometary nucleus, respectively.
The magnetic vector potential is

am=to [ Ty e, 3)

4n T

where [y, is the vacuum permeability. Then the magnetic flux density of the cometary
nucleus can be calculated by
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B(r) =V x A(r). 4)

Let Q be the electrical charge of the dust grain. Then the total gravitational and electro-
magnetic force felt by the particle is given by

f=—VU+QE+vxB), (5)

where v = . In a frame that rotates with the comet nucleus, the equation of motion (Jiang
2015; Jiang and Baoyin 2016) for the dust grain reads

F+20xXr+ox (0 xr)=—VU+ Q(E+vxB). (6)
Then the integral of the relative energy is

H=-PPsu@)+p d+0d(a) -

7 P-o0xq) (p—wxq)+V(q)+0¢(q)

(7)

The nucleus of 1P/Halley is an irregular, potato-shaped body (Sagdeev et al. 1986). The
estimated bulk density of the nucleus is 0.6 gcm™> (Sagdeev et al. 1988), its rotational
period is 52.8 h, and the overall dimension is 16.831 x 8.7674 x 7.7692 km (Peale and
Lissauer 1989; Stooke 2002). Figure 1 shows the 3D shape represented with the polyhedral
model (Werner 1994; Werner and Scheeres 1997) using shape data from Stooke (2002).

Figure 2 shows a contour plot of the effective gravitational potential (see “Appendix
A”) of 1P/Halley calculated from this model. 1P/Halley has five equilibrium points (see
“Appendix A”), four of them lying outside the body and one inside the body. The
positions of these five equilibrium points in the body-fixed frame are listed in Table 1;
among them, E5 is inside the comet. Table 2 lists the eigenvalues of the equilibrium
points. The form of the eigenvalues for the equilibrium points E1 and E3 is 4, =
+if, (B, > 0), 434 = £if,(B, > 0) and Ase = Loy (oy > 0), while for the equilibrium

N =

) :

km) ©
ylkm) = .

Fig. 1 The 3D shape of 1P/Halley. The shape was built with 5040 faces using the polyhedron model.
Convex surfaces are plotted in light color
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Fig. 2 Contour plot of the effective gravitational potential for the nucleus of 1P/Halley. The unit of the

effective potential is m* s>

Table 1 Positions of the equi-
librium points for dust motion in
the effective gravitational poten-
tial of comet 1P/Halley

Table 2 Eigenvalues of the
equilibrium points for dust
motion in the effective gravita-
tional potential of comet 1P/
Halley

points E2 and

Equilibrium points x (km) y (km) z (km)
El 24.946 —0.662 0.004
E2 0.945 24.341 —0.001
E3 —24.856 —1.052 0.005
E4 0.675 —24.322 0.000
E5 —0.577 0.142 0.008
X 10_4 S_1 )»1 ).2 /13 /14 ).5 /16

El 0.340i —0.340i 0.346i —0.346i 0.131 —0.131
E2 0.124i —0.124i 03061 —0.306i 0.331i —0.331i
E3 0.338i —0.338i 0.343i —0.343i 0.114 —0.114
E4 0.139i —0.139i 0.299i —0.299i 0.331i —0.331i
E5 47391 —4.7391 44481 —4.4481 2.880i —2.880i
E4 the eigenvalues have the form

Jip==xif(f; >0),A34 = xif,(f, > 0), s = £if3(f3 > 0). The motion of a dust
grain relative to the equilibrium points E1 or E3 of 1P/Halley can be expressed as

&= Cele™ e ™" cos Bt,sin Bt cos fyt, sin Byt
: 1 1 2 2

]T

n = C,le™" e " cos B, sin B, cos ft, sin for] ",

{ = C¢le", e ™" cos Bt,sin B, cos B,t, sin Byt
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while the motion of the dust grain relative to the equilibrium points E2 or E4 follows a
quasi-periodic orbit, which is expressed as

P

& = Celcos Byt,sin B, cos fot, sin fyt, cos fst, sin fs1]"

1 = Cy[cos f,1,sin 1, cos f,t, sin f,1, cos fit, sin B]". 9)

{ = C¢[cos B, 1, sin f, 1, cos Bat, sin fat, cos fit, sin 1]

Here, C¢, C,, C; are 1 x 6 vectors. The motion is unstable in the vicinity of equilibrium

points E1 and E3, and linearly stable in the vicinity of equilibrium points E2 and E4.
Assume the dust grain has N relative equilibria, which include equilibria inside the body

of the nucleus, and denote o;(E)) as the j th eigenvalue of the k th equilibrium point. Then

we have the following theorem constraining the number of non-degenerate equilibria in the

combined gravitational, electric, and magnetic fields of a cometary nucleus.

Theorem 1 Eigenvalues of all the relative equilibria for the dust grain satisfy the
identical equation "}, [sgn H;’:l q,-(Ek)} = Z]N:l [sgn(det(V2V))] = const.

The proof of theorem 1 can be seen in “Appendix B”.

If an equilibrium point has at least one eigenvalue equal to zero, then the equilibrium
point is called a degenerate equilibrium point. Conversely, if all the eigenvalues of an
equilibrium point are non-zero, the equilibrium point is called a non-degenerate equilib-
rium point. For the non-degenerate equilibrium points of the dust motion we have the
following

Corollary 2 The number of non-degenerate equilibria in the gravitational field, electric
field, and magnetic field of the cometary nucleus only varies in pairs.

In addition, for the degenerate equilibrium points of dust motion, we know that the
change of the equilibrium type belongs to one of the following paths: (1) annihilate; (2)
transforms to arbitrary number of degenerate equilibrium points; (3) transforms to even
number of non-degenerate equilibrium points; (4) transforms to arbitrary number of
degenerate equilibrium points and even number of non-degenerate equilibrium points. For
instance, the degenerate equilibrium point perhaps varies to 4 non-degenerate equilibrium
points and 5 degenerate equilibrium points, or varies to 2 non-degenerate equilibrium
points, or vanishes. It is impossible for the degenerate equilibrium point of the dust grains
in these three fields of cometary nucleus varies to odd number of non-degenerate equi-
librium points.

Corollary 3 The number of non-degenerate equilibrium points in the gravitational field,
electric field, and magnetic field of the cometary nucleus is an odd number. It can be 1, 3,
57,9, ..., etc.

3 Stability, Bifurcation, and Resonance of Periodic Orbits

In this section, the stability properties, bifurcations, and resonances of periodic orbits of
dust grains in the irregular gravitational field, electric field, and magnetic field of a
cometary nucleus are analyzed. First, we present the topological classification for
stable periodic and unstable periodic orbits; then conditions for occurrence of bifurcations
are discussed; furthermore, resonances are investigated, which take place when the orbital
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period of the grain and the rotation period for the nucleus form an integer ratio. In addition,
several numerical results about periodic orbits are presented and analyzed.

3.1 Stability of Periodic Orbits

We consider the set S,(T) of periodic solutions around a cometary nucleus, which can be

expressed as z(t) = £(¢,2), £(0,z9) = zo. Let S,(T) be the set of periodic orbits with the
period T. Denote the matrix Vf := afa(zz)

p € S,(T) is

, then the state transition matrix of the periodic orbit

(1) /O "Vt (p(0)dr, (10)

and the monodromy matrix of the periodic orbit is
M= o(T). (11)

Eigenvalues of the matrix M are the characteristic multipliers of the periodic orbit p. The
monodromy matrix M is a symplectic matrix, so if A is a characteristic multiplier of the
periodic orbit, then /1_1, J, and 7! are also characteristic multipliers of the periodic orbit.
Considering the topological classification for the periodic orbit of six characteristic mul-
tipliers on the complex plane, there are five classes of stable periodic orbits and six classes
of unstable periodic orbits. All the characteristic multipliers of a stable periodic orbit lie on
the unit cycle, while an unstable periodic orbit has characteristic multipliers that don’t lie
on the unit cycle. Figure 3 shows the topological classification for the stable periodic orbit

I Y
/ J /

Fig. 3 The topological classification for the stable periodic orbits of six characteristic multipliers on the
complex plane

@ Springer



Hamiltonian Formulation and Perturbations for Dust Motion... 155
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Fig. 4 The topological classification for the unstable periodic orbits of six characteristic multipliers on the
complex plane
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of six characteristic multipliers on the complex plane, while Fig. 4 shows it for the
unstable periodic orbit.

3.2 Bifurcations of Orbit Families for Dust Grains

For a long time, the orbits of the grains will vary. During the variety of the orbits, if the
stability of the orbit remains unchanged, the grains will moves on the orbit; otherwise, the
grains will escape or impact on the surface of the cometary nucleus. The bifurcations is
related to the stability of the orbits, thus the analysis of the bifurcations of the orbits can
help one to understand the variety of the motion state of the grains, including the escape
and the impact. In this section, we first discuss bifurcations of orbit families in the grav-
itational field of cometary nuclei. Bifurcations of periodic orbits in the potential of a
cometary nucleus occur when the topological cases and stability of the periodic orbits vary.
There are four kinds of bifurcations, the tangent bifurcation, the period-doubling bifur-
cation, the Neimark—Sacker bifurcation and the real saddle bifurcation. If two character-
istic multipliers coalesce at A = 1 we have a tangent bifurcation and if they coalesce at
A= —1 a period-doubling bifurcation; in addition, if two complex conjugate pairs of
characteristic multipliers collide, we have the case of a Neimark—Sacker bifurcation or a
real saddle bifurcation. A collision point on the unit circle (4 # £1) corresponds to the
Neimark—Sacker bifurcation while a collision point on the real axis (1 # +1) corresponds
to the real saddle bifurcation. First we discuss the bifurcations of arbitrary orbit families,
then we discuss the bifurcations of periodic orbit families. Figure 5 shows appearance of
the period-doubling bifurcation. In Fig. 5, one can see that before the bifurcation, two
characteristic multipliers on the unit circle approach each other, and coincide at —1 when
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Fig. 5 Appearance of the period-doubling bifurcation, distributions of 6 characteristic multipliers on the
complex plane are shown, the radius of the circle is 1

the bifurcation occurred, after the bifurcation, these two characteristic multipliers enter the
real axis.

Now we focus on bifurcations of arbitrary orbit families for charged dust grains in the
cometary nucleus’ irregular gravitational field, electric field, and magnetic field. The dust
grains are supposed to have electrical charge Q. From Eq. (11), one can see that the
characteristic polynomial of an arbitrary orbit relative to the fixed frame of the nucleus is

P(A) = |JE — M| = 2% + k2> + kdt + k3l + kad? +hh+ 1. (12)

P(2) satisfies P(i_l) = /7°P(J) because M is a symplectic matrix. A tangent bifurcation
occurs when P(1) = 0, while a period-doubling bifurcation occurs when P(—1) = 0. Thus,
the condition for the tangent bifurcation is 2k; 4 2k, + k3 + 2 = 0 while for the period-
doubling bifurcation it reads —2k; + 2k — k3 + 2 = 0. P(4) has multiple roots when a
Neimark—Sacker bifurcation or real saddle bifurcation occurs. We denote p = 4 + } Then
Eq. (12) becomes

p° +kip* 4 (ka — 3)p + k3 — 2k; = 0. (13)
Denoting p = p — %, we find that Eq. (13) reduces to
7 +3ph+2q =0, (14)

where 3p =4k —3 and 2 =2(5§)"~%%= |k — 2k, The discriminant of
Eq. (14) is

2 3

k\® ki(ky—3) ks—2k| [kn—3 K
A=g+p8=|(2) = - =o. 15
7+p {(3) 6 2 |73 "o (15)

Next we consider the bifurcations of periodic orbit families for uncharged dust grains. The
characteristic polynomial of the periodic orbit is

Q) = JE—~M|= (2 -1 (2 + 122 + L2+ 14+ 1). (16)

The condition for the tangent bifurcation is 2/; + I, + 2 = 0 while for the period-doubling
bifurcation it reads 2/; — I, — 2 = 0. Q(4) has multiple roots when the Neimark—Sacker
bifurcation or the real saddle bifurcation occurs, which satisfies l% — 45, +8=0.
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3.3 Resonant Orbit Families for Dust Grains

Resonant periodic orbits arise if the orbital period for the dust grain and the rotation period
for the cometary nucleus are in an integer ratio. Let 7, be the rotation period of the nucleus,
I, _

T, be the orbital period of the dust grain. If 7 = ;”T then m, : m, is the resonant ratio. In the

vicinity of a cometary nucleus, there exist not only unstable resonant periodic orbits, but
also stable resonant periodic orbits.

The dust aggregates can be ejected from the surface of the cometary nucleus by elec-
trostatic and rotational ejection (Oberc 1997; Crifo et al. 2005); the action of non-gravi-
tational forces makes the ejection velocity size-dependent (Oberc 1997; Molina et al.
2008). Banaszkiewicz et al. (1990) modeled the gravitational potential by a triaxial
ellipsoid and calculated the orbits of dust around cometary nuclei. Oberc (1997) considered
both, electrostatic and rotational ejection and analysed the relationship between the ejec-
tion velocity and the aggregatse size. Molina et al. (2008) modeled the gravitational
potential of comet 46P/Wirtanen by a sphere and considered the effect of gas drag. They
computed the orbits of the largest grain ejected from the surface of the nucleus with a size
of 5 cm. Comet 1P/Halley has both electric field and magnetic field (Horanyi and Mendis
1986; Delva et al. 2014).

The gravitational model we use here is more complex than models used in previous
studies. To this end, we calculate the irregular gravitational field of 1P/Halley is by the
polyhedral method (Werner 1994; Werner and Scheeres 1997), using data from radar
observations (Neese et al. 2004). The electrical field is approximated as the one generated
by a point charge (Hartzell 2013). For this configuration the periodic orbits are calculated
for 1P/Halley. Lacking knowledge of the precise value for the charge of 1P/Halley (Ho-
ranyi and Mendis 1986; Delva et al. 2014), we assume for the comet and the dust grain
charges of 1.0 x 1072C and 2.8 x 10713C, respectively. The magnetic field is neglected
here. Figure 6 shows 5 periodic orbits for dust grains found around the nucleus of 1P/
Halley.

Figure 6a shows a periodic orbit around the nucleus of 1P/Halley with period 9.51893 h
as well as the corresponding distribution of characteristic multipliers in the complex plane.
The ratio of the orbital period for the dust grain and the rotation period for the cometary
nucleus equals 0.1803. This periodic orbit is stable and non-resonant, which is one of the
cases shown in Fig. 3. All the characteristic multipliers are on the unit circle. Figure 6b
shows another stable, non-resonant periodic orbit with period 58.8557 h, the ratio of period
is in this case 1.115. The configuration of characteristic multipliers in the complex plane
shows that this is one of the cases shows in Fig. 3.

Resonant periodic orbits in the gravitational field of a cometary nucleus can also be
stable. Figure 6¢ shows such a stable 1:1 resonant periodic orbit around 1P/Halley with
period 53.4299 h. The topological classification for this orbit is one of the cases shown in
Fig. 3. The 1:1 resonant periodic orbit presented here is different from the periodic orbit
near an equilibrium point; because there are three families of periodic orbits near the
equilibrium point E2; the first family of periodic orbits near the equilibrium point E2 have
period about 52.7 h, corresponding to the eigenvalue 0.331i x 10~*; the second one near
the equilibrium point E2 have period about 57.0 h, corresponding to the eigenvalue
0.306i x 107*; the third one have period about 140.8 h corresponding to the eigenvalue
0.124i x 107*.
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Fig. 6 a A stable, non-resonant periodic orbit around the nucleus of 1P/Halley with period 9.51893 h.
Right panel: The distribution of characteristic multipliers in the complex plane for this periodic orbit. b A
stable, non-resonant periodic orbit around the nucleus of 1P/Halley with period 58.8557 h. Right panel: The
distribution of characteristic multipliers in the complex plane for the periodic orbit. ¢ A stable 1:1 resonant
periodic orbit around the nucleus of 1P/Halley with period 53.4299 h and distribution of characteristic
multipliers in the complex plane for the periodic orbit. d An unstable resonant periodic orbit around the
nucleus of 1P/Halley with period 105.7575 h and distribution of characteristic multipliers in the complex
plane for the periodic orbit. € An unstable resonant periodic orbit around the nucleus of 1P/Halley with
period 423.022 h, and distribution of characteristic multipliers in the complex plane for the periodic orbit

@ Springer



Hamiltonian Formulation and Perturbations for Dust Motion... 159

051

Im
=]

-0.5r1

-40
y(km) x(km)

Fig. 6 continued

Figure 6d shows an unstable 1:2 resonant periodic orbit around 1P/Halley with period
105.7575 h. The distribution of characteristic multipliers for this periodic orbit shows that
this corresponds to one of the cases shown in Fig. 4.

Figure 6e shows an unstable 1:8 resonant periodic orbit around 1P/Halley with period
423.022 h. The distribution of characteristic multipliers for this periodic orbit shows that
the topological classification for this unstable resonant periodic orbit corresponds to one of
the cases shown in Fig. 4.

The application to comet 1P/Halley implies that stable and non-resonant periodic orbits,
stable 1:1 resonant periodic orbits, as well as unstable resonant periodic orbits can all
simultaneously exist around the same cometary nucleus.

4 Solar Gravity Force and Solar Radiation Pressure

For a dust grain, there exist several kinds of forces on it, including the gravity force caused
by the irregularly shaped cometary nucleus, the electric and magnetic force, the solar
gravity force and the solar radiation pressure. The Finson-Probstein model only has two
forces, the solar gravity force and the solar radiation pressure (Finson and Probstein 1968;
Kramer et al. 2014). Kramer et al. (2014) modelled the motion of the dust grain with
considering two different cases. The first case, they use the Finson-Probstein model and
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neglect the comet gravity and the Lorentz force. The result shows that this model does not
fit the observation data well (Kramer et al. 2014). The second case, they use the Lorentz
force model with assuming the cometary nucleus as a sphere and considering the solar
magnetic force and the solar gravity, the electric force, the solar radiation pressure, and the
comet gravity are neglected, they found that this model is better for a dust grain with the
size of 0.48 ~ 5.76um which is far away from the comet (Kramer et al. 2014). We now
compare these different forces. The solar gravity force is calculated by

- GMSmR
Sg — R2 Ea

(17)

where My represent the mass of the Solar, m represent the mass of the dust grain, R
represent the position of the dust grain relative to the Solar, R is the size of R. The solar
radiation pressure is calculated by

_ K.PAR

m R’ (18)

where K, is the absorption coefficient, P, is the intensity of the solar radiation pressure, A,

fSr

is the sectional area of the dust grain. Denote the area-mass ratio a,, = %.
The gas drag force is calculated by

fﬂzéq%ﬁwQ (19)
where C4=1.0 is the gas drag coefficient, p,, is density of the gas drag, v, is the relative
velocity between the dust grain and the gas frag. Other force models are presented in the
previous sections, including the gravity force caused by the irregularly shaped cometary
nucleus as well as the electric and magnetic force.

At first, we fix the mass, charge, and sectional area of the dust grain, let the distance of
the dust grain relative to the mass centre of the cometary nucleus change. The initial values
areQ = 1.0 x 107'°C, K, = 0.8, P, =4.65 x 107° Nm2, Ped = 57 x 107 kg m~3, and
an = 2.0 x 1077 m? kg~!. The charge of the comet is set to be 0.01C. In this situation, we
calculate the strength of different forces and show the result in Fig. 7a. One can see that if
the mass, charge, and sectional area are fixed, the solar gravity and solar radiation pressure
acted on the dust grain are constants. When the dust grain is near the cometary nucleus, the
comet gravity is the biggest one, and the gas drag force is the smallest one; however, the
comet gravity and the electric and magnetic forces decrease rapidly while the distance is
increasing.

Figure 7b shows the results of the strength of different forces when the charge is
changing, and the mass, sectional area, as well as the position are fixed. The initial values
are r=80km, K,=06, P,=465x10°Nm=2, p,=57x10"kgm’, and
am = 2.0 x 107% m? kg~!, where r is the distance from the dust grain to the mass center of
the cometary nucleus. In this situation, the electric and magnetic forces are changing. The
comet gravity, the solar gravity, the solar radiation pressure, and the gas drag force are
constants. When the value of the charge is small, the comet gravity is the biggest one; the
solar gravity and the solar radiation pressure are both bigger than the Lorentz force, i.e. the
electric and magnetic forces. When the value of the charge is big, the Lorentz force is the
biggest one, and the solar gravity is the smallest one.

Figure 7c shows the results of the strength of different forces when the mass is
changing, and the charge, sectional area, as well as the position are fixed. The initial values

@ Springer



Hamiltonian Formulation and Perturbations for Dust Motion...

161

Fig. 7 a Comparison of
different forces on the dust grain:
The mass (1.0 x 107" kg),
charge (1.0 x 107'¢ C), and
sectional area (2.0 x 107'* m?)
are fixed, the distance of the dust
grain relative to the mass centre
of the cometary nucleus is
changing. b Comparison of
different forces on the dust grain:
The mass (1.0 x 107 kg),
sectional area (2.0 x 1071* m?),
and position (relative to the mass
center of the comet: 21 km) are
fixed, the charge is changing.

¢ Comparison of different forces
on the dust grain: The charge
(1.0 x 107'° C), sectional
area(2.0 x 107'* m?), and
position are (relative to the mass
center of the comet: 21 km)
fixed, the mass is changing
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are  Q=10x10"¢C, r=80km, K,=08  P,=465x10"°Nm™72
Pea =5.7x 107 kgm™>, and @, = 2.0 x 107® m? kg™'. In this situation, the solar radi-
ation pressure and the Lorentz force are constants. The comet gravity and the solar gravity
magnify while the mass magnify. When the value of the mass is small, the magnetic force
and the solar radiation pressure are big, and the comet gravity and the solar gravity can be
neglected. When the value of the mass is big, the comet gravity is the biggest one; other
forces can be neglected in the sketchy calculation.

In Fig. 7a—c, the nucleus mass and the heliocentric distance have been used for all
relevant parameters. The nucleus mass m = 2.4131 x 10'* is calculated by the polyhedron
method. From the above calculation, one can conclude that the motion of a dust grain
depends on the area-mass ratio, the charge, and the distances of the dust grain to the mass
center of the cometary nucleus and the Solar. The quantitative estimates of perturbing
effects in this section show that the contents in Sects. 2 and 3 are suitable for large dust
grains which are near the cometary nucleus and have small value of area-mass ratio. For a
large dust grain (> 1 mm, more detailed can be seen in Ishiguro 2008) near the cometary
nucleus with small value of area-mass ratio, the comet gravity is the major force acting on
the dust grain. For a large dust grain far from the cometary nucleus with small value of
area-mass ratio, the solar gravity and the solar radiation pressure are both major forces. For
a small dust grain (< 1 mm, more detailed can be seen in Ishiguro 2008) near the cometary
nucleus with large value of area-mass ratio, the solar radiation pressure and the comet
gravity are two major forces. For a small dust grain near the cometary nucleus with large
value of charge, the magnetic force, the solar radiation pressure, and the electric force are
major forces. For a small dust grain far from the cometary nucleus, the solar gravity and
solar radiation pressure are both major forces, and the comet gravity and comet Lorentz
force can be neglected. The conclusions in Sects. 2 and 3 are suitable for a large dust grain
near the cometary nucleus with small value of area-mass ratio and charge.

We now consider a dust grain which has a large area-mass ratio, consider the comet
gravity force, Lorentz force, and the solar gravity as well as the solar radiation pressure. To
compare the orbit with the orbit in the previous sections, we use the same orbital initial
values in Fig. 6a. The orbital initial values is r = [953.6653 — 8897.344820.0065]m,
v = [-0.0653020 — 0.00467089 — 0.01473039]m s~!. The orbit is presented in Fig. 8.
The orbit showed in Fig. 6a is a stable periodic orbit, however, from Fig. 8, one can see
that if the dust grain has a large area-mass ratio, the dust grain will leave the comet and the

Fig. 8 The orbit of a dust grain
which has a large area-mass ratio 50
@

0

B

x
X -50
-100
-150
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orbit is no longer a periodic orbit. The orbit shape is helical while the dust grain leaves the
comet, which coincides with the results in Kramer et al. (2014).

5 Conclusions

Considering the gravitational field of an irregularly shaped body, as well as its electric and
magnetic fields, the dynamical behavior of dust grains in the vicinity of a cometary nucleus
is studied, including the local motion near equilibrium points, stable global motion,
unstable global motion as well as resonant motion. We proved an identical equation for the
number of non-degenerate equilibria of a dust grain in the combined gravitational and
electromagnetic fields of a cometary nucleus. We found that the number of non-degenerate
equilibria for the dust grain only varies in pairs, and the number of non-degenerate
equilibrium points is an odd number. Besides, the degenerate equilibrium points of a dust
grain may disappear, or may change to an arbitrary number (including zero) of degenerate
equilibrium points and an even number (including zero) of non-degenerate equilibrium
points; it is impossible that a degenerate equilibrium point changes to an odd number of
non-degenerate equilibrium points.

The stability, bifurcations and resonances of periodic orbits for the dust grains in the
irregular gravitational field, electric field, and magnetic field of a cometary nucleus are also
discussed. The topological classification for stable periodic orbits and unstable periodic
orbits is presented; conditions for bifurcations are also discussed; besides, resonant motion
is also analyzed.

For the comet 1P/Halley’s nucleus, there exist four equilibrium points outside the body,
positions and eigenvalues of these equilibrium points can be computed. It is found that
there are five topological classes of stable periodic orbits and six topological classes of
unstable periodic orbits. There exist stable non-resonant periodic orbits, stable resonant
periodic orbits and unstable resonant periodic orbits in the potential field of cometary
nuclei.

The dust grain’s motion depends on the area-mass ratio, the charge, and the distances of
the dust grain to the mass center of the cometary nucleus and the Solar. The comet gravity
is the major force acting on the dust grain if the dust grain is large and has small value of
area-mass ratio. The solar gravity and the solar radiation pressure are the major forces if
the dust grain is far away from the cometary nucleus. The comet gravity and the comet
Lorentz force decrease rapidly while the distance from the dust grain to the mass center of
the cometary nucleus is increasing.
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Appendix A: Effective Potential and Equilibrium Points
Defining the effective potential as

Via)= 5 (0 @) (@x q) + U(@) + 04(a) (A1)

and substituting into Eq. (6) yields
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.. % .
r+2wxr+§:erB. (A2)
The integral of the relative energy is in the form of

H=30-0+V(a). (A3)

Zero-velocity surfaces are given by the condition
V=H, (A4)

so that the inequality V(q) > H defines forbidden regions for the motion of the dust grain,
while V(q) <H defines allowed regions. Besides, the equality V(q) = H implies that the
dust particle is static relative to the cometary nucleus.

The dynamical equations of the dust grain in the potential field of the nucleus can be
expressed in Hamilton form as

OH
3q
. OH
"o

(AS)

The cometary nucleus rotates uniformly. We define the unit vector e, by ® = we, and
denote v; =r + @ X r, which is the velocity relative to the inertial frame. Then the
mechanical energy of the dust grain E =1v;-v;+ U(r) is not conserved, while the
integral of the relative energy is conserved. The dynamical equations for the particle read
in the body-fixed frame

ov
i— 2wy oot Q(iBy —yB.) =0

av
§ 2ot 5ot Q(iB. —:B,) =0, (A6)

z+%—‘z’+ (3B, — iB,) = 0

2

where the effective potential is V = U — %(x2 +3?) + Q¢. The integral of the relative
energy is then expressed as

I 2 I
H=U+z(@+7+2) = (@ +7) + 06 =V+3 (€ +7+2). (A7)

2
The equilibrium points (xg,y;,z.)" satisfy

ov_av_av_

ERCECE (A%

Then the linearised equations of motion relative to the equilibrium points can be expressed
as
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E— (20 + OB + OBy + Vi £+ Vi + Vil L = 0
ii 4+ (20 + OB,)& — OB.{ + Viyé 4 Vyyn + Vi, L =0, (A9)
£ — OByE + OByt + Vi & + Vi + Vi, L = 0

where E=x—x ., n=y—y.,(=2—12z, and V,, = (g;gv)L(M, v =x,y,7).The charac-

teristic equation of the equilibrium points is

224+ Vi ~(20 + 0B)A+Vyy OBy + Vi,
(20 + 0B,) A + Vyy 22+ Vyy —QB,J.+ Vy, | =0. (A10)
—QB,).+ Vy, OB+ Vy, 2+V,
Defining
Vix Vg Vi U — 0 + 0y Usy + Qobyy U, + Oy,
VV=|Vy Vy Vyu|=|Uy+0¢, Uy — 0+ Q¢ Uy, + 0oy,
VXZ Vyz VZZ sz + Qd)xz UyZ + Qd)xy UZZ + Q¢Zz

(A11)

the following corollary gives a sufficient condition for the linear stability of the equilibrium
points.

Corollary 1 If the matrix V2V is positive definite, the equilibrium point is linearly stable.

Proof Eq. (A9) can be rewritten as

M + (G +E)p + (V2V)p =0, (A12)
1 00 0 —20w 0
where p=1¢ n ¢ M_(O 1 0|, G=[20 0 0],
0 0 1 0 0 0
Vxx ny sz _ 0 *BZ By
VW=|Vy Vy Vy |,andB=0Q| B, 0 -B,
Ve Vo Vi -B, B, 0

The matrices M, G, Ky, and B satisfy MT = M, (VZV)T: V2V, GT = —G, and
T _
B = —B, respectively. Defining the Lyapunov function as

1, . .
Viyap = ) (/’TM/’ +p' (vzv) p)
Then
Visap = §" (Mj + (V2V)p) = —p"Gj— "Bj = 0

Because the matrices M and V2V  are positive  definite, we have
Viyap = (p"Mp + pT(V2V)p) >0, and therefore the equilibrium point is linearly
stable. O

From the proof, it follows that if a dust grain’s equilibrium point is linearly stable in the
cometary nucleus’ gravitational and electric fields, the existence and magnitude of the
magnetic field has no effect to the stability of the equilibrium point.
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Appendix B: Proof of Theorem 1

Proof Let p = 7, substituting it into Eq. (A12) yields the following equation

L.ap 03,3 L33 p
(@) <Bl>

Defining A = p} Eq. (B1) is reduced to
x

A=g(A) = P4, (B2)
where g(A) is a function of A, and
B 0553 Lo
P=1 M v2v) —m! (G + B) : (B3)

From this expression we see that det P = det(V2V).
If we define the function

ov
aa\); VB, — 2B,
fr)= > +0Q| zB,—xB. | =VV +0r x B, (B4)
ov XBy — yB,
oz

we have & = = V?2V. Let Z be the open set, use the topological degree theory (Mawhin et al.
1989, pp. 116-119), then

N 6
> {sgnHaj (Ex)| =deg(f, Z, (0, 0, 0))=const. (B5)
k=1 j=1
So
N 6 N N
Z |:sgnH0_,-( } Z sgn(det P)] Z sgn (det V2 ))] = const. (B6)
k=1 Jj=1 Jj=1 Jj=1
(I
References

M.F. A’Hearn, M.J.S. Belton, W.A. Delamere et al., Deep impact: excavating comet Tempel 1. Science
310(5746), 258-264 (2005)

A. Alberti, C. Vidal, Dynamics of a particle in a gravitational field of a homogeneous annulus disk. Celest.
Mech. Dyn. Astron. 98(2), 75-93 (2007)

M. Banaszkiewicz, M.L. Marconi, N.I. Kémle et al., Dust dynamics around cometary nuclei. Asteroids,
Comets, Meteors. 3(1), 235-238 (1990)

M.I.S. Belton, Cometary activity, active areas, and a mechanism for collimated outflows on 1P, 9P, 19P, and
81P. Icarus 210(1), 881-897 (2010)

@ Springer



Hamiltonian Formulation and Perturbations for Dust Motion... 167

F. Blesa, Periodic orbits around simple shaped bodies. Monogr. Semin. Mat. Garcia Galdeano 33, 67-74
(2006)

D.E. Brownlee, P. Tsou, J.D. Anderson, Stardust: comet and interstellar dust sample return mission.
J. Geophys. Res. 108(10), 8111 (2003)

M.J. Burchell, S.A.J. Fairey, P. Wozniakiewicz, Characteristics of cometary dust tracks in Stardust aerogel
and laboratory calibrations. Meteorit. Planet. Sci. 43(1/2), 23—40 (2008)

F. Capaccioni, A. Coradini, G. Filacchione et al., The organic-rich surface of comet 67P/Churyumov-
Gerasimenko as seen by Virtis/Rosetta. Science. 347(6220), aaa0628 (2015)

J.F. Crifo, G.A. Loukianov, A.V. Rodionov et al., Direct Monte Carlo and multifluid modeling of the
circumnuclear dust coma: spherical grain dynamics revisited. Icarus 176(1), 192-219 (2005)

M.R. Combi, V.M. Tenishev, M. Rubin, Narrow dust jets in a diffuse gas coma: a natural product of small
active regions on comets. Astrophys. J. 749(1), 29 (2012)

M. Delva, C. Bertucci, K. Schwingenschuh et al., Magnetic pileup boundary and field draping at Comet
Halley. Planet. Space Sci. 96, 125-132 (2014)

D. Farnocchia, S.R. Chesley, P.W. Chodas et al., Trajectory analysis for the nucleus and dust of comet
C/2013 Al. Astrophys. J. 790(2), 114 (2014)

M.L. Finson, R.F. Probstein, A theory of dust comets. I. Model and equations. Astrophys. J. 154, 327-352
(1968)

T. Fukushima, Precise computation of acceleration due to uniform ring or disk. Celest. Mech. Dyn. Astron.
108(4), 339-356 (2010)

M. Fulle, A. Milani, L. Pansecchi, Tomography of a sunward structure in the dust tail of comet 19P/Borrelly.
Astron. Astrophys. 321, 338-342 (1997)

K.H. Glassmeier, H. Boehnhardt, D. Koschny et al., The Rosetta mission: flying towards the origin of the
solar system. Space Sci. Rev. 128(1-4), 1-21 (2007)

C. Hartzell, M. Zimmerman, Y. Takahashi et al., Numerical studies of electrostatic dust motion about
Itokawa. AAS/Division for Planetary Sciences Meeting. 45 (2013)

M. Horanyi, D.A. Mendis, The effects of electrostatic charging on the dust distribution at Halley’s comet.
Astrophys. J. 307, 800-807 (1986)

D.W. Hughes, On the velocity of large cometary dust particles. Planet Space Sci. 48(1), 1-7 (2000)

M. Ishiguro, Cometary dust trail associated with Rosetta mission target: 67p/Churyumov—Gerasimenko.
Icarus 193(1), 96-104 (2008)

Y. Jiang, Equilibrium points and periodic orbits in the vicinity of asteroids with an application to 216
Kleopatra. Earth Moon Planet 115(1-4), 31-44 (2015)

Y. Jiang, H. Baoyin, J. Li, H. Li, Orbits and manifolds near the equilibrium points around a rotating asteroid.
Astrophys. Space Sci. 349(1), 83-106 (2014)

Y. Jiang, H. Baoyin, H. Li, Collision and annihilation of relative equilibrium points around asteroids with a
changing parameter. Mon. Not. R. Astron. Soc. 452(4), 3924-3931 (2015a)

Y. Jiang, Y. Yu, H. Baoyin, Topological classifications and bifurcations of periodic orbits in the potential
field of highly irregular-shaped celestial bodies. Nonlinear Dyn. 81(1-2), 119-140 (2015b)

Y. Jiang, H. Baoyin, Periodic orbit families in the gravitational field of irregular-shaped bodies. Astron. J.
152(5), 137 (2016)

E.A. Kramer, Y.R. Fernandez, C.M. Lisse et al., A dynamical analysis of the dust tail of comet C/1995 Ol
(Hale—-Bopp) at high heliocentric distances. Icarus 236(3), 136-145 (2014)

J.F. Linder, J. Lynn, F.W. King, A. Logue, Order and chaos in the rotation and revolution of a line segment
and a point. Phys. Rev. E 81, 036208 (2010)

X. Liu, H. Baoyin, X. Ma, Equilibria, periodic orbits around equilibria, and heteroclinic connections in the
gravity field of a rotating homogeneous cube. Astrophys. Space Sci. 333, 409-418 (2011)

C.M. Lisse, J. VanCleve, A.C. Adams et al., Spitzer spectral observations of the Deep Impact ejecta. Science
313(5787), 635-640 (2006)

J. Mawhin, M. Willem, Critical Point Theory and Hamiltonian Systems (Springer-Verlag, Berlin, 1989)

A. Molina, F. Moreno, F.J. Jimenez-Fernandez, Large dust grains around comtary nuclei. Earth Moon
Planets 102(1), 521-524 (2008)

F. Moreno, F. Pozuelos, F. Aceituno et al., Comet 22P/Kopff: dust environment and grain ejection aniso-
tropy from visible and infrared observations. Astrophys. J. 752(2), 136 (2012)

N.E. Najid, E.H. Elourabi, M. Zegoumou, Potential generated by a massive inhomogeneous straight seg-
ment. Res. Astron. Astrophys. 11(3), 345-352 (2011)

N.E. Najid, M. Zegoumou, E.H. Elourabi, Dynamical behavior in the vicinity of a circular anisotropic ring.
Open. Astron. J. 5, 54-60 (2012)

C.E. Neese, Small Body Radar Shape Models V2.0. EAR-A-5-DDR-RADARSHAPE-MODELS-V2.0,
NASA Planetary Data System (2004)

@ Springer



168 Y. Jiang et al.

P. Oberc, Electrostatic and rotational ejection of dust particles from a disintegrating cometary aggregate.
Planet Space Sci. 45(2), 221-228 (1997)

S.J. Peale, J.J. Lissauer, Rotation of Halley’s comet. Icarus 79(2), 396-430 (1989)

K. Richter, H.U. Keller, On the stability of dust particle orbits around cometary nuclei. Icarus 114(2),
355-371 (1995)

S.G. Romero, J.F. Palacian, P. Yanguas, The invariant manifolds of a finite straight segment. Monografias
de la Real Academia de Ciencias de Zaragoza. 25, 137-148 (2004)

A. Rotundi, H. Sierks, V.D. Della Corte et al., Dust measurements in the coma of comet 67P/Churyumov-
Gerasimenko inbound to the Sun. Science 347(6220), aaa3905 (2015)

R.Z. Sagdeev, F. Szabo, G.A. Avanesov et al., Television observations of comet Halley from Vega
spacecraft. Nature 321, 262-266 (1986)

R.Z. Sagdeev, P.E. Elyasberg, V.I. Moroz, Is the nucleus of comet Halley a low density body? Nature 331,
240-242 (1988)

D.J. Scheeres, F. Marzari, Spacecraft dynamics in the vicinity of a comet. J. Astron. Sci. 50(1), 35-52 (2002)

H. Sierks, C. Barbieri, P.L. Lamy, On the nucleus structure and activity of comet 67PChuryumov-Gerasi-
menko. Science 347(6220), 1044 (2015)

S.A. Stern, The evolution of comets in the Oort cloud and Kuiper belt. Nature 424(6949), 639-642 (2003)

P. Stooke, Small body shape models. EAR-A-5-DDR-STOOKE-SHAPE-MODELS-V1.0. NASA Planetary
Data System, (2002)

Y. Takahashi, D.J. Scheeres, R.A. Werner, Surface gravity fields for asteroids and comets. J. Guid. Control.
Dynam. 36(2), 362-374 (2013)

X. Wang, Y. Jiang, S. Gong, Analysis of the potential field and equilibrium points of irregular-shaped minor
celestial bodies. Astrophys. Space Sci. 353(1), 105-121 (2014)

R.A. Werner, The gravitational potential of a homogeneous polyhedron or don’t cut corners. Celest. Mech.
Dyn. Astron. 59(3), 253-278 (1994)

R.A. Werner, D.J. Scheeres, Exterior gravitation of a polyhedron derived and compared with harmonic and
mascon gravitation representations of asteroid 4769 Castalia. Celest. Mech. Dyn. Astron. 65(3),
313-344 (1997)

Y. Yu, P. Michel, S.R. Schwartz et al., Ejecta cloud from a kinetic impact on the secondary of a binary
asteroid: I. mechanical environment and dynamic model. ArXiv: 1603. 07151 (2016)

@ Springer



	Hamiltonian Formulation and Perturbations for Dust Motion Around Cometary Nuclei
	Abstract
	Introduction
	Dynamical Equation and Effective Potential
	Stability, Bifurcation, and Resonance of Periodic Orbits
	Stability of Periodic Orbits
	Bifurcations of Orbit Families for Dust Grains
	Resonant Orbit Families for Dust Grains

	Solar Gravity Force and Solar Radiation Pressure
	Conclusions
	Acknowledgements
	Appendix A: Effective Potential and Equilibrium Points
	Appendix B: Proof of Theorem 1
	References




