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Abstract. The elements of dielectric tensor and dispersion relation for obliquely propagating whistler

waves with finite k? in an infinite magnetoplasma are obtained for a kappa distribution in the presence of

perpendicular a.c. electric field. Integrals and modified plasma dispersion functions are reduced in power

series form. Numerical calculations have been performed to obtain temporal growth rate and real fre-

quencies of the plasma waves for magnetospheric plasma, using linear theory of dispersion relation. The

effect and modification introduced by the perpendicular a.c. electric field on the temporal growth rates,

real frequencies and resonance condition are discussed for kappa and Maxwellian distributions. Our

results and their interpretation are compared with known whistler observations obtained by ground-based

techniques and satellite observations.
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1. Introduction

A theory for the generation of oblique electromagnetic waves from resonance
with energetic charged particle was developed several years ago (Kennel and
Wong, 1967). Most of the previous theoretical works on wave–particle
interaction instability have assumed a Maxwellian distribution for the
background plasma in the magnetosphere. However, most of the natural
space plasmas are observed to possess a non-Maxwellian high-energy tail. An
appropriate particle distribution function, for modeling such plasmas, is the
generalized Lorentzian (kappa) distribution, which is also known as kappa
distribution function. In this distribution function, characterization is done
by spectral index j, which for various values of j assumes different shapes
(Summers and Thorne, 1991). At high velocities, distribution a particle en-
ergy))(j +1), i.e. the distribution has an inverse power-law tail in energy with
exponent j+1. An important property of the kappa distribution is that in the
limit as j fi ¥ it approaches to Maxwellian distribution function. Kappa
distribution functions have also been used earlier to analyze and interpret
spacecraft data in different regions of the Earth’s magnetospheric plasma,
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solar wind and planetary magnetospheres (Vasyliunas, 1968; Abraham-
Shrauner et al., 1979; Leubner, 1982, Armstrong et al., 1983; Mace, 1998).
On purely theoretical grounds in both space and laboratory plasmas,
Hasegawa et al. (1985) showed that a plasma in the presence of superthermal
particles suffers velocity-space diffusion. This enhanced diffusion produces a
power law distribution at velocity much larger than the electron thermal
speed. Stability analysis for the most space plasmas should therefore be
performed using a kappa distribution rather than a Maxwellian. The pres-
ence of high-energy tail component in a kappa distribution considerably
changes the rate of resonant energy transfer between particles and plasma
waves, so that the conditions for the instability may be different for the two
distributions.

Artificially triggered emissions in themagnetosphere have also been studied
by various workers by signals transmitted from ground stations (Helliwell
et al., 1973; Kimura, 1968 and references cited therein). There have been active
VLF injection experiments also reported in the magnetosphere by ISEE-A
spacecraft (Bell and Helliwell, 1978) including the Explorer 45 and IMP 6
observations. Injected electrical pulse and continuous wave from a VLF
transmitter have also been reported to generate VLF and ULF waves in the
magnetosphere (Inan et al., 1977). Space–time evolutionofwhistlermodewave
growth in the magnetosphere triggered by injection of single a.c. frequency
(2–6 kHz) signals was studied by Carlson et al. (1990). In all these experiments
minimum initial amplitude of a.c. signal is required to trigger the whistler
emissions. Once the triggering has started, further increase of magnitudes does
not affect or enhance the triggering mechanism except the frequency of a.c.
signals (Misra andPandey, 1995 and the references cited therein). The behavior
of high frequency a.c. electric field has also been studied to excite or quench the
instabilities in the plasma (Prasad, 1967). In addition, electric fields have been
measured at magnetospheric heights along and perpendicular to the Earth’s
magnetic field by various satellites such as ISEE, GEOS, S3, CRRES, DMSP
and Viking (Mozer et al., 1978; Fälthammar, 1989; Lindqvist and Marklund,
1990; Burke and Maynard 2000). Fälthammar (1989) has reported measure-
ments of fluctuating perpendicular electric fields £10 mV/m in the magneto-
sphere. Perpendicular electric fields of similar magnitude have been measured
in the inner magnetosphere (Burke and Maynard, 2000). High-altitude per-
pendicular electric fields in the range 5–10 mV/m have also been measured by
Viking Satellite (Lindqvist and Marklund, 1990).

The purpose of this study is to examine the influence of perpendicular a.c.
electric field on the instability of obliquely propagating whistler waves due to
kappa distribution. Further, it would be important to see how the whistler
emissions are affected in the presence of a.c. electric field in the Earth’s
magnetosphere. Recently, the generation of parallel whistler mode instability
in a variety of physical situations in the presence of perpendicular a.c. field
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for kappa distribution was made (Tripathi and Misra, 2001, 2002) by method
of characteristics using kinetic approach. In this paper, the study is further
generalized for obliquely propagating whistler wave. This study would be
useful in simulation experiments using the details of particle trajectories af-
fected by a.c. electric field with a close look into the microscopic picture of
wave–particle interactions. This would also be of relevance to triggered
emissions and active satellite experiment leading to triggered emissions. The
injected wave signals observed on satellites have shown spectral broadening
and side bands (Bell et al., 1983; Tanaka et al., 1987). These have been ex-
plained by both linear (Bell and Ngo, 1990) and nonlinear wave–wave
interactions (Chian et al. 1994). The nonlinear amplification (or damping) of
whistler and electrostatic waves propagating in nonuniform media has been
studied by Asseo et al. (1972) for electrostatic waves. The same results have
been restated in whistler wave language by Roux (1974). Budko et al. (1971,
1972) have done the theoretical study of nonlinear effects related to whistler
mode instabilities in magnetosphere assuming the waves to be monochro-
matic. These authors have considered the evolution of the distribution
function for resonant electrons and obtained the expression for instability
growth rate for nonlinear case. Vomvoridis et al. (1982) have also examined a
nonlinear interaction process caused by electron trapping in a whistler wave
propagating along a nonuniform magnetic field. The nonlinear effects are,
however, not considered in this work.

In the present paper in Section 2, the elements of dielectric tensor for a
kappa distribution in the presence of perpendicular a.c. electric field using
kinetic approach and method of characteristics are obtained. The resulting
modified dispersion relation by perpendicular a.c. electric field for oblique
whistler waves is obtained using modified plasma dispersion function (Sum-
mers and Thorne, 1991). Further, growth rate and real frequency are directly
obtained by numerical analysis using series solutions of general dispersion
relation without having any further approximations than k fi 0 and k^<<
k||. This generalized series dispersion relation may be reduced for Maxwellian
distribution also by letting j fi ¥ for the same plasma parameters. Numerical
results for the wave growth rate can be obtained when the phase velocity is
much larger than electron thermal velocity. These numerical solutions are
compared with respective solutions obtained for a Maxwellian distribution.
The results and discussion for both types of distribution functions are given in
Section 3. The conclusions are given in Section 4.

2. Dielectric Tensor and Dispersion Relation

We assume that zero-order quantities i.e., the density and composition of the
plasma and the background magnetic field are static in time and uniform in
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space. The plasma under consideration is of infinite extent, spatially homo-
geneous, anisotropic, embedded with a uniform magnetic field B0ð¼ B0êzÞ
and an electric field E0 sin mtêx. In order to obtain general dielectric tensor
and dispersion relation for linear theory of oblique propagation, the Vlasov–
Maxwell equations are linearized. The small perturbations in electric and
magnetic wave fields and distribution function E1, B1, and f1 are assumed to
have harmonic dependence of the form eiðk:r�xtÞ. The unperturbed and per-
turbed particle trajectories and velocities in the presence of perpendicular a.c.
field have been obtained by solving zero and first order equation of motion
using the geometry given in Figure 1 and following (i.e., Stix, 1962; Misra
and Pandey, 1995; Tripathi and Misra, 2002).

For the ambient plasma, the particle distribution function is assumed to
be anisotropic kappa distribution function and is given as :

f j
s0
ðvÞ ¼ 1

p3=2h2?s
hjjsj

3=2

Cðjþ 1Þ
Cðj� 1

2Þ
1þ

v2jj

jh2jjs
þ v2?

jh2?s

" #�ðjþ1Þ
(1)

with associated effective thermal speeds and temperatures parallel and per-
pendicular to the ambient magnetic field as :

hjjs ¼ ð2j� 3Þ=j½ �1=2 Tjjs=ms

� �1=2
; h?s

¼ ð2j� 3Þ=j½ �1=2 T?s
=msð Þ1=2 (2)

and the temperature anisotropy Aj
Ts

defined by

Aj
Ts
¼ T?s

Tjjs
� 1 ¼

h2?s

h2jjs
� 1 (3)

where, j is the spectral index of the distribution (The parameter j generally
takes on positive integral values >2) and C is the gamma function. By using

Figure 1. Geometry of the problem.
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dielectric tensor, the dispersion relation is obtained from the condition for
nontrivial solutions of (Stix, 1962; Sazhin, 1993; Summers et al., 1994).

D ¼ A�N4 þ B�N2 þ C� ¼ 0 (4)

where

A� ¼ 211 sin2 wþ 2 213 sinw coswþ 233 cos2 w

B� ¼ � 211233 �ð222233 þ 2223Þ cos2 w� ð211222 þ 2212Þ sin2 w

þ 2ð212223 � 222213Þ sinw coswþ 2213
C� ¼233 ð211222 þ 2212Þþ 2112223 þ2 212213223 � 2222213

Here N=ck/x, w is the angle between k and B0. Equation (4) is known
convenient form of general dispersion relation for the linear theory of oblique
waves in a hot magnetized plasma and the different instabilities may be
studied by simplifying this equation. The components of dielectric tensor 2ij in
the presence of perpendicular a.c. electric field are given in the Appendix A.

The linear theory of whistler-mode propagation is based on the assump-
tion that waves with different frequencies and wave numbers do not interact
with each other and that the waves do not cause any systematic change in the
background particle distribution function f0. When plasma instabilities are
excited and waves grow, a number of nonlinear phenomena appear which
modify the plasma states. Nonlinear effects become important when the wave
energy density becomes much larger than at the thermal equilibrium. The
ratio of the wave energy density and the thermal energy density, (W/n0T), is
used as a measure of turbulence. At an early stage of development the system
has a response that obeys the linear dispersion relation and as the amplitude
grows larger the nonlinearity modifies the linear properties. The particle
motions in the plasma are effected by the waves. The wave spectrum spreads
out because of the nonlinear wave–wave interactions as well as the nonlinear
wave–particle interactions (Hasegawa, 1975; Inan et al., 1978; Vomvoridis
et al., 1982; Sazhin, 1993). The nonlinear effects are, however, not included in
the present work.

3. Results and Discussion

A numerical procedure without any further approximations is followed for
solving the general dispersion relation given in Equation (4). The kappa
distribution given in (1) has been used in case of obliquely propagating
electron whistler mode waves in the presence of perpendicular a.c. electric
field in the Earth’s magnetosphere. The contribution of specific positive
integral values of spectral index j i.e., j > 2, amplitude and frequency of a.c.
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signal are included. The change in the values of j gives the different models of
distribution functions for space plasmas, e.g. plasmas in planetary magne-
tosphere and the solar wind, as well as astrophysical plasmas. The normal-
ized temporal growth rate have been studied for various specific values of
spectral index j, amplitude and frequency of a.c. signal and for various wave
normal angles (w) of propagation in case of representative magnetospheric
plasma at geostationary height of L=6.6 with B0=10)7 Tesla along with
other plasma parameters.

The values of a.c. electric field have been taken E0 £ 10 mV/m. The
university of Iowa plasma wave experiment on Explorer 45 and IMP 6
(Inan et al., 1977; Misra and Pandey, 1995) have shown the feasibility of
wave injection experiment from orbiting satellites having sine wave signals
of (1–10 kHz) and accordingly, a.c. frequencies in this range have been used
in calculations. The particle populations have a kappa distribution with j
lying in the range of 2 £ j £ 6 (Summers and Thorne, 1991; Xue et al., 1996;
Mace, 1998) with a reasonable temperature anisotropy Aj

Ts
=0.25–1.0 con-

sistent with the observations obtained in Earth’s magnetosphere. The particle
density N0=(1)3) · 106 m)3, is assumed. In a temporal growth rate a real
value of wave vector k is prescribed in Equation (4). Initially a value of the
complex wave frequency x is assumed. Then it is solved numerically by
iteration on x. Hence a complex root x= xR þ ix‘ is found in which x‘ > 0,
leads to damping and x‘ > 0 leads to growth.

Figure 2 shows the variation of normalized temporal growth rate c with
normalized wave number K for oblique electron whistler mode instability for
various values of a.c. field frequency. Other fixed values of plasma parameter
are seen in figure caption. We first consider the sensitivity of a.c. frequency on
the different values of j, which is a measure of the relative number of par-
ticles in high-energy tail of the distribution (Xue et al., 1996). The choice of
particle distribution function modifies the dielectric tensor, plasma dispersion
function and ultimately the solution of whistler mode dispersion relation.
Thus a change in j and frequency of a.c. signal affect the growth rate. This
aspect is demonstrated in following graphs. A direct comparison is made
between the results for the kappa (j=3) and Maxwellian distributions
(j=¥). The temporal growth rate of wave increases as the a.c. frequencies
increases (2–8 kHz). In case of Maxwellian distribution, the temporal growth
are larger in comparison to that of kappa distribution. The a.c. frequency
increases the growth rate in comparison to the growth rate without a.c.
frequency (m =0). A.C. frequency affects the temporal growth rate while its
magnitude has a marginal effect. This phenomena is similar to triggered
whistler emissions, where a minimum initial magnitude of a.c. frequency is
required to trigger the instability and once the instability starts it has
no further role. This result is also in agreement with the observations of
triggering emissions seen by Kimura (1968) and simulation studies of Molvig
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et al. (1988). The shift of maxima to lower K as a.c. frequency increases
shows that emission frequencies are shifted to lower values of frequency. The
maximum growth rate and corresponding K gives the emitted frequency in
the range of (1–2 kHz) as observed at ground station (Lalmani et al., 2000)
and satellite (Helliwell, 1965).

Effect of a.c. frequencies on the normalized temporal growth rate versus
normalized real frequency X of the oblique electron whistler mode instability
with fixed plasma parameters are shown in Figure 3. This figure provides
directly the emitted frequencies of both distributions. The emission frequency
(f=xr/2p) are found in the range of (1.14–1.29 kHz) corresponding to the
change of values of a.c. frequencies (2–8 kHz) in agreement with observa-
tions by Carlson et al. (1990). The temporal growth rate and emitted fre-
quencies are little higher for Maxwellian than kappa distribution. Normally,
observed values of j lies in the range of 2 £ j £ 6. Therefore, it is concluded
that Maxwellian distribution overestimates peak wave growth. This fact is
very similar to calculations (Xue et al., 1996). Emitted frequencies are in
agreement with low latitude ground-based observations (Lalmani et al.,
2000). The temperature anisotropy for electron in such case is 0.5 which is
dominant source to generate the instability at equatorial magnetospheric
height in both distributions.

Effect of propagation angles on normalized temporal growth rate are
shown in Figure 4. The temporal growth rate is more at small angles showing

Figure 2. Dependence of the normalized temporal growth rate c ¼ ðxr=xcÞ on the normalized
wave number K ¼ ðkjjhjj=xcÞ of the oblique electron whistler instability for various values of

the a.c. field frequencies m.
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the possibility of whistler generation within a narrow cone of angles
with magnetic field (Sazhin, 1993). This effect can be seen more clearly in
Figure (5) where variation of normalized growth rate with normalized real

Figure 3. Dependence of the normalized temporal growth rate c on the normalized real fre-
quency X ¼ xr=xc of the oblique electron whistler instability for various values of a.c. field
frequencies m.

Figure 4. Dependence of the normalized temporal growth rate on the normalized wave
number of the oblique electron whistler instability for various values of the wave normal
angles w of propagation.
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frequency are shown. Whistler mode growth rate reduces fast as the angle
increases beyond 30�. Similar observations were reported by Zhang et al.
(1993) where they have shown minor change in the peak growth rate when w

Figure 5. Dependence of the normalized temporal growth rate on the normalized real fre-
quency of the oblique electron whistler instability for various wave normal angles of propa-

gation.

Figure 6. Dependence of normalized temporal growth rate on temperature anisotropy Aj
Ts

of
the oblique electron whistler instability for various values of the amplitude of a.c. field Eo.
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increases (0�–30�). The growth rate starts to decrease rapidly with w> 30�,
and reaches 0 when w is near 80�.

Figures 6 and 7 show the effect of amplitude and a.c. frequency variation
on temporal growth rate for different values of temperature anisotropy Aj

Ts
.

The growth rate increases with temperature anisotropy when both amplitude
changes (5–10 mV/m) and a.c. frequency changes (2–8 kHz) in both cases,
except that maximum growth rate is higher in the case of Maxwellian
distribution. Further, it shows that Maxwellian distribution is more sensitive
to temperature anisotropy than the kappa distribution. It is also seen from
these figures that the effect of both amplitude and frequency of the a.c. field
decreases when Aj

Ts
goes to higher values and that the choice of the amplitude

and a.c. frequency affects the growth rate substantially.

4. Conclusion

Oblique whistler waves are significantly affected by the presence of perpen-
dicular a.c. electric field. Especially, its frequency affects the growth rate. The
growth rates for electron whistler are more in general for Maxwellian than
for kappa distribution even at small angles of propagation (w £ 100). In case
of Maxwellian distribution, emitted frequencies are little higher than those
obtained for kappa distribution at arbitrary wave normal angle. In case of
kappa distribution, the emitted frequencies are quite different and widely
separated as the angle of propagation increases, whereas in case of Max-
wellian distribution their separations are far less. Thus the parallel propa-
gating whistler shall give different wave gain and frequency of emissions

Figure 7. Dependence of normalized temporal growth rate on temperature anisotropy of the

oblique electron whistler instability for various values of the a.c. field frequencies.
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compared to those obtained from oblique propagating whistlers. However,
gain decreases as the angle increases. Thus the presence of temperature
anisotropy is the prominent source of providing free energy and of generating
whistler mode instability in both plasma, whereas the a.c. field is acting as the
triggering mechanism to excite the instability within the magnetosphere. Such
results could explain the low frequency whistler emissions observed at ground
and magnetospheric heights.
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5. Appendix A

Components of dielectric tensor 2ij
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with 221¼ � 212; 213¼231; 232¼ � 223 (A3)

where
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j� 3

2

� �
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� �
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Z1
0
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2
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J0n ¼
dJnðk1Þ
dk1

; J0p ¼
dJpðk2Þ
dk2

xcs ¼
esB0

ms
; x2

ps
¼ N0se

2
s

e0ms
; �x ¼

esE0x

ms

where Jnðk1Þ and Jpðk2Þ are the Bessel functions of first kind with the argu-
ment of k1 and k2 respectively and having the order n and p. J0nðk1Þ and J0pðk2Þ
are the derivative with respect to k1 and k2. e0, es, ms and N0s are respectively
permittivity of free space, particle charge, mass and number density of species
s. xcs and xps are gyrofrequency and plasma frequency, respectively.

The function Z�j�1 occurring in (A5), (A7) and (A9) is the modified plasma
dispersion function (Summers and Thorne, 1991) which for integral values of
j ‡ 2 may be written as :

Z�jðnÞ ¼ �
j� 1

2

� �
2j3=2

j!

ð2jÞ!�
Xj

‘¼0

ðjþ ‘Þ!
‘!
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2

ðn=
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j
p
þ iÞ

� �j�‘þ1
(A11)

In the presence of perpendicular a.c. electric field in the limit k fi 0 the
integrals S1;S2; . . . ;S6 are reduced to power series form (Summers et al.,
1994).
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S6 ¼ 1þ m�x
ðx2

cs
� m2Þ

 !
jnj
2jnj

jjnjC j� jnj � 1
2

� �
C j� 1

2

� �
CðjnjÞ

j� jnj
j

� �3=2

� kðjnjþ1ÞZ�j�jnj
j� jnj

j

� �1=2

n

" #
þ � � �

if j � jnj þ 1; and n 6¼ 0

(A17)
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