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Abstract The paper presents parametric studies of

the first and second azimuthal absolute modes in

annular non-swirling and swirling jets. The spatio-

temporal linear stability analysis is applied to inves-

tigate an influence of governing parameters including

axial velocity gradients in inner and outer shear layers,

back-flow velocity, swirl number and shape of the

azimuthal velocity. A new base flow is formulated

allowing a flexible variation of the shape of axial and

azimuthal velocity profiles. It is shown that the first

helical absolute mode is governed mainly by the back-

flow velocity and swirl intensity. A steepness of the

inner shear layer can control the absolute mode

frequency. The velocity gradient in the outer shear

layer and the shape of the azimuthal velocity have

rather limited impact on the absolute mode character-

istics. Finally, it is shown that the second helical

absolute mode can dominate the flow with a stronger

swirl intensity.

Keywords Annular jet � Swirling jet � Absolute
instability � Linear stability theory

1 Introduction

Annular swirling jets are met in many technical

applications. Gas turbines and aeroengines are exam-

ples where annular nozzles are utilised to deliver fuel

and oxidiser with a swirl stabilising the flame. In the

case of non-premixed combustors mixing processes of

the fuel and oxidiser in annular jets are of primary

importance for the combustion efficiency and safety.

Naturally formed vortical structures in such flows

could enhance or deteriorate a mixing intensity.

Hence, improved understanding of the annular jets

instability could help in the development of new

combustion technologies. The swirling jets undergo a

vortex breakdown process characterised by spiral-

shaped structures. Despite that this phenomenon has

been known for many years a mechanism leading to

helical structures formation has not been fully under-

stood so far [1]. Theories formulated for the vortex

breakdown were categorised into the following under-

lying concepts:

1. The phenomenon is associated with the concept of

critical state or, more generally, with wave

phenomena [2–4].

2. The phenomenon is analogous to boundary layer

separation or flow stagnation [5, 6].

3. The phenomenon is a consequence of the hydro-

dynamic instability [7–10].
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As was mentioned in [1] the vortex breakdown is

highly time dependent phenomenon and the spiral-

shaped structures start to precess about the axis of

symmetry thus forming the so called precessing vortex

core (PVC) [11].

There are many more recent advanced approaches

to the vortex breakdown in swirling jets like a

sensitivity analysis of Quadri et al. [12] showing that

the instability is casued by a combination of Kelvin-

Helmholtz mechanism involving conservation of the

angular momentum. The Large Eddy Simulations

(LES) performed by Garcia-Villalba et al. [13] and

Garcia-Villalba and Fröhlich [14] for a turbulent

unconfined annular swirling jet showed spiral coherent

structures in the near field. Again, the Kelvin–

Helmholtz instability was identified as the major

source for the generation of the coherent vortices

observed in this flow type. However, since the vortex

breakdown has been observed in many flow types like

circular jets and annular jets with a swirl, it seems that

the origin of this phenomenon has not been fully

understood so far. As stressed by Vaniershot et al. [15]

due to the occurrence of several types of breakdown

and the often contradictory results because of a high

sensitivity to boundary conditions, there is still no

general consensus about the origin of vortex

breakdown.

Lehmann et al. [16] carried out experiments on a

swirl nozzle with two concentric air jets leaving the

nozzle with slightly different swirl. LDA measure-

ments showed that the flow field consisted of a ring jet

with a back-flow along the jet axis. The back-flow

velocity was about 50% of the maximum jet velocity.

The measurements showed that a strong coherent

velocity fluctuation of the first azimuthal mode existed

close to the nozzle exit. This phenomenon suggested a

possibility that the absolute instability was the cause of

these fluctuations. The linear stability analysis based

on the spatio-temporal stability theory and Briggs/

Bers criteria [17, 18] was performed byMichalke [19].

Stability calculations showed presence of the abso-

lutely unstable first azimuthal mode.

Recently one can find many opinions in the

literature [20–23] based on experimental results and

stability calculations indicating that the vortex break-

down is actually the manifestation of a self-excited

global hydrodynamic instability triggered by abso-

lutely unstable helical modes. The vortex breakdown

and the consequent precessing vortex core are very

important for controlling the combustion process in

gas turbines and in aeroengines. As this phenomenon

could be caused by the absolute instability leading to a

global helical mode it seems to be important to know

the influence of the governing parameters on this

phenomenon. Michalke [19] studied the influence of

the axial velocity profile, swirl and back-flow on the

frequency and temporal growth rate of the absolute

first helical mode. Parametric studies with the use of

spatio-temporal linear stability analysis were per-

formed by Talamelli and Gavarini [24] for incom-

pressible coaxial jets. However, such studies for

annular swirling and non-swirling jets seems to be

still lacking.

The present paper is an extension of the Michalke

studies including analysis of the shape of axial and

tangential velocity profiles. The main goal of the

present paper is to apply the linear, local stability

analysis to find qualitative dependences of the flow

conditions on the helical mode frequency and tempo-

ral growth rate. The results of this analysis will be

further used to choose properly the flow parameters

favourable for the absolute instability for LES of the

annular jets. Some of qualitive results shown in the

present paper were applied by Wawrzak et al. [25] to

establish inlet conditions for an annular non-swirling

jet which were favorable for the helical modes

generation.

2 Base flow

A schematic view of the annular jet is shown in Fig. 1.

The annular jet is characterised by the outer and inner

diameters denoted by Do and Di, respectively. Behind

the bluff body a central recirculation zone (CRZ) is

formed that is surrounded by the inner shear layer. The

outer one is formed between the jet and the ambient

fluid. Sample axial and tangential velocity profiles in

the cross section denoted by the dashed line are also

shown. In the case of the local stability analysis it is

assumed that the flow is parallel and the velocity field

extends infinitely along the jet axis.Thus the base flow

of the annular jet is modelled by an axial velocity Ud

and a swirl with circumferential velocity component

Wd (superscript ’’d’’ denotes dimensional variables).

In a parallel approximation the radial velocity com-

ponent Vd is neglected. The axial velocity component

123

2180 Meccanica (2020) 55:2179–2198



Ud rd
� �

represents an annular jet with a possible

reversed flow on the jet axis with

Ud rd ¼ 0
� �

¼ Ud
0\0. The maximum jet velocity is

Umax at r
d ¼ RUmax. All the velocities are normalized

by Umax and all lengths by RUmax. The base flow is

defined in non-dimensional variables:

U ¼ Ud

Umax
; U0 ¼

Ud
0

Umax
; W ¼ Wd

Umax
; r ¼ rd

RUmax

ð1Þ

Following the work of Michalke [19] we first used the

profile proposed by Monkewitz [26] which is given by

U rð Þ ¼ 4BF rð Þ 1� BF rð Þ½ � ð2Þ

where F rð Þ is given by Monkewitz and Sohn [27] as:

F rð Þ ¼ 1þ ear
2 � 1

� �N
� ��1

ð3Þ

The quantity B depends on U0

B ¼ 0:5 1þ 1� U0ð Þ1=2
h i

ð4Þ

and a U0ð Þ is determined by the condition U 1ð Þ ¼ 1.

N� 1 is a shape factor that controls the thickness of

the jet shear layer, i.e. the maximum of dU/dr. To

define an axial velocity profile for a given back-flow

U0 and N-parameter it is necessary to solve numeri-

cally the following non-linear algebraic equation:

D að Þ ¼ U 1ð Þ � 1 ¼ 4BF 1ð Þ 1� BF 1ð Þ½ � � 1 ¼ 0

ð5Þ

Fig. 1 Schematic view of the annular swirling jet indicating the central recirculation zone (CRZ) and inner and outer shear layers
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Equation 5 was solved using Newton–Raphson

method [28]

Sample axial velocity profiles for various back-flow

velocities and steepness parameters N are shown in

Fig. 2. Figure 3 shows three velocity profiles with

different steepness parameter compared to the exper-

imental data [16]. It can readily be seen that it is difficult

to match a model profile to the experimental data as N-

parameter is the only one that controls the velocity

profile. Moreover, in real annular nozzles the nozzle

walls could be formed in such a way that both shear

layers of an annular jet, inner and outer ones, could have

different thicknesses. Such velocity profiles features

cannot be modelled with the velocity described by

Eq. (2).A new shape of the axial velocity profile in the

annular nozzle is a combination of hyperbolic tangent

functions. The following function is proposed:

U rð Þ ¼ Uin tanh bin r � Rinð Þ½ � � Uout tanh bout r � Routð Þ½ �

þ binUin

cosh2 �binRinð Þ
1� tanh b0inr

� �� 	

b0in

� boutUout

cosh2 �boutRoutð Þ
1� tanh b0outr

� �� 	

b0out

� Uin þ Uout

ð6Þ

Two terms in the middle lines of Eq. (6) were

introduced to satisfy the zero radial gradient at the

nozzle axis

dU rð Þ
dr






r¼0

¼ 0 ð7Þ

If the radius tends to zero then

lim
r!0

U rð Þ ¼ Uin tanh �binRinð Þ � Uout tanh �boutRoutð Þ

þ binUin

cosh2 �binRinð Þb0in
� boutUout

cosh2 �boutRoutð Þb0out
� Uin þ Uout ¼ U0

ð8Þ

Fig. 2 Annular jet axial velocity profiles described by Eq. (2): a N ¼ 1, b N ¼ 2

Fig. 3 A comparison of model velocity profiles with the

experimental data [16]
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As U0 is imposed as a parameter there is a relation

betweenUin andUout. Assuming a certain value forUin

the parameter Uout is expressed as

Uout ¼
UinLin � U0

Lout
ð9Þ

where

Lin ¼ tanh �binRinð Þ þ bin

cosh2 �binRinð Þb0in
� 1 ð10Þ

Lout ¼ tanh �boutRoutð Þ þ bout

cosh2 �boutRoutð Þb0out
� 1

ð11Þ

If the radius tends to infinity then

lim
r!1

U rð Þ ¼ 0 ð12Þ

Velocity gradients in inner and outer shear layers are

controlled by bin and bout parameters, respectively.

The parameterUin is chosen in order to get a presumed

maximum value of the axial velocity Umax ¼ 1.

Varying bin-coefficient Rout is kept constant while

Rin is calculated to obtain the maximum of the velocity

at a chosen radius rUmax ¼ 1. Conversely, varying bout
the Rin is fixed while Rout is calculated to obtain the

maximum of the velocity at a chosen radius rUmax ¼ 1

Such a model velocity profile is more flexible

compared to Eq. (2). Figure 4a shows the model

velocity profile with properly chosen parameters

compared to the experimental data. It can be seen that

the velocity profile with a combination of hyperbolic

tangent functions much better agrees with the exper-

iment than the profile used by Michalke [19] as shown

in Fig. 3. Using Eq. (6) the velocity gradient in each

shear layer can be controlled independently. Sample

velocity profiles with various controlling parameters

are shown in Fig. 4b.

To complete the model base flow for a swirling

annular jet the azimuthal velocity profile has to be

defined. Michalke [19] in his stability calculations

applied the swirl velocity as the stationary Hamel-

Oseen vortex field given by

W rð Þ ¼ A

r

1� exp �br2ð Þ
1� exp �bð Þ

� �
ð13Þ

where A ¼ Wmax=Umax. Figure 5 shows sample

azimuthal velocity profiles compared with the

experimental data of Lehmann et al. [16]. It can be

seen that there are significant differences and a more

flexible azimuthal model velocity profile could bring

better results of the linear stability analysis.

Quite simple modification of this function could

improve the model velocity profile

W rð Þ ¼
ArNW�1

Wmax

rNW�1

1� exp �brNWð Þ
1� exp �brNW

Wmax

� �

" #

ð14Þ

where: rWmax denotes the radius for which azimuthal

velocity attains its maximum. The exponent NW

controls the decay rate of the velocity at the vortex

periphery while in the vortex core the velocity is still

close to the solid body rotation. The parameter b is

found from the condition that the function described

by Eq. (14) has the maximum at the radius r ¼ rWmax
.

Figure 6a shows the profile matching very well to the

experimental data for which rWmax ¼ 0:7, A ¼ 0:74

and NW ¼ 4:5. For such parameters the coefficient

b ¼ 1:7634345. Figure 6b shows sample azimuthal

velocity profiles with the swirl number A ¼ 0:75,

rWmax
¼ 1 and various NW exponents.

3 Stability equations and solution method

The small disturbance of flow parameters is assumed

as a wave travelling along axial x and azimuthal u
directions with the amplitude varying along the radial

direction r in the following form:

u0; v0;w0; p0ð Þ ¼ û rð Þ; v̂ rð Þ; ŵ rð Þ; p̂ rð Þ½ �
exp i axþ mu� xtð Þ½ �

ð15Þ

Here u0; v0;w0 and p0 are axial, radial, azimuthal

velocity and pressure disturbances, respectively, a is

the complex wave number and x the complex

frequency, m is the azimuthal real wave number. Such

disturbances are introduced into the continuity equa-

tion and Euler equations in cylindrical coordinates and

linearised around the given base flow. As shown by

Michalke [19], after eliminating the û and ŵ velocities,

the stability equations can be written as

rr
dp̂

dr
¼ i 2WZ � rr2

� 	
v̂� 2mW

r
p̂ ð16Þ

r
r

d rv̂ð Þ
dr

¼ i a2 þ m2

r2

� �
p̂þ a

dU

dr
þ m

Z

r

� �
v̂ ð17Þ
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where

r rð Þ ¼ aU � xþW

r
m ð18Þ

Z rð Þ ¼ dW

dr
þW

r
ð19Þ

To solve the system of the stability equations (16) and

(17) the boundary conditions must be formulated on

the jet axis r ¼ 0 and for r ! 1 using features of the

axial and azimuthal velocity profiles of the base flow.

The boundary conditions require that v̂ rð Þ and p̂ rð Þ are
bounded on the jet axis and both quantities vanish at

the jet periphery. The asymptotic behavior for r ! 1
can be obtained if one takes into account that

lim
r!1

U;
dU

dr
; Z ¼ 0

lim
r!1

W

r
¼ A1

rNW
where A1 ¼

ArNW�1
Wmax

1� exp �brNW�1
Wmax

� �

ð20Þ

Introducing the notation:

r1 ¼ lim
r!1

r rð Þ ¼ m
A1
rNW

� x ð21Þ

the stability equations (16) and (17) for r ! 1 take

the following forms:

rr1
dp̂

dr
¼ �irr21v̂� 2m

A1
rNW

p̂ ð22Þ

r1
r

d rv̂ð Þ
dr

¼ i a2 þ m

r

� �2
� �

p̂ ð23Þ

Introducing the notation U ¼ rv̂ Eq. (23) reads as

d

dr

r

m2 þ arð Þ2
dU
dr

" #

� U
r
¼ 0 ð24Þ

Fig. 4 Model velocity profile based on the hyperbolic tangent functions: a comparison with the experimental data [16], b examples of

axial velocity profiles with various parameters

Fig. 5 Examples of azimuthal velocity profiles compared to the

experimental data [16]
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with the decaying solution

U ¼ rK 0
m arð Þ ð25Þ

whereKm is the modified Bessel function of the second

kind and orderm. Hence, v̂ velocity at the limit r ! 1
is

v̂ rð Þ ¼ K 0
m arð Þ ð26Þ

The asymptotic limit for a pressure perturbation at the

jet periphery, with Eq. (22), is

p̂ rð Þ ¼ � i

a
r1Km arð Þ ¼ � i

a
m
A1
rNW

� x

� �
Km arð Þ

ð27Þ

The boundary conditions for the jet axis, despite a

different base flow used in the current analysis, are

exactly the same as shown by Michalke [19]. Pressure

perturbation at the jet axis is expressed as

p̂ rð Þ ¼ Im brð Þ ð28Þ

where Im is the modified Bessel function of the first

kind and order m, and the velocity

v̂ rð Þ ¼ ia

r0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p I0m brð Þ þ ml
br

Im brð Þ
� �

ð29Þ

The eigenvalue problem now is solved numerically by

integrating stability equations (16) and (17) by means

of the Runge–Kutta–Fehlberg procedure [29] of 4th

order starting with r ¼ 10�6 and boundary conditions

(28) and (29) up till r ¼ 1 yielding p̂L 1ð Þ and v̂L 1ð Þ,
and from r ¼ 1, where the asymptotic solutions (26)

and (27) are applied, back to r ¼ 1 yielding p̂R 1ð Þ and
v̂R 1ð Þ. The eigenvalue condition then follows from the

matching of these solutions at r ¼ 1, requiring:

G x; að Þ ¼ p̂L
v̂L

� p̂R
v̂R

¼ 0 ð30Þ

This condition leads, for a given x, to a relation a xð Þ,
or, for a given a tox að Þ. The eigenvalue problems can

be solved by Newton’s method as

x nþ1ð Þ ¼ x nð Þ �
G x nð Þ; a
� �

oG=oxjx nð Þ
ð31Þ

a nþ1ð Þ ¼ a nð Þ �
G x; a nð Þ� �

oG=oaja nð Þ
ð32Þ

where

oG

ox
¼ 1

v̂L

op̂

ox

� �

L

� 1

v̂R

op̂

ox

� �

R

� p̂L
v̂2L

ov̂

ox

� �

L

þ p̂R
v̂2R

ov̂

ox

� �

R

ð33Þ

Fig. 6 Azimuthal velocity profiles according to Eq. (14): a tangential velocity profile matching to the experimental data [16],

b examples of tangential velocity profiles with varying NW parameter
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oG

oa
¼ 1

v̂L

op̂

oa

� �

L

� 1

v̂R

op̂

oa

� �

R

� p̂L
v̂2L

ov̂

oa

� �

L

þ p̂R
v̂2R

ov̂

oa

� �

R

ð34Þ

In order to use Newton’s method to solve eigenvalue

problem one needs information on the derivatives of

pressure and velocity perturbations with respect to the

complex wave number a or the complex frequency x
respectively. This information can be obtained solving

the differential equation obtained from the stability

equations (16), (17) and the boundary conditions (26),

(27), (28) and (29) differentiated with respect to wave

number a or frequency x, respectively.

4 Results

4.1 Non-swirling annular jet

Michalke [19] studied an influence of the back-flow

and a shape of the velocity profile on the absolute first

azimuthal mode (m ¼ 1). He showed that the temporal

absolute growth rate increases when the velocity

profile is steeper. However, the steepness of the

velocity profile in Eq. (2) used by Michalke [19] is

controlled by the exponent N used in Eq. (3). As

shown in Fig. 3 the parameter N changes the velocity

gradients in both shear layers. An interesting question

is how the absolute helical mode depends on the

velocity gradient varying independently inner and

outer shear layers. Equation (6) proposed in Sect. 2

allows such a control of the axial velocity profile. First

an influence of the velocity gradient in the inner shear

layer is analysed keeping the steepness of the velocity

profile in the outer jet part nearly constant. The

parameters of the velocity profiles analysed are

gathered in Table 1.

Figure 7 shows iso-contours of the imaginary part

of the complex frequency xi around a saddle point

dx=da ¼ 0 in complex wave numbers plane where

pinching condition is satisfied. Having known the x -

maps in a-planes around the saddle point, the precise

pairs ðx0; a0Þ, for which dx=da ¼ 0, were found

using an iterative procedure presented by Monkewitz

and Sohn [27]. Figure 8a shows the velocity profiles of

all the test cases gathered in Table 1 compared with the

velocity profiles used by Michalke, denoted by thick

lines, with the parameter N ¼ 1 and 2. Figure 8b

shows the complex frequency x0 as a function of the

inner shear layer steepness for the case of the back-

flow U0 ¼ �0:3. The real part x0;r corresponds to the

frequency of the absolute first azimuthal mode. It can

be seen that the frequency slightly grows along with

the inner shear layer steepness. The imaginary part

Table 1 The list of the

parameters of the velocity

profiles controlling velocity

gradient in the inner shear

layer, back-flow U0 ¼ �0:3

Test case bin bout Rin Rout Uin Uout b0in b0out U0

In1BF03 1.5 1.5 0.44835 1.25 1.93150 1.1922 4.0 4.0 - 0.3

In2BF03 2.0 1.5 0.54208 1.25 1.40426 1.02148 4.0 4.0 - 0.3

In3BF03 2.5 1.5 0.59915 1.25 1.17727 0.94198 4.0 4.0 - 0.3

In4BF03 3.0 1.5 0.63734 1.25 1.06687 0.89628 4.0 4.0 - 0.3

In5BF03 3.5 1.5 0.66605 1.25 1.00815 0.86688 4.0 4.0 - 0.3

In6BF03 4.0 1.5 0.68932 1.25 0.97445 0.84651 4.0 4.0 - 0.3

Fig. 7 Iso-contours of the imaginary part of the complex

frequencyxi around a saddle point dx=da ¼ 0 in complex wave

numbers plane, test case In1BF03
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Fig. 8 Influence of the inner shear layer steepness: a axial velocity profiles compared with the profiles used by Michalke, back-flow

U0 ¼ �0:3, b complex frequency of the first absolutely unstable helical mode x0

Fig. 9 Influence of the inner shear layer steepness on eigenfunctions of the first absolutely unstable helical mode, back-flow

U0 ¼ �0:3: a pressure perturbation b velocity perturbation

Table 2 The list of the

parameters of the velocity

profiles controlling velocity

gradient in the outer shear

layer, back-flow U0 ¼ �0:3

Test case bin bout Rin Rout Uin Uout b0in b0out U0

Out1BF03 1.5 1.5 0.5 1.21457 1.99854 1.31857 4.0 4.0 - 0.3

Out2BF03 1.5 2.0 0.5 1.29694 1.69052 1.05470 4.0 4.0 - 0.3

Out3BF03 1.5 2.5 0.5 1.30637 1.55995 0.95400 4.0 4.0 - 0.3

Out4BF03 1.5 3.0 0.5 1.29758 1.48731 0.90055 4.0 4.0 - 0.3

Out5BF03 1.5 3.5 0.5 1.28380 1.44130 0.86744 4.0 4.0 - 0.3

Out6BF03 1.5 4.0 0.5 1.26918 1.40968 0.84493 4.0 4.0 - 0.3
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Fig. 10 Influence of the outer shear layer steepness: a axial velocity profiles compared with the profiles used by Michalke, back-flow

U0 ¼ �0:3, b complex frequency of the first absolutely unstable helical mode x0

Fig. 11 Influence of the outer shear layer steepness on eigenfunctions of the first absolutely unstable helical mode, back-flow

U0 ¼ �0:3: a Pressure perturbation b velocity perturbation

Table 3 The list of the

parameters of the velocity

profiles controlling velocity

gradient in the inner shear

layer, back-flow U0 ¼ �0:5

Test case bin bout Rin Rout Uin Uout b0in b0out U0

In1BF05 1.5 1.5 0.36847 1.25 2.24384 1.16777 4.0 4.0 - 0.5

In2BF05 2.0 1.5 0.50081 1.25 1.57512 1.01328 4.0 4.0 - 0.5

In3BF05 2.5 1.5 0.57150 1.25 1.30527 0.93798 4.0 4.0 - 0.5

In4BF05 3.0 1.5 0.61626 1.25 1.17856 0.89393 4.0 4.0 - 0.5

In5BF05 3.5 1.5 0.64879 1.25 1.11294 0.86534 4.0 4.0 - 0.5

In6BF05 4.0 1.5 0.67460 1.25 1.07628 0.84542 4.0 4.0 - 0.5
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Fig. 12 Influence of the inner shear layer steepness: a axial velocity profiles compared with the profiles used by Michalke, back-flow

U0 ¼ �0:5, b complex frequency of the first absolutely unstable helical mode x0

Fig. 13 Influence of the inner shear layer steepness on eigenfunctions of the first abolutely unstable helical mode, back-flow

U0 ¼ �0:5: a pressure perturbation b velocity perturbation

Table 4 The list of the

parameters of the velocity

profiles controlling velocity

gradient in the outer shear

layer, back-flow U0 ¼ �0:5

Test case bin bout Rin Rout Uin Uout b0in b0out U0

Out1BF05 1.5 1.5 0.5 1.16422 2.37611 1.50355 4.0 4.0 - 0.5

Out2BF05 1.5 2.0 0.5 1.26642 1.97113 1.15550 4.0 4.0 - 0.5

Out3BF05 1.5 2.5 0.5 1.2837 5 1.80962 1.03084 4.0 4.0 - 0.5

Out4BF05 1.5 3.0 0.5 1.27945 1.72170 0.96615 4.0 4.0 - 0.5

Out5BF05 1.5 3.5 0.5 1.26863 1.66664 0.92652 4.0 4.0 - 0.5

Out6BF05 1.5 4.0 0.5 1.25611 1.62907 0.89978 4.0 4.0 - 0.5
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x0;i expresses an absolute temporal growth rate. The

growth rate increases more rapidly along with the

parameter bin. Figure 9 shows the eigenfunctions of

pressure and velocity perturbations with a varying

steepness of the inner shear layer. It can be seen that

maximum of both eigenfunctions shift from the jet

axis along with the parameter bin. However, for all the

cases the perturbations are mainly located in the region

of the inner shear layer.

Analogous calculations were performed for a series

of the velocity profiles controlling a steepness of the

outer shear layer. The parameters of the velocity

profiles analysed are presented in Table 2. The

velocity profiles compared with the ones used by

Michalke [19] with parameter N ¼ 1 and 2 are shown

in Fig. 10a. The complex frequencyx0 of the absolute

instability is illustrated in Fig. 10b. By contrast to the

test cases shown above, increasing the steepness of the

Fig. 14 Influence of the outer shear layer steepness: a axial velocity profiles compared with the profiles used by Michalke, back-flow

U0 ¼ �0:5, b complex frequency of the first absolutely unstable helical mode x0

Fig. 15 Influence of the outer shear layer steepness on eigenfunctions of the first absolutely unstable helical mode, back-flow

U0 ¼ �0:5: a pressure perturbation b velocity perturbation

123

2190 Meccanica (2020) 55:2179–2198



outer shear layer leads to a slight decrease of the

absolute mode frequency, while the temporal absolute

growth rate remains nearly constant. The influence of

the outer shear layer thickness on the eigenfunctions is

also weak as shown in Fig. 11.

Then following the research of Michalke [19] the

calculations were performed for the test cases con-

trolling steepness of inner and outer shear layers but

for a stronger back-flow U0 ¼ �0:5. The parameters

of the velocity profiles changing steepness of the inner

shear layer are gathered in Table 3, and the velocity

profiles are shown in Fig. 12a. Figure 12b shows the

complex frequency for these test cases as a function of

the inner shear layer steepness parameter bin. The first

conclusion is that a stronger back-flow decreases

frequency of the absolute first helical mode and

Fig. 16 Influence of the N-parameter: a axial velocity profiles, back-flow U0 ¼ �0:3, b complex frequency of the first absolutely

unstable helical mode x0

Fig. 17 Influence of the N-parameter: a axial velocity profiles, back-flow U0 ¼ �0:5, b complex frequency of the first absolutely

unstable helical mode x0
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increases its growth rate. The conclusions from the

present calculations agree with the results of Michalke

[19]. The absolute temporal growth rate increases as a

function of bin-parameter in a similar way to the case

with a weaker back-flow shown in Fig. 8b. However,

frequency of the absolute mode is nearly independent

of the inner shear layer thickness. An influence of the

inner shear layer thickness on the eigenfunctions in

this case, shown in Fig. 13, is very similar to the one

observed for a weaker back-flow.

Finally, the calculations for the back-flow U0 ¼
�0:5 controlling the outer shear layer were carried out.

The parameters of the velocity profiles changing

steepness of the outer shear layer are gathered in

Table 4, the velocity profiles are shown in Fig. 14a.

Figure 14b shows the complex frequency for these test

cases as a function of the outer shear layer steepness

parameter bout. Again, a slight decrease of the

frequency is observed with growing the steepness of

the outer shear layer while the absolute growth rate is

nearly constant. Again, an influence of the outer shear

layer thickness on the eigenfunctions, shown in

Fig. 15, is rather weak.

The results discussed above showed that changing

velocity gradient of the inner shear layer increases

temporal growth rate of the first azimuthal absolute

mode. In the case of a smaller back-flow U0 ¼ �0:3 a

slight increase of the frequency is also observed. For a

stronger back-flow U0 ¼ �0:5 an increase of the

absolute growth rate as a function of bin is still

observed while frequency remains nearly constant. On

the other hand increasing the velocity gradient in the

outer shear layer does not change the temporal growth

rate but slightly decreases the absolute mode fre-

quency. Conclusions from this part of the non-swirling

annular jet stability were utilised by Wawrzak et al.

[25] in their LES studies. They showed that helical

structures could be triggered by varying the steepness

of the inner shear layer while keeping the outer shear

layer relatively thick.

In order to compare these results with an influence

of the velocity gradients varying in both inner and

outer shear layers the calculations with the velocity

profiles used by Michalke were repeated with an

increased range of the N-parameter. The velocity

profiles with the N ¼ 1� 2:5 and back-flow U0 ¼
�0:3 are shown in Fig. 16a. The influence of the N-

parameter on the complex frequency x0 is shown in

Fig. 16b. It can be seen that increasing the N-

parameter and consequently the velocity gradient in

both inner and outer shear layers leads to an increased

temporal growth rate and decreased frequency.

Analogous calculations were performed for the

back-flow U0 ¼ �0:5 and the results are shown in

Fig.17. Influence of the N-parameter on the complex

frequency is similar to the influence observed for the

back-flow U0 ¼ �0:3, however, the temporal growth

rate is higher and frequency is lower for stronger back-

flow, as observed also in previous results.

4.2 Swirling annular jet

To control the mixing in annular jets it is interesting to

know how the swirl intensity influences the first

helical mode frequency as well as the temporal growth

rate. Other important parameters are the shape of the

azimuthal velocity profile and location of the maxi-

mum of the azimuthal velocity profile with respect to

the maximum of the axial velocity. In all the results

shown in this section the axial velocity profiles were

fixed as for the test cases In1BF03 and In1BF05 (see

Tables 1 and 3) for back-flow velocities U0 ¼ �0:3

and U0 ¼ �0:5, respectively. Two types of azimuthal

velocity profiles were applied described by NW ¼ 2

and 5, varying the swirl intensity A. Sample tangential

velocity profiles for the swirl number A ¼ 0:5 and two

different NW -parameters associated with the axial

velocity profiles with the back-flow velocity U0 ¼

Fig. 18 Sample azimuthal velocity profiles for A ¼ 0:5, NW ¼
2 and NW ¼ 5 associated with the axial velocity profile with the

back-flow U0 ¼ �0:5
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�0:3 are shown in Fig. 18. In the cases shown in this

figure maxima of axial and azimuthal velocity

coincide.

Figure 19a shows an influence of the swirl number

on the complex frequency of the absolutely unsta-

ble first helical mode for two different azimuthal

velocity profiles. The real part of the complex

frequency grows with the swirl intensity for both

types of the azimuthal velocity profiles. The absolute

temporal growth rate x0;i for both profiles of the

azimuthal velocity reveals a maximum value for a

certain limited value of the swirl number. For the

wider velocity profile with NW ¼ 2 the maximum

growth rate is obtained for the swirl number A � 0:5

while for the more compact azimuthal velocity with

NW ¼ 5 the maximum growth rate is obtained for a

higher swirl number A � 0:6. However, the maximum

values of the growth rates in both cases are very close.

Fig. 19 Influence of the swirl intensity on the complex frequency of the first absolutely unstable azimuthal mode for two different

azimuthal velocity profiles: a U0 ¼ �0:3, b U0 ¼ �0:5

Fig. 20 Influence of the swirl intensity on eigenfunctions of the first absolutely unstable helical mode, back-flow U0 ¼ �0:3:
a pressure perturbation b velocity perturbation

123

Meccanica (2020) 55:2179–2198 2193



These results show that the shape of the tangential

velocity profile has quite a limited influence on the

absolutely unstable first helical mode. This mode

could be promoted by a certain limited value of the

swirl that influences both frequency and the growth

rate while a shape of the azimuthal velocity profile is

of the secondary importance.

Analogous calculations were performed for the

axial velocity profile with the back-flow U0 ¼ �0:5.

The results are shown in Fig. 19b. As it was already

observed for the annular non-swirling jet a higher

back-flow causes a decrease of the frequency and

increase of the growth rate. The same behaviour can be

observed for swirling jet. In this case it is also a certain

degree of swirl for which the growth rate attains its

maximum. For more compact azimuthal velocity

profile NW ¼ 5 this maximum appears for A � 0:6

that means at the same swirl number as for the smaller

back-flow U0 ¼ �0:3. For a wider azimuthal velocity

profile a similar conclusion can be derived as the

maximum growth rate is for A � 0:5.

Figure 20 shows an influence of the swirl number

on the shape of eigenfunctions for the back-flow

velocity U0 ¼ �0:3. The maximum of the pressure

perturbations shifts to the jet axis along with the

growing swirl intensity. An influence of the limited

swirl on the velocity perturbation is weak while for the

highest swirl number both eigenfunctions change

significantly. A similar influence of the swirl number

on the eigenfunctions was observed for the stronger

back-flow U0 ¼ �0:5 shown in Fig. 21, however, in

this case the influence of the swirl intensity is slightly

weaker.

Further analysis was devoted to an influence of a

certain shift of the maximum azimuthal velocity with

respect to the maximum of the axial velocity. As

before the axial velocity profiles were fixed and the

analysis was carried out for two back-flow velocities

U0 ¼ �0:3 and U0 ¼ �0:5. Figure 22 shows all the

Fig. 21 Influence of the swirl intensity on eigenfunctions of the first absolutely unstable helical mode, back-flow U0 ¼ �0:5:
a pressure perturbation b velocity perturbation

Fig. 22 Sample azimuthal velocity profiles for A ¼ 0:5 and

NW ¼ 5, varying rWmax, associated with the axial velocity profile

with the back-flow U0 ¼ �0:3
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azimuthal velocity profiles analysed with the axial

velocity profile for the back-flow U0 ¼ �0:3. The

radius of the maximum of the azimuthal velocity

varied in a wide range rWmax ¼ 0:5� 1:4. Hence, the

swirl could be concentrated close to the jet axis or

further in the jet periphery. In practical application this

effect could be attained by a design of the guide-vanes

producing the swirling motion. The calculations were

limited to one swirl number A ¼ 0:5 that is close the

value leading to the maximum of the growth rate. Only

one value of NW ¼ 5 was analysed since this param-

eter slightly influences the first azimuthal mode. The

results for the back-flow U0 ¼ �0:3 are shown in

Fig. 23a. Shifting the maximum of the azimuthal

Fig. 23 Influence of the shift of the azimuthal and axial velocity profiles on the complex frequency of the first absolutely

unstable helical mode, A ¼ 0:5, NW ¼ 5: a U0 ¼ �0:3, b U0 ¼ �0:5

Fig. 24 Influence of the swirl intensity on the complex frequency of the second absolutely unstable azimuthal mode for two different

azimuthal velocity profiles, compared with the fisrt helical mode, NW ¼ 5: a U0 ¼ �0:3, b U0 ¼ �0:5
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velocity with respect to the maximum of the axial

velocity in the direction of the jet axis results in a slight

increase of the absolute growth rate and frequency.

However, decreasing the rWmax below 0.6 leads to a

certain drop of the growth rate while the frequency is

still growing. A shift of the maximum of the azimuthal

velocity to the jet periphery results in a monotonic

decrease of both the frequency and the growth rate. A

slightly different situation was observed in the case of

U0 ¼ �0:5 shown in Fig. 23b. In this case

concentrating a swirl close to the jet axis leads to an

increase of both the frequency and the absolute growth

rate.

Finally, to have a complete picture of the flow

instability an analysis of the second helical absolutely

unstable mode was performed. The calculations were

limited to the azimuthal velocity profile with parameter

NW ¼ 5 and with the maximum coinciding with the

maximum of the axial velocity profile. The results for

a varying swirl intensity for both back-flow velocities

Fig. 25 Influence of the swirl intensity on eigenfunctions of the second helical mode, back-flow U0 ¼ �0:3, NW ¼ 5: a pressure

perturbation b velocity perturbation

Fig. 26 Influence of the swirl intensity on eigenfunctions of the second helical mode, back-flow U0 ¼ �0:5, NW ¼ 5: a pressure

perturbation b velocity perturbation
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are shown in Fig. 24. The results for the second mode

are compared with the results obtained for the first helical

mode with the same base flow. It can be seen that the

frequency of the second absolutely unstable helical mode

is significantly higher than the frequency of the firstmode.

The frequency grows along with the swirl intensity. The

absolute growth rate varies weakly with the swirl number

for both back-flow velocities. In the case of the weaker

back-flow the growth rate of the secondmode exceeds the

growth rate of the first mode for a swirl number A[ 0:9,

while in the case of the stronger back-flow it happens

for a slightly higher swirl number. One could expect

that for the swirl number for which absolute growth

rate of both modes are close each other both modes can

appear alternately. Figures 25 and 26 show the

eigenfunctions for the second mode for both back-

flow velocities. The maxima of the eigenfunctions

shift to the jet axis along with the growing swirl

number. The shapes of the eigenfunctions for both

back-flow velocities are similar.

5 Conclusions

The paper presented the spatio-temporal linear local

stability analysis of an annular jet without and with a

swirl. A new approach was formulated to describe both

axial and azimuthal velocity profiles. An axial velocity

profile is described by a combination of hyperbolic

tangent functions allowing an independent steepness

control of the inner and outer shear layers. A modified

Hammel–Oseen vortex velocity profile was proposed to

control the shape of tangential velocity. The calcula-

tions were aimed at an analysis of the influence of the

axial velocity radial gradients on the characteristics of

the first azimuthal absolute mode. It turned out that

increasing a steepness of the inner shear layer promotes

absolute instability and the temporal growth rate is

increased. A steepness of the inner shear layer has a

weak influence on the absolute mode frequency. On the

contrary, a steepness of the outer shear layer has no

influence on the absolute growth rate while leads to a

certain decrease of the oscillations frequency. Increas-

ing a steepness in both inner and outer shear layers leads

to, as shown also by Michalke [19], an increased

absolute growth rate and a decreased frequency. The

calculations performed confirm also conclusion derived

by Michalke that a stronger back-flow promotes

absolute growth rate and decreases the frequency of

the first azimuthal absolute mode. A limited amount of

swirl promotes the first helical absolute mode. Swirling

increases also frequency of this mode. A shape of the

tangential velocity has a certain influence on the

instability characteristics. The more compact tangential

velocity profile the higher is swirl number with the

maximum growth rate. Shifting the maximum of the

tangential velocity to the jet axis results in an increase of

the absolute mode frequency. The influence of this shift

is more pronounced for a higher back-flow. Finally, the

second helical absolutely unstable mode was analysed.

It was shown that the secondmode is characterised by a

significantly higher frequency than the first mode. In the

case of a stronger swirl intensity the absolute growth

rate of the second helicalmode is higher than the growth

rate of the first one suggesting that in such cases double

helical structures can be observed.
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