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Abstract Medium thickness plates resting on a peri-
odic Winkler’s foundation are investigated. New aver-
aged non-asymptotic models for those plates are
proposed. These models are based on the tolerance
averaging technique. The main feature of these models
is that they describe the effect of period lengths on the
overall behaviour of the plate. It is also shown that from
governing equations of these models, equations of
simplified averaged models (called asymptotic models)
can be obtained. An additional interesting feature of the
proposed models is that the equations describe also the
effect of normal stress in the thickness direction.

Keywords Medium thickness plate - Periodic
Winkler’s foundation - Effect of period lengths

1 Introduction

Plates interacting with a subsoil are often applied as
elements of constructions in the civil engineering, e.g.
as elements of building foundations or reinforcements
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of roads foundations. In many cases as a certain
approximation the subsoil is modelled as a Winkler’s
foundation.

In this paper a special case of the aforementioned
plates is considered, i.e. a medium thickness plate
(homogeneous and anisotropic) resting on a periodic
Winkler’s foundation, cf. Fig. 1. Plates of this kind are
used as constructions under roads, e.g. as concrete
plates resting on a weak subsoil, which is reinforced by
a system of periodically distributed vertical pillars,
made of sand or gravel.

The above systems, i.e. plates on a periodic
foundation, consist of many small identical elements,
called periodicity cells. Properties of these structures
are described by highly oscillating, periodic and often
non-continuous functions. Because an analysis of
engineering problems of these plates is too compli-
cated using exact equations of the plate theory,
different averaged models have been proposed. These
models have usually described certain homogeneous
plates with constant homogenized properties instead
of real periodic plates. Between these models it can be
mentioned those based on the method of asymptotic
homogenization for periodic solids proposed in Ben-
soussan et al. [3]. Models of this kind for periodic
plates were presented in a series of papers, e.g.
Caillerie [5], Kohn and Vogelius [17]. Other models of
these plates are based on the microlocal parameters
approach, cf. Matysiak and Nagoérko [18]. However,
the aforementioned models usually neglect the effect
of period lengths on the overall dynamic plate
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Fig. 1 A fragment of a v,
medium thickness plate

resting on a periodic

Winkler’s foundation |

i

o

behaviour. Behaviour of functionally graded plates
resting on a foundation is also analysed, e.g. Tahouneh
and Naei [21], where considerations are based on the
three-dimensional elasticity theory, Yajuvindra
Kumar and Lal [26], where vibrations of nonhomo-
geneous plates with varying thickness interacting with
a foundation are investigated.

In order to take into account this effect new non-
asymptotic averaged models, based on the tolerance
averaging technique, have been proposed. This
approach was discussed for periodic composites and
structures in the monograph by WozZniak and Wierzb-
icki [25] and in the book edited by WoZniak et al. [24].
The tolerance averaging procedure were applied to
analyse non-stationary problems for different periodic
structures in many papers, e.g. for periodic grounds by
Dell’Isola et al. [7], for wavy plates by Michalak [19],
Kirchhoff plates by Jedrysiak [11-14], for Hencky—
Bolle plates by Baron [2], for honeycomb lattice-type
plates by Cielecka and Jedrysiak [6], for thin cylin-
drical shells Tomczyk [22]. These papers showed that
the effect of period lengths plays a crucial role in
dynamics of periodic structures. Moreover, some
static problems of periodic thin plates with moderately
large deflections were analysed by Domagalski and
Jedrysiak [8]. This modelling method was also applied
to analysis some dynamical problems of functionally
graded media or structures, e.g. transversally graded
thin plates were considered by Kazmierczak and
Jedrysiak [16] and longitudinally graded thin plates by
Michalak and Wirowski [20].

The main aim of this note is to formulate a new non-
asymptotic averaged model, which describes the
above effect on non-stationary problems of medium
thickness plates interacting with a periodic Winkler’s
foundation. The peculiar feature of the proposed
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model is that the plane stress assumption S33 = 0 is
omitted, i.e. the effect of the stress S35 is not neglected,
cf. Jemielita [10].

Considerations of this contribution are based on the
well-known Hencky—Bolle plate theory assumptions,
cf. Bolle [4], Hencky [9], which are extended on the
effect of Winkler’s foundation, cf. Ambartsumyan [1],
and the effect of the stress S33, cf. Jemielita [10].

2 Fundamental relations

2.1 The generalized Hencky—Bolle theory
assumptions

Let us denote by Ox;x,x3 the orthogonal Cartesian co-
ordinate system in the physical space and by ¢ the time
co-ordinate. Let subscripts o, B, ...(i,/, ...) run over 1,
2 (over 1, 2, 3) and indices A, B,... (a, b,...) run over
1,...,N(1,..., n). Summation convention holds for all
aforementioned indices. Denote also x = (x;, x,) and
7 = x3. Let us assume that the undeformed plate
occupies the region Q = {(x,7):—d2 <z <dl2,x€
I1}, where II is the midplane with length dimensions
Ly, L, along the x;- and x,-axis, respectively, and d is
the plate thickness.

It is assumed that a plate structure, being a subject
of investigations, is consisted of an anisotropic and
homogeneous medium thickness plate, interacting
with a periodic Winkler’s foundation, which rests on
a rigid undeformable base, cf. Vlasov and Leontiev
[23]. A fragment of such plate is presented in Fig. 1.
Hence, plate properties, i.e. a mass density p and
elastic modulae a3, are constant. Moreover, the
heterogeneous foundation is periodic in planes parallel
to the plate midplane, i.e. along the x;- and x,-axis
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directions with periods /; and I,, respectively; how-
ever, it has constant properties along the z-axis
direction. Hence, foundation properties i.e. a mass
density per an unit area = i(x) and Winkler’s
coefficients k; = ki(x), i = 1,...3, along the x;-axis
directions, can be periodic functions in X = (x1,xp).
Below, it is assumed k3 = k(X), k; = ky = k(X).
These foundation parameters can be defined
following Vlasov and Leontiev [23]. The
periodicity basic cell on Ox;x, plane can be denoted
by A = (—1,/2, [1/2) x (—1»/2, 1,/2). The parameter
[ = (& + 13)” describes the cell size and satisfies the
condition d <« | < Lyjn (Limin 1S @ minimum charac-
teristic length dimension of the plate in its midplane).
Moreover, it is assumed that the plate cannot be torn
off from the foundation.

Denote displacements, strains and stresses by u;, e;;
and S;;, respectively; virtual displacements and virtual
strains by i; and e;; loadings (along the x;-axis
direction) on the bottom IT* and upper IT~ surfaces of
the plate by p;" and p;, respectively.

The problem under consideration is analysed in the
framework of the generalized Hencky—Bolle plate
theory. A simplified problem of this kind was presented
by Jedrysiak and Pas [15], where the effect of the stress
S33 was neglected. Below, the well-known assump-
tions of this generalized theory are recalled.

e The kinematic constraints

uy(X,2,1) =z, (x,1), a=12,
u3(X7Z7 t) = M(X,f),

(1)

where u(x,t) is the deflection of the midplane, ¢ (X,f)
are independent rotations; for virtual displacements
we have:

ﬁd(xa Z) - Zaac(x)v u3 (Xa Z) - ﬁ(X). (2)
e The strain—displacement relations
eij = u(,»_j). (3)

e The stress—strain relations (constitutive equations)
(under the assumption that the plane of elastic
symmetry is parallel to the plane z = 0)

Saﬁ = Cupys€ys + 61/3335337
SozS = 613",'323*/37 (4)

833 = ayp3zeqs,

where:

Capys = Aufys — aa/}33a33y(3/a33337 (5>
Cu3y3 = Ay3y3 — aa333a3373/a3333a
Caps = Aup33 [ a3333. (6)

o The relations for “extra” stresses

/2 /2
Sz =S5, =p) + / Supdz —%/ zpdz, (7)
z "“ z
dj2 dj2
S =p3 + / Spdz | —ii / pdz, (8)
z z

o

where S,3, S34, S33 are “extra” stresses, obtained
from equilibrium equations with boundary conditions
on the bottom IT* and upper IT~ surfaces of the plate,
cf. Jemielita [10].

e The virtual work principle

/2
/ / Sij(x,z,1)e;(x,z)dzda
I —d/2
/2
+/ / (x,2)ij(x,2,1)it;(x,2)0;;dzda
I —d/2
:/ pi (X, —d/2)da-+ / (x,1)iti(x,d/2)da
1 I

©)

which is satisfied for arbitrary virtual displacements
described by (2), under the assumption that these
displacements neglect on the plate boundary; where
da = dx,dx, and ¢, i are sufficiently regular, inde-
pendent functions.

Loadings on the bottom and upper surfaces of the
plate are assumed as:

pi(x,1) = g (x, 1) — ki(x)u;(x,d/2,1)
—,a(x)ii,»(x,d/2, t)v (10)

pi (%,1) = q; (x,1),

where ¢ (x, 1) are the parts of the loadings which are

independent of the foundation; k;(x) are Winkler’s
coefficients (ky(x) = k;(x),k3(x) = k(x)) and fi(x) is
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the mass density of the foundation per an unit area,
which are determined as following Vlasov and Leontiev
[23]. It can be observed that the effect of the foundation
is taken into account in equation (9) by loadings on the
bottom surface of the plate pi*, cf. (10);.

2.2 Equations with terms describing the effect
of the stress Ss3

Using the above assumptions (1)—(10) of the general-
ized Hencky—Bolle plate theory, after some manipu-
lations equations of medium thickness plates resting
on Winkler’s foundations can be written in the form:

e Equilibrium equations

| - .
M,pp— Qs+ Ed(pi -p,)—Y¢,=0,

(11)
Qa,oc +p3 — ,ul;i = 0,
e Constitutive equations
Motﬁ = Boc[}*yéqb(yﬁ()') + Sop + §1ﬁ7 ( )
12
1 |
Q. = Duglug + ¢p) + ik;ﬁdp; + 3Ky
where:
— ¢ and p are the rotational inertia of the plate
and the mass density per an unit area, respec-
tively, which for the homogeneous plate with a
constant thickness d are given by:
9= L pd® = pd; (13)
- 12p ) = pd;

— D, and B, are the tensor of shear stiffnesses
and the tensor of bending stiffnesses, respec-
tively, for the homogeneous anisotropic plate
with a constant thickness d given by:

1
D,p = kypdcozps,  Bups = Ed3caﬁyé§ (14)

—  Sup, S,p are terms taking into account the effect of
the stress S33, which for the homogeneous
anisotropic plate with a constant thickness d
are described by:

Sup = EdCypzz, &

§oup = Edéypa, &= (hdu —d™"0)ii = —Lpd?ii

dlgy — (ku+ i) + g3 + d?lgf — ko, + id,) + 471 .

These terms are obtained from formulas (7)—(8)
for “extra” stresses. The outline of this proce-
dure can be described in the following form, cf.
Jemielita [10]. Stresses S,; are calculated from
(7) and then stress S35 from (8). It is caused that
stresses S,3, obtained from suitable constitutive
equations, do not satisfy boundary conditions
on the bottom IT" and upper I1~ surfaces of the
plate, and then a form of stress S33 along the
plate thickness is not correct.

- kyp, k;ﬁ, k,s are shear coefficients, for the

homogeneous anisotropic plate equal:

5 _ _
ka/f:@kfrl =kp =kj =k =

ki =k =ky; = ky; =0.

1
¢ (16)

Substituting Eq. (12) into (11) and using formulas
(13)—(16) the governing equations of the homogeneous
anisotropic medium thickness plates with the constant
thickness resting on a periodic Winkler’s foundation
can be written in the form of equations of motion:

.1 .
Baﬁvé((ﬁy,é)ﬁ —Dyp(up+dp) =, — Zdz (ki + iy,)
_i N . _i 2 A g
o MCup3iip—1od Copas (ku+ fiii)

L . - ) »
- mdélcum (ke + 1p,)) 5+ ﬂdz (kg + fidp)dup

1 - 1 - b
=i 65+ a5 + 55007 +4) ) s

1 _ 1 _
4 — )0 =3 — ),
Dog(up+ dp) , — pii — ku — fuii
1 L 1 _
- gd2(kt¢ﬁ + #¢ﬁ),a5a/f = *Ed(fﬁ —4p ) «Oup

— (g5 +43)- (17)

The characteristic feature of equations (17) is that for
periodic structures under consideration these equations
have highly oscillating, periodic, functional and, in
general, non-continuous coefficients, which describe the
effect of the periodic foundation: k, k;, fi. Moreover,
underlined terms describe the effect of the stress S;3
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and double-underlined terms—the corrected effect of
the shear. Because the direct application of equations
(17) to special problems is difficult, the equations are
approximated by equations with constant coefficients.
In order to take into account the effect of the period
lengths on the overall dynamic behaviour of medium
thickness plates on a periodic foundation the tolerance
averaging technique will be applied.

3 Tolerance averaging technique
3.1 Introductory concepts

In order to obtain the governing equations with
constant coefficients, describing the effect of period
lengths, the tolerance averaging method (cf. Wozniak
and Wierzbicki [25], Wozniak et al. [24]) will be
applied to the equations of motion for homogeneous
medium thickness plates resting on a periodic Win-
kler’s foundation. Using the modelling procedure
some concepts introduced in these books will be
employed, i.e. an averaging operator, a tolerance
system, a slowly-varying function, a periodic-like
function, an oscillating function. Some of them are
recalled below (cf. Wozniak and Wierzbicki [25] ).

Let us denote a periodicity cell at x € Ilj,
Iy = {x:x € II, A(x) C IT}, by A(X) = x+ A.
The averaging operator for considered periodic sys-
tems plates-foundation is defined as

(@) = (@)(x) =

()™ / oWy, x €Ty yeAx)  (18)
A(x)

where ¢ is an arbitrary integrable function on the
midplane II. For periodic function ¢ its averaged
value by (18) is constant.

Let function F(-) € F, where F is a set of unknown
functions in the problem under consideration,
be a continuous, bounded function defined on the
midplane II. Function F(-) (with its derivatives)
is called a slowly-varying function, F € SVy, if
Vxy,xp € domF(-) ||x) —x2|| <I=|F(x1) —F(x2)|<er,
where [ is the diameter of the cell (the parameter of a
periodic structure), ¢ is the tolerance parameter.

Let fbe a bounded function defined on IT and ¢ be a
periodic function. Function f'is called a periodic-like

function, if for every x € I, a periodic function f; exists
such that the condition (¢f) (x) = (dfy) (x) holds.
Hence, function f is referred to as a periodic approx-
imation of f at x. If the above condition is satisfied for
all derivatives of function f, it can be denoted f € PL.

A periodic-like function f will be called an oscil-
lating function, f € PL, with the weight p, if for
every xell, it satisfies the condition (pf) (x) = 0,
where p(-) is a positive value periodic function. For
constant values functions p the condition takes the
form p (f) (x) = (f) (x) = 0 for every xell,, and set
of those functions is denoted by f € PL).

In the aforementioned books there are shown that
these definitions are related to a periodicity cell A and
a certain tolerance system 7.

The above concepts together with lemmas and
assertions, formulated and proved in the book by
Wozniak and Wierzbicki [25] are used in the model-
ling procedure.

3.2 Modelling assumptions

In the tolerance averaging technique there are formu-
lated two fundamental assumptions.

The Micro—Macro Decomposition (MMD) states
that the generalized displacements—the deflection u
and the rotations ¢,—of the homogeneous medium
thickness plate on a periodic foundation, can be
decomposed in the following form:

ux,t) =wx, 1) + @ x)VA(x,1), A=1,...,N,
b, (X, 1) = @, (X, 1) + K (X)DG(x, 1),

a=1,...,n,
(19)

where ¢, and w are averaged parts of the rotations and
the deflection, called the macrorotations and the
macrodeflection, respectively; functions gA, h® are
known and can be obtained from periodic problems for
the periodicity cell. They are called fluctuation shape
functions. Functions g* or h* stand the system of N or
n linear—independent periodic functions, such that
(g") =0 and g*(-),I1g%(-) € O(l) or (h) =0 and
he(-),1h%,(-) € O(l). The fluctuation shape functions
approximate the expected form of the oscillating part
of free vibration modes of the periodic structure of the
plate, cf. Jedrysiak and Pas [15]. On the other side,
slowly-varying functions ®%(-,t), VA(-,1) € SV, are
new kinematic unknowns, called the fluctuation
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amplitudes for the rotations and for the deflection,
respectively.

The Tolerance Averaging Approximation (TAA)
states that in the framework of the tolerance averaging

K, = (k;), K} = ! <k,gA>,
K = (k), KA =171 (kg"),
K = 172(kh"h"),
Ki = (keh),  Kio=1(ke'ne,),
m= (i), mt =1 {g"),
me = Ny, ot = e,
e = (), e =1 (g, =
H® = [72(h*h") G =172(g"gP), ;’; =

K = I7"(k;h),
KB = 172(kg"g"),
'S = 12 (ighg),

= (agh)-
()

highly-oscillating non-continuous coefficients to aver-
aged equations of the tolerance model of medium
thickness plates resting on a periodic foundation with
stress Sz3, which under the following denotations:

K =172 (kih*h")
K = 17" (kh*)
Rat = 1 (o),

ih = 17 (g, )
aif = (g4ey).

technique terms of an order O(¢) in the modelling
procedure have to be neglected.

3.3 The modelling procedure

In the framework of the tolerance averaging technique
and following the book by Wozniak and Wierzbicki [25]
the modelling procedure we can divide into four steps.

In the first step we substitute relations (19) into
equations (17). Then, in the second step we average
the resulting equations by applying (18) and using
TAA (cf. Jedrysiak [12]), deriving equations for the
macrodeflection w and the macrorotations .

In the third step we multiply equations (17) by test
functions (h°, b = 1,...,n, for (17);, ¢, B = 1,...,N,
for (17),), then we substitute (19) into equations. In the
last step, after averaging (18) and some manipulations
we arrive at additional governing equations for the
fluctuation variables @} and VA,

These governing equations are presented in the
subsequent sections.

4 Equations of the tolerance model
4.1 The tolerance model

The aforementioned procedure of the tolerance aver-
aging technique leads from equations (17) with

@ Springer

can be written in the form:

1 . .
Bopys @55 — @dz Coptiv g —Dog(w g+ @) — I,
—idzca,;(Kw gt i s+ IKAVA 4 I V)

+( )dz(K,(pa—l—m(p“—&—lK“(D”—i—lm“(l)“)

244

= __dz Copl(q3 +43) /5+§d(fl~f+q;),yﬁ]
1
+g 2)d(qa —4,);
D.g(wop+@p,) — (u+m)p—Kw—1(m* VA + KA V)

_édz(l(f(pﬁ,z +mipy, + KDY, + 1D )5y
= _ﬁd(% ~q5,)00p—(q3 +43 ),

— BupoHyp0 + S IG CopV — 1D, v
—PH®(D % W

16> Cop (Rl + IR VA + 1ty V74

+( )dzl(KbqoaJrnﬁbgbaJrlI?fb(I)g+ln~1“b(152):

24 4
Dy Gy VA —IHE D, ®f — PGP v

+ d2(Ka(pﬁ+m @+ 1K D+ 1P D) S,

—Z(KBw+m W) —P(KABVvA £ mBVA) =0,
(21)

where w, @, VA, @, are the basic unknowns, being
slowly-varying functions.
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The characteristic features of the derived governing
equations (21) are:

1° Constant coefficients;

2° Equations describe the effect of period lengths by
terms involving parameter /;

3° Terms with coefficients C,g (o,
describe the effect of stress Ss3;

4°  Terms with the underlined ratios - and -5 describe

p=12

the corrected effect of the shear;

5° Terms with the coefficient 1} describe the rota-
tional inertia of the plate;

6° Terms with the coefficient fi (cf. (20)) describe
the inertia of the foundation.

Recapitulating, the tolerance model is defined by:

1° Equation (21) for N + 1 and 2(n + 1) unknowns,
w, V4, A=1,.,N, and ¢, ®, o=12,
a = 1,..., n, which make it possible to analyse
the effect of period lengths on the overall
behaviour of the system — a medium thickness
plate-a periodic Winkler’s foundation;

2° Conditions determining applications of the
model, i.e. equations (21) have physical sense
for the unknowns w(.), VA(.,) and
@y (-, 1), D5(-, 1), being slowly-varying functions
for every t;

3° The plate deflection, which is approximated by
means of the formula

u(x,t) = w(x, 1) + g*(x)VA(x, 1)
and the plate rotations, which are given by
Du(X,1) = @, (%, 1) + R (X)PG(x, 1),

where A =1,.... NNa=1,....n

It has to be emphasized that the above equations can
be obtained for the certain mode-shape functions g*,
A=1,.,N, and h°, a = 1,..., n, which have to be
previously derived for every periodic system plate-
foundation under consideration as solutions to certain
periodic problems for the periodicity cell. In most cases
our considerations can be restricted to approximate
forms of these solutions and to single mode shapes for
N =1, n = 1. It makes it possible to show that it is
sufficient from the computational point of view.

Neglecting in equations (21) some terms the
governing equations of simplified tolerance models
can be obtained.

4.2 The simplified tolerance model
without the inertia of the foundation

If terms with coefficients m, m?, m*5, m?, m®,

mA“ mA % 2 are omitted in equations (21) we
obtam.
1 . .
B“ﬂ},g(p),ﬁﬁ *@dzca[illw,[s’ —D“[g(w I Jrqoﬁ) —V¢,

1 adgya
—1_0d2c“,;(1<w7,;+11<*‘vf;)+(2 i 4)d2(K,(pa—|—lK )

—lidzcaﬁ[(qHQE ) g +712d(q~, +4;) 4
(53 —4,),
Do (Wop+@p,) — v — Kw — IKAVA
g (Kipp RS )00 =~ (4, — d5.) 0
—(q3 +45),—

—IDgHY VA — PH™ (Do @+ 9D3)

1 ~ ..
BupyoHig @) +-d?1G" CoppV*

+id2Caﬁ(l€"w+ll€A”VA)

+(24 4)d21(1{”%+11<“”c1>ﬂ) 0,

—DopGog VA =Dy HP @ — PGP v

- dz(K¢<p,3+lK“B(I)“)5a/;—lKBw—lzKABVA:0,

(22)

which describe the simplified tolerance model without
the inertia of the foundation.

4.3 The simplified tolerance model
without the inertia of the foundation
and the rotational inertia of the plate

Neglecting in equations (21) terms with coefficients
m, m*, w8 me m, me, mi, md, m

with the coefﬁcwnt 1Y we arrive at:

and also
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1 .
Bugs @05 — g5l Caphtv g~ Daug (W 5+ o)
1
_Edzca/;(l(w’;;—i—lKAV”};)
1 1 T Ha
+(——7)d2(1<,%+11g )=
1
_d(q’ +C]/ ) »ﬁ]+(12 z)d(qoc _qa)
Daﬁ(w,zﬁ‘f’(/)[;‘“)—,UW—KW—IKAVA
1 a a
_zdz(Kf(pl?,x_HKt q)ﬁ,a)‘s%ﬂ_*d(%}x q;a)éab’

— (@ +43 ), BuproHap 01+ L d*IG Copp VP

1 _
_*‘126‘01,3[(‘]3+ +43) 4

—IDH V" — IZH"bDa;(I)%+—d Cap(Kgw+IK5 V")

+(E DR ¢, +IRP DY) = =0,—DyGygV*

24 !
—lDaﬁH;’B(I)‘/;—lzGAByVA—k dz(Kaq)[;—HK“B(I)")(S
—IKBw—PK*BvA =0, (23)
which describe the simplified tolerance model without
the inertia of the foundation and the rotational inertia
of the plate.
The characteristic feature of equations (23) is that

they involve time derivatives only for unknowns:
wand VA, A = 1,....N

5 Equations of the asymptotic models

It can be observed that neglecting in equations (21),
(22) or (23) terms involving parameter / the governing
equations of the simplified averaged models can be
obtained.
Hence, from equations (21) we arrive at:
1 . .
Bugyo @55 — 5o HCupt¥ = Dap(w.p + 0p) = Vb,
L 2 1 2 . 1 1L\ p
— ﬁd KCypw g — ﬁd mC,pw g+ (ﬂ — Z)d Ko,
1 1 .. 1 _
+ (ﬁ - —)d2m(/’x = —Edz[(%+ +43) 4
1 1 _
d(q +4,) 4lCap+ (5 —3)d(a; — ),
Daﬁ(w,ﬁx t+ po) = (1 m)o — Kw — Ky ,0up
1 . _ _
— 5y d’mp 0 = *fd(q[?x - qﬁ 025 — (g +43),
— BupysHig®) + d2cyﬁ Kjw++ d Capritg =0,
O('[;G;‘;;’VA -+ d KquﬁéxﬁJr —d’m @ﬁéozﬁ =0,

(24)
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where the effect of period lengths is not taken into
account. Coefficients in the above equations are
defined by formulas (20). Because equations (24) do
not describe the effect of period lengths, the averaged
model describe by these equations can be called the
asymptotic model.

Similarly, from equations (22) we obtain:

1 . ..
Baﬁ75(pv,(5/f — @dzﬂcxﬁw‘/} — Dx[}(WJf + (Pp) - 19(/’0(

- ll—OdZKCaﬁw,ﬁ + (i - i)de,(pa
= —%dz[(fﬁ +a3) 5+ %d(qj 4, ) 51Cap
+ (55— 3dlgs — 47,
Dap(W o + @p0) — b — Kw — %dezﬁoﬁ,aéxﬁ
= —llfzd(q/?,a —q5,)0p — (g3 +43),
— Bupyo Y + od>CopRiw = 0, —D,y GAEV
+ 53 KL 0oy = 0, (25)
which describe the averaged model called the asymp-
totic model without the inertia of the foundation.

Finally, neglecting in equations (23) terms with
parameter / we have:

1 .
= 5@ HCopp g = Dap(w s + 9p)
1
Z)detq)oc

Bups ;.08
— LK Cypwp + (o —
—olgt +a3) 5+ g +a7) 4)Cop
+ (5= 3dlgs — 47,
Dap(W o + Pp o) — 1w — Kw — ;jdemoﬁ,&zﬁ
= —id(qﬁa - an)fsxﬁ (a3 +43),
— BupyoHip®; + 5 d CM/JZ;;W =0, —DyGygV*
+ ﬂd méaﬁ =0 (26)
describing the averaged model called the asymptotic

model without the inertia of the foundation and the
rotational inertia of the plate.

6 Summary
Using the tolerance averaging technique, which was

proposed for periodic structures by Wozniak and
Wierzbicki [25] and summarized in the book edited by



Meccanica (2014) 49:1577-1585

1585

Wozniak et al. [24], the governing equations with
constant coefficients of a non-asymptotic averaged
model for medium thickness plates resting on a
periodic Winkler’s foundation are derived. This
model, called the tolerance model, makes it possible
to investigate the effect of period lengths on vibrations
of these structures. Moreover, the derived model takes
into account the effect of stress S33, on the contrary to
the model shown by Jedrysiak and Pas [15].
Summarizing, it can be observed that:

1. The proposed folerance model is governed by
equations with terms dependent explicitly on
parameter / (being the diameter of the periodicity
cell). Hence, certain phenomena in dynamic
problems, related to the internal periodic structure
of the system of the plate and the foundation, can
be investigated in the framework of this model.

2. Neglecting some terms in the governing equa-
tions, describing different effects related to the
plate or the foundation, we obtain averaged
models, which make it possible to analyse
dynamical problems of systems under consider-
ation on different levels of accuracy.

Some applications of the proposed models to
dynamic problems of medium thickness plates resting
on a periodic Winkler’s foundation will be presented
in the forthcoming papers.

Open Access This article is distributed under the terms of the
Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the
original author(s) and the source are credited.
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