Methodology and Computing in Applied Probability (2024) 26:6
https://doi.org/10.1007/5s11009-024-10077-y

RESEARCH

®

Check for
updates

On Survival of Coherent Systems Subject to Random Shocks

Dheeraj Goyal' - Nil Kamal Hazra'? - Maxim Finkelstein3*

Received: 6 December 2022 / Revised: 27 April 2023 / Accepted: 24 January 2024 /
Published online: 19 February 2024
© The Author(s) 2024

Abstract

We consider coherent systems subject to random shocks that can damage a random number
of components of a system. Based on the distribution of the number of failed components, we
discuss three models, namely, (i) a shock can damage any number of components (including
zero) with the same probability, (ii) each shock damages, at least, one component, and
(iii) a shock can damage, at most, one component. Shocks arrival times are modeled using
three important counting processes, namely, the Poisson generalized gamma process, the
Poisson phase-type process and the renewal process with matrix Mittag-Leffler distributed
inter-arrival times. For the defined shock models, we discuss relevant reliability properties
of coherent systems. An optimal replacement policy for repairable systems is considered as
an application of the proposed modeling.

Keywords Coherent system - Shock models - Poisson generalized gamma process - Poisson
phase-type process - Renewal process of the matrix Mittag-Leffler type

Mathematics Subject Classification 60E15 - 60K10

1 Introduction

Most of the real-world systems operate in random environments and hence, are often subject
torandom external shocks. In a broad sense, the term “shock” is used to represent a potentially
harmful event of a relatively short duration (e.g., voltage surges in power generation systems,
wind gusts for wind turbines, earthquakes for various structures (for example, bridges), fail-
ures of cooling systems that result in a sharp rise of temperature of the main system, etc.). In
the literature, various shock models have been introduced based on different failure mecha-
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nisms in systems (see, e.g., Gut and Hiisler 1999; Cha and Finkelstein 2016; Gut 1990; Gong
etal. 2018, 2020; Eryilmaz 2017; Goyal et al. 2022a; Mallor and Omey 2001 to name a few).

Shock models were studied not only for single unit systems but also for multi-component
systems, namely, k-out-of-n systems, series—parallel system, parallel-series system and gen-
eral coherent systems (see Barlow and Proschan 1975 for the definitions). Some follow-up
articles review a few of these studies. For instance, Sheu and Liou (1992) have considered
the optimal replacement policy for a k-out-of-n system subject to random shocks occurred
according to the non-homogeneous Poisson process (NHPP). Skoulakis (2000) have dis-
cussed reliability characteristics of systems subject to random shocks described by the renewal
process. Sheu and Chang (2001) have studied the optimal replacement policy for a k-out-of-n
system based on the NHPP. Levitin and Finkelstein (2017a) have studied the optimal backup in
non-repairable 1-out-of- N heterogeneous warm standby systems by considering two different
causes of failures of components, namely, internal failures and external shocks. Levitin and
Finkelstein (2017b) developed a new general approach to obtain the performance characteris-
tics of complex non-repairable systems in the presence of shocks affecting individual element
as well as groups of elements. Eryilmaz and Devrim (2019) have considered reliability of a
k-out-of-n system subject to random shocks that occur at random times and cause the failure
of random number of components. Moreover, it was assumed in their model that shocks occur
according to the phase-type (PH) renewal process. Huang et al. (2019) have performed the
reliability analysis of coherent systems subject to internal failures and external shocks. Bian
et al. (2021) have studied multi-component systems subject to dependent competing failure
processes under the extreme and the cumulative shock models. Wang et al. (2022) have intro-
duced a novel mixed shock model for a multi-state weighted k-out-of-n system by considering
system’s resistance against shocks. Lorvand and Kelkinnama (2023) have studied some reli-
ability properties of k-out-of-n systems subject to random shocks under the §-shock model.

A brief literature review of multi-component systems subject to random shocks shows that
the NHPP and the renewal processes are mostly used to model the process of shocks that affect
these systems. However, the NHPP has some basic limitations, e.g., the independent incre-
ment property which is a very restrictive in many real-life applications. For example, if there
is a larger number of shocks in the past, we may expect the same in the future (positive depen-
dence). There are many more general counting processes that a free from this limitation. For
instance, the Poisson generalized gamma process (PGGP) and the Poisson phase-type pro-
cess (PPHP) are two rather general counting processes that possess the dependent increment
property. The PGGP was introduced and studied by Cha and Mercier (2021). This process
is mathematically tractable and contains many well-known processes (namely, the HPP), the
NHPP, the Pélya process, and the generalized Pélya process (GPP)) as the particular cases.
The PPHP was defined and studied by Goyal et al. (2022b). Due to the denseness property of
the mixing distribution (namely, the PH distribution), the PPHP can be used to approximate
any mixed Poisson process. Moreover, this process is also mathematically tractable due to its
matrix-based expressions. Both the PGGP and the PPHP are mixed Poisson processes and
hence, have the positive dependence property (see Theorem 4 in Cha and Mercier 2021).

It should be noted that the renewal processes, considered so far in the literature, are not
tailored to describe the heavy tail property for inter-arrival times. However, there are many
real-life scenarios (e.g., shocks generated by earthquakes, etc.) where the inter-arrival time
between two shocks may have the heavy-tailed behavior. These cases can be modeled by using
the well-known heavy-tailed distributions (e.g.,, Pareto, log-normal, heavy-tailed Weibull
distribution, etc.). In this paper, we propose to use the renewal process of the matrix-Mittag
Leffler type (RPMML) as a more general model. Inter-arrival times of the RPMML follow
the matrix Mittag-Leffler (MML) distribution which has a heavy-tailed behavior. Moreover,
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the MML distribution contains many popular distributions (with heavy-tailed behavior) as
the particular cases, namely, Mittag-Leffler distribution, fractional Erlang distribution, etc.
Moreover, the set of MML distributions is dense in the set of all distributions with non-
negative support. It is important to note that the fractional homogeneous Poisson process
(FHPP), one of the popular counting processes, is a very’ special case of the RPMML. The
contribution of our paper can be summarized as follows:

We suggest and describe three new models for the effect of shocks on performance of
coherent systems. Specifically,

(1) A shock can damage any number of components (including zero) with the same prob-
ability;
(ii) Each shock damages at least one component;
(iii) A shock can damage at most one component.

For the defined models, we obtain survival probabilities for coherent systems. These
results hold for any counting process. Furthermore, we discuss in detail some special cases
by considering three important counting processes, namely, the PPHP, the PGGP and the
RPMML. The specific case of the k-out-of-n system is also considered. Our results are
presented in the closed form that allow for straightforward computations.

The rest of the paper is organized as follows. In Section2, we present some preliminaries
that include definitions, notation, acronyms and descriptions of some important counting
processes. In Section3, we formulate our model. In Section4, we discuss some general
results for the defined models. In Section5, we derive some results for the defined models
for three specific counting processes, namely, the PGGP, the PPHP and the RPMML. In
Section 6, as an application, we discuss the optimal replacement policy. Lastly, concluding
remarks are given in Section 7.

To enhance the readability of the paper, all proofs of theorems, lemmas, and corollaries,
wherever given, are deferred to Appendix A. Further, a more general model is discussed in
Appendix B.

2 Preliminaries

For any random variable U, we denote the cumulative distribution function (cdf) by Fy (-),
the survival/reliability function by Fy (-), and the probability density function (pdf) by fu (-);
here Fiy(-) = 1 — Fy (-). Further, we denote the set of natural numbers by N, and the set of
real numbers by R. For any set A, | A| represents the cardinality of A. We define Z?:l ) =0.
Further, we denote the identity matrix by /. In what follows, we give a list of acronyms to
be used throughout the paper:

Acronyms:
PH: phase-type
pdf: probability density function
pmf: probablity mass function
cdf: cumulative distribution function
i.i.d.: independent and identically distributed
HPP: homogeneous Poisson process
MML: matrix Mittag-Leffler
NHPP: non-homogeneous Poisson process
PGGP: Poisson generalized gamma process
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PPHP: Poisson phase-type process
FHPP: fractional homogeneous Poisson process
RPMML: renewal process of matrix Mittag-Leffler type

Next, we briefly discuss some important counting processes.

2.1 PGGP

The PGGP is a mixed Poisson process with the generalized gamma mixing distribution. It was
introduced by Cha and Mercier (2021). This process could be viewed as a Poisson process
having a random intensity function which is a product of a deterministic intensity function
and a random variable. Below we give the formal definition of the PGGP. First, we recall the
definition of the generalized gamma distribution (see Agarwal and Kalla 1996).

Definition 2.1 A random variable Q is said to have a generalized gamma distribution (GGD)
with the set of parameters {v, u, o, I}, v >0, u,o,l > 0,denoted by Q ~ GG (v, u, a, 1),
if its pdf is given by

n—v n—1 _
q"™" exp{—aq}
= 9 07

feD=ran i 0 17

where
% al =yl exp{—ay}
Iy ( ,al)zf dy. 2.1
a 0 O+ y

Definition 2.2 A counting process {N(¢),¢ > 0} is said to be the PGGP with the set of
parameters {A(?), v, u, o, [}, A(t) > 0, forallt > 0, v > 0, u,a,l > 0, denoted by
PGGP(A(t),v, u,a,l),if

@ {N().1=0|Q =q}~NHPP(qrQ1));
®) O~ GG, u,a. D). o

Remark 2.1 The following statements are true (see Goyal et al. 2022a).

(a) The PGGP(A(t), v, u,a,l), where A(t) = X (> 0),v =0, = u and © — 00, is the
HPP with the intensity A, regardless of /;

(b) The PGGP(A(t), v, u,, 1), where v = 0, ¢ = p and u — o0, is the NHPP with the
intensity function A(-), regardless of /;

(c) The PGGP(A(t), v, n,a,l), where L(t) = 1/b (> 0),v =0, u = B, «
Polya process with the set of parameters {8, b}, regardless of /;

(d) The PGGP(A(t),v, u, o, 1), where v = O, u = /¢, = 1/¢ and A(t) = n(t)exp
{¢ f(; n(x)dx}, is the GPP with the set of parameters (1(¢), ¢, ), regardless of /.

1, is the

2.2 PPHP

The PPHP, introduced by Goyal et al. (2022b), is the mixed NHPP with the continuous phase
type (PH) mixing distribution. It is well known that “The set of PH distributions is dense in the
set of probability distributions on the non-negative real half-line”. Thus, the PH distribution
can be used to approximate any lifetime distribution and consequently, any mixed Poisson
process can also be approximated by the PPHP. This important property of the PPHP makes
it distinct from other counting processes. Below, we first define the PH distribution and then
give the definition of the PPHP.
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Definition 2.3 A non-negative random variable X is said to have a PH distribution, denoted
by X ~ PH(x, T),if

X . n

Fx(x)=1—mexp{Txle=1—x (Z x'T"> e, x>0,
n!

n=0
where

(i) e is the column vector with all elements being one;
(ii) m is a substochastic vector of order m, i.e., & is a row vector, all elements of 7 are
nonnegative, and we < 1, where m is a positive integer; and
(iii) T is a subgenerator of order m, i.e., T is an m X m matrix such that: (a) all diagonal
elements are negative; (b) all off-diagonal elements are nonnegative; (c) all row sums
are non-positive; and (d) T is invertible. ]

The pair (&, T) is called a PH representation of X. Without loss of generality, we assume
e = 1 throughout the paper.

Definition 2.4 A counting process {N(¢) : ¢t > 0} is said to be the PPHP with the set of
parameters {A(¢), &, T'}, denoted by PPH P (A(t), , T), if

@) {N(@) : 1 = 0}[(X = x) ~ NHPP (xA(1));
(i) X ~ PH(x,T),

where A(¢) > 0 and (x, T') is a PH representation of X. ]

In the following lemma we give the pmf of the random variable N (¢) following the PPHP
(see Goyal et al. 2022b).

Lemma 2.1 Let {N(t) :t > 0} be the PPHP (A(t), , T). Then pmf of N(t) is given by
P(N(t)=n)=(A®)'w(AOT —T)" D1 +>0,ne NU{0}.

2.3 RPMML

The class of MML distributions was defined and studied by Albrecher et al. (2020). These
distributions have heavier tails. Below we give the definition of a MML distribution (see
Albrecher et al. 2020).

Definition 2.5 Let (i, T') be a PH reperesentation and 0 < y < 1. A random variable X is
said to have a MML distribution with the set of parameters {y, &, T}, if its Laplace transform
is given by

Ly(w)=m@’l —T)"'T",

where T = —Te. O

We write X ~ MM L(y, x, T) to indicate that X has a MML distribution with the set of
parameters {y, , T'}. Further, the the cdf of X is given by

Fx(x) =1—mE, 1(Tx")e, (2.2)

where
X Tiyvi

Ey 1(Tx7) Z T
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Clearly, when y = 1, X ~ PH(w,T). Further, if t = 1 and T = —A, then X has a
Mittag-Leffler distribution with parameters y and A (see Kataria and Vellaisamy 2019).
Next, we define the RPMML. Before that we give the definition of the FHPP.

Definition 2.6 The FHPP with the set of parameters {y, A}, denoted by FHPP(y, 1), is a
renewal process with inter-arrival times following the Mittag-Leffler distribution with param-
eters y and A.

Definition 2.7 A renewal process with inter-arrival times following the MML distribu-
tion with the set of parameters {y, &, T} is called the RPMML with the set of parameters
{y,m,T}. O

For convenience, we denote the RPMML with the set of parameters {y,m, T} by
RPMML(y,m,T).

Remark 2.2 The following observations can be made:

(i) The RPMML(1, m, T) is the PH renewal process;
(ii) The RPMML(y, 1, —A) is the FHPP (y, ). O

In the following lemma we give the pmf of the random variable N(f) following
RPMML(y, m, T).

Lemma2.2 Let {N(t) : t > 0} be the RPMML(y, , T). Then the pmf of N(t) is given by
P(N(t) =n) =mpp1Ey1(Tht)e —myEy 1 (Tyt")e, t>0,n=0,1,2,...,

where t, = (,0,...,0) and

forn>2 withmy =m, Ty =T andmg = Tp = 0.

3 Model Description

Let L be arandom variable representing the lifetime of a coherent system with » i.i.d. compo-
nents that started operating time ¢ = 0. Assume that the system is subject to external shocks
that arrive at random times being the only cause of system’s failure. Let {N (¢) : > 0} be an
orderly counting process where N (¢) represents the number of shocks arrived by the time 7.
Assume that each shock can affect a random number of components. Let Z; be the random
variable representing the number of components failed due to the i-th shock, i € N. In what
follows, we give a list of model assumptions.

Assumptions:

e Each shock is harmless with probability pg and harmful with probability 1 — py, i.e.,
P(Z; =0)=poand P(Z; #0) =1 — po, fori € N.

o If the i-th shock is harmful then it can damage j components with probability p;, i.e.,
P(Z; =j)=pj,forall j =1,2,...,n,i € N.Clearly, py + po+---+ py = 1 — po.

e {Z; : i € N} is a sequence of i.i.d. random variables. This assumption is made for
mathematical convenience. Appendix B contains a more general setup where Z;’s are
dependent with a specific dependency structure.

e The shock process {N(¢) : t > 0} and {Z; : i € N} are independent.
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In what follows in this paper, we consider three special cases (with respect to distribution
of Z;):

My: P(Zi=j)=1/n+1),j=0,1,2,...,n,ie., Z; follows the uniform distribution
over {0, 1, 2, ..., n}. In other words, a shock can damage any number of components
(including zero) with the same probability. This model may be appropriate to use in a
situation where the distribution of Z;’s is in question.

M;: Each shock is assumed to be harmful, and at least one component is affected by the
shock i.e., po = 0. Consequently, the range of Z; is given by {1, 2, ..., n}, for all
ieN.

M3: Each shock can harm at most one component i.e., p = p3 = --- = p, = 0. Conse-
quently, the range of Z; is given by {0, 1}, for all i € N.

Some real-world settings that comply with the described models are given below:

e Consider an apartment lighting system where n lamps are used to illuminate the apart-
ment. The apartment’s lighting is suitable if at least k (1 < k < n) lamps are on. If the
magnitude of electricity is above a fixed threshold, then some of these lamps may be
damaged. Consequently, the brightness of the apartment will be reduced. If each lamp
is considered a component and electric impulses with high magnitudes are considered
as shocks, then one can associate this problem with the model introduced in this paper.
This example is borrowed from Lorvand and Kelkinnama (2023).

e The Proton Exchange Membrane Fuel Cells power systems, described in detail in
Eryilmaz and Devrim (2019), is another example of the proposed model.

e In a cricket match, the batting team can be considered as a 2-out-of-11 system. Each
ball to the batsman can be considered a shock for the team (system). This setting can be
described by the M3 model.

4 General Model

In this section, we obtain some general results. We derive the expression for the survival
function of a coherent system for the defined model that is valid for an arbitrary orderly
counting process {N (¢) : t > 0}. We first consider the k-out-of-n systems, and then generalize
the result to coherent systems.

Let M (t) be a random variable representing the number of failed components of a system
by time . Then

N@)

M@t)y=Y 7. 4.1)
i=1

Further, let L., be a random variable representing the lifetime of a k-out-of-n system with
n ii.d. components. Note that this system functions until the (n — k + 1)-th component
fails. Then

n—k
Fr,,)=PM@) <n—k+1)=Y PM(@) =i). (4.2)
i=0
Further, let L be a random variable representing the lifetime of a coherent system with n
i.i.d. components, described by the system’s signature vector (s1, 52, .. ., ;) (see Samaniego
2007). Then

@ Springer



6 Page8of29 Methodology and Computing in Applied Probability (2024) 26:6

n n
Fr(t)=)_ P(L>t|L=Lgn)P(L = L) = Y _ sk Fry, (1), (4.3)
k=1 k=1
where sy = P(L = Ly.,),fork =1,2,...,n
To obtain the survival functions of L and Ly.,, we first need to find the probabili-
ties P(M(t) = i), fori = 0,1,2,...,n — k. In the following lemma, we derive these
probabilities.

Lemmad.l Let P(Z; = j) = pj, forall j =0,1,2,...,n,i e N,and {N(t) : t > 0} be a
counting process. Then

P(M(t)=0)=Y  pP(N(@) = j)

j=0
and
i 00 ] m )
P(M(t):i):ZZ( ) S Ilee | i PNy =), i=1.2.....n—1,
m=1 j=m n Z2€Qy,,; r=1
where Q. ={z2= (21,22, ....Zm)lz1 + 22+ F+zu=i,1 <z <n,1 <l <m}and
l1<m<i<n. m]

The next theorem immediately follows from Lemma 4.1 and (4.2).

Theorem 4.1 Let P(Z; = j) = pj, forall j =0,1,2,...,n,i € N. Assume that shocks
occur according to a counting process {N(t) : t > 0}. Then

FLk,,(r)—Zp0P<N(r>—j)+ZZZ( ) o Tle- | pb"Pve) = i,

i=1 m=1 j=m 2€Qy,,; r=1

where Qpi ={z = (21,22, .- z)lzi+ 22+ -+ zn =i, 1 <zy <n,1 <l <m}and
l<m<i<n-—k O

The succeeding corollary follows from Theorem 4.1.

Corollary 4.1 The following results hold true.
(i) For model M :

Fp,, (1) = i::(
FEE () o

) P(N(t) = j)

(ii) For model M;:
i

n—k m
Fr,&)=PWN®O=0+> Y [ > []r: | PNG@) =m);

i=1 m=1 \z€Q,, ; r=1
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(iii) For model M3:

n—k oo

Fr,, () = Zponm =) +ZZ< )p]pé P(N(1) = j).

i=1 j=i
O

In the next theorem we derive the survival function of a coherent system for the defined
model. The proof is straightforward by using (4.3) and Theortem 4.1.

Theorem4.2 Let P(Z; = j) = pj, forall j =0,1,2,...,n,i € N. Assume that shocks
occur according to a counting process {N(t) : t > 0}. Then

FL) =Y p,P(N(@) = j)

j=0
n—ln—k i m )
> ZZ”‘( ) 3 Tee | i PV = ).
k=1 i=1 m=1 j=m ZEQ. i r=1
where Qi = {z = (21,22, ..., zm)lz1 + 22+ +zm =i, 1 <z <n,1 <1 < m},

sk =P(L =Lgy), 1 <k<n—-1landl <m<i<n-—k

Remark 4.1 By proceeding in the same line as in Corollary 4.1, the survival function of a
coherent system for models M1, M> and M3 can be obtained.

5 Some Special Cases

In this section, we derive survival functions for the defined model for some specific shock
processes, namely, the PGGP, the PPHP and the RPMML. As these processes are quite
‘sophisticated’, each case needs specific technique and reasoning.

5.1 PGGP

Theorem 5.1 Let P(Z; = j) = pj, forall j =0,1,2,...,n,i € N. Assume that shocks
occur according to the PGG P (\L(t), v, i, o, [). Then

F ()—( o )“‘” [rvw, (@ + (1 = po)AGE)D)
Lt =\ o (= po)AQ) T (e al)

n—k i m A(I) m
22| 2 1w <a+<1—po)A(r>)

i=1 m=1 \zeQ, ; r=1

Lym +p, (o + (1 — PO)A(I))I)]
m!Ty, (u, al) ’

where Q2 ={z2 = (21,22, ..., Zm)lz1 + 22+ F+zun=i,1 <z <n,1 <l <m}and
l<m<i<n-—k O

The next corollary immediately follows from Theorem 5.1. Here, we obtain the survival
function of the k-out-of-n system for models M1, M> and M3.
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Corollary 5.1 The following results hold true.
(i) For model M :

o )“‘” [w, (@ + (n/(n + DA
«+ (n/(n+ D)AQ) Ty (i, al)

n—k i . m m
i—1 1 A(t)
T2 (m - 1) . <n T 1) (a o+ 1))A<z))

i=1 m=1

Cyim +p, (@ + (n/(n+ 1))A(t))l)]
m!Ty (i, al)

FLk:" (t) = (

3

(ii) For model M:

; m_( o )*‘“[rvw,(aw(r»l)
bt =\ 0 4+ Ar) Ty (1, ol)

n—k i

(2 ) (E55)

i=1m=1 \zeQ,,;r=1

Cy(m + w, (o + A(t))l)]
m!Ty,(u, al)

)

(iii) For model M5:

o )“_” |:Fv(/'Ls (@ + p1A@)D)
a+ p1A@) Iy (e, al)
n—k

PIA(D) \' TG+, (@ + prA@)D)
+Z<O{+p1[\(l)) l'ru(ﬂual) ]

FLk:n (t) = (

i=1

O
The next corollary immediately follows from Theorem 5.1, and Remark 2.1 (b) and (c).

Corollary 5.2 For the general model, the following results hold true for the k-out-of-n system.

(i) Assume that shocks occur according to the NHPP with intensity A(t). Then

n—k i m m
FLk:,,(z)=exp{—<1—po>A<r>}[1+ZZ > I1re A,Z? }

i=1 m=1 \zeQ,,; r=1

(ii) Assume that shocks occur according to the Polya with the set of parameters {8, b}. Then

_ b B n m
= (—prs) 22| 2 I

—k
i=1 m=1 \z€Q, ; r=1

LB +m) < t )m }

rm! \(—poi+b) |
Remark 5.1 From the above corollary, one can obtain the survival functions of the system
for models M, M, and M3 for the NHPP and the Pélya shock processes. O

i
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In the succeeding theorem, we derive the survival function of a coherent system for the
defined model. The proof follows from (4.3) and Theorem 5.1.

Theorem5.2 Let P(Z; = j) = pj, forall j =0,1,2,...,n,i € N. Assume that shocks
occur according to the PGGP (\L(t), v, i, o, 1). Then

- a K2V T (e, (@ + (1 — po) A(0)])
Frty=(———
a+ (1 — po)A) y(w, al)

n—ln—k i

m A1) "
+2.2 2 s > [ra <+<1——pm<>)

k=1 i=1 m=1 2€Qy ;i r=1

Cy(m+uw, (@+ (1 — PO)A(f))l)]
m!Ty (w, al) ’

where Qi = {z = (21,22, ..., Zw)lzi+ 2+ -+ zp =i, 1 <z <n, 1 <1 < mj,
sy = P(L=Lyy),and1 <m <i <n-—k. O

The next corollary follows from Theorem 5.2, and Remark 2.1 (b) and (c).

Corollary 5.3 For the general model, the following results hold true.
(i) Assume that shocks occur according to the NHPP with intensity A(t). Then

n—ln—k i m "
R = et - maoi[1+ 2T Y w | ¥ [Te | 5]
k=1 i=1 m=1 Z2€Qu.i r=1 .

(ii) Assume that shocks occur according to the Polya process with the set of parameters
{B, b}. Then

_ b B n—ln—k i m
FL(f)=<m) |:1+ZZZS/¢ Z npzr

k=1i=1 m=1 2€Q,,,; r=1
C(B+m) ( t ) ’]
r'(Bym! 1= po)t+b '

In the succeeding example, we illustrate the result given in Corollary 5.2 (ii).

Example 5.1 Consider a 3-out-of-4 system, i.e., k = 3 and n = 4. Assume that shocks occur
according to the Pdlya process with the set of parameters {8, b}. Then, from Corollary 5.2
(ii), we get

Fiost) = (=) [14om ()
Lt =0 = poyr + b Pa=por+b)]

Let 8 =4 and b = 2. In Fig. 1a, we plot the above survival function against ¢ € [0, 15], for
different values of pg and for fixed p; = 0.2. This figure shows that the system’s survival pro-
bability increases as pg increases. In Fig. 1b, we plot the system’s survival function againstz €
[0, 15], for model My, with po = 1/5and p» = 1/5.InFig. Ic, the system’s survival function
against ¢t € [0, 10], for different values of p1, is plotted for model M;. From this figure, we
conclude that an increment in p increases the system’s survivability. In Fig. 1d, we plot the
system’s survival function against ¢ € [0, 30], for different values of p;, for model M3. This
figure shows that an increment in p; decreases the system’s survivability. O
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Survival Probability
Survival Probability

Time Time

(a) General Model (b) Model M,

Survival Probability
Survival Probability

0 2 4 6 8 10 0 5 10 15 20 25 30
Time Time
(c) Model M, (d) Model Ms

Fig. 1 Plot of the survival function of a 3-out-of-4 system against time

In the next example, we illustrate the result given in Corollary 5.3 (i7).

Example 5.2 Consider a coherent system with the structure function (see Barlow and
Proschan 1975) given by

¢ (x1, x2, x3) = min(xy, max(xz, x3)).

Now, it can easily be shown that (s, 52, s3) = (1/3,2/3, 0). Then, from Corollary 5.3 (ii),

we get
FL(t) = <7b )ﬂ [1 + p1 (7}% )
(1= po)t +b (1= po)t +b
1 Bt
+§p2(<1 —Po)t+b)
+1<ﬁ<ﬂ+1))< pit ﬂ
3 2 (1—po)t+b

For fixed » = 2 and = 4, we plot the survival function of the above coherent system
for different failure probability vectors (po, p1, p2, p3) in Fig.2.

In the succeeding theorem, the mean lifetime of a k-out-of-n system is derived under the
assumption that shocks occur according to the Pélya process or the HPP.
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Iflg. 2‘ Plot of the survival e ] Po = 0.6, pr = 0.25, pz = 0.10
function of a coherent system —— - p=05.p;=025p,=015
. P (e N NP =0.4,p; =0.30, p, = 0.20
with the signature vector o | Po=04p1=030.p
(s1,52,83) = (1/3,2/3,0) ©
against time 2z
5 9 |
g o
<
o
g <
2 o 7
5
[}
o
o
<
o
T T T T T
0 5 10 15 20
Time

Theorem 5.3 Let P(Z; = j) = pj,forall j =0,1,2,...,n,andi € N.

(i) Assume that shocks occur according to the Polya process with the set of parameters
{B, b}, B > 1. Then the mean lifetime of the k-out-of-n system is given by

ren = (55) (PR -Z 2 Z 1) (5) )

i=1 m=1 \zeQ,
(ii) Assume that shocks occur according to the HPP with the intensity L. Then the mean
lifetime of the k-out-of-n system is given by

= () EE (2 1) () ]

i=1 m=1 \zeQ,,; r=1

here Qp; ={z = (21,22, ..., z)lc1 + 22+ -+ zm =i,1 <z <n,1 <1 <m}and
l<m<i<n-—kt

The next corollary immediately follows from the above theorem. Here we discuss the
results for models M, M, and M3.

Corollary 5.4 The following results hold true.

(i) For model M: If the shocks occur according to the Pélya process with the set of para-
meters {§, b}, B > 1, then

b 1 n—k+1
E(Lk:n) = (ﬁ) (1 + ;) s

and if shocks occur according to the HPP with the intensity A, then

1 1 n—k+1
E(Lk:n) =7 (1 + *> .
A n

(ii) For model M»: If shocks occur according to the Polya process with the set of parameters
{B,b}, B > 1, then

E(Lk:n)=<%> [kai > f[pz, ]
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and if shocks occur according to the HPP with the intensity A, then

n—k i m
E(Lk:n)=%|:1+zz Z l_[pzr ]

i=1 m=1 \zeQ,;r=1

(iii) For model M3: If shocks occur according to the Polya process with the set of parameters

{B, b}, B > 1, then
b 1+n—k
E(Lpn) = ,
(Lien) (ﬂ—1>< P )

and if shocks occur according to the HPP with the intensity A, then

L (1+n—k
ke =3 (557)

]
The following example illustrates the results given in Theorem 5.3 (ii) and Corollary 5.4.

Example 5.3 Consider a 3-out-of-4 system. Assume that shocks occur according to the HPP
with the intensity A. In Table 1, we calculate the mean lifetime of the system for different
models and different intensity A of the HPP. Table 1 shows that an increment in parameter A
decreases the system’s mean lifetime for each model.

In the following theorem we derive the mean lifetime of a coherent system for the general
model.

Theorem 5.4 Let P(Z; = j) = pj, forall j =0,1,2,...,n,andi € N.

(i) Assume that shocks occur according to the Polya process with the set of parameters
{B, b}, B > 1. Then the mean lifetime of the coherent system is given by

n—ln—k i

o= (o) (2 D EE (5 1) (25 ]

1-— 1-—
po k=1 i=1 m=1 2€Q r=1 po

Table 1 The mean lifetime of the system for HPP with the intensity A

Models (po, P1, P2, P3) Intensity (1) Mean lifetime (E(L3.4))
General Model (po, P1, P2, P3) = A=1 2.50
(0.4,0.3,0.2,0.1) A=2 1.25
A=3 0.83
M, (po. p1, P2, P3) = A=1 1.56
(0.4,0.3,0.2,0.1) A=2 0.78
r=3 0.52
M (po, p1, P2, P3) = r=1 1.30
(0.4,0.3,0.2,0.1) A=2 0.65
A=3 0.43
Mj (po. P1. P2, P3) = A=1 6.67
(0.7,0.3,0,0) A=2 3.33
A=3 222
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(ii) Assume that shocks occur according to the HPP with the intensity A. Then the mean
lifetime of the coherent system is given by

-1

- (LSS (2 ) ()]

i=1 m=1 ZEQ,

here Qui = {z = (z1,22,....zmw)lz1 + 22+ -+ 2w =i, 1 <z <n, 1 <1 <m},
=P(L=Lgy),1<k<n—1landl <m<i<n-—k. O

The following example illustrates the results given in Theorem 5.4 (ii).

Example 5.4 Consider the coherent system mentioned in Example 5.2. Assume that shocks
occur according to the HPP with the intensity A. Then, from Theorem 5.4 (ii), we have

w=() () [+ () (1) + (3 ()]

In Table 2, we calculate the mean lifetime of the system for different intensity A of the HPP
by considering parameters po = 0.4, p; = 0.3, p» = 0.2 and p3 = 0.1. This table shows
that an increment in intensity (A) of the shock process (HPP) decreases the system lifetime.

5.2 PPHP
Theorem 5.5 Let P(Z; = j) = pj,forall j =0,1,2,...,n,andi € N. Assume that shocks
occur according to the PPH P (\(t), w, T). Then

Fry, (t) =m (A0 — po)] = T)'T°

n—k i m
+3 31 Y [Tpe | A" m (A0 A = po)I = T)= 0T,

i=1 m=1 \zeQ, ; r=1

where Qi ={z=(z1,22, ..., zm)lz1+ 22+ +zm=i,1 <z <n,1 <] <m}and
l<m<i<n-—k O

The following corollary immediately follows from Theorem 5.5. Here we discuss the
results for specific models M, M, and M3.

Corollary 5.5 The following results hold true.
(i) For model M :

_ n -1
FLk:"(z)=Jr(A(t)< +1)I—T> T°
i A1) n —(m+1) 0.
()G (o () ) e

i=1 m=1

Table 2 The mean lifetime of a

Intensity (4 Mean lifeti E(L
coherent system for HPP with the ntensity (4) can lifetime (E(E))
intensity A A=1 3.13

r=2 1.57

r=3 1.04
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(ii) For model M>:
Frp, ) =x (A0 -T)"'T°

n—k i

+Z Z Z ﬁ P | A" T (AT — T)~(m+D 0,

i=1 m=1 \zeQ, ; r=1
(iii) For model M3:
n—k
Fr, ) = x(AOp ] = T) ' T+ )" piA@ m(A0)pr] = T)~ 0T,

i=1

In the next theorem, we derive the survival function of a coherent system for the general
model.

Theorem 5.6 Let P(Z; = j) = pj,forallj =0,1,2,...,n,andi € N. Assume that shocks
occur according to the PPH P(A(t), w, T). Then

Fr(t) = m(A@) (1 — po)l —T)~'T°

n—ln—k i m
A3 > s | D0 [[re | a@™xa@ @ = po)1 = T)="HDT0,
k=1 i=1 m=1 Z2€Qy i r=1
where Qi = {z = (21,22, ..., Zw)lzi+ 22+ -+ zp =i,1 <z <n, 1 <1 < mj,
sk =P(L=Lgy), 1 <k<n—1landl <m <i<n-—k. O

The results given in above theorems and corollary are illustrated by the following two
examples.

Example 5.5 Consider a 3-out-of-4 system. Then, from Theorem 5.5, we have
Fry () = m (AW — po)] = T)"'T® + pi A (A@D)(1 — po)] — T)>T°.
Let the parameters be

-2 1

n=(0208), T= <0.5 o

) and A = 2.

In Fig.3a, we plot the survival function of the system (given in Theorem 5.5) against ¢
€ [0, 250], for different values of pg and for fixed p; = 0.2. In Fig. 3b, we plot the system’s
survival function (given in Corollary 5.5 (i)) against ¢ € [0, 250], for fixed pp = 1/5 and
p2 = 1/5. In Fig.3c, we plot the system’s survival function (given in Corollary 5.5 (ii))
against ¢t € [0, 250], for different values of pp. Lastly, in Fig.3d, we plot the system’s
survival function (given in Corollary 5.5 (iii)) against ¢ € [0, 500], for different values of
p1. From all these figures, we can make the same observations as in Example 5.1.

Example 5.6 Consider the coherent system mentioned in Example 5.2. Then, from Theo-
rem 5.6, we have

Fr(t) =m (A1 — po)] —T)~'T°
+ pIAMT (A — po)] — T)>T°
+ 51 p2 AT (AW (1 — po)] — T)>T°
+ 51 pTA@) 2 (A()(1 = po)l — T)3T°,
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Fig.3 Plot of the survival function of a 3-out-of-4 system against time, for different models

In Fig.4, we plot this against ¢ € [0, 1000], for different failure probability vectors (po, p1,
P2, p3) and for fixed parameters values given by

-2 1
T =(02,08), T = (0.5 _10> =1

Fig.4 Plot of F (¢) against e o= 06, pr = 025, pa = 010
t € [0, 1000] — — = po=05,p; =025 p,=0.15
»»»»»» Po = 0.4, py = 0.30, p; = 0.20
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5.3 RPMML

In the following theorem we derive the survival function of a k-out-of-n system for the defined
model by assuming the shock process as the RPMML. The proof immediately follows from
Theorem 4.1 and Lemma 2.2 and hence, omitted.

Theorem 5.7 Let P(Z; = j) = pj,forall j =0,1,2,...,n,andi € N. Assume that shocks
occur according to the RPMML(y,x,T). Then

[ee)

Fr, () =mEy ((Tt)e+ Y pi(mj1Ey 1 (Tj1t" e — 1 jEy 1 (Tj1)e)
j=1
n—k i o0 ] m )
3030 21 (] ol s 138 PR
i=1 m=1j=m 2€Qy i r=1
—thE;,yl(TjtV)e),
where Qi = {z = (21,22, ..., Zw)lzi+ 2+ +zp =i,1 <z <n, 1 <1 < mj,
l<m=<i<n-—k andm;’sandT;’s are the same as in Lemma 2.2. O

The next corollary immediately follows from Theorem 5.7.

Corollary 5.6 The following results hold true.
(i) For model M :

Fro, =" (/01 + )Y @1 Ey1(Tj1t? e — m;Ey 1 (Tt )e)
j=0

+§Z i <j><i ~ 1)(1/(n+ 1)/
P m)\m—1
(T j1Ey 1 (Tjp1t e —m;Ey 1(T;tYe);
(ii) For model M:
Fr, () =wE, (Tt )e

n—k i m
+2_ 2| 2 [pe | GmerBraTniate

i=1 m=1 \zeQ,,; r=1
- nmEy,l (Tmty)e);

(iii) For model M3:
0 .
Fro, () =Y py(wji1Ey 1 (Tjt1t" e — m i Ey 1 (Tj1 )e)
Jj=0
n—k oo ] o
+ Z Z (l.)P’lPéﬂ (i1 Ey (Tt e —m Ey 1(Tit )e).

i=1 j=i

The survival function of a coherent system for the defined model is given in the following
theorem. The proof is obvious and hence, omitted.
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Theorem 5.8 Let P(Z; = j) = pj,forallj =0,1,2,...,n,andi € N. Assume that shocks
occur according to the RPMML(y,x, T). Then

o0
FL(t) =mEy, 1(T1)e + Y ph(x j41Ey 1 (Tj11" e — w1 (Tj17 Ye)
j=1

SEEE (5 fin )

k=1 i=1 m=1 j=m 2€Qy,,; r=1

(i1 Ey (Tt e —mj Ey 1 (Ti1)e),

where Qp i ={z = (z1,22, ..., zm)lzi+ 22+ +zw =i, 1 <z <n, 1 <1 < m},
sk=P(L=Lgp), 1 <k<n—-1,1<m=<i<n—k andmn;’sand T;’s are the same as
in Lemma 2.2. O

Remark 5.2 Since fooo nE, 1(Tt")edt = cofory < 1, one can conclude from Theorem 5.8
that E(L) = oo, for0 < y < 1.

In the next two examples, we illustrate the foregoing results.

Example 5.7 Consider a 3-out-of-4 system. Then, from Theorem 5.7, we have

o0

_ i g1

Fry, () =mE, (T e+ Y (py +jpy P j11Ey 1(Tj11 e — 1 Ey 1 (Tt )e).
j=1

Let the parameters be mqy = 1, T = —A and A = 2, i.e., the shock process be the FHPP
with the set of parameters {y, 2}. In Fig.5a, we plot the survival function of the system
(given in Theorem 5.7) against ¢ € [0, 10], for different values of pg, and for fixed y = 0.9
and p; = 0.2. This figure show that the system survivability increases as pg increases. In
Fig. 5b, we plot the survival function of the system against ¢ € [0, 10] for the same model,
for different values of y, and for fixed pp = 0.5 and p; = 0.1.

°

Survival Probability
°

Survival Probability
°

°

Time

(a) Plot of system’s survival function against time, (b) Plot of system’s survival function against time,
for different values of pg. for different values of ~.

Fig.5 Plot of the survival function of a 3-out-of-4 system against time
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Example 5.8 Consider the coherent system given in Example 5.2. Then, from Theorem 5.8,
we have

o0

= .o j—1

FL(t) = mEy (Tt e+ Y (p1+s1p2)jp) (€ js1Ey 1 (Tit" e — m By 1 (T17)e)
j=1

[e.¢] .
J j—2
+s1) P (2>p{) (T j11Ey 1(Tjat" e — 7 jEy, 1 (Tjt" e).
j=2

Let the shock process be the FHPP with the set of parameters {y, A}, where y = 0.9 and
A = 2. In Fig.6, we plot Fr () against t € [0, 10], for different failure probability vectors

(po, p1, P2, P3)-

6 Application: Optimal Replacement Time

The study of the optimal replacement policies is one of the important applications of reliability
theory. In this section, we consider the problem of finding the optimal replacement time for
a coherent system that minimizes the long-run average cost per unit time. According to the
classical age replacement policy, a system should be replaced upon failure or reaching the
predetermined age t, whichever occurs first.

Below we give a list of assumptions which are similar to those given in Eryilmaz and
Devrim (2019).

Assumptions:

(a) A new coherent system with the lifetime L described by the defined shock model is incep-
ted into operation at time zero.

(b) The external shocks are the only reason for the system’s failure, and occur according to
the RPMML(y,x,T)

(c) The system is replaced by a new one either upon failure or after reaching the predeter-
mined age ¢, whichever occurs first.

Fig.6 Plot of Fy (1) against 1
t €0, 10]

T T T
—py=06.p, =0.25,p, =0.10
—-—P =0.5, py= 0.25, Py = 0.15
wwiPg =04, p, =0.30, p, = 0.20

o o o
~ ® ©

o
o

Survival Probability

o
w
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(d) Let ¢ and ¢» denote the cost of replacement of the system before failure and the cost of
replacement of the system after failure, respectively.

(e) If the system is replaced before failure, then all failed components are replaced by new
components and all non-failed components are repaired.

(f) A component is as good as new after repair and hence, the system after replacement
becomes new.

(g) Let ¢, denote the acquisition cost of one component and ¢, be the repair cost for a non-
failed component. Further, let ¢y denote the additional cost of the system failure.

Note that the expected number of components to be replaced before failure is equal to
E(M(t)|L > t), and the expected number of components to be repaired before failure is
equal to E(n — M(t)|L > t). Then

cl=c,EMM@)|L >t)4+c,Em—M@)|L >t)=nc, + (cq —cr)E(M(t)|L > t).

On the other hand, the cost of replacement of the system after failure is given by ¢z = nc,+cy.
Consequently, the total long-run average cost per unit time is given by

[ncr + (ca — ¢, )E(M@)|L > D]FL(1) 4 (ncg + ) FL (1)
E(min(L, 1))

_ncgtcp+ [ne, + (cqg — ¢ )E(M(t)|L > t) — nc, — Cf]FL(t)

B jot Fr(uw)du .

Cr(n) =

6.1)

Note that the denominator of the above equation tends to co as t — oo (see Remark 5.2)
and hence, the finite optimal replacement time cannot be determined on the infinite horizon.
In real life, due to specifications and internal degradation process, an item might be replaced
at some large time " (say) even if it is not an optimal decision. Thus, we study the optimal
replacement policy under the updated Assumption (c) as given below.

Updated Assumption (c): The system is replaced by a new one either upon its failure or
after reaching its age to a predetermined threshold value ¢ < %, whichever occurs first.

Consequently, our goal is to find the optimal * (< ¢*) such that Cp (t*) < Cp(¢*) and
Cr(t*) = minse,+Cr(¢). Now, to evaluate Cy,(¢), we need the expressions of E(M (t)|L
> 1) and Fy (7). The first expression is given by

1 n—1 n—k
EM@®)|L > 1) = ) ZskZiP(M(t) =),
LAY 1 =1

where the pmf of M(¢) is the same as in Lemma 4.1. Further, the expression of Fr(t) is
obtained from Theorem 5.8.

Due to mathematical complexity, the aforementioned problem cannot be analytically
solved. Thus, we consider a numerical example as given below.

Example 6.1 Consider the coherent system mentioned in Example 5.2. Assume that shocks
occur according to the RPMML with the parameter set {y, x, T}, where # = (1,0), T

-1 A
= ( 0 —A) and A = 1.2. Then

1
EM@®I|L >1t) = 0 (PM(t)=1)+251P(M(t) =2)), (6.2)
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Fig.7 Plot of Cy (f) against time 1251 T T
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t
where P(M(t) = 1) and P(M(t) = 2) are the same as in Lemma 4.1, and
X
= . g1
FuL(t) = wEy (Tt )e+ ) (pr+s1p2)jpg (X j+1Ey 1 (Tjsat")e —m i Ey 1 (Tj7e)
j=1
— (]
j—2
+s1)_p (2> Py j1 Ey 1 (Tjat e — mj Eyy 1 (Tj1Y )e). (6.3)
j=2

Note that f(; nE, 1 (Tu")edu = tm E, >(Tt")e. Consequently,

t o0
_ -1
/FL(u)duzt[nEy,z(Tt’/)e+§ (P14 s192)jpy (T j1Eya(Tjs1t")e
0 .
j=1
J

2>Pé_2(nj+1Ey,z(Tj+1tV)e 64)

o0
— njEy,z(TjtV)e) + 51 Zp%(
j=2

— njEy,2(Tjty)e)i|~

By using (6.2), (6.3), and (6.4) in (6.1), we get the expression of Cy, (¢). Now, in Fig. 7, we plot
this Cp, (¢) against ¢ € [0, 10], for different values of y, and for fixedc, = 3,cy = 10,¢, =1,
po =0, p1 = 0.2 and p, = 0.1. From this figure, we see that the the cost function Cy ()
is in U-shaped in initial time period. Let t* = 10. Then, fory = 1,t* = 1.3 and C1 (t*) =
9.9075; for y = 0.99, t* = 1.4 and Cy(t*) = 9.9243, and, for y = 0.98, r* = 1.5 and
Cr(t*) = 9.9308. Moreover, Cy,(¢) tends to O when t — oo because E(L) = oo fory < 1.

7 Concluding remarks
The study of shock models for multi-component systems is an important area in modern
reliability theory. In this paper, we consider three rather general counting processes for

modeling shock occurrences, namely, the PGGP, the PPHP and the RPMML. All these
processes are mathematically tractable.
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It is important to note that the PPHP can be used to approximate any mixed Poisson
process. On the other hand, the RPMML is very useful in modeling the arrivals of shocks
with heavy-tailed inter-arrival times. All considered processes have not been used in modeling
lifetimes of multi-component systems subject to external shocks. Therefore, our paper is the
first to obtain relationships for the survival functions and expected lifetimes for different
specific models of the effect of shocks on the components of a coherent system.

We expect that the obtained in this paper innovative results can be used in various applica-
tions. As an example, the optimal replacement policy under the RPMML process of shocks
was considered.

The §-shock model is one of the popular shock models used in many applications. The
study of the 6-shock model for a multi-component system based on the PGGP/PPHP/RPMML
can be considered as a potential problem yet to be explored. Further, in this paper, we mostly
derive the results for coherent systems with i.i.d. or exchangeable components. The study of
coherent systems with dependent components can be considered in future as well.

Appendix A

Proof of Lemma 2.2 Let S, S;, ... be a sequence of arrival times. Then
P(N(t) =n) = P(Sps1 > 1) — P(Sy > 1). (A1)

Notethat S, = X1+ Xo+---+ X, ~ MML(y, ny, T,), where X;’s are inter-arrival time.
Then, from (2.2), we have P(S, > t) = m,E, | (T,t")e. Consequently, the result follows
from (A1). O

Proof of Lemma 4.1 Note that the event “M (f) = 0” happens if and only if each shock,
occurred till time 7, is harmless for the system. Then,

P(M(t)=0)=P(N@®)=0)+Y P(Nt)=j.Z1=0,2Z3=0,23=0,....Z; = 0)
j=1

=Y p{P(N®) = ).
j=0

Now, for 1 < i < n, the event “M(t) = i” means that exactly i components of the system
failed till time 7. Thus, if N (z) = j, then there are exactly m harmful shocks out of j shocks,
where j > m, 1 < m <. Consequently, we can write

i 00
PM(t)=1i) = Z Z P(i components fail due to exactly m harmful shocks when N (¢) = j)

m=1 j=m
i oo j
=y > (m> D PINO=j.Z1=21, . Zn = 2m, Zmy1 =0,..., Zj = 0)
m=l1 j=m Z2€Qy i
i 0 j m )
Jj—m .
- : P(N(t) = j),
S| X e | ot rover =)
m=1 j=m z2€Qy,i r=1

where the last equality holds because Z;’s are i.i.d, and the process {N(¢) : t > 0} and
{Z; : i € N} are independent. Hence the result is proved. O
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Proof of Corollary 4.1
Proof (i):If p; = 1/(n+ 1), forall j =1,2,...,n, then

> 17 <”+1)mz§,,,_,.1= (nil)mmm,n.

2€Qy,,; r=1

By using Bose-Einstien value, one can show that [2,,.;| = (/). Thus
1= () (o)
2€Qy ; r=1 n+l m—1

By using the above equality in Theorem 4.1, we get the required result.
Proof (ii): The result immediately follows from Theorem 4.1 by substituting pg = 0.

Proof (iii): Note that
0 ifm<i
O | LS S A

1fm=i.
Z€EQy.i r=1 f

By using the above equality in Theorem 4.1, we get the required result. O

Proof of Theorem 5.1 From Theorem 4.1, we have

Fr, () =Y pyP(N@) = j)

j=0
. (A2)
n—k i o0 ] m .
+Y 3 (m) Yo Ir= | " PNG) = .
i=1 m=1 j=m 2EQ,i r=1
Let Q be the mixing distribution of the PGGP. Then, for m > 0, we have
e i j—m . = j j—m A(t
Z(J)pé PIN®) = j) = Z(f)p{) [ e —aa1 O rogrdg
jmm " P 0
(qA(z))'" o (qpoA )"
/0 exp{—qA(n) . (En G —m) ) 0(q)
= [~ ewta = poren P aroq)
() (—“” )
~ \a+ (1= po)A®) o+ (1 = po)A(r)
o Do+, (@ + (1= po) A (A3)

m!Ty (w, al)
where the first equality follows from Definition 2.2; the second equality holds due to the Dom-

inated Convergence Theorem, and the last equality follows from (2.1). Now, by using (A3)
in (A2), we get the required result. O
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Proof of Theorem 5.3 We only prove part (i). Part (ii) can be proved in the same line. Now,
from Corollary 5.2 (ii), we have

E(Lip) = /(; FLk:n (t)dt

—k

e b B i n (B +m)
_/o ((1—Po)t+b> ;ml ;U T (B)m!
[ (ares) (amrs) @

0 (l—po)t-l— l—po)t+b

b —k
(520 () 2

3 T'(B +m)
Z2€Q i L(ym!
1 m+1 00 b B z m
X<1—po) /0 <Z+b) (Z+b> dz. (A9

r:l
/00< b )ﬂ< z )m_bF(m—i-l)F(,B—l)
o \z+b :+b) C'(m + B) '

By using the above equality in (A4), we get the required result. O

Again, we have

Proof of Corollary 5.4 We only prove part (i). Other parts can be proved in same line. Now,
from Theorem 5.3 (i), we have, for model M1,

= (52 (S (0 ()]

() =GR ]
() () ) =) ()

Hence part (i) is proved. O

Proof of Theorem 5.4 We have P(L > t) = > ;_, si P(L;:n > 1), which implies E(L)
= Zl 1 Si E(L;.n). Consequently, the result follows from Theorem 5.3. O

Proof of Theorem 5.5 From Theorem 4.1 and Lemma 2.1, we get

Fri, ) =Y py A m(A@0) = )"0+

j=0
n—k i m ) ) .
2.2 Z ( ) Y e | i " a@/zaw —1)-U+0T.
i=1l m=1j=m Z2€Qy,; r=1

(AS5)
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Further, we can write
A (AN —=T) T = A ' (I — A@)T'T)"UFDTY j e NU{0}. (A6)

Now, for m > 0, we have

i <i>p{;"”A(t)fn(A(z)1 —1)"Uthpo
j=m

= A@)"! i (Ii)pg—mnu — A@0)" ')~ UtDT0

i=m
— A 'x i <Ii)pé—m(1_A(t)—1T)—(j+1) 70
j=m
= A 'w( — A@)'T)""HD i (i)pé"”u —A@W'TyU Tt
i=m

=AM "'w(I = A@)" )= 0mFD (Z (m,: l);;f)(l - A(r)‘T)l) T°

=0

o0
l
=AW ' — A@)" )~ 0mFD (Z (m;r )pgu - A(z)lT)’) T°
1=0
=A@ 'w( =AD"V = po(I = A)T'T)TH DT
= AD~'2 (1= po)] =A@~ T)""HT?
= A@" 7 ((1 = p) AN = T)~ "1, (A7)
where the first equality follows from (A6); the fifth equality holds because (mnfl) = (mf[),
and the sixth equality holds because Y ;° (m;rl) T! = (I — T)~"+D_ Now, by using (A7),
we can write

n—k i 00 . ”
Z Z Z <’;> Z sz’ p(j);mA(f)jﬂ(A(t)I —)~Uthpo

i=1 m=1j=m Z2€Qy,,; r=1

n—k i

=> > X [1re | A@" (1 = po)a@ — )~ +01°. (A8)

i=1 m=1 \zeQ,,; r=1

Finally, by using (A8) in (AS5), we get the required result. O

Appendix B
Here we discuss the case: Z;’s are dependant random variables with a specific dependency
structure. We consider the following assumptions:
Assumptions:
e Each shock is harmless with probability pg and harmful with probability 1 — po, i.e.,
P(Z; =0)=poand P(Z; #0) =1 — pg, fori € N.
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o If the first shock is harmful then it can damage j components with probability p;, i.e.,
P(Zy=j)=pjforall j=1,2,...,n.Clearly, pi + po+---+ p, =1 — po.

e The random variables Zy, Z», ..., Z;,, Z;,+1 are dependent with the dependancy struc-
ture given by

P(Zm+l :Zm+1|Zl =21,...,Zp :Zm)
_{pz,,,ﬂ, ifzmr<n—z1—22—+ " —2nm

Pz + 0+ Pns ifzpp1=n—z1—22—"- —2Zm,

wherezi +z0+---+ 2z <nandm > 1.
e The random variables Z1, Z», Z3, ... are exchangeable.
e {N(t):t>0}and {Z; : i € N} are independent.

Based on the above assumptions, we derive the expression for P(M(¢) = i), fori =0, 1,
2,...,n — 1, in the following lemma.

Lemma7.1 Let P(Z; = j) = pj,forall j =0,1,2,...,n,i € N,and let {N(¢) : t > 0}
be a counting process. Then

P(M(1)=0)=Y_ pjP(N(1) = j)

j=0
and
i 00 j m )
PMO=D=3 3" (m) Yo [ra | po " Py =),
m=1 j=m Z2€Qy.i r=1
where Q,; ={z= (21,22, ... zm)lz1+ 22+ -+ zm=i,1 <z <n,1 <] <m}and

l<m<i<n-—1.

Proof: By proceeding in the same line as in the proof of Lemma 4.1, we get

P(M(t) =0) = P(N() =0)+ZP(N(I) =j,21=0,2,=0,7Z23=0,...,Z; =0)
j=1

=Y pP(N@®) = ),
j=0

and, forl <i<n-1,

P(M(n:i):ZZ(i Y PN =j.Zv =21, Zn = T,

m=1 j=m Z2€Qy i

Zni1=0,...,Z; =0)

=ZZ<;1) Y PN =)PZi=21..... Zn=m

m=1 j=m Z2€Q i

Zni1 =0,...,Z; =0),
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where the last equality holds because {N(¢) : t > 0} and {Z; : i € N} are independent.
Now, consider

P(Zi=z21,. s =Zm, Zm+1=0,...,Z; =0)
=PZ;=0Zi=z1,.. .. Zw=2m, Zn+1=0,...,Zj 1 =0)
xPZi=z1,.- .. Zm=2ms Ziny1=0,...,Z; 1 =0)
=poPZi=z1,-- . Zn=Zm, Ziyy1 =0,...,Z; 1 =0).
By using the above equality recursively, we get
P(Zi =21, Zm=2m Zm1=0,...,Z;j =0) = p) "P(Zi =21, .., Zon = Zm).
Sincez; +z2+ -4+ zm =i <n, we get
PZi=z1,-- s Zn=2zn) PZn=zmlZi=21,--sZn-1=2m-1)
P(Zi=z1y. s Zin—1 = Zm—1)
=puP(Zr=z21,.... Zn1 = 2m-1)
=P Pew P(Z1 =21,  Zn—t = Z;m—2)

m
= 1_[ Pz
r=1

Consequently,

m
P(Zi=21, .. Zm=2m: Zm1 =0,.... Z; =0) = p) " [] ps.-

r=1

By using above equality in (B1), we get

PM@t)y=i)=Y Y (;) Yo [lew | i7" PN@ = 1)

m=1 j=m Z2€Qy,,; r=1

and hence, the required result is proved. O
One may note that, even if a specific dependency structure between Z;’s is assumed in
Lemma 7.1, the results given in Lemmas 7.1 and 4.1 are the same. Thus, all results developed
for the case of independent Z;’s also hold for the aforementioned dependant Z;’s setup.
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