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Abstract

A long-standing problem in mathematical physics is the rigorous derivation of the
incompressible Euler equation from Newtonian mechanics. Recently, Han-Kwan and
Tacobelli (Proc Am Math Soc 149:3045-3061, 2021) showed that in the monokinetic
regime, one can directly obtain the Euler equation from a system of N particles inter-
acting in T¢, d > 2, via Newton’s second law through a supercritical mean-field
limit. Namely, the coupling constant X in front of the pair potential, which is Coulom-
bic, scales like N~ for some 6 € (0, 1), in contrast to the usual mean-field scaling
A~ N~! Assuming 6 € (1 — m, 1), they showed that the empirical measure of
the system is effectively described by the solution to the Euler equation as N — oo.
Han-Kwan and Iacobelli asked if their range for 6 was optimal. We answer this ques-
tion in the negative by showing the validity of the incompressible Euler equation in the
limit N — oo for6f € (1 — %, 1). Our proof is based on Serfaty’s modulated-energy
method, but compared to that of Han-Kwan and Iacobelli, crucially uses an improved
“renormalized commutator” estimate to obtain the larger range for 6. Additionally, we
show that for9 <1 — %, one cannot, in general, expect convergence in the modulated
energy notion of distance.
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1 Introduction
1.1 Background

A source of much research in mathematical physics is the problem of rigorously
deriving the incompressible Euler equation in dimensions d > 2

ou+ (u-Vyu=-Vp
Vou=0 (t,x) e R x T, (1.1)
uli=0 = uo,

which describes the evolution of the velocity field u of an ideal fluid (p is the scalar

pressure), from Newton’s laws of mechanics for the motion of N indistinguishable
particles with binary interactions

)'Cl' =;
0 ==k Y Vi —x)). (1.2)
1<j=N
j#

Here, (x;, v;) denote the position and momentum, respectively, of the i-th particle,
in the phase space T¢ x R?; g is the interaction pair potential; and A is a scaling
parameter which encodes physical information about the system and about which we
shall say more momentarily. We assume g to be the Coulomb potential (i.e., the Green’s
function of —A normalized to have zero mean). Formally, one can derive Euler’s
equation by considering the fluid as a continuum and applying Newton’s second law
to infinitesimal fluid volume elements. See, for instance, [41]. However, turning such
heuristic considerations into a mathematically rigorous proof is challenging.

Viewing Euler’s equation as a macroscopic description and Newton’s law as a
microscopic description, one strategy is to go from Newton to Euler by first passing
to a mesoscopic description, namely Boltzmann’s equation for the evolution of the
distribution function in particle phase space. By considering a suitable hydrodynamic
scaling regime, one can then derive solutions to the incompressible Euler equation
from the Boltzmann equation. Much research has been done on this topic, and we
refer the interested reader to Saint-Raymond’s monograph [33] for more details.

Recently, Han-Kwan and Iacobelli [16] rigorously derived Euler’s eq. (1.1) through
a supercritical mean-field limit of the Newtonian N-body problem (1.2) in the monoki-
netic regime. More precisely, they start from the many-body problem (1.2) with
coupling constant A = N~Y, for # > 0. The term monokinetic refers to the assump-
tion that the velocities v; ~ u(x;), for the same vector field u. Note that since we are
in the repulsive setting, the particles remain separated and have bounded velocities,
assuming the particles are initially separated. Consequently, the dynamics of (1.2) are
globally well-posed. Under the restriction

2
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and assuming that the empirical measure of the system (1.2),

N

1

v Y 80010 (X V) (1.4)
i=1

converges at time ¢t = 0 in a suitable topology to the measure
So(u(t, x) — v)dxdv, (1.5)

where u is a classical solution to eq. (1.1), Han-Kwan and Tacobelli show using the
modulated-energy method of [38] that the empirical measure converges in the weak-*
topology to the measure (1.5) on the lifespan of u.

The modifier “supercritical,” coined by Han-Kwan and Iacobelli, stems from the
following trichotomy.

e In the subcritical mean-field regime 6 > 1, the force term formally vanishes as
N — 00, assuming that each term in the sum is O (1), and therefore interactions
become negligible for a very large number of particles.

e In the mean-field regime 6 = 1, the force is O(1) as N — oo, and one expects
the empirical measure of the system (1.2) to converge to a solution of the pres-
sureless Euler—Poisson equation as N — oo. Serfaty, in collaboration with
Duerinckx, recently proved this convergence via the aforementioned modulated-
energy method in the breakthrough paper [38, Appendix].! We also mention that
the mean-field limit outside of the monokinetic regime is of great interest, as the
limiting equation is Vlasov—Poisson, a complete derivation of which remains elu-
sive, despite much activity in recent years (e.g., see [2, 7, 19-24, 40] and references
therein).

e Inthe supercritical mean-field regime 0 < 6 < 1, the force term may, in principle,
diverge as N — o0, leaving open the possibility of more singular behavior than
in the mean-field regime.

As they observe, one can equivalently interpret the result of Han-Kwan and Iaco-
belli [16] as convergence in the combined mean-field and quasineutral limits. More
precisely, one can introduce a parameter ¢ > 0 by setting A = ¢>N = N?, so that the
system (1.2) becomes

)'Cizv,‘

- 1
Ui = — oy 2i=j=N Vaxi —x;),
J#

(1.6)

and the parameter ¢ now has the meaning of the Debye length, which is the typical
length scale of the interactions. The limit ¢ — 0 is called the quasineutral limit.
The mean-field limit N — oo of the system (1.6) formally leads to the Vlasov—
Poisson equation, as discussed above. Several authors [3, 4, 8,9, 11-15, 17, 25] have

! This result of Serfaty and Duerinckx is a special case of a result covering the full range of Riesz potential
interactions. The limiting equation for super-Coulombic Riesz interactions is the so-called pressureless
Euler-Riesz system, the well-posedness of which has been studied by Choi and Jeong [5].
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13  Page4of32 M. Rosenzweig

considered the quasineutral limit of Vlasov—Poisson with varying assumptions on
the initial datum. But in the monokinetic regime of present interest, Brenier [3] has
rigorously shown that the quasineutral limit leads to the incompressible Euler equation
(1.1). We also mention that the combined mean-field and quasineutral regime has been
studied in [10, 12] without the monokinetic assumption, where the expected limiting
equation is the so-called kinetic Euler equation. These results, though, are only slightly
supercritical, in the sense that the coupling constant A ~ (Inln N)/N as N — oo.

1.2 Statement of main results

A question left open by Han-Kwan and Iacobelli in [16] is whether the restriction
(1.3) is optimal. In the present article, we answer this question in the negative in all
dimensions d > 2 by improving the range of 6 to

2
1—-—-<6<1. 1.7
d< < (1.7)

As explained below, scaling considerations suggest that this range is optimal. To state
our main results, we introduce the modulated energy from [16] (cf. the expression in
(38, pg. 40])

N
1 1
OV @y W= ; lu(xi) — vi* + S SNy, 1+ £24), (1.8)

where
®2

SNy, 14 &24):= /amz\A alx —y)d( st, —1 —8211) (x,y). (1.9)

Above, u is a solution to eq. (1.1), ﬂ::aauﬁaﬁu“ = —Ap, and gN::(Zl, e s IN)s
z;j = (xj, vj),isasolution to equation (1.6). Here, A; denotes the diagonal of T9. The
quantity $y ¢(z,, u) is a variant of the modulated energy introduced by Duerinckx
and Serfaty [38, Appendix] for the monokinetic mean-field limit of the system (1.6)
(i.e., € fixed) and has proven to be a good quantity for measuring the distance between
the N-body dynamics and the limiting dynamics. Our first result, the meat of the
article, is a Gronwall-type estimate for the modulated energy, assuming the velocity
field u belongs to the Holder space C'-*(T¢), for some 0 < s < 1.

Theorem 1.1 Ford > 2 and 0 < s < 1, there exists a constant Cq s > 0 such that the
following holds. Letu € L*¥([0, T1; C"*(T%)) be a solution to eq.(1.1), and let z; be
a solution to eq. (1.6) with pairwise distinct initial positions. Then for all 0 <t < T,
we have that*

Hne (2 (0, u(D) + (N7 )lgmz + N 1423

ave

2 The constant C4 is the normalization constant for the potential g (see (2.15) below), and the constant Cy g
is such that the left-hand side of (1.10) is always > 0 (see Remark 3.5 below).
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L Casl4 2|Vl |2)N "1

g2
t
< exp <Cd,sf I+ ||V”(T)||L°C)d77) (ﬁN,s(gN(O),u(O))
0
C4 1 1-2 )
Ryl CLGED VIR ) VR
2
Cas(1+ 2| Vu'|7) N7 ,
— S +cd,582/ lu (OIS d7 ). (1.10)
0

Our next result, a corollary of Theorem 1.1, shows that if ¢ = ¢(N) is such that the
right-hand side of (1.10) vanishes as N — oo, then $n ¢(z, (?), u(r)) converges to
zero on the lifespan of the solution u. Moreover, the empirical measure (1.4) of the
system (1.6) converges to the measure (1.5) in the space M(T? x R9) of finite Borel
measures equipped with the weak-* topology.

Corollary 1.2 Let u € L°°([0, T1; C*(T¢)) be a solution to equation (1.1), and let

zy be a sequence of solutions to eq. (1.6) with pairwise distinct initial positions. If

2 ar2
0 g“Nd
& )
N—o0o 1+ (nN)ly—p N—co

00, and $Hn (z,(0), u(0)) o 0,

(1.11)
then

N
1 * ) )
N E 1 8z v () m S(v —u(t, x))dxdv in M(T? x RY) uniformly on [0, T].
1=
(1.12)

We record some remarks about the assumptions in the statements of Theorem 1.1
and Corollary 1.2.

Remark 1.3 The incompressible Euler equation is known to be well-posed in the space
C1#(T9); for example, see [1, Proposition 7.16]). We have not optimized the regularity
requirement for u in this article, as our focus is on improving the range of 6 for the
validity of the Euler equation as a supercritical mean-field limit. With a bit more work
and at the expense of worsening the rate of convergence in N, it is possible to relax the
regularity assumption to u € B;O)l (T4 (see (2.1) for definition), which is a scaling-
critical space for the well-posedness of the equation. It is an interesting mathematical
problem whether one can allow for weak solutions u, in the spirit of the author’s prior
work [30] (see also [28, 29]) on the point vortex approximation in dimension d = 2.
We plan to address this question in a separate work.

Remark 1.4 Using that g has zero mean on T¢, we have

1 1
E—ZSN@N(O),I)=W Z 9(x; (0) — x;(0)). (1.13)
I<i#j<N
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Consequently, if the preceding right-hand side converges to zero as ¢ — 0 and N —
00, and

N

1 *

N E ax,-(()) — 1, (1.14)
i=1

N—oo

then e 2Fn (x N©0), 1+ £241(0)) tends to zero. As noted in [16], given a sequence
ny — 0as N — oo, one can choose initial velocities v; (0) such that |v; (0) —
u(0, x;(0))] < ny. It then follows that Hy :(z,(0), u(0)) — 0as N — oo and
e — 0.

The assumption (1.11) is statistically relevant for reasons as follows. Suppose that
for each N > 1, the initial positions x?’ N x?\,’  are independent random points

in T¢ with uniform law x = 1. Then

1
SE@nay©.1) =0. (1.15)
Remark 3.5 implies that there is a constant C; > 0 such that

(InN) (InN)
- lo=2| = Sn(xy(0), D + SN

vy (0), 1) + ly—o + C4N'=7, (1.16)

which in turn implies that

1 C
SE(BnGy 0. D)) = 55Nl + N5, (1.17)

Evidently, the right-hand side tends to zero if ¢ — 0 sufficiently slowly so that
e2N/InN — oo, ifd =2,and eN'/¥ — o0,ifd > 3,as N — oo.

Finally, let us address the sharpness of our range (1.7) for 6. There exists a sequence
of solutions z/y, , to (1.6) and a solution u” to (1.1) such that % ZlN=1 s . (x,v) =

d8yi(vy(v)dx as e + % — 0, but the modulated energy Hy ¢ (z}y ., u') does not
vanish. This is a consequence of the next-order asymptotics for mean-field limits of
log/Coulomb/Riesz energies obtained in [18, 27, 32, 34, 35]. More precisely, suppose
that )_c(])\, is a minimizer of the microscopic energy

1
ﬁ Z g(xi —Xj). (1~18)

1<i#j<N

By taking variations, we see that g(])\, is a critical point: for 1 <i < N,

1
5 > Vaaly —xt =0 (1.19)
I<j<N:j#i
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For each t € R, define
fyavi ) =Gy v, VI<i <N, (1.20)

for some fixed v° € R¥. Evidently,

iy =" =1y, 1.21)

. 1

iy =0=—5= D Valy =) (122)
1<j<N:j#i

So zhyi=(x] v, v}, vV, is the unique solution of the Cauchy problem for (1.6) with
initial datum (xl0 N O)N . Note that the solution z/, is independent of €. As a con-
sequence of the results of [18, 27, 32, 34, 35], it holds that + v Z

and

— 1

i=1 xlN N—o00

SnaS, D + ld =N~ a +0(N_3) (1.23)

as N — oo, where Cj is a computable constant depending only on d. Hence,

2
In N 1 n N N~1 2,
SmNe slg=2 = (SN(XN,1)+8 v ld= 2)=Cd7+0(1\’ /e%).

(1.24)
Thus, the empirical measure dfﬁv (x, v)::% Z,N=1 chZ’t_.N(x, v) converges tod§,o (v)dx
in the modulated-energy sense of distance if and only if

AN g(ZN W) +

—0. (1.25)

1
Hence, there is an obstruction to vanishing of the modulated energy when e < N~ 4.

1.3 Comments on the proof

Let us now briefly discuss the proof of Theorem 1.1. Corollary 1.2 follows from
Theorem 1.1 by relatively standard arguments. At a high level, our proof is inspired
by that of Han-Kwan and Iacobelli [16], which is based on a Gronwall estimate for the
modulated energy 9y (z,, (¢), u(?)) introduced in (1.8). This quantity is quite similar
to the modulated energy used by Duerinckx and Serfaty [38, Appendix] to derive the
pressureless Euler—Poisson equation as the mean-field limit of the system (1.2) in
the monokinetic regime. One can also view it as an N-particle version of Brenier’s
modulated energy [3] for the quasineutral limit of Vlasov—Poisson. A key difference,
though, compared to these prior works is the presence of the corrector £24l, which
leads to good structure in the temporal derivative equation for $y ¢ (z, (1), u(?)). To
obtain the improved 6 range (1.7), though, we need to perform a more sophisticated
analysis of the modulated energy to measure the balance of error terms. And for this,
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13  Page8of32 M. Rosenzweig

we draw on recent work of Serfaty [39] on the fluctuations of Coulomb gasses at
arbitrary temperature.

As shown by Han-Kwan and Iacobelli [16, Section 2], ) ¢ (z,, (¢), u(t)) satisfies
the equation

d
aﬁN,g(gN(t), u(t)) = Termy + - - - + Termy, (1.26)

where

N
Term; = —% Z(u(t, xi () — v (1))®2 : Vu(t, x; (1)), (1.27)

i=1

Term; = %f (u(t, x) —u(t,y))
28 (Td)z\Az
- Vg(x — y)d (ﬁ ;axi(t) —1- szil(t)) (x,y) (1.28)
1 N
Term; = — Ad V VI 2 i) (2, x)d (ﬁ l;sx,.(,) —1- azil(t)) x) (129

1 N
Termy = — /T (@p)(tx)d (ﬁ Y bk —1- s2u(t)> (x). (1.30)
i=1

Above, : denotes the Frobenius inner product for d x d matrices. Due to the prefactor
of £72, Term; is the most challenging term. Therefore, we concentrate on it for the
purposes of this discussion.

Term; has the structure of a commutator which has been renormalized through the
excision of the diagonal and has been averaged against the measure

N
1
NZ% —1—¢&4. (1.31)
i=1
Indeed, ignoring the excision of the diagonal, the integration in y corresponds to the

commutator N
_ 1
[u,V|V| 2] (ﬁ;‘s"f —1—8211). (1.32)
1=

Termj may also be written as the divergence of the stress-energy tensor of the potential
of (1.31) integrated against the vector field u#. Of course, the preceding considerations
are completely formal because we have excised the diagonal in Term, and because the
Dirac mass is too singular for either the commutator or stress-energy tensor to make
sense. However, Serfaty showed [38, Proposition 1.1] using a smearing procedure for
the Dirac masses (see Sect.3.1) that one can add back the diagonal and use this stress-
energy tensor idea to control expressions of the form Term, up to additive error terms
quantifiably small as N — oo. Using this result, Han-Kwan and Iacobelli obtained
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On the rigorous derivation of the incompressible Euler... Page9of32 13

an estimate for Term in terms of the quantity (1.9). The source of the restriction

1
eNJI@FD — oo as N — oo, equivalently 1 — d(++1) < 0 < 1, is precisely the

estimate for the aforementioned additive error terms that [38, Proposition 1.1] gives.

In [30] (see also [28, 29]), the author complemented Serfaty’s smearing procedure
with the new idea of tracking the relative size of these additive terms through a series of
small, possibly time-dependent parameters. One keeps these parameters unspecified
until the conclusion of the proof, where they are chosen to optimize the balance of
all the error terms accumulated to estimate expressions of the form Term,. We could
implement a similar idea in this article, which ultimately gives a better estimate for
the additive error terms in Serfaty’s original smearing procedure. But this would only
yield the range (1.7) in dimension d = 2. In order to obtain the stated range (1.7) in all
dimensions d > 2, we instead use an improved estimate (see Proposition 3.9 in Sect.
3.3 below for details) for expressions of the form (1.28) recently obtained by Serfaty
[39], which yields the (believed) sharp N-dependence for the additive errors.

Remark 1.5 Han-Kwan and ITacobelli [16, Theorem 1.2] also consider the combined
mean-field and gyrokinetic limit for particles interacting in the presence of a strong
magnetic field in dimension d = 2 using an analogous modulated-energy approach.
The N-body problem is now

£X; = v;
. 1 vf‘ |
e0 ==~ Z Vo —xj) + -, (1.33)
I<j<N
J#

and the limiting behavior is again governed by the incompressible Euler equation. We
expect our analysis to improve their scaling restriction eN'/¢ — oo as N — oo to
e(N/InN)'/? - ocoas N — oo.

Added in proof While the present manuscript was under review, it was observed by
the author that the convergence to incompressible Euler in the supercritical mean-field
limit is also valid if instead of taking g to be the Coulomb potential, one allows for
a more general potential, such as a Riesz potential |x| ™ appropriately periodized. In
forthcoming joint work with Serfaty [31], we obtain functional inequalities (cf. Propo-
sition 3.9 below) with optimal N-dependent additive errors for such Riesz potentials,
assumingd —2 < s < d (i.e., either Coulomb or super-Coulombic). As an application,
we also prove convergence, using the modulated energy, of the empirical measure to
a solution of the incompressible Euler equation in the supercritical mean-field limit,
assuming thatd —2 < s < d and 0 € (%, 1). Similar to above, this result is sharp
in the sense that there is a sequence of solutions Zﬁv to (1.6) and a solution u’ to

(1.1) such that % ZINII 54 (x, v) = 8,1 (x)(v), but for which the associated modulated
energy $y (2. u") does not vanish. While [31] only concerns the Coulomb/super-
Coulombic case, the reasoning is adaptable to the sub-Coulombic case 0 < s < d —2
using the analogue of Proposition 3.9 established by the authors with Nguyen in [26,

Proposition 4.1]. In this case, one obtains Hy ¢(z}y, u') — 0 as e+ % — 0, provided
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13 Page 100f32 M. Rosenzweig

that
. 1 __2  logN
lim — (N G600 + ——1,9 ) =0, (1.34)
et+4—0E N
which we believe is a nonsharp scaling assumption. O

1.4 Organization of article

We briefly comment on the organization of the body of the article. In Sect. 2, we
introduce basic notation, function spaces, and properties of the Coulomb potential
used without further comment throughout the article. In Sect. 3, we review Serfaty’s
smearing procedure and properties of the modulated potential energy §u (-, -). Since
the existing literature almost exclusively considers the case of RY, we focus on the
modifications necessary for the periodic setting, as they do not seem to be presented
in the literature. We also give in Sect. 3.3 the proof of our “commutator” estimate for
expressions of the form (1.28), which is the workhorse of this article. Finally, in Sect.
4, we prove our main results, Theorem 1.1 and Corollary 1.2.

2 Preliminaries

In this section, we introduce the basic notation of the article, as well as the relevant
function spaces, and some facts from harmonic analysis to which we frequently appeal.

2.1 Notation

Given nonnegative quantities A and B, we write A < B if there exists a constant
C > 0, independent of A and B, suchthat A < CB.If A < Band B < A, we write
A ~ B. To emphasize the dependence of the constant C on some parameter p, we
sometimes write A S, Bor A ~, B.

We denote the natural numbers excluding zero by N and including zero by Ny. Sim-
ilarly, we denote the nonnegative real numbers by R~ and the positive real numbers
by Ry. Given N € N and points x1 y, ..., Xy n in some set X, we will write x , to
denote the N-tuple (x1 n, ..., xy,n). We define the generalized diagonal Ay of the
Cartesian product X” to be the set

An:={(x1,...,xy) € XV 1 x; = x; for some i # j}. .1

Given x € T¢ and r > 0, we denote the ball and sphere centered at x of radius r by
B(x,r) and dB(x, r), respectively. Given a function f, we denote the support of f
by supp f.

We denote the space of complex-valued Borel measures on T¢ by M (T9). We
denote the subspace of probability measures (i.e. elements p € M(TY) with u > 0
and (T4 = 1) by P(TY). When p is in fact absolutely continuous with respect to
Lebesgue measure on T¢, we shall abuse notation by writing  for both the measure
and its density function. We denote the Banach space of complex-valued continuous
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On the rigorous derivation of the incompressible Euler... Page110f32 13

functions on T¢ by C(T9) equipped with the uniform norm || - ||oo. More generally,
we denote the Banach space of k-times continuously differentiable functions with
bounded derivatives up to order k by C*(T9) equipped with the natural norm, and we
define C*:=;2, C k. We denote the subspace of smooth functions with compact
support by C2° (T), and use the subscript 0 to indicate functions vanishing at infinity.
For p € [1, 00] and  C T¢, we define L”(2) to be the usual Banach space equipped
with the norm

1/p
I fllr @)= (/ If(X)I”dX> (2.2)
Q
with the obvious modification if p = co. When f : 2 — X takes values in some
Banach space (X, || - || x), we shall write || f || Lr (. x)-

Our convention for Fourier coefficients is

Flk):= f f)e **dx, kez? (2.3)
'ﬂ‘d
fx)=Qr)™¢ Z Fke**,  xeT?. (2.4)
kezd

2.2 Besov spaces

Let D'(T ™9 denote the dual of the space C>°(T%). As is well-known (e.g., see [36,
Section 3.2]), elements of D’(T?) are precisely those tempered distributions on R?
for which there exists a sequence of coefficients {ay }ycze With |ag| < (k)™ for some
m € N, such that the series

> et (2.5)

converges in S’ (RY).

To introduce the Besov scale of function spaces, we introduce a Littlewood-Paley
partition of unity as follows. Let ¢ € C2° (R?) be a radial, nonincreasing function,
such that 0 < ¢ < 1 and

NIES
P0)= 00, 1> 32 (2.6)

Define
o0 ) ) o0
I=¢W+) 9270 =@ H0)l=90) + )0, VreRL 27)
j=1 j=1
Given a distribution f € D’(T¢), we define the Littlewood-Paley projections

Pof(x):=@Qm)™ Y ¢ (k) flkye'™™,

keZd

Pifx)=m)™ Yy fke*,  j=1,

keZd

(2.8)
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13  Page 120f32 M. Rosenzweig

and P; f:=0 for j < —1. Evidently, each of the projections P; f € C °(T9).

Definition 2.1 Let s € Rand 1 < p,q < oo. We define the inhomogeneous Besov
space BISJ’ q(Td) to be the space of f € D’ (T9) such that

1/q

o
1f gy o= | D2 NP FU ey | < 00 (2.9)
j=0

Remark 2.2 The Besov scale includes a number of well-known function spaces (see
[36, Section 3.5] for full details). For example, if s > 0 is not an integer, then Bgo, 0 =
clsls=ls) while if s is an integer, we have the inclusions

By, 1 CC' C By oo (2.10)
Similarly, for any 1 < p < oo, we have the inclusions
B), CLPCB) . 2.11)

If p=¢q =2, then Biz coincides with the usual Sobolev space H*.

The next two results on embeddings in the Besov scale are classic. The reader may
consult [1, Sections 2.7, 2.8] for the omitted details.

Lemma23 Ler 1 < p;1 < py <00, 1 <q1 < g2 <00, and s € R. Then B}, , (T?)
d d

continuously embeds in B, )\ "> (T%). Additionally, if s > 0, then Bgo’l('ﬂ‘d) con-
tinuously embeds in C5(T9).

Lemma24 Fors > Oand 1 < p,q < 00, the space L°°(']I‘d) N Bf,’q('ﬂ‘d) is an

algebra and
Ifgley, Soa I F e lgle;, + lgloel iz, 2.12)

g’
2.3 The Coulomb potential

We recall from the introduction that g denotes the element of D’ (T9)
1 eik~x
—_— —_—, 2.13
Q2m)d Z |k |2 @19
keZd:k#£0
which is, in fact, an element of C°°(T%\{0}) satisfying

— Ag=26— L. (2.14)
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Let gga denote the Coulomb potential on R:

—(n|x])/2x, d =2
= 2.15
R PN @15

where the normalizing constant ¢; = m. Evidently, gpas is radial, and
we can write gpa(x) = ggra(|x|). As is well-known, there exists a function gioc €
C°°(B(0, 1/4)) such that

g(x) = grd (x) + gloc(x), Vx € B(0, 1/4). (2.16)

The next lemma will be quite useful in the proof of Proposition 3.9.

Lemma2.5 Letd > 2andd < p < oo. Then for all f € LP(T9),
IVIVIZ2 fllze = Ve * fllzoe Spa Il flle- (2.17)
Proof The first identity is tautological. For x € T¢, we write
/ Vgx —y) f(y)dy = / Vglx — ) f(y)dy
T4 lx—yl=1/4
+/ Vgx — y) f(y)dy
lx—y[>1/4
= / Vggra(x — y) f(y)dy
lx—yl<l/4
+ / Vioe(x — y) f(y)dy
lx—y|<l/4

+/ Va(x — ) f(y)dy. (2.18)
lx=y|>1/4

Since gioc is C*° on B(0, 1/4) and since g is C* away from the origin, it follows from
Holder that

/ IVioe (x — y)f(Y)ldY+/ IValx =) fODIdy Sa.p Il fllLe-
lx—y|<1/4 [x—yl>1/4
(2.19)
Again applying Holder,
/ Vgsd(x = 0 F Oy < IVgall Ly goajan I flr.  (220)
lx—y|<1/4

Since (d — 1)p’ < d by assumption that p > d, we see that the proof is complete. O
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3 The modulated energy

In this section, we discuss the properties of the potential part of the N-particle modu-
lated energy,

N ®2
1
3N@MM)=/ g@—ym<ﬁ§:&pﬁ0 (x, y). (3.1)
i=1

(TH2\A,

Most of the results in this section have been established in one form or another in the
works using the modulated-energy method, such as [6, 28-30, 37, 38]. Therefore, we
shall be somewhat terse in our remarks, focusing on the proof modifications necessary
to adapt the comparable result in literature to the periodic setting, where some subtleties
arise due to the fact that the potential g is no longer explicit.

3.1 Smearing and truncation

Given n € (0, 1/4), let us truncate the potential g by defining

. a(x), x € TY\B(0, n)
= 3.2
9 {gw(nwgloc(x), x € B(O,n), G2

where the reader will recall that gge (x) = gga(|x]). To obtain a function with zero
mean, we now consider

gy (x):=0y (x) — /Td gy (0)dx =: gy(x) — cg,p. (3-3)

We now introduce a distribution 8(()77) by setting

5 — 1:= — Ag,. (3.4)

Lemma3.1 Let 0yp(,; denote the uniform probability measure on the sphere
dB(0, n). Then
8" = oap.y in D'(TY. (3.5)

Proof Let ¢ € C*(T?) be a test function. Integrating by parts twice,

[ aem@ac= [ a0 fspm )i [ ~spcomwas
x|<n

[x|=n

_ /| VP Vol + / Vo(x) - Vg
x|<n

[x|=n

= f 0(X) Valoe (x) - —dHI (x) — f @(X) Agjoc (x)dx
Ix|=n |x] Ix|<n
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+ / P(N)Vax) - —dHI (x) — / @(x)Ag(x)dx,
Jx|=n x| NEY
(3.6)

where H?~! denotes the (d — 1)-dimensional Hausdorff measure. Observe that for
lx| =,

X X X
Vloc(x) - — — Vg(x) - — = —Vgpa(x) - —
x| [x] x|
— (-2 X x 1
N Yxld ] T dIBO, DT
(3.7)
Since HY~1(3B(0, n)) = d|B(0, 1)|n?~1, it follows that
X d—1 X o d-1
/ @(x)Vgioc(x) - —dH ™ (x) +/ P(xX)Vg(x) - —dH (x)
|x|=n |x| |x|=n |x| (3 8)

1

- d—1
= T TGEO.m) . @x)dH (x).

Since —Ag(x) = —1 for [x] > 0 and —Agjec(x) = —1 for |x] < 1/4, we also find
that

—/ @ (x) Agioc(x)dx —/ p(x)Ag(x)dx = —/ p(x)dx. (3.9
lx|<n |x|=n T4

Thus, we have shown that

(0, —Agy) = (¢, o3B0,n — 1). (3.10)
Since ¢ € C*®(T¢) was arbitrary, the conclusion of the lemma follows immediately.
O
Using the definition (3.5) of 66’”, we have the identity
g% (B0 —8") =g%8 —gx (—Agy+ D =g~ — Dxgy=0—gy="
(3.11)

where we use that g, g, both have mean zero. For later use, let us now analyze f,. The
definition (3.3) of g, implies that

0, x| >n
- 3.12
) {ng(x) —gre(m) +cgp, |x| <. (3.12)

We also have the gradient identity

Vi, () = Vaga (x)1<,(x). (3.13)
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We estimate the normalizing constant cg ; with the next lemma.

Lemma 3.2 Forall 0 < n < 1/4, it holds that
lcgnl Sa 0. (3.14)

Proof Since g has zero mean on T4, it follows that

Ca.n :/I g(x)dx+/ (ng(n)+gloc(x)) dx
x>y

lxl<n

= _/| g(X)der/ (8 (M) + Gloc(x)) dx
x|<n

lxl<n

= f | (8ra (M) — gra(x)) dx
x|<n

= gre ()| B(0, n)| —/ gra (X)dx. (3.15)

lx[<n

Let us compute the second term. First, suppose that d = 2. Unpacking the definition
of gr2 and using polar coordinates, we find that

n n”*Inn  n?
gp2(x)dx = —/ rinrdr = — + —). (3.16)
/XI<17 R o ( 2 4)

Next, suppose that d > 3. Proceeding similarly, we find that

can®Hi=1@B(0, 1)
> .

n
/ ara (X)dx = cH 1 (D B(O, 1))f rd=1p2=d gy =
|x|<n 0
(3.17)

Since HY~1(3B(0, 1)) = d|B(0, 1)|, it follows that

2
d=2

_n-
Co.n = 8ra(DIB(O, 1)) - / gs (1)dx = [,72(;‘,1_21) L, 6w
a—2 o 4=

lxl<n
|

Next, we use the preceding computation in order to estimate the L” norms of
fn, Viy, for appropriate p.

Lemma3.3 Ford >2and 1 < p <d/(d — 2), it holds that

2
nellngl, d=2

VO <n < 1/4, Fll Lo Ty Sd.p 5 dp=D) (3.19)
r’ ]) b d > 3;
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and for 1 < p < d/(d — 1), it holds that

d(p=1)

1—
IVFollLoray Sapn'™ 7 (3.20)

Proof By the triangle inequality and Lemma 3.2,
Ifyllzr Sa llgge — gre (e + 0. (3.21)

For d = 2, we change to polar coordinates to obtain

n 1/p
log2 — gre(MliLr < (/0 r(—Inr +1In n)Pdr) <, n*/P|Iny). (3.22)

Similarly, if d > 3, then

d(p=1)

n 1/p
lgge — gra MLy Za ( / rd=1 (24 — n”)Pdr) Span 7, (323)
0

provided that 1 < p < d/(d — 2). After a little bookkeeping, we arrive at the first
assertion. The second assertion follows from the identity (3.13) and proceeding as
before. O

We also introduce the notation?

N N

X 1 . _ 1

Hyoyt G )—( (N§ 6§7’>—u))<x)=|w Z(NZS(”' )(x) (3.24)
i=1 i=1

to denote the g-potential of the difference % > lNzl 8 )(C?i) — . Observe from Plancherel’s
theorem that

N

®2
. L,
[ vaiwpar= [ et (ﬁ a0 - u) (x.y. (325

i=1

In particular, since € LP(T?), for p > d/2, implies that x has finite Coulomb
energy and g *x w is Holder continuous, the left-hand side is also finite under this
assumption.

Proposition 3.4 The exists a constant Cq > 0, such that for any x € (THN\ Ay,
we L®(TY), and 0 < ny, ..., nn < 1/8, it holds that

1
w2 (oriGi —x)) — gra(n).,

I<i#j<N

3 The reader should note that our notation corresponds to N =2 times the notation H;&%N used in [30].
R
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N
=SNGy )+ 5o Z(|lnn,|1d:z+n§‘dldz3)

N

X Cq(1 B~

_Ad IVH) NG )2dx +%§ s (3.26)
—

where (-)4:=max{0, -}.
Proof See the proof of [38, Proposition 3.3]. O

Remark 3.5 Since the left-hand side of the inequality in Proposition 3.4 is nonnegative,
the proposition shows that there is a constant C; > 0 such that

T Call + |ulle) w
p— LOO
SN(EN,M)‘i‘WZ(Hnnﬂld:z—{—n? d1d23)+TZ 3
j=1 P
(3.27)
for all choices 0 < 71, ..., ny < 1/8. Consequently, up to the additive error detailed

above, §y and |§ | are comparable.

A quick corollary of Proposition 3.4 is that if we choose the smearing/truncation
scales 1 y o be comparable to the nearest-neighbor distances of each particle, we can

use the modulated energy to control-up to a small additiver error—the H' norm of the
smeared potential H x?" , as well as the self-interaction contribution to the energy.
Iy

Corollary3.6 Let d > 2. Then there exists a constant Cq4 > 0, such that for any
xy € (THN\AN, p € L®(T9), 0 < € < 1/8, it holds that if

1
7i e:=min min Xi —xil,eq, ry .= T , 3.28
i€ {41<]<Nj;éz| i J|s } N.e ( l,es N,e) ( )

then

1
5/ |VH“ "N (x)|2dx

Cd —
< Sn Gy 1)+ 5 (Inellama + €103 ) + Catl + [l )€,
(3.29)

1 N
5 O 8ra(rie)
2N =

Cd —
< Sy 1) + g (1Inellama + € 1az3) + Catl + nll=)e?.
(3.30)

Proof For the proof of estimates (3.29) and (3.30), see [30, Corollary 3.6] for the case
d =2 and [29, Corollary 3.6] for the case d > 3. ]
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Remark 3.7 Corollary 3.6 is a simple generalization of [38, Corollary 3.4], where € is
chosen to be N~1/¢_ which is the typical interparticle distance. Note that the choice
€ = N~ Y4 is such that both error terms in (3.29) and (3.30) are of the same order in N
(up to aln N factor if d = 2). The reason we leave € unspecified here and throughout
the article until the very end is that doing so makes transparent the significance of the
scale N1/ a5 the optimal choice. Also, if d = 2, one can exploit the fact that € can
be chosen to be N~# for arbitrarily large fixed 8, at the cost of making the constant
Cy larger. This trick has the benefit of avoiding the more complicated estimate of
Proposition 3.9 below, a point on which we comment more at the beginning of Sect.
3.3.

3.2 Control of Sobolev norms

Although §y (-, -) is not a nonnegative quantity, as noted in Remark 3.5, it nevertheless
controls Sobolev norms up to small error terms. The following proposition shows that
the difference % ZINZI 8y; —  belongs to the dual space (W12 (T?))* which by
Sobolev embedding implies that it belongs to H*(T%) for any s < —%.
Proposition 3.8 For d > 2, there exists a constant Cq > 0, such that the following
holds: for any ¢ € WH2°(T%), u € L®(T?), and Xy € (THN\ Ay,

1 N
‘/T p(x)d (ﬁ ;s - u) (x)

Cd _
Sa €llVellLe + Vel 2 (31\7()_61\/, w) + ﬁ(l Ine|ly— + € d1d23> (3.31)

1/2
+ Ca(1 + ||u||Loo>e2>

for all choices 0 <€ < 1/8.

Proof See the proof of [38, Proposition 3.6]. O

3.3 Commutator estimate

As alluded to in Sect. 1.3 of the introduction, a key ingredient in the proof of Theorem
1.1 is essentially an order-1 smoothing estimate for the commutator

N
1
[v, V|V|’z] <N I;‘sx,. - u)
1< 1<
=v-V|V|7 (NZ(SX,- —u) — VIV (v (ﬁ >3 —u)),
i=1 i=1

(3.32)
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where v is a sufficiently smooth vector field, V|V|~2 is the vector valued Fourier
multiplier with symbol %, and u is a measure with L density. More precisely, we
need to estimate expressions of the form

/ Valx —y) - (v(x) = v(y)d lia - ®2(x ) (3.33)
(']Td)z\Az g y y ]Vl':1 Xi 1< ay .

in terms of the quantity §y (x,, #) and some small N-dependent error terms. Esti-
mates of these kind were originally proved by Serfaty [38, Proposition 1.1] using the
formalism of the stress-energy tensor in the setting of R?, but the proof easily adapts
to setting of T¢. The author later made the commutator structure transparent in [28,
Proposition 4.1] and obtained the (believed) sharp N-dependence for the error terms.
This latter result would suffice in dimension d = 2, but for d > 3, it would still yield a
sub-optimal range for 6 compared to (1.7), but still better than the range (1.3) of Han-
Kwan and Iacobelli [16]. To obtain the full range (1.7) in all dimensions d > 2, we
instead use a recent result of Serfaty [39] for the “renormalized commutator” (3.33),
which we have reproduced below in the form of Proposition 3.9—specializing to the
notation of our setting.

Proposition 3.9 Let d > 2. There exists a constant C4 > 0 such that for any Lipschitz
vector field v : T — R?, € L®(T%), and vector Xy € (TYYN\ Ay, we have the
estimate

N ®2
[ w00 = 000 Vs = ) LS —n| @y
T4\ A N = ’

Cq —
< CyllVu| L <%N(&N7 u) + ﬁ(l Inelly—p +é2 d1d23> + Cq(1+ ||M||L°°)€2>,

(3.34)
for all choices 0 <€ < 1/8.

Optimizing the choice of € by taking € = N~1/¢_ this result gives a sharper N-
dependence for the additive error terms in the right-hand side of (3.34) compared to the
aforementioned works [28, 38]. The proof is much more involved, though, and relies
on a previously unsused cancellation in the difference % ZZNZ 1 8x; — n. The exact
statement of Proposition 3.9 is not contained in [39], but it follows from Proposition
4.3 and Remark 1.2 in that work. We give below a new, shorter proof that bypasses the
variation of energy argument used in that work. To this end, we first record a lemma
that will be an important ingredient in the proof.

Lemma3.10 Ford > 2, let x5y € (TY)N\Ay and € L®°(T?). For 0 < n; < rie,
define the function

1 )
mXn nj _
HNﬂN’i.—g* N1<E.<N8xj wl, (3.35)
<j<
J#i
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where we use the convention that 8(0) .. Then
/

| s ) 1/2
IVHY Y i@ wn) Sd —7m (/ IV Hy i@ ) llellzn:.
Ny o nfl/z B(x;.2n;) Nol! l

(3.36)
Proof See [39, Lemma A.2]. O
Remark 3.11 Note that since the balls B(x;,r;¢), 1 <i < N, are pairwise disjoint
and g, (x) is constant for |x| < 1 and equals g(x) otherwise, we have for any choices

0< 771 Sri,67

N

IvHgE = [ vH Py [ wa ol
o T\ ULy Bxioni) N Z B(xi,ni) Nonyd
(3.37)
Also note from the convexity of the function z — |z |2 that
1
IVHY iP S IVHY Y 0OF + 551V, (=3P, (3.38)
My

and therefore,

N N
/ IVHy N 0P S IVHY VI + Z f Ve, (x — x;)|dx
i=1 B(x;,2n; =1 B(xi,2n;)
N
WX
Sa IVH M 22+ 45 Z : (3.39)

Proof of Proposition 3.9 For shorthand, let us introduce the kernel notation

Ky(x,y):=@x) —v() - Vgx —y), x#yeT (3.40)

Introducing a parameter vector n v € (RN to be specified momentarily, we observe
the identity

L& ®2 3
/ Ky(x, y)d (— D by — u) (x,y) =Y _ Term;, (3.41)
(TH2\A2 NS P

where

N ®2
1
Term; := / Ko, d | = 69 — ) (x,y), (3.42)
(T‘l)z\Az v N Z Xi

i=1
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N
Ky(x, y)d ( Ly - u) @)@, — 807,

o @A, N =
(3.43)
1 N 1 N )
Termyi= o > [ Kuteond (7 o0 - ) 01, -850
(3.44)
We now estimate each of the Term; .

Term; Using [38, Lemma 4.3], we can rewrite Term; as
_ . Xy Xy

Term; = fT V) : [HN’QN, HMN]SE (x)dx, (3.45)

where [HZ%N , H;VL%N ] is the (d x d) stress-energy tensor defined by
oY InISE

ap
[y HE | =20 H Y Y — IV Poap, B e (1. d).

Ny 7Ny [sg Ny
(3.46)
So by Cauchy—Schwarz and the triangle inequality, it follows that
[Termy| Sa [Vl IVHY Y117 (3.47)

My

Term; Recalling that 8,((? ) is a probability measure, we rewrite Term; as

N
1 1 _ )
NZ/ . (Kv(x,xj) — Kv(x,y))d ﬁ Z 5§71) — U (x)dég” (y)
j=1719 1<i<N
i£j
N
1 )
N2 Z/Td (Ko, x)) = Ko(x, ) d6: ) (x, ).
i1

(3.48)
Unpacking the definition (3.40) of K,, we add and subtract to write

Ky(x,xj) — Ky(x,y) = (Vg(x —xj) — Vg(x — y)) - (v(x) — v(x}))
FVax —y) - (V) — v(x))). (3.49)
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Recalling identity (3.11), Fubini-Tonelli implies that

1
f(w (Valx —x)) = Vot = ) - (v(0) —vxp)d [+ D7

lgiS.N
i#]
x 80 = 1) (do) () (3.50)
=/Td Vi, (x = x;) - (v(x) = v(x))) d Z 80 — p | (x).
1<1<N
i#]

Assuming nj < rj e, supp(Vfy;)(- —x;) C B(xj, n;) implies that the second
line simplifies to

— ./Td Vi (x —xj) - (v(x) — v(xj)) du(x). 3.51)

Next, we use Fubini-Tonelli to write

/ Vg(x - y) (U(y) — U(xj) Z 3(771) — (x)da(ﬂj (y)
o 1<1<N
i#]

:_[Irdv Nﬂ FISOK (v(y)_v(xj))d(s)(cr,;/ o).

(3.52)
After a little bookkeeping, we find that
N
Termy = —— > (/Td Vin (x = x5) - (v(x) — v(x))) du(x)
j=1
X () 3.53
+ /T VHES ) (00) = v(x) 4 () (3.53)

— / Ko(r,x)) — Ky(x, ) d 8y )®2(x,y)).

We proceed to estimate each of the terms in the right-hand side of (3.53).
Since supp(Vfy; (- — x;)) C B(xj, n;), we can use the mean-value theorem
and Holder’s inequality to obtain

‘/Td Vi (x = xj) - (v(x) — v(x;)) dpu(x)

< Vgl IVl oollllzoon; Sa IVllzoellellzen?, (3.54)
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where the ultimate line follows from Lemma 3.3. Since supp(&?}j )) C
B(xj, n;), we can argue similarly to before, obtaining

‘ /T CVHYY 00 (00) = v(x)) dai_',?f')(y)'

X
< IIVHN,,?:J oo Bxj i IVUllLeen;

1/2
1 x
Sa IVvlleen; | = / IVH Y (x0)Pdx ) 4 llulipeen; |
(3.55)

where the ultimate line follows from Lemma 3.10. Finally, using the crude
bound

(3.56)

|Kv<x,y>|5dmm{ IVullze vl }

Ix — y|4727 [x — y)d-1

which follows from the definition (3.40) of K, (x, y) and the mean-value the-
orem, together with the scaling invariance of Lebesgue measure, we find that

(U] —
/d (Ky(x, xj) = Ky(x, ) d(8)) 2 (x, y)‘ Sa IVollz=ni™®  (3.57)
T
Putting together the above estimates, we have shown that

N
[Terms| < [Vv[[ze Z el oo
2l Ja —— wllzemn;

=1

d
2

1/2
1 1- X 2
t—Fs / IVHy" N ()] dx
NT];? 2 J ( B(xj,2n;) AJ

(3.58)

Terms The analysis is essentially the same as for that of Term; therefore, we omit
the details. Ultimately, we find that Termj3 is controlled by the right-hand side
of (3.58).

Putting together the estimates (3.47) and (3.58), we have shown that the left-hand
side of (3.34) is <4

N
, Vol 1
1Yol IV Hy Y 172+ = 3 (il + ——
! j=1 Nnj;

. 12 (3.59)
1-5 Xy 2

+7n. 2 f |\ VH S(x)|7dx >
J ( B(x;.2n)) N.ny-J
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By Cauchy—Schwarz in the j-summation,

1L 2
-2 X N 2

=", / IVHES () Pdx

N /Zl ! ( O

1/2 1/2
1 2—d Y 7S 2
— SN
(X (X e
j=l j=I (xj» Vlj)
N 172 N
1 2—d X 1 2—d
Sa | 5z 22 IVHY e+ | 5z 2om ] (3.60)
j=1 j=1
where we use Remark 3.11 to obtain the ultimate line. We choose 1, = r; ¢ (recall

definition (3.28)) for every 1 < i < N, so that by estimate (3.30) of Corollary 3.6, we
have that

N
— — C _
N2 < ca Sy w+ S (Mnellam + € 1423) + Ca(1 + Iallzoo)e?)
Jj=1
(3.61)
Similarly, by estimate (3.29) of Corollary 3.6, we also have the bound

, Cd —
IVHR Y 172 = Ca (SN Gy ) + 5 (Inellamy + € 1gz3) + Call + ulz=)e?).
(3.62)

Using that r; . < € tautologically and performing a little algebra, we arrive at the
desired conclusion. O
4 Proof of main results

In this section, we give the proof of our main results, Theorem 1.1 and Corollary
1.2. We have divided the proof into two subsections. In Sect. 4.1, we establish the
Gronwall-type estimate for the modulated energy Hn (2 (7), u(t)), which proves

Theorem 1.1. In Sect. 4.2 we show how to deduce the weak-* convergence of the
empirical measure from the modulated-energy estimate, which proves Corollary 1.2.

4.1 Modulated energy estimate

We recall from Sect. 1.3 of the introduction that the time derivative of the modulated
energy satisfies the identify

d
Eij,g(gN(I),u(t)) = Term; + - - - + Termy, “.1)
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where the definitions of Termy, . . ., Termy are givenin (1.27)—(1.30). Through a series
of four lemmas, we estimate each of the Term;, beginning with Term;. Since all of
the estimates are static (i.e., they hold pointwise in time), we shall omit the time
dependence until the end of this subsection. Also, we shall omit the underlying spatial
domain T in our function space notation.

Lemma4.1 Ford > 2,

IVull= 5

LOO

[Termy| Sa ——— ZI Ju(xi) — vi . 4.2)
1=

Proof Immediate from taking absolute values. O

Lemma4.2 Ford > 2,

Vul| 00 C
[Terms| S %(Ww L4620 + 5% (1nellams + € 1423)

“4.3)
+ Ca(1+ ezuwn%m)eZ),

for all choices 0 < € < 1/8

Proof Apply Proposition 3.9 with v = u and x = 1 + &4l and use that |||z~ <4
IVl e o

Lemma4.3 Ford > 2 and s > O, there exists a constant Cy4 ¢ > 0 such that

C,
|Terms| < Cqs ”””Zo‘oﬁ;@ (gN@N, 1+ &240) + ﬁ(' Ine|ly— + 627,11@3)
12 4.4)
+Ca (14 aznwnioo)ez) ,

for all choices 0 < € < 1/8.

Proof Applying Proposition 3.8 with test function ¢ = V|V|~2(u4l) and measure
w = 1+ &4, we find that

[Terms| <q €[[VE* VT2 @il + IVEX V2 @l | 12 (sN@N, 1+ &240)

1/2
C
+ ﬁ(l Inelly— + 62_d1d33) + Ca(1+ 82||11||L°°)62)

4.5)
From the definition of the Bgo’l norm and the fact that V®2|V|~2(u4l) has Fourier
support away from the origin, it follows that

IVEIVI2@ih e Sa luthllgo | Ss.a lustlps, o, (4.6)
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for any s > 0. Using Proposition 2.4, it follows that
sl g st el - 4.7)

Since || - |z2 < || - || by Holder’s inequality, we see that the proof is complete. O

Lemma4.4 Ford > 2 ands > O, there exists a constant Cy4 ¢ > 0 such that

Cd _
[Termy| < Casluliyrs (SN()_cN, L+ 6280 + 25 (1 ellam + € 1423)
12 (4.8
+ Cas(1+ 82||W||im)62> :

for all choices 0 < € < 1/8.

Proof The proof is similar to that of Lemma 4.3. Applying Proposition 3.8 with test
function ¢ = 9, p and measure ;1 = 1 + 241, we find that

Cd —
Termy| Sg €lIVo;pllzoe + IV pll 2 (sN@N, 1+ 240 + ﬁ<|1n6|1d:2 + e ,25)

1/2
+Ca(1+ eznuan)ez) :

4.9)
By direct computation, one finds that the pressure p satisfies the equation

0p = 204 VI 2@ 0, uPu) + 2|V |7 (84051 VI 2hogu” ) (4.10)

where we use the convention of Einstein summation. We now proceed similarly as to
in the proof of the previous lemma to find that

109l Soa lullys, - (“.11)

Since || - [lz2 < || - |~ by Hélder, the proof is complete. O
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Using the triangle inequality and applying Lemmas 4.1 to 4.4, we find that there
are constants Cy4, C4.s > 0 such that

Ca(1+ 2| Vu'||3 o )e?
2

SNy 0, u(0) + 25 (Ineltam + € 123) + ;

Ca(1 + 2| Vu'||2 )e?

Cd 2—d
< ey 0. u0) + 25 (Inellgzy + € M1423) +

82
L Cy V(D) Lo )
+/0 T;|u(r,x,~<r»—v,~<t>| dr
LCallVu(t)| 7o C _
+ [ N (G o1 420 + 54 (1inellma + €2 1a)

+Cq(1 + eznw(r)nim)eZ)dr
t
C, —
+ / Ca sl (SN(KN(T),1+€zu(f))+i<|lne|ld:2+€2 1423)
0 00,00 2N

1/2
+Cd,s(1+ez||W(r)||ioo)e2) dr.

(4.12)
Remembering the definition (1.8) of n ¢ (z,,, #) and simplifying a little, the preceding
inequality implies

2 12 2
Cd 2—d Cqg(14+¢e”||Vu ”Loo)6
SN Gy (0. 10) + 35 (1nella + € g23) + >
c _ Ca(1+ 2| Vil |3 o )e?
= 9oy O, 1(0) + 25 (1Inellymy + € "ld>3) + SR

+Cy.. / 1+ [Vu()l) (9 e 2y

s (1meltams + 2 1423)

C, 1+&2||Vu(z 00 )€
N d,s( ||2 ()IIL )e? )dr
£

+Ca 6 / (12, dr. (4.13)

where Cy s > 0 is a possibly larger constant.

To complete the proof of Theorem 1.1, we now balance the terms in the ultimate
line by choosing € = N~!/4/8. This choice satisfies the constraint 0 < ¢ < 1/8
and is such that all terms in the ultimate line are of the same order in N (up to a
logarithmic factor if d = 2). Substituting this choice of € into the right-hand side of
inequality (4.13) and applying the Gronwall-Bellman lemma, we see that the proof of
the theorem is complete.
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4.2 Convergence of the empirical measure

Finally, we show that the quantitative estimate (1.10) for the modulated energy
NN .e(zy,u) implies weak-* convergence of the empirical measure to the limiting
measure (1.5). This then proves Corollary 1.2.

It suffices to show thatif ¢ € C (Td x R4 ) is such that for every k¥ > 0, there exists
a compact set K, C R¥ so that

sup  op(x, v)| <, (4.14)

xe'ﬂ“l,vEK,f

then

sup

— 0. (4.15)
0<t<T N—o0

1 N
5 2P, vi(0) - / @(x, u(t, x))dx
= Td

i=

Let x be a compactly supported mollifier on R?, and let

/ /
@y (x, v)::nfzd/ o(x —x',v—1v)yx (x_) X (U—> dxdv. (4.16)
Td x R4 n n

Since for any compact set K’ € RY, T¢ x K’ is compact, we have that

sup  |e(x, v) — @y(x, v)| — 0. (4.17)
(x,0)eTdx K’ n—0

It follows now from the triangle inequality that we can replace ¢ in (4.15) with ¢,
at the expense of picking up a term which can be made arbitrarily small by taking n
arbitrarily small. So without loss of generality, we may assume that g € C*°(T¢ xR%).

With this assumption, we use the triangle inequality to control the left-hand side of
(4.15) by

1 N
sup (ﬁZI(ﬂ(xi(t),vi(t))—<P(xi(l),u(t,xi(t)))|

0<t<T i—=1

N
1
/;1*41 o(x, u(t,x))d (N ;Bxi(t) —1- gzu(t)) (x)

+ +e2lolL, ||Vu(r>||ioo).

(4.18)

By the mean-value theorem in the velocity variable,

1 IVogllL <
5 200, vi () = @i (1), u(t, xi ()] < 75— Y [vi(0) = wle, x; (1)

i=1 i=1
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1/2

Vel (§ o
= i | 20— u x @)

i=1
(4.19)

By Proposition 3.8 applied with © = 1 + €24l and test function @(x):=¢(x, u(x)),

1 N
‘/Td(p(x,u(t,x))d 5 28w — 1= €40 | (0

i=1

~ C _
SAIV@lre (SN()_cN, 1+ &240) + ﬁ@ Inelly_n + €2 d1d23) (4.20)
1/2
+Cy(1+ 82||Vu||§oo)ez> ,

for some constant C; > 0 and all choices 0 < € < 1/8. We optimize by choosing
€ = N~1/4 Note that by the chain rule,

IV@lle < IVxeli, + IVoellLge, Vul . (4.21)

Letting N — oo and appealing to Theorem 1.1, a little bookkeeping reveals that all
terms above vanish uniformly on the interval [0, T']. Therefore, the proof is complete.
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