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Abstract

We introduce the Dunkl version of the Laplace-Runge-Lenz vector associated with
a finite Coxeter group W acting geometrically in R" and with a multiplicity function
g. This vector generalizes the usual Laplace-Runge-Lenz vector and its components
commute with the Dunkl-Coulomb Hamiltonian given as the Dunkl Laplacian with an
additional Coulomb potential y /r. We study the resulting symmetry algebra R , (W)
and show that it has the Poincaré—Birkhoff—Witt property. In the absence of a Coulomb
potential, this symmetry algebra R, o(W) is a subalgebra of the rational Cherednik
algebra Hy (W). We show that a central quotient of the algebra R, ,, (W) is a quadratic
algebra isomorphic to a central quotient of the corresponding Dunkl angular momenta
algebra Hgo(NH)(W). This gives an interpretation of the algebra Hgo(NH)(W) as
the hidden symmetry algebra of the Dunkl-Coulomb problem in R" . By specialising
Ry, (W)to g = 0, werecover aquotient of the universal enveloping algebra U (so(N +
1)) as the hidden symmetry algebra of the Coulomb problem in RY. We also apply
the Dunkl Laplace—-Runge—Lenz vector to establish the maximal superintegrability of
the generalised Calogero—Moser systems.
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1 Introduction

The discovery of the classical version of the Laplace-Runge—Lenz (LRL) vector goes
back to a letter of Johann Bernoulli written in 1710 and a letter by J. Hermann written
earlier that year (see [1] and references there). The quantum version of the LRL vector
was used by Pauli [2] for the derivation of the spectrum of the hydrogen atom. Pauli
also found relations between the components of the LRL vector, the Hamiltonian of
the hydrogen atom (equivalently, the Hamiltonian of the Coulomb problem), and the
angular momentum operators. Hulthén (with an acknowledgment to O. Klein) pointed
out a connection to the orthogonal (or rather the Lorentz) group in a four-dimensional
space in 1933 [3]. Indeed, it is clear from these relations that the conserved quantities
at a fixed energy level satisfy so(4) relations. This algebra is also called the hidden
symmetry algebra of the Coulomb problem as it extends the more straightforward so(3)
symmetry algebra generated by the angular momenta. In the case of the Coulomb
problem in N-dimensional space, the hidden symmetry algebra is so(N + 1) [4].
Another explanation of the hidden rotational symmetry of the Coulomb problem based
on the momentum space representation of wave functions was presented in [5].

Dunkl operators arose in the theory of generalised harmonic polynomials associated
with aroot system R of a finite reflection group W and a W-invariant function g: R —
C[6]. These operators give a deformation of partial derivatives with nonlocal additional
terms which vanish if g = 0. Dunkl operators commute pairwise, and the sum of the
squares of these operators corresponding to an orthonormal basis gives the Dunkl
Laplacian which is a deformation of the usual Laplace operator [7, 8].

Dunkl operators are also the key ingredients of the rational Cherednik algebras [9],
and they are closely related to the Calogero—Moser integrable systems. The Calogero—
Moser system describes interacting particles on a line with a pairwise inverse square
distance potential [10]. Liouville integrability of the classical system was established
by the Lax method in [11]. The Calogero—Moser system has integrable generalisations
related to the root systems R [12]. Integrability of these systems can be established with
the help of Dunkl operators. Indeed, the restriction of the Dunkl Laplacian to the space
of W-invariant functions gives a generalised Calogero—-Moser Hamiltonian associated
with R. Moreover, integrals of motions can also be expressed as the restrictions of W-
invariant combinations of Dunkl operators [13] (see also [14] for the usual Calogero—
Moser system in the harmonic confinement).

In addition to Liouville integrability, the Calogero-Moser Hamiltonian has extra
integrals of motion ensuring its maximal superintegrability. This was established for
the classical Calogero—Moser system in [15]. The maximal superintegrability of a
classical integrable system leads to the property that compact trajectories are closed.
In the quantum case, superintegrability corresponds to a degeneration of the spectrum.
The maximal superintegrability of the quantum Calogero—Moser system was shown
in [16], where additional integrals were constructed with the help of Dunkl opera-
tors (see also [17] for another proof). Superintegrability for the quantum system was
claimed in [18] for any root system, and additional integrals were given. Algebraic
structures formed by the Calogero—Moser operators together with their integrals were
investigated in [16, 18] (see also [19] where a closely related quadratic algebra was
considered). Superintegrability of spin Calogero—Moser systems was investigated in
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[20, 21]. Most recently, it was established for the generalised spin Calogero—Moser
systems related to complex reflection groups [22].

A related algebraic structure is the Dunkl angular momenta algebra HgO(N)(W)
[23]. This algebra is generated by Dunkl angular momentum operators and the group
W. It can be thought of as a flat deformation of the skew product of a quotient of the
universal enveloping algebra U (so(N)) and W. The central element of this algebra
acts naturally on the W-invariant functions as the angular part of the corresponding
Calogero—Moser Hamiltonian. A central quotient of the algebra H(‘gm(N)(W), that is
the quotient over the ideal generated by a central element, can be identified with the
algebra of global sections of a sheaf of Cherednik algebras on a smooth quadric [37].
Dunkl angular momenta also lead to various symmetries of a Dirac operator in the
Clifford extension of the rational Cherednik algebra studied in [24].

The Dunkl-Coulomb Hamiltonian #,, is a nonlocal operator given as the Dunkl
Laplacian with an additional Coulomb potential y /r. It depends on the coupling param-
eter g and the Coulomb force parameter y. Such a two-dimensional Hamiltonian was
considered in [25] for the root system A; x Aj, where a version of the LRL vec-
tor for the corresponding Hamiltonian was presented. In the N-dimensional case, for
the root system Axy_; the Dunkl LRL vector was introduced in [26] (see also [27]
for the initial attempt and for a discussion of superintegrability for classical gener-
alised Calogero—Moser Hamiltonians with a Coulomb potential). It commutes with the
Dunkl-Coulomb Hamiltonian H, . If the coupling parameter g = 0, then the Dunkl
LRL vector reduces to the usual LRL vector. On the other hand, if y = 0, then we
get a version of the LRL vector for the Dunkl Laplacian. The Dunkl LRL vector for
the type A Dunkl-Coulomb problem on the sphere was considered in [28, 29]. For
certain integrable perturbations, which break Hgo(N) (W) symmetry along a particular
direction, the corresponding component of the LRL vector is preserved [30].

In the present paper, we introduce the Dunkl LRL vector for the Dunkl-Coulomb
Hamiltonian H,, associated with the root system R of an arbitrary finite Coxeter
group W. Components of this vector commute with the Dunkl-Coulomb Hamiltonian.
Another set of operators commuting with the Hamiltonian is given by Dunkl angular
momenta. This gives anew way to prove the maximal superintegrability of the quantum
generalised Calogero—Moser system related to a root system R. Furthermore, it leads
to additional quantum integrals of the generalised Calogero—-Moser systems which
do not have full Coxeter symmetry and are related to special representations of the
rational Cherednik algebras [31-33]. The components of the Dunkl LRL vector, the
Dunkl angular momenta, the Dunkl-Coulomb Hamiltonian and the elements of W
generate an algebra R, , (W), which may be thought of as the symmetry algebra of
the Hamiltonian H,, . It is the main object of this paper.

After reviewing the background information in Sect. 2, we establish relations involv-
ing the Dunkl LRL vector in Sect. 3. In Sect. 4, we establish the defining relations
of the algebra R, ,, (W) and find its basis. Then, we consider a central quotient of
R, (W) and show that it is isomorphic to a central quotient of the Dunkl angular

momenta algebra Hgo(NH) (W) where the group W acts naturally on the first N com-
ponents of vectors in CV*1. These central quotients are (non-homogeneous) quadratic
PBW algebras in the sense of [34]. This isomorphism gives an interpretation of the
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Dunkl angular momenta algebra Hgo(NH) (W) as the hidden symmetry algebra of
the Dunkl-Coulomb problem in RN this is similar to (the quotient of the universal
enveloping algebra of) so(N + 1) being the hidden symmetry algebra of the Coulomb
problem in RY . The latter property can also be deduced from our considerations by
specialising the algebra R, ,, (W) at g = 0 so that the Dunkl-Coulomb Hamiltonian
H,, takes the form of the usual Coulomb Hamiltonian in R". At this specialisation the
central quotient of Ry, (W) becomes isomorphic to the skew product of a quotient of
the universal enveloping algebra U (so(N + 1)) and the Coxeter group W.

Of particular interest is the case y = 0, when the Coulomb potential is absent since
the algebra Ry (W) is a subalgebra of the corresponding rational Cherednik algebra

Hg(W).Even though H, g oN+1) (W) is naturally a subalgebra of the rational Cherednik
algebra with group W acting in (N + 1)-dimensional vector space, its central quotient
appears to be isomorphic to a central quotient of the subalgebra R, o(W) in the rational
Cherednik algebra H, (W) with the group W acting in the space CN.

In Sect. 5, we apply the Dunkl LRL vector and the algebra R, ,, (W) we have devel-
oped, and establish the maximal superintegrability of the Calogero—Moser systems
for any root system R with an additional (possibly, vanishing) Coulomb potential. We
also establish the maximal superintegrability of generalisations of such systems which
do not have full Coxeter symmetry.

2 Dunkl operators and their properties

Let R be a Coxeter root system in the N-dimensional Euclidean space RY [35].
Let V = CV be the complexification of this vector space with the bilinear inner
product denoted by (-, -). The corresponding finite Coxeter group W is generated by
the orthogonal reflections

2(a, x)
(o, )

Se(x) =x — a, a€R,xeV.

The root system R can be represented as a disjoint union R = Ry UR_, where R is
a system of non-collinear positive roots and R - = —R . The root system R satisfies
the invariance s, R = R Va € R.

Consider a multiplicity function g: R — C. Let g = g(a) fora € R. We assume
that g is W-invariant, that is

8w(a) = 8a

forany w € W, € R.
The Dunkl operator Vg for any & € V is defined by [6]

ale, §)

(IER+

o>
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where 9 = (&, 9) is the partial derivative in the direction £ and the reflections s, act
on the functions 1 (x) in a standard way,

SaW(x) = Y (sg(x)), x€V.

The Dunkl operators satisfy commutativity [6] [Ve, V] = 0, and their commutators
with linear functions produce nonlocal exchange operators given as follows:

26a(e, )@,
[Ve. o)) = @+ 3 el Oem o )

o, o
weRs (o, @)

where &, n € V. These relations reduce to the Weyl algebra commutation relations in
the zero coupling limit, g, = 0 for all @ € R. For general coupling values, they lead
to the rational Cherednik algebra H, (W) which is a deformation of the skew product
of the Weyl algebra with the Coxeter group W [9].

Itis also convenient to consider N Dunkl operators corresponding to an orthonormal
basis ey, ...,eyin V.Forx € V and o € R, we let

N N
X = } Xiéj, = } aie;,
i=1 i=1

where x;, «; € C, and we denote x, = (x, o) = ZIN=1 o;x;. We have

Vv, = gOtal
(XERJr
where 0; = 337, i = 1,..., N.In this notation, the commutation relations (1) take the
form:
[Vi,x;] = Sij, ()
where
28400 2800
MELIES o 3)
ae€R 4
i,j =1,...,N, and §;; is the Kronecker symbol. Note that relations (2) remain

invariant under the formal Hermitian conjugation,

Vii=-Vi, xf=x, S;=5; 4)

1 1

Lemma 2.1 The commutators of the elements S;; with coordinates xy. satisfy the rela-
tions

[Sij, xk] = [Skj, xi] (5)
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foralli, j,k=1,...,N.

Proof For any @ € R, we have

2Xq Q)
sq(0p) = xp — —2=, (6)
(o, @)
and therefore
2Xq 0
[xXk, Sa] = Sa
(o, @)
Hence, we obtain from (3) that
dguaiojo
[x. Sijl= Y ~ @y e @)

OZER+

The right-hand side of the equality (7) is symmetric in the three indices i, j and k,
which implies the required relation (5). O

Next we consider the following element S of the Coxeter group algebra CW:

S=— Z SaSa- (8)

O(ER+

Lemma 2.2 The element S satisfies the following relations:
[S,54]1 =0 )

forany a € R, and
N
> Si=N-25. (10)
i=1

Proof The relation (9) follows from the W-invariance of the multiplicity function (2)
and the property

1
WSqW = Su(a)>»

which is valid for any w € W. The relation (10) follows directly from (3). m|
Relations (6) and (8) imply that

N N
(x,V) = Zxkvk =ro,+S, (V,x)= kaxk =rd, —S+N, (11
k=1 k=1

where r = (Y, x2)"? and 9, = S xed
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Lemma 2.3 The following relations take place foranyi =1,..., N:
N N
YoxiSy=xi 418l Y Siyxj=x—[S x5 (12a)
N N
DOViS=Vi+IS,Vil, Y Si;Vi=Vi—I[S. Vil (12b)

j=1
Proof 1t follows from (3) that

Zx Sj — X + Z 2gozxozal 5

(@)

We also have

Zgotxaai
[guSa, Xi] = ————5q,
(o, @)

which implies the first relation in (12a). The other relations can be checked similarly.

O
As a corollary of Lemma 2.3, we get the following statement.
Lemma 2.4 The following (anti-)commutation relations take place for any i =
1,...,N:
N N
Z{Xj, Sij} = 2x;, Z[xj, Siil =2[S, x1; (13a)
j=1 j=1
N N
YV S =2V > IV, 81 =2[S. Vil. (13b)
j=1 j=1
3 The Dunkl-Coulomb model
3.1 Nonlocal Hamiltonian
We define the Dunkl-Coulomb Hamiltonian as:
8o (8o — Sa)(a, @) 2y
H, =A— —, 14
v > - += (14)

a€R+ o

2 ., .
where A = Zj»v:l 33—2 is the Laplace operator and y € C is a parameter. Note that

S commutes with x ; hence, there is no ambiguity in the fractions inside the sum. In
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the case R = Ay_1 the Hamiltonian 7, was considered in [26, 27], and in the case
R = A; x A it was considered in [25] (here we rescale the Hamiltonian by a factor
of —2). In the zero coupling limit g, = O for all @ € R, we get the Coulomb problem.
On the other hand, in the zero charge limit y = 0 the Hamiltonian (14) reduces to the
nonlocal version of the generalised Calogero—-Moser Hamiltonian associated with a
root system R. The latter Hamiltonian can also be referred to as the Dunkl Laplacian
as it can be expressed as the sum of squares of Dunkl operators [13] (see also [14] for
type Axn—1) which allows us to represent the Hamiltonian (14) as:

2
Hy =v2+ L,

where V2 = vaz | V2. Being restricted to the wavefunctions ¥ (x) which are sym-
metric or antisymmetric with respect to the action of W

Y(segx) =¥ (x), a¢eR, &==I1,

the nonlocal Hamiltonian reduces to the Calogero-Moser—Coulomb model [27]. It is
obtained by replacing s, in (14) with €.

3.2 Dunkl angular momenta

Now we describe some symmetries of the Hamiltonian #,, . In the Coulomb limit g, =
0, the Calogero—Moser terms are absent, and the rotational so(N) symmetry exists,
whose generators are given by the angular momenta. The Calogero—Moser terms
break the rotational symmetry so that the angular momentum is not conserved any
more. Instead, we construct a version of angular momenta using the Dunkl operators.
Consider the Dunkl angular momentum

Lij =x;V; —x;Vj, (15)
where 1 < i, j < N. These operators satisfy the commutation relation of the so(N)
Lie algebra with the Kronecker delta replaced by the elements S;; € CW [23] (see
also [16] for R = Ay_1):

[Lij, Lit] = LiySkj + L jkSii — LikSij — L jiSki. (16)
Similarly, there are closed commutation relations between Dunkl angular momenta

and Dunkl operators or coordinates. More precisely, the following lemma holds which
can be checked directly.

Lemma 3.1 Dunkl angular momenta L;; satisfy
[Lij, xx] = xiSjk — xjSi, [Lij, Vil = ViSjr — VjSix, (I7)
wherei, j,k=1,..., N.
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This allows us to establish some symmetries of the Hamiltonian 7, .
Proposition 3.2 The Hamiltonian (14) preserves Dunkl angular momenta:
[Hy, Lij1=0
foranyi,j=1,...,N.
Proof By Lemma 3.1, we have
[Lij, x¢] = {[Lij, 2], xc} = xi Sk k) — xSk, k)
forany k = 1,..., N. It follows now from Lemma 2.4 that
[r%, Lij1=0.
Similarly, one can check that
[V, Lij]=0 (18)
(alternatively, see [36]), and the statement follows. O
The Dunkl angular momenta algebra H;"(N) (W) was defined in [23] as the algebra
generated by the Dunkl angular momenta L;; and the Coxeter group algebra CW. It

has a second-order Casimir element Z = Zpy, which is an analogue of the angular
momentum square:

T =Ly, —S(S—N+2), (19)
2 N 12
where L(N) = ij Ll.j, and
[Z,Li;1=0
forany i, j = 1,..., N. The element Z represents the angular part of the nonlocal
Hamiltonian H,, [23]:
2 N -1 2 T
Hy=V24+ L2y T+ L4 2 20)
r r r r

Remark 3.3 Tt is stated in [23] that the centre of Hy"")(W) is generated by Z and
1 € W.If W contains element o such that o (x) = —x for any x € V, then it is easy
to see that the centre is generated by Z and . The generator ¢ is missing in [23].

Let us also recall that generators L;; satisfy additional crossing relations [23]
Lij(Lyt — S1) + Ljr(Lip — Sit) + Liki (Lj; — Sj1) =0 21
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foranyi, j, k,l=1,...,N.

Forany § = (§,....6n),n = (n1,...,nn) € V define Lg, = Z;Yj:] &njLij.
Then, one has

wLley = Lue),wmw (22)
forany w e W.
Relations (16), (21), (22) are defining relations of algebra HgO(N) (W) [23].
We will also need the next lemma which generalises a well-known orthogonality
relation between the coordinate vector and the angular momentum vector in a three-

dimensional space.

Lemma 3.4 Relations

Lijxi + Ljgx; + Lyixj = x;Lijj +x; Ljp +xjLg; =0,
LijVi+ LjVi+ LkiVj = ViLij + ViLjk + VjLi =0

hold for anyi, j,k=1,..., N.
Proof It follows from the relation (2) that
Lijxp + Ljix; + Lgixj = xijLgj + xkLj; + x;Li.
Therefore,
{Lij, xk} +{Ljk, xi} + {Lki, x;} =0,

and hence
1
xiLij +xjLg +xLjp = —z([Lij,xk] + [Ljk, xi] + [Lki, x;1) =0

by Lemma 3.1.
The remaining relations can be established similarly. O

3.3 Dunkl Laplace-Runge-Lenz vector

In addition to the angular momentum symmetry, the standard Coulomb model pos-
sesses a hidden symmetry known as the Runge—Lenz or Laplace vector. In the presence
of an extra nonlocal Calogero—Moser potential term, this vector can be defined by
making use of Dunkl operators. For the Calogero—-Moser—Coulomb nonlocal (Dunkl-
Coulomb) problem related to the root system R = Ax_1, this conserved quantity was
introduced in [26], while in the case of R = A; x Aj, it was introduced in [25]. Now
we extend this construction to an arbitrary root system R. We define the components
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A; of avector A = (Aq, ..., Ay) by the formula

N
1
Ai=—3 . {Lij. V;} +
j=1

[VI,S]—@
-

wherei =1, ...,

(23)

N. This reduces to the usual Laplace—Runge-Lenz (LRL) vector

in the zero coupling limit g, = 0. Below in this section we derive various relations
which the components A; satisfy. Most of these statements can be found in [25, 26]

for the root systems Ay_; and A; x Aj, respectively.

Proposition 3.5 The components (23) of the Dunkl LRL vector A satisfy the relation

[A;, Hy]=0
foranyi=1,...,N.

Proof Note that for any « € R

2
[ 2 vk} Z(V"_ e V)> '

k=1
Proposition 3.2 together with relation (24) implies that

N

N
Y Visa =0. (24)
k_

(A H,] =y 2 ({L,,-, [; vj“—”%, vj] , vj}>—y H; v,-] , S} . (25)

Notice that

1 X;
-, Vi|=".
[r j} r3

Equalities (25), (26) together with (2) imply that

(26)

N N
Y Xixj _ Sij Y
[Al’ Hy _r_32 lj5x] VZ{r_3_T’vj}+r_3[S’xi]' 27
j=1 j=1

Notice that

N
1
7 2 b )

j=1

N
N
XiXj } 1
= —, Vit —{-,V;¢.
{r3 J {r l}

j=1

X X
Z ((iji - Vixj)r—; + r—é(xivj - iji))

(28)
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By substituting (28) in the right-hand side of (27), we get
N
Sii — 8ij
[Ai, Hyl =y Zl {% Vj} + %[5, xil.
j:

By making use of (26), we obtain

N N
[AlaH}/ _§Z{Sl] lj5 }‘l”% xi_zxjsij+[saxi]
ia =

It follows from formulas (12a), (12b) that [A;, H, ] = 0. O
Other forms of the Dunkl LRL vector are given by the following statement.
Proposition 3.6 The components (23) of the Dunkl LRL vector A can be represented

in the following ways:

A;

N -3
—x (V2 +2)+v, <rar + T) , (29)
+3
Ai=—<V2+);) +<r8 +T)Vi (30)

foranyi=1,..., N.

Proof By applying relations (17), (12b) and (10), we obtain the following formula:
N
Y V), Lijl = =(N = DV, + {5, Vi}.
j=1

This transforms expression (23) for the components of the Dunkl LRL vector to the
form:

N

N —1 Y X
ZL,,VJ S——5—)Vi-—

By substituting (15) in the above expression and using the first identity in (11) together
with the commutator

[rd,, Vil = =V;
we arrive at the first required relation (29). Then, relation (30) follows since
[xi, V’] = —2V;
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due to (13b). Note that
(rop* = —rd, — N,

which implies formula (29) since the Dunkl LRL vector satisfies Hermitian property
Ai+ = A, for any i. O

Proposition 3.6 allows us to derive commutation relations between the components
of the Dunkl LRL vector and Dunkl angular momenta.

Lemma 3.7 The following relation holds
[Ai, Ll = ArSki — AxSii

foranyi,k,l=1,..., N.

Lemma 3.7 follows immediately from Lemma 3.1, Proposition 3.6 and formula (18).
It appears that commutators of the components of the Dunkl LRL vector can be
expressed in a compact form.

Lemma 3.8 The following relation holds
[Ai, Aj] ="Hy, L;j
foranyi,j=1,...,N.

Proof Consider the product A; A ;, where the operator A; has the form (30) and the
operator A ; has the form (29). Subtract the same expression with the indexes swapped,
i < j, from this product. We obtain

[Ai, Ajl = ((rar + NTH) (V2 + %) - <V2 + %) (ra, + NT_3)> Ljj

as L;j commutes with both  and V2 by the proof of Proposition 3.2. Since ey
[rd,, V2] = =2V2, [ro,,r 1= —r"1, (32)
we get from (31) that
[Ai, Aj] = (27)/ + v2> Lij =H,Lij
as required. O

The next lemma gives a compact expression for the square of the length of the LRL
vector.
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Lemma3.9 Let A2 = vazl Al.z. Then, the following relation holds

12
A’=H, <I+S— %) +y2 (33)

where T is given by formula (19).

Proof Formulas (29), (30) together with the relation (11) imply that
N+3 N -3
A% = (V2 + %) (r*VZ+yr) + (ra, + ) v? (rar + )
N -3
- (v2 + Z) (rdr +5) (rar + —)
r 2
N+3
- (rar + —) (rd, — S+ N)) (V2 + Z) : 34
2 r

Taking into account the first commutator in (32), we can simplify (34) to the form:

N -1
A? = (V2 + Z) (r2V2 + yr) + (TVZ — Y0 — (Vz + Z) S)
r r

N-3 N +3 Y
(rar—i—T)—(rar-i-T)(Var—S—i-N)(V +?> (35)

The right-hand side of the equality (35) is a second-order polynomial in y. First,
consider terms which do not contain y. They have the form:

N -1 N -3
V2 (r2V2 + (T — S) <r8, + T))
N+3
- (rar + T+> (rd, — S + N))V?
N—1 N -3
=Vv? <r2V2 + (T - S) (ra, + T)
N-—-1
- (ra, + T) ro, — S+ N — 2)> (36)
due to (32). We rearrange (36) further to
2( 202 2 (N —1)? 2 (N —1)?
VAPV 0 = (N =2y + S = | = V(T4 5 - —
(37)

since T = r?V? — r29? — (N — 1)rd, by formula (20), and (r9,)> = r28? + rd,.
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Let us now consider terms in (35) containing y in power one. We have

N -3 N+3
V24 Vi — (0, 4+r7S) (ra, + T) - (ra, + T+> (ro, + S+ Nyr~!
—1(.2g2 2 2 N?—1
=r r“v*+rvV<r —2(ro,)* —2(N — Dro, +28 — 5 , (38)
where we used [9,, r~1] = —r~2. It follows from the formula (20) that

N-—1
V2, r] = [3,2 + =0, r] =20, 4+ (N — Dr~!

Therefore,
PV =2V 4 r[V2 ]l = V2 4219 + N — L (39)

Substituting expression (39) in formula (38), we obtain the expression

N —1)?
rl (2r2V2 —2(r9,)%> —2(N — 2)rd, + 28 — g)

2

N —1)?

=2r! <I+S — g)
4

by the relation (37). The statement follows. O

The next statement generalises the orthogonality relation between angular momenta
and components of the LRL vector in a three-dimensional space.

Lemma3.10 Foranyi, j,k=1,..., N we have
LijAx + LjrA; + LijAj = AgLij + AiLjk + AjLy; = 0.
Proof The statement follows from Lemma 3.4 and the commutativity
[V2, Lij1 = [r~', Lij1 = [rd,, Lij] = 0.
O

Remark 3.11 The commutativity property of the nonlocal Hamiltonian #,, established
in Propositions 3.2, 3.5 allows to obtain integrals of the local Hamiltonian [27]

a o 1

a€R+

similarly to the case y = 0[13]. Namely, let Res(B) be the restriction of a W-invariant
operator B to the W-invariant functions. Then, H)l,‘jg, = Res(’H). Furthermore, if
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P is a polynomial in the non-commuting variables A;, Lj; and in elements w €
W such that P is W-invariant, then it follows that [Hjl,"’g,, Res(P)] = 0. Note that
integrals corresponding to two W-invariant polynomials P, P, do not commute one

with another in general.

Remark 3.12 One may also adopt approach of [13, 36] to construct the shift operators
for the operator (40), namely the differential operators D such that
1 1
Hy?§+l oD:'DoHV?z. 41
These operators arise from the application of the W-anti-invariant operators P to W-
invariants. In the case of P not dependent on variables A;, such shift operators of

degree 0 were constructed in [36] for y = 0, and they satisfy the intertwining relation
(41) for any y.

4 Algebraic structure
Now we introduce the following associative algebra R, , (W) over C with identity

1 € W.Itis generated by the elements A;, Ly, H and CW, where 1 <i,k,l < N.It
is convenient to define

N N
Ag = Z&'Az‘, Ley = Z &n;iLij,
i=1 ij=1

where £ = (&1,...,&n),n=1,...,1N) € CN . Then, the defining relations of the
algebra Ry ,, (W) are

Lij =—-Lji, (42)
wA: = Avew, wley = Lu@unw, (43)
[H, Ail =[H, Lij] =0, (44)
N N )
(N-1)

YA =H Zc?j—S(S—NH)—T +y2, (45)
i—1 i<j

[Ai, Aj1 =HL;;, (46)
[Ai, Ll = AiSki — AxSii, 47
[Lij, Lii) = LitSjx + LjxSit — LiwSjr — Lj1Sik, (48)
Lij Ly + LijLit + Lii Ly = Lij S + LjxSi + Lii Sji, (49)
LijAx + LjxAi + LijAj =0, (50)

wherei, j,k,l =1,..., N.Note that algebras R, , (W) are isomorphic for all y # 0
as one can rescale generators A; — y A;, H — y>H.
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Remark 4.1 Let g = 0. Then, S;; = &;;. Let us also set H = ¢ € C*. Consider the
universal enveloping algebra U (so(N +1)) with the generators K;; = E;;—E j;, where
E;j is the matrix unit at (ij)-place, 1 <i < j < N+ 1.Foré = (§1,...,én41), 0 =
(M1, ..., nNy1) define Egyy, = Zle:ll &in; E;j. Consider the skew product U (so(N +
1)) x W where the group W acts naturally in CV embedded into the subspace of
CN*! with the last coordinate of elements being 0, wE:s; = Eye),wepw. Due to
relations (46)—(48), we have a surjective homomorphism ¢ : U(so(N + 1)) x W —
Rg (W)/(H —c) given by ¥ (K;;) = Lijjforl <i < j < N, y(Kin+1) =
(—=c)'24; 1 < i < N), y(w) = w (w € W). Relations (45), (49), (50) then
define ideal I = Kery C U(so(N + 1)) x W so that U(so(N + 1)) x W/I =
Rg,(W)/(H —¢).

Consider the algebra D of operators on functions which is generated by the differ-
ential operators with rational coefficients, the function »~! and the group W.

Proposition 4.2 There exists a homomorphism p: R, ,,(W) — D given by
p(‘clj):Ll]’ p(-Al)zAla p(H):Hy, p(w):w’ (5])

wherew e W,i,j=1,...,N.

Proof We have to establish relations (42)—(50) with £;; replaced with L;;, A; replaced
with A;, and H replaced with 7, . The corresponding relations (42)—(47) follow from
the definitions of A;, L;; and H,,, Propositions 3.2, 3.5 and Lemmas 3.7, 3.8, 3.9. The
corresponding relations (48), (49) follow from (16), (21). Finally, the relation (50)
follows from Lemma 3.10. O

Following [23] we will call relations (49), (50) the crossing relations. This terminology
has the following background. Suppose we consider an element from the algebra
Ry, (W) of the form:

n n
Lilljl "'Likkjk’ (52)
where k e N, 1 < iy < jo < Nfors =1,...,k, ng € N, and we assume that pairs
of indices (s, jg) are all different. Imagine the integral points from 1 to N plotted on
the real line and represent element (52) geometrically by connecting the points i; and
Js by ng arcs in the upper half-plane. We say that element (52) has no crossings if
the corresponding arcs do not intersect (cf. [23]). This property can also be restated
as follows. Suppose that iy < iy < js for some 1 < s,s” < k. Then, this implies
that jo < js;. Now take four indices 1 <i < j < k <[ < N. Then, exactly two of
the three elements £;; Ly, Lk Lit, Lik L j1, namely elements £;; Ly, £ i L have no
crossings.

Furthermore, similar to elements of the form (52) let us consider elements from
Ry, (W) of the form:

Ll Lk

L AT A (53)

T
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where i, js,ns are asin (52),l e N, 1 <r, < Nandm; € Nfort = 1,...,1
(ry # ry if t # t). Let us represent this element geometrically as follows. Plot the
integral points on the real line from 1 to N + 1. Connect pairs of points (i, js) by ng
arcs in the upper half-plane as we did for the element (52). Further, connect the pairs
of points (r;, N + 1) by m; arcs in the upper half-plane (r = 1, ..., /). We say that
element (53) has no crossings if the corresponding arcs do not intersect. Then, for any
triple of indices 1 <i < j < k < N exactly two of the three elements L;; Ax, £ Ai,
LixAj in (50), namely elements £;; Ay, £ i A; have no crossings.

More generally, we consider elements of R, ,, (W) of the form (53) multiplied (on
the right) by H9w, where ¢ > 0 and w € W. We say that such an element has no
crossings if the corresponding element (53) has no crossings, and we represent such
an element geometrically in the same way as element (53) for any g, w.

Similarly, an element L}, ... Li%, A/' ... Ay"H%w € D is said to have no cross-

T Tk
ings (m;, g > 0) if the corresponding element

Ly Lo AT AT R w (54)
in R, (W) has no crossings.

It follows from the relations (49), (50) that any quadratic polynomial in £;;, A, can
be rearranged as a linear combination of elements from R, ,, (W) with no crossings.
Furthermore, any element of R, ,, (W) can be represented as a linear combination of
elements of the form (54) with no crossings.

We will also use similar terminology for the classical version of the above con-
siderations. More exactly, consider classical angular momenta M;; = x;p; — x; p;,

where 1 < i, j < N, and all the variables x1, p1, ..., xy, py commute. Consider the
monomial
ni ng
Mi1j1 "'Mikjk’ (55)
where, asin (52),k e N, 1 <iy < jy < Nfors =1,...,k, ns; € N, and we assume

that pairs of indices (i, jy) are all different. We say that element (55) has no crossings
if the corresponding element (52) has no crossings. Equivalently, the arcs constructed
in the same way as for the monomial (52) do not intersect.

Lemma 4.3 Any monomial (55) can be represented as a linear combination of mono-
mials in the classical angular momenta which have no crossings.

Proof Consider a monomial which contains a factor M;; My, where i < k < j < I.
It is easy to see that by applying the crossing relation

MMy = MM — MipM j,

we obtain two monomials such that each of them has less intersecting pairs of arcs
than the original monomial. The statement follows by induction. O

Lemma 4.4 Different monomials (55) are linearly independent provided that they have
no crossings.
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Proof Leti = (i1, ...,ik), j = (jis---, Jk), n = (n1, ..., ng). Suppose that mono-
mials (55) with no crossings admit a linear dependence

(k) 5 g1 ne
D agMi L M, =0, (56)
i,j.nk

where al.(j].‘r)l € C*. We can assume that not all the monomials in (56) are divisible
by Mi, as otherwise we can divide this polynomial relation by a suitable power
of My;. Furthermore, note that each angular momentum M;, ;. is homogeneous in
any pair of variables (xg, py). Therefore, we can assume that all monomials in the
relation (56) have the same multidegree (k1, ..., k) in the pairs of variables (x;, p;s)
(s =1,..., N). Consider now the homomorphism ¢ from the algebra generated by
angular momenta in N + 1 variables to the algebra generated by angular momenta
in the last N variables given by ¢(M1;) = Mpy; for any i > 3, ¢p(M12) = 0, and
@(M;;) = M;; if i, j > 3. The relation (56) implies that

k
Y aloeMi )" (M )™ =0, (57)
i,j.n;k
and each nonzero monomial ¢(M;, j)"! ... ¢(M;, ;)" has no crossings. Furthermore,
given a nonzero monomial M = Q(M; ;)" ... o(M;, j)" in (57), there exists a

unique monomial M in (56) such that p(M) = M (namely, M = Mi’iljl . Mfkkjk).
Indeed, the monomial M has no crossings and it has fixed degrees ki, k. The latter
condition means geometrically that the monomial M has k; arcs attached to the point 1
and k; arcs attached to the point 2, which allows us to find the monomial M uniquely
for a given M. It follows by induction in N that the coefficients at monomials not
containing M1, in the sum (56) are all zero. This contradiction implies the statement.

O

For a given m € N, we introduce the following combination of classical angular
momenta:

m m m 2
wy= Y Mﬁ,=2x32pz—(zx,-pi).
i=1 i=1 i=1

I<i<j<m

Consider the algebra B = By4+1 C Clxy, ..., XN+1, P1,---, PN+1] generated by
the classical angular momenta M;;, 1 <i < j < N + 1. Let I = Iy be the ideal
in B generated by the element M (ZN 1)

Lemma 4.5 A linear basis in the quotient B/ is given by the coset classes of different
monomials Ml’iljl Mllzk]k (is < jsforalls = 1,...,k) such that they have no
crossings and My y+1 has power at most 1.

Proof Let M; ; be the image of M;; in B/I. Suppose there is a linear dependence

between the specified monomials in the quotient, that is Q(M) = 0, where Q(M)
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is a linear combination of monomials HZI e .M?:jk. Let Q(M) be the same linear

combination of the elements M Z ljl oM Z "/.k. We get the following polynomial relation
in the algebra B: '

Q(M) = My ,,,q(M), (58)

where g (M) is a polynomial in variables M;;. We can assume that monomials in the
polynomial g (M) have no crossings. Note that g # 0 by Lemma 4.4. Let us consider
terms Qo, qo in the polynomials Q (M) and g (M), respectively, which have the max-
imal total degree in the pairs of variables (xy, py) and (xy+1, py+1) (equivalently,
the corresponding monomials have the maximal possible number of indexes N and
N + 1). Then, relation (58) implies the relation Qg = M12v, N-+190- Monomials in Qg
have no crossings and they contain My y4+1 in the power at most 1. Monomials in
M12\/,N+1‘10 have no crossings too and they contain M12\7,N+1 in the power at least 2.

This is a contradiction with Lemma 4.4 which implies that monomials M;"! i

. . i1t ik
are linearly independent.
Lemma4.6 Let x = (x1,...,xXN+1), P = (P1,---, PN+1) € CN+1 pe generic vec-
tors satisfying relation M (ZN = 0. Then, there exist A, u € C such that
R=@, .. dve) =hx, p=(p1,.... pyy) =27 p+pux (59
satisfy
N+1 N+1
D Fpe=0. ) pp=0. (60)
k=1 k=1
Moreover, M;j = X;p; — X p; foranyi,j=1,...,N+ 1L
Proof By substituting expressions (59) in (60), we get the conditions
N+1 N+1
D wpk i)y xp =0, (61)
k=1 k=1
N+1 N+1 N+1
AEY PR+ Y g+t Y xp =0. (62)
k=1 k=1 k=1
The condition (62) can then be replaced with the relation
N+1 N+1
A2 Z X} = Z . (63)
k=1 k=1

@ Springer



Algebra of Dunkl Laplace-Runge-Lenz vector Page210f29 59

Note that relation (63) follows from (61) since

2

N+1 N+1 N+1
iy = 2t i (L) =0
k=1 k=1 k=1

We get that
A = Zk 1 Xk Pk
H="""N1 2’
k1 i
which determines required A and w up to a scaling factor. O

We are going to use the previous lemmas to study bases in the non-commutative
algebras R, , (W), p(Rg,, (W)). It is convenient to fix an ordering when writing out
the elements of these algebras. It is clear that any element of the algebra R, ,, (W) can
be represented as a linear combination of elements

£y oy Al LAY, (64)

where we write £,s totheleftof £y (1 <r <s < N,1 <r ' <s' < N)ifr <r'or
r =r ands < s/, and all the powers in (64) are natural numbers or zeroes. We will
use the same ordering for the elements of algebra o (R, ,, (W)) in the next theorem.

Theorem 4.7 Consider elements of the algebra D of the form:
Lilz L’N LN Akl kNle (65)
12 - N—1,N AN )

withiya, ..., in—1,N,k1,...kn,l € NU{O}, w € W, such that they have no crossings
and ky < 1. Then, all such elements are linearly independent.

Proof Let us assume a linear dependence of the elements of the form (65). Then, there
is a linear dependence between their highest symbols. To get the highest symbols
replace L;; with the classical angular momentum M;; = x;p; — x; p;, replace A;
with

Al = - ij(xmj —Xjpi),
=1

and replace H,, with H! = Z,N= | p?. Itis sufficient to consider the case w = 1. We
can assume that the highest symbol is homogeneous if deg p; = 1 anddeg x; = —1 for
alli. Therefore, after dividing by a suitable power of (— pz) 1/2 e get a polynomial
Qin A /(=HHY2, M;; (1 <i < j < N) which is equal to zero.
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Let us introduce new variables
1/2

N
Zj:l )Cj pJ

2
PN+1 = —E 2 s ANpI = ———. (66)
— / PN+1

Notice that
N N
pi Zj:l XjPj —Xi Zj 1P?
172
N
N :
> j=1Pj(xjpi — xipj) Al?’

12 (—H)1/2
N
(-x)i )

We find that Q(M) = 0, where the polynomial Q(M) is a polynomial in variables
M;; (1 <i < j < N+ 1) obtained by replacing variables A¢'/(—H)!/? with
M; n+1 (1 <i < N). Note that (x1,...,xy+1), (P1, ..., pn+1) satisfy the condi-
tion M (2N +1y = 0. Furthermore, it follows by Lemma 4.6 that for any generic point

M; N+1 = XiPN+1 — XN+1Di =

on M(2N+1) = 0 we can assume that xy41, py+1 are given by formulas (66) with-
out change of the angular momenta M;;, 1 <i < j < N + 1. Therefore, we get
that Q(M) = 0, where angular momenta satisfy M(ZN 4y = 0, and there are no
other constraints on angular momenta M;;. By Hilbert’s Nullstellensatz, we get that
Q(M)k € Iy for some k € N. Since the scheme M(2N+l) = 0 is integral (see,
for example, [37]), it follows that k = 1 so that Q(M) = 0 in the quotient algebra
By1/In+1, where Q(M) stands for replacing each variable M; ;j in the polynomial Q
with its image M_,l in the quotient. By Lemma 4.5, we get that Q is the zero polynomial.

O
Theorem 4.7 allows us to give a linear basis for the algebra R, (W).
Theorem 4.8 Consider the elements of the algebra R, ,, (W) of the form
i k k 1
L LYTVALY LAY H (67)
where w € W, and i12, ..., iN—1.N, k1, ..., kn,l € NU{0} are such that ky < 1

and there is no crossings. These elements form a basis in the algebra Rg ,, (W).

Proof First, we note that the relations of the algebra R, ,, (W) imply that any element
of the algebra can be represented as a linear combination of the elements of the form
(67) which have no crossings and where ky € N U {0} is arbitrary. Suppose now that
kn > 2. We apply the relation (45) in the form:

2 (V- 12 2
ZA +H Zc —SE =N+ D= |+y* (68

i<j
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to the monomial (67), and let us rearrange the resulting terms as a linear combination
of monomials with no crossings. For a given monomial and its geometrical realisation
let P be the total number of arcs ending in the points N or N + 1 with arcs connecting
these points counted twice. Then, as we apply relation (68), the maximum of P across
all the resulting monomials is reduced by at least 2 in comparison with the original
monomial. By continuing the process we arrive at monomials with ky < 1. Therefore
elements (67) with no crossings and ky < 1 span the algebra R, , (W). It follows
from Proposition 4.2 and Theorem 4.7 that these elements are linearly independent. O

Theorem 4.8 can be interpreted as the Poincaré—Birkhoff—-Witt theorem for the
algebra R, ,,(W). Theorems 4.7, 4.8 also have the following implication.

Corollary 4.9 The homomorphism of algebras p: Rq ., (W) — D given by formu-
las (51) has trivial kernel.

Consider the Dunkl angular momenta algebra H, g"(NH)( W), where group W acts
by its geometric representation on V = CV. Vector space V is embedded into CN*!
via the first N components:

Vo(,...,xy) = (x1,...,xn,0) e CN+

and the group W acts trivially on the last component of vectors in CN*!. It appears
that a central quotient of the algebra R, ,, (W) is isomorphic to a central quotient of

the corresponding angular momenta algebra H gO(NH)( w).

Theorem 4.10 For any a € C*, there is an isomorphism of algebras

91 Ry (W)/(H—a) > HPNTDW) /(@1 — D),

2
where b = —(NZD —

2
L. Under this isomorphism

9(Lij) = Lij, ¢(A) = (—a)"?Li n+1, ow) = w,
where 1 <i,j <N, weW.

Proof Note that elements

2840,
Sij=8+ Y. —fz ;)-’ s¢ € CW C HPNTD(w),

(XERJr
1 <i,j < N + 1, satisfy the properties
SN+1N+1 =1, Siny1 =8N+1,i =0 (1 =<i <N).

Therefore, relations (46), (47), (48) correspond under the map p to all the cases of the
relation (16) (with 1 < i, j, k,I < N + 1). Similarly, relations (49), (50) correspond
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to all the cases of the relation (21). Note also that relation (45) at H = a corresponds

2 2
under p to the condition Zy | = (NZI) — % (see (19)), and that all the remaining

relations match as well. O

Note that for y = 0 the algebra R, o(W) is isomorphic to the subalgebra ﬁg (W) of
the rational Cherednik algebra H, (W) given as ﬁg(W) = p(Rg 0(W)). Furthermore,
the central quotient R, o(W)/(H —a) does not depend on the nonzero value of a and it
is a flat deformation in g of the non-homogeneous quadratic Poincaré—Birkhoff-Witt
algebras in the sense of [34]. Indeed, let us consider the central quotient

(N —1)?
@(Rg.0(W)/(H — a)) = H" D (W) / (INH -
instead. It follows from Lemma 4.5 that for any g the linear basis in this quotient is
given by the images of monomials

i IN N+1
LY. Ly yiw,

where w € W, i, € NU{0}, iy n+1 < 1, and monomials have no crossings. It is also
clear that all the defining relations of the algebra R, o(W)/(H — a) are quadratic.

5 Maximal superintegrability

In this section, we discuss an application of the Dunkl LRL vector to questions on
maximal superintegrability. Recall that a quantum Hamiltonian H in N-dimensional
space is maximally superintegrable if there exist 2N — 1 differential operators J; =
H, J>,..., Jan—1 such that J; are algebraically independent and [H, J;] = O for any
k,1 <k <2N — 1 (cf. [15]).
Let H, = H},‘?g be given by
— Do, 2
Z 8a(8a 2)( ) _’__J/.

Xo r

H, = A —

OtGR+

Note that when acting on W-invariants the differential operator H,, = Res’H,,, where
Res denotes the restriction of a W-invariant operator to W-invariants (cf. [13]).
Let us consider the following algebra:

Ry = (A, Mjx,p>: 1 <i <N, 1<j<k=<N)CClxi,....xy, p1,..., PNl
N N

where A = 30| pj(xjpi — xipj), Mjk = Xjpx — xkpj, p* = Y i p}-

Proposition 5.1 The transcendence degree of the algebra R/C\f is equal to 2N — 1.

Proof Consider elements p2, My;,2 <i <N,M;iy1,2<i<N—1and A‘l'l. Note
that any monomial in these elements has no crossings. It follows from Theorem 4.7 and
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its proof that these elements are algebraically independent. Using crossing relations,
itis easy to see that any other element M;;, Af.'l can be expressed as a rational function
of the above elements. The statement follows. O

Theorem 5.2 The Hamiltonian H,, is maximally superintegrable.

Proof The group W acts on the algebra R%. Let (R%)W be the subalgebra of W-
invariant elements. By Noether’s results, (R%)W
the extension (R%)W C R% is integral (see, for example, [38, Theorem 13.17]). It
follows by Proposition 5.1 that the transcendence degree of the algebra (R%)W is
equal to 2N — 1. Let Q;, 1 <i < 2N — 1 be a homogeneous basis of (R%)W. Let
us consider the corresponding elements Q? € Ry, (W) obtained by taking the Weyl
quantisation of Qj;, that is given a monomial in Q; one gets the corresponding sum
of monomials in Q? by replacing p> — H, My — Ly, Afl — A, and averaging
over all possible orderings of variables entering the original monomial. It follows that
Q,.q is W-invariant. Note that the highest order term of p(Q?) € D is equal to Qj,
where the homomorphism p is defined in Proposition 4.2. Therefore, elements p(Qiq)
are algebraically independent. Define differential operators J; = Res ,o(Q?). It is
clear that [H,, J;] = 0, and differential operators J; are algebraically independent.
Theorem follows. O

is a finitely generated domain and

Remark 5.3 In the particular case, y = 0 a large set of quantum integrals for Hy was
given in [18, Proposition II.1] and the superintegrability was claimed although a proof
of the algebraic independence of the quantum integrals was omitted.

The Dunkl LRL vector can also be used to establish the maximal superintegrability
of certain generalisations of the Calogero—Moser systems with the Coulomb potential
which do not have full Coxeter symmetry. At y = 0, such systems appeared in the
works [32, 33]. At special values of parameters, the corresponding Hamiltonians can
be obtained via special restrictions of Dunkl operators [31]. Let us recall these settings
in more detail.

Pairs (I1, g) where IT = Iy is an intersection of some Coxeter reflection hyper-
planes in V and g is a special coupling parameter were determined in [31, Theorem 3]
so that the ideal of functions vanishing on the Coxeter group orbit W (IT) is invariant
under the corresponding rational Cherednik algebra. This led to quantum integrability
of the Hamiltonian

8o, @)

n=an= 2, S 7

OZERU

where Ry consists of the orthogonal projections of vectors from R to IT which are
non-zero, Ay is the Laplace operator on I, x € I1, and g, are coupling parameters
determined in terms of g [31, Theorem 5, Proposition 2]. The quantum integrals were
obtained by a restriction on IT procedure applied to any W-invariant combination of
Dunkl operators in a suitable gauge.

In the proof of the next theorem, we apply such a restriction to W-invariant combi-
nations Q of Dunkl operators which may depend on x-variables as well. The restriction
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works in the same way as in [31]. In particular, the highest term of the resulting quan-
tum integral is obtained by the restriction of the highest term of Q on ITy x ITy«,
where ITy+ is the image of the plane ITy in the momentum space under the natural
isomorphism which identifies (x1, ..., xy) with (p1, ..., pn).

Assuming that the pairs (I1, g) are as described we have the following statement
on the maximal superintegrability of the corresponding Hamiltonians Hyy as well as
these Hamiltonians with an extra Coulomb potential.

Theorem 5.4 The operator Hn,,, = Hn + 27)/ is maximally superintegrable for any
y € C, wherer = (x,x)l/z, x eIl

Proof Consider a homomorphism 7 from the ring of polynomials C[xy, ..., xy, p1,
s p n] to the ring of polynomials on [Ty x [Ty given by the natural restriction. Then,
7(RY 1) is isomorphic to the algebra RS, where d = dim IT; this can be seen by taking
coordinates in such a way that plane IT = 1y has equations xy = = xq+1 = 0,
and similarly in p-space. Therefore, the transcendence degree of JT(RCZ) is equal to
2d — 1 by Proposition 5.1. Note that the integral extension (R}, hW < Rcz leads to the
integral extension JT((R )W) C JT(R ) hence the transcendence degree of 7r((R )W)
is equal to 2d — 1. For any element Q € n((R‘l)W), let us choose Q € (R )W such
that 7(Q) = Q. Consider the quantisation Q7 of Q as in the proof of Theorem 5.2.
The differential operator Res p(Q9) commutes with the Hamiltonian H,,, and it leads
to the quantum integral for Hyy , with the highest term Q by the results from [31].
The statement follows. O

As an example, Theorem 5.4 establishes the maximal superintegrability of the
following Hamiltonian describing generalisation of the Calogero—Moser system to
the case of two sets of particles of any sizes n, m € N with coordinates (xy, ..., xj)
and (y1, ..., ym):

n 2 n m —1/7—1
9 2k(k + 1) 2k Gk + 1)
Hym = 9x2 Z Z(x- —x~)2_Z ji = ¥jp)?
i=1 %% = ir<ip MU 2 J1<j2 I 2
X":X": 2(k + 1) e 2y
i=1 j=1 (xi = \/_y )2 r

where r = (31 x7 + P yjz)l/z, y € Cand k € N. Integrability of the Hamilto-
nian H, , at y = 0 and arbitrary k € C* was established in [32] form = 1 orn = 1,
and in [33] in general.

As another example, Theorem 5.4 establishes the maximal superintegrability of the
following three-dimensional Hamiltonian:
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3 3
(4c+1)(4c+3) 2c(c+1)
H=A-Y 7~ 77
; 4x? Z (i +e1x))%
- sle(l 1)
6 2y

e,e3€{l,— i—

+
2 72’
| (x1 + e2x2 + €3x3) <Z3 1)‘52)

where A = Z?: 1 33)(—22 and ¢, y € C. Integrability of this Hamiltonian was established

in [31] for y = 0.
We refer to [31] for further examples.

6 Concluding remarks

In the case of the Coulomb problem, the LRL vector allows us to derive the spectrum
[2] and study scattering [39]. It would be interesting to try to extend this analysis to
the Hamiltonians considered in this paper. A development of the representation theory

of the algebras Ry , (W) and H;O(NH)(W) may be needed which is an interesting
direction on its own.

Another open question is on the maximal superintegrability of the generalised
Calogero—Moser systems without full Coxeter symmetry such as the Hamiltonian
Hp m in the case of general coupling parameter(s), that is a parameter & in the case of
Hy .
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