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Abstract

We introduce the notion of A/ = 1 abstract super loop equations and provide two
equivalent ways of solving them. The first approach is a recursive formalism that can
be thought of as a supersymmetric generalization of the Eynard—Orantin topological
recursion, based on the geometry of a local super spectral curve. The second approach
is based on the framework of super Airy structures. The resulting recursive formalism
can be applied to compute correlation functions for a variety of examples related to
2d supergravity.
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1 Introduction

The Eynard—Orantin topological recursion introduced in [17,28,29] can be used to
compute various kinds of enumerative invariants, such as Gromov—Witten invariants,
Hurwitz numbers, knot invariants, and more (see [11,12,15,25,30-33,37,41] and refer-
ences therein). Starting with a spectral curve, the Eynard—Orantin topological recursion
provides an infinite sequence of multilinear differentials (known as correlation func-
tions) which are generating functions for those enumerative invariants.

The topological recursion does not come out of nowhere. It can be obtained as
a unique solution (respecting polarization) of a set of equations known as abstract
loop equations, which were formalized in [6]. (The well-known loop equations for
Hermitian matrix models fit into this abstract framework.) Concretely, the Eynard—
Orantin topological recursion solves the loop equations through residue analysis at
the poles of the correlation functions.

Recently, Kontsevich and Soibelman developed the framework of Airy structures
[1,40]. The concept of Airy structures can be thought of as an algebraic reformula-
tion (and generalization) of the Eynard—Orantin topological recursion. Given the data
of a spectral curve, one can construct a corresponding Airy structure, and its asso-
ciated partition function contains the same information as the correlation functions
of the Eynard—Orantin topological recursion. In fact, as explained in [1,8], one can
think of Airy structures as providing another approach to solving abstract loop equa-
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Fig. 1 Two dual ways of solving Abstract loop equations
abstract loop equations

Residue analysis Differential (Virasoro) constraints
Topological recursion Airy structure

tions. Namely, the abstract loop equations can be transformed into a set of differential
constraints satisfied by a partition function. These differential operators satisty the
defining properties of an Airy structure, and hence the resulting partition function is
uniquely defined by the differential constraints.! Moreover, in the simple context of a
local spectral curve with one component, these differential operators form a (suitably
polarized) representation of the Virasoro algebra. In this way, the abstract loop equa-
tions are reformulated as Virasoro constraints, and the framework of Airy structures
guarantees that these Virasoro constraints have a unique solution.

Schematically, one could summarize the relations among abstract loop equations,
the Eynard—Orantin topological recursion, and Airy structures as follows.

Supersymmetric generalizations of the Eynard—Orantin topological recursion have
been discussed in [13,19-21,47] in the context of supereigenvalue models. On the
other hand, from an algebraic point of view, a supersymmetric generalization of Airy
structures (super Airy structures) was proposed in [9], with a corresponding existence
and uniqueness theorem for the associated partition function. However, the relation
between these two approaches is not obvious. Furthermore, it is not clear what a
natural supersymmetric generalization of the Eynard—Orantin topological recursion
should look like, which would play the role of a “dual” to super Airy structures.

The goal of this paper is to fill the gap. Our approach is to start with the notion
of A/ = 1 abstract super loop equations. We define a natural notion of super loop
equations, as a generalization of the standard loop equations. Then, through residue
analysis, we show that if a solution of these super loop equations that respects the
polarization exists, it must be constructed recursively by what we call the “N = 1
super topological recursion”, which provides a generalization of the Eynard—Orantin
topological recursion. The initial data is formulated in terms of a local super spectral
curve. Second, we show that the abstract super loop equations can also be transformed
into differential constraints, which take the form of a super Airy structure. The unique
associated partition function then reconstructs the solution of the abstract super loop
equations, and the framework of super Airy structure guarantees its existence and
uniqueness. Furthermore, in the context of a local super spectral curve with one com-
ponent (which is what we mainly focus on in this paper), these differential operators
form a (suitably polarized) representation of the N = 1 super Virasoro algebra in the
Neveu—Schwarz sector. We have thus reformulated the abstract super loop equations
as super Virasoro constraints, and the framework of super Airy structures guarantees
that these super Virasoro constraints have a unique solution.

This is encapsulated in the following figure:

I Borot et al. [8] discuss the more general equivalence between higher abstract loop equations, the
Bouchard-Eynard topological recursion, and higher Airy structures.
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Abstract super loop equations

Residue analysis Super differential (super Virasoro) constraints
Super topological recursion Super Airy structures

Fig.2 The goal of this paper is to mathematically formalize the above flowchart

The N' = 1 super topological recursion can be used to compute (parts of the)
correlation functions for a variety of examples related to 2d supergravity. For instance,
we study applications to:

(2, 4¢)-minimal superconformal models coupled to Liouville supergravity [3,5,
23,53];

Super Jackiw—Teitelboim gravity [16,35,45,50];

Supereigenvalue models in the Neveu—Schwarz sector [3,5,13];

Supereigenvalue models in the Ramond sector [21,47].

For the first three examples in this list, it is known that the standard Eynard—Orantin
topological recursion is sufficient to compute correlation functions, thanks to a non-
trivial simplification first observed in [5]. However, as shown in [47], for the fourth
example one needs the full A~ = 1 formalism. Also, note that the first, third, and fourth
examples obey a truncation phenomenon [5,42,47], namely, correlation functions
depend on fermions only up to quadratic order, which simplifies the super topological
recursion.

This paper is organized as follows. In Sect. 2, we define local super spectral curves
(Definition 2.3) and A/ = 1 abstract super loop equations (Definition 2.8). In Sect. 3,
we solve the NV = 1 abstract super loop equations through residue analysis, and con-
struct a supersymmetric generalization of the Eynard—Orantin topological recursion,
which we call the A/ = 1 super topological recursion (Proposition 3.1). In Sect. 4,
we transform the abstract super loop equations into differential constraints, and show
that they form a super Airy structure, which comes with a unique partition function
(Theorem 4.4). In Sect. 5, we discuss that (parts of the) correlation functions of the
examples listed above can be computed by the A/ = 1 super topological recursion.
Finally, we conclude with a few open questions and future work. For the sake of
brevity, the proofs of all theorems and propositions are given in “Appendix 1”.

2 Super loop equations

In this section, we fix notation, and introduce the notion of local super spectral curves.
Given a local super spectral curve, we define A/ = 1 abstract super loop equations,
which are the equations underlying the A/ = 1 super topological recursion. The
presentation for the bosonic sector closely follows [6,8].
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2.1 Local spectral curves

We briefly review the notion of local spectral curves. Let us start with a symplectic
vector space V.2 as

vE .= { € Clz™! 2]ldz | Resw(z) = o} : @.1)

equipped with the following symplectic pairing 7 : VZB X VZB — C:
dfi.dfr e VP QPW@fi.df) =Resfi@df). (2.2)

We consider a Lagrangian subspace VZB T =Cl[z]ldz C VZB , and we choose a basis
(d&/)>0 with

d&(z) =7 dz, 1€ Zy. (2.3)

Given the Lagrangian subspace VZB+ with the choice of basis (d§;);~0, we now
choose another Lagrangian subspace VZB_ C VZB complementary to VZB+: we call
this a choice of “polarization”. That is, if we denote by (d&§_;);~¢ a basis of VZB —, then
it satisfies:

8
Vk. € Zyo. QP (g dip) = 0 2.4)
Up to linear transformations, the above condition imposes that
Pim
d&1(2) = M + @), 1€, 2.5)

m=>0

where we call the ¢, = ¢, “bosonic polarization parameters”. Note that the sym-
metry of ¢, is required because of antisymmetry of the symplectic pairing.

Let us define a formal symmetric bidifferential wy 2|o in terms of the polarization
as:

dzidzs

(z1 — 22)?

wo 21021, 22]) =

+ Y b der(z1)dE(22). 2.6)

k,[>0

Note that w 2(0(21, z2]) is not an element in Vzlf ® Vzlj but rather

dzid
A2 cvBt g vit, @7

wo,200(21, 22]) — G Ve
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An important property of wo,2j0(z1, z2) is that it works as a projection operator. That
is, for any one-form w € V, expanded as

0@ =) qi dz, 2.8)
10
we get
QF (w0202, 1), ) = Zc—zd%‘_z(z) evri. 2.9
>0

In other words, it projects w into VZB ~. This can be easily checked by the fact that in
the domain |z1| > |z3|, we can expand wo 2)0(z1, 221) as

®0,20(z1, 220) = Y 1dE_1(z1)d& (22). (2.10)

>1

The last ingredient in this section is an involution operator o : V& — V# whose
action is simply defined as

o7 —Z. (2.11)

The basis of VZB T is diagonal under o, whereas the basis of VZB ~ is generally not, due
to nonzero polarization.
With these ingredients, we can define a local spectral curve:

Definition 2.1 ([6-8]) A local spectral curve with one component consists of a sym-
plectic vector space VZB, with a Lagrangian subspace VZB+, and the following data:?

e an involution operator o : VZB — VZB whose action is defined as
oz —7, (2.12)

e a choice of “dilaton shift parameters” (t;);~0, which can be encoded in a choice
of a one-form wy 10 € V2 *:3

wo.10(2) = Y 1d& @), |nil+ |l >0, (2.13)
>0

e a choice of bosonic polarization parameters, which can be encoded in a choice of
symmetric bilinear differential wg 2)o:

dzidzs
(z1 — 22)?

+ ) du d&(z1)dE (22). (2.14)

k,[>0

wo,210(z1, 22]) =

2 In [8], the more general case of automorphisms of arbitrary order was considered. Here, we only consider
involutions, which is consistent with the original topological recursion of Eynard and Orantin.

3 The condition |71| + |73] > 0 is equivalent to what [8] calls admissible.
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If one were to think of spectral curves in terms of branched coverings of Riemann
surfaces, as in the original formulation of Eynard and Orantin, then the bosonic vector
space VZB would be interpreted as the space of differentials on an open neighbourhood
of a simple ramification point of the branched covering, with wg >0 being the Bergman
kernel of the spectral curve, and o realizing the local involution that exchanges the
two sheets of the branch cover near the ramification point. The name “dilaton shift”
appears in the context of Airy structures [8] rather than topological recursion, and we
adapt it whenever we refer to a choice of parameters (77);-0.

2.2 Local super spectral curves

To define a local super spectral curve, we need two more ingredients: we need a vector

space for fermions V¥, analogous to the bosonic vector space V2, and a choice of

fermionic polarization parameters encoded in a fermionic bilinear differential wy g|2.
We define a vector space V¥ (z, 0) as:

v ={meClz. 211 0z 0)}, (2.15)
where
O(z,0) = (0 +zd i 2.16)
(z,0) := Z z£ , (2.

and 6 is a Grassmann variable. We equip V" with a pairing @ : v/, x v/, — C

QF (1, m) = B_e)g n1(z, 0)n2(z, 6), 2.17)

Note that ®2 = zdz, hence, the residue makes sense.*

Remark 2.2 We will often denote ©(z, 6) as ©, and O(z;, 6;) as ©®; for brevity. Also,
we will often omit the 6-dependence below, which should still be clear from the
context.

We extend the involution o in the definition of local spectral curves to:
0:(z,0) = (—z,0). (2.18)
We note that zdz is invariant under o so is ®,.

Unlike the splitting of the vector space for bosons VZB into two Lagrangian sub-
spaces VZB+, VZB_, we decompose VZF into three subspaces VZF +, VZF 0 and VZF ~as

4 We could have defined ® = +/zdz instead, without using the Grassmann variable 6, and the discussion
below would still apply. Hence, it appears that the Grassmann variable may not be essential. It may however
be important to define the notion of a global super spectral curve. We hope to return to this point in the
near future.
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follows. Similar to V2T, we define V/+ = {5 € C[[z]] ©}, and we choose a basis
(m)i1>0 with

m(z,0):=2"10, el (2.19)

Next, we choose a polarization. First, we define VO which is a one-dimensional
subspace whose basis (179) is given by

1
no(z, ) := (; + Z%u"“) ©, Q" mo,m) =1, (2.20)

k>0

where Yo, € C. We call ng(z, 0) the “zero mode”. Finally, we let VZF ~ be comple-
mentary to V. & VO, with basis (7-;)1>0 as

1 _
n-1(z,0) = ZﬁJermkz" " e. 2.21)
k>0

We call the v; the “fermionic polarization parameters”. We require that
kL€ Z,  QF (. m) = Sktl.0. (222)
This implies that

Yoo=0, Y+ Y+ vorbor =0. (2.23)

That is, the vy; are not fully antisymmetric, due to the zero mode polarization, in
contrast to the symmetry of the bosonic polarization parameters ¢;.

We can encode the choice of polarization into a bilinear differential. We introduce
an antisymmetric (fermionic) bilinear differential as

121+20,0;

271 —22 2122

-y Vir1-1 = Vi1 k-1 m@)m(z2)
1+ 8a-na-n.0 22122

wo,012(121, 22) == —

(2.24)
kix=1

Note that it is not an element of sz ® VZZ but rather

121 +220010;
2122 <w0,0|2(|z1, D+ s————=)eVitevit (2.25)
2z1—22 2122

In the domain |z1| < |z2], it can be expanded as

1
w0.02(121,22) = Y m@)N-1(z2) + S 0(2)M0(22)- (2.26)
>0
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It turns out that wo o2(|z1, z2) is a projection operator onto VZF 0g VZF ~. That is, for
any

n@ =y a'eev), 2.27)
leZ
we have
1
@ @o0n(l ), m =Y ani(@) + 5com(). (2.28)
>0

We are now ready to define a local super spectral curve, which is a supersymmetric
generalization of a local spectral curve (Definition 2.1):

Definition 2.3 A local super spectral curve S¢ with one component consists of a super
symplectic vector space VZB ® VZF ¢ With its maximal isotropic subspace VZB o VZF 9+
and the following data:

e an involution operator o : VZB &) VZ{: 0~ VZB &) VZ{T o Whose action is defined as
0:(z,0) > (—z,0), (2.29)

o a choice of dilaton shift, encoded in a choice of a one-form wy, 10 € VZB +

wo,10(2) = Y _1d&(), |ul+Inl >0, (2.30)
>0

e achoice of bosonic polarization, encoded in a symmetric bilinear differential wg 2o

dzidzo
(z1 — 22)?

+ ) ¢ d&i(z1)dE(2), 231)

k,[>0

wo,210(z1, 22]) =

e achoice of fermionic polarization, encoded in an antisymmetric fermionic bilinear
differential wo o2

1z1+20010;
wo,012(121, 22) 1= P ——

-y Vi—11-1 — Yi—1 k=1 m ()N (22)
I+ 8¢k—1a—1,0 22122

(2.32)

k,>1

Definition 2.4 A local super spectral curve is said to be regular if ty = 0, and irregular
if 7y ;é 0.

If one drops the vector space for fermions VZF o and the antisymmetric bilinear differ-
ential wg o2 from the above definition, it reduces to Definition 2.1.
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2.2.1 Local super spectral curves with several components

It is straightforward to generalize Definition 2.3 to local super spectral curves with
¢ components by considering a vector space VZB &) V£ o =C® (VZB &) VZ{T ») with
¢ € Z~y, similarly to [8, Definition 5.7]. That is, we associate a scalar product - to C¢
with the standard orthogonal basis (ey) and we define the symplectic products of
VZB and V£ , respectively, as

¢
a=1’

QB (e, ® df1, €q, ® A f2) 1= 800,25 (d f1, d f2),
QF (eay ® N1, €0y @ M2) 1= Sy 5 (01, M2). (2.33)

We further define two subspaces VBT = C¢ ® VBt and VIt = C @ VI, and
choose their basis (d&y ;) and (14,) With/ € Z-pand @ € {1, ..., c} as

dée1(2) = e ®d&(2),  1a,1(2) = eq @ ni(2). (2.34)

Then, similar to the story with one component, we encode the information of polar-
izations of the remaining basis (d&y;) and (nq,;) of VZB @ VZF g forl € Zp in the
definition of bilinear forms w20 and wg, 2. Thus, we have:

Definition 2.5 A local super spectral curve S¢ with ¢ component consists of a super
symplectic vector space VZB &) VZF ¢ With its maximal isotropic subspace VZB T VZF ;
and the following data:

e acomponent-wise involution operator oy, : VZB &) Vf 0= Vf @ VZF ¢ Whose action
is defined for/ € Z and o, B € {1, ..., c} by

0w dEp1(2) > dEg i (=1°*P2), (2. 0) > npa (=12, 0) (2.35)
e a choice of dilaton shift, encoded in a choice of a one-form wg 19 € VZB +
c
®0.1102) = Y ) twidée (@), Vo |Ta1l + 1Tzl >0, (2.36)
a=11>0
e achoice of bosonic polarization, encoded in a symmetric bilinear differential wg 2o
Cc

w201 22) = )

a=I

(eq ®dz1) ® (ey ® dz2)
(z1 — 22)?

+ 30 " o dea(a1)dEp(22), (2.37)

o,f=1k,1>0
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e achoice of fermionic polarization, encoded in an antisymmetric fermionic bilinear
differential wo o2

c

1214722 (0 ® O1) ® (eq ®@ O2)
wo0p(z1.22) === ) = o o

221 —22 2122
a=1
. w;?ﬂ -1~ ‘ﬁza—ﬂl k=1 N, (Z1)Np.k(22)
-2 2T : @39
ol o] (k=1)(I=1),0 2122

Remark 2.6 1tis, however, not as straightforward to generalize the definition to higher-
order automorphisms (or spectral curves with higher-order ramification): we leave this
for future work.

2.3 N = 1abstract super loop equations

We now define /' = 1 abstract super loop equations which we often call super loop
equations for brevity. We again focus on local spectral curves with only one component.

Letus denote by Vfgo’_ = VZI’:QOEBVZ{V;. Thenforg,n,m € Z>owith2g4+n+2m >
2, we consider an infinite sequence of multilinear differentials wg |2, on a local super
spectral curve S¢ as

n 2m
wgnm € |QVE | ® (® vﬁ»%;{‘) : (2.39)
j=1 k=1

We impose that the wg 2, are symmetric under permutations of the first n entries,
and antisymmetric under permutations of the last 2m entries. We assume no symmetry
under permutations of some of the first n entries with some of the last 2m entries. Note
that the wg 2, always have an even number of elements in X ero’_.

Remark 2.7 We say that the “correlation functions” wg »j2, “respect the polarization”,

as they live in the subspaces VZ’f ~and VMIZ %’k_ defined by the choice of polarization in
the local super spectral curve.

Let us denote by J, K a set of variables J = (z1,...) and K = ((u1, 61), ..), and
define the average of wg |2, under the involution o acting on each vector space as:

L8 @ TIK) = 0gnitjom @ TIK) + Ognstom(0(2). JIK),  (2.40)
LL om (12, K) = 0gnpn(J 12, K) + 0g nppm (J10/(2), K), (2:41)
where we dropped 6;’s from the arguments for brevity. Note that |K| = 2m in (2.40)
whereas |[K| = 2m — 1in (2.41).
We further define the following quantities:
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o1z, K)

= Wg—1,n+112m (2, J|0(2), K) + ©0g—1 n+112m (0 (2), J|z, K)

+ > (D g miiam @ JIKLD @y jam, (20 (2), K2)

g1t8=8 J1UhL=J
KiUK,=K

+ > D D wg 1m0 Q). NiIKD @y nyamy (212, K2).

g1+82=¢ J1UhL=J
K1UKy=K

(2.42)
Qg niipm (@ JIK)
= wg—1,n+212m(z, 0(2), J|K)

+ Y D (D g miiam @ JIKD @gyny 1 112my (0(2), 12| K2),

g1t8&=g JiUh=J
KiUK,=K

(2.43)
Qg,i-i-l\Zm(Z’ JI1K)

1
= —E(DZ . wgfl,n|2m+2(J|Z7 u, K)

+ Dy - wg—1,npm+2(Ju, z, K))

u=0(z)

1
5 2 D VD ogpm Uiz K @gmpm (210 (2), K2)

81+8&=g JL1Uh=J
KiUK,=K

1
3 2 2 DD ogmpm (110 @), K1) 0 mapms (al2, K2),

g1+82=¢ J1Uh=J
K\UKy=K

(2.44)

where for n(z,0) = f(2)©(z,0) € Vf o» the derivative operator D;, is defined as

D, n(z,0) =df ()0, 0) € VP V], (2.45)

Note that (—1)? = 1 if K; U K3 is an even permutation of K and (—1)? = —1
otherwise.

With these definitions, one can think of the abstract super loop equations on S¢ as

constrains imposing that the quantities above live in the “plus” subspaces of the vector
spaces V. and VF'. More precisely:

Definition 2.8 Given a local super spectral curve S¢, the N' = 1 abstract super loop
equations are the following set of constraints:

(1) linear bosonic loop equations:

L ipm(z JIK) € VT, (2.46)
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(2) linear fermionic loop equations:

LY pm(Tlz. K) € VI, (2.47)

(3) quadratic bosonic loop equations:
Qo @ TIK) + Q8 TIK) € 2VET @ 2VET, (2.48)
(4) quadratic fermionic loop equations:
Qb o1z K) e VT @ VI, (2.49)

These abstract super loop equations may seem rather ad hoc. But they appear
natural for a number of reasons. First, if one drops the fermionic vector space from
consideration, the conditions (2) and (4) disappear, and conditions (1) and (3) reduce
to the standard abstract loop equations. Second, the super loop equations that appear
in the context of supereigenvalue models (see [13,47]) are particular cases of these
abstract super loop equations. We will discuss this in Sect. 5. Third, and perhaps
even more importantly, as we will see, these loop equations can be reformulated as
differential constraints for a partition function Z, and these differential constraints take
the form of a suitably polarized representation of the N' = 1 super Virasoro algebra
in the Neveu—Schwarz sector. In other words, the abstract super loop equations are a
form of super Virasoro constraints. This is explored further in Sect. 4.

Remark 2.9 For a local super spectral curves with ¢ component, recall from Defini-
tion 2.5 that the defining data carry an additional index « € {1, ..., c¢}. Accordingly,
in this case we define (2.40)—(2.44) and abstract super loop equations for each com-
ponent « as in [8, Definition 5.21]. This makes sense because the involution o, is
defined component-wise.

3 Super topological recursion

Our task is to prove that there exists a unique solution of super loop equations that
respects the choice of polarization. If we assume existence, then it is relatively easy
to construct a unique solution through residue analysis. This is what we do in this
section. The resulting recursive formalism is a supersymmetric generalization of the
Eynard—Orantin topological recursion, which we will call the N = 1 super topological
recursion.

As for existence of a solution, perhaps the simplest proof amounts to rewriting the
abstract super loop equations as differential constraints, which take the form of a super
Airy structure. We will discuss this approach in Sect. 4. Thus, for now, we assume
existence of a solution to the abstract super loop equations.
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Given a local super spectral curve Sg, let us define what we call the recursion
kernels:

Jo @0.210(z0. )
w0,110(z]) — @o,1j0(0 (2)])
0,02(12, 20) — 310(2)70(20)

®0,110(z]) — wo,110(0 (2)])

KBB(z0,2,0(2)) =

@3.1)

KB (20,2,0(2)) = (3.2)

We note that for each local super spectral curve, those kernels are uniquely defined. The
first one is the standard recursion kernel in the Eynard—Orantin topological recursion,
whereas the second one is new and incorporates fermions.

In the limit z — 0, the numerator of (3.2) becomes

> k@« (o), (3.3)

k>1

hence this factor works as a projection to Vzﬁ ~. Remark that this is different from the

bilinear differential wg,0|2(|z0, z) which projects onto Vzg 0.~ as discussed in (2.28).
Indeed, one needs to be very careful with the fermionic zero modes (this was also
noticed in the construction of super Airy structures in [9]). As we will show in
“Appendix A.1”, it turns out that this projection is exactly what we need to solve
the abstract super loop equations through residue analysis, and develop a supersym-
metric generalization of the Eynard—Orantin topological recursion.

Proposition 3.1 Let Q?ﬁfl 1’2 ”f F denote, respectively, all the terms on the right-hand

side of (2.42)—(2.44) except the terms involving wo1)0. If there exists a solution to the
N = 1 abstract super loop equations that respects the polarization, then it is uniquely
constructed recursively by the following formulae:

Ognsin(Go, JIK) = Res KPP (0,20 2) (Q2N 1 . I1K)

+OFF o, J|K)) : (3.4)
Wgnpm2(Jut, uz, K) = &g nomi2(Jlur, uz, K)
- no(u1)§§%@g,n|zm+2(lluz, z, K)no(2), (3.5

where
g nams2(J |, w2, K) = Res K1, 2,0 (2) Qg a2 Iz, w2, K). (3.6)
—>

See “Appendix A.1” for the proof.

Remark 3.2 (3.4) and (3.5) do not guarantee a priori that the wg 2, are symmetric
under permutations of the first n entries, and antisymmetric under permutations of the
last 2m entries. Also, for nm # 0, one can compute w, , 2/, from either (3.4) or (3.5),
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and it is not clear a priori that they coincide. In other words, the solution constructed
as above may not even exist. Existence of solution is proven in the next section in
terms of super Airy structures.

Remark 3.3 For alocal spectral curve with ¢ components, recall from Remark 2.9 that
the abstract super loop equations are labelled by an additional index « € {1, ..., c}
due to component-wise involutions o,. As a result, the recursion kernels are defined
for each component «, and one should take summation over « from 1 to ¢ in order to
obtain the correct differentials wg, |2, . This is similar to [8, Definition 5.19].

4 Super Airy structures

In this section, we show how one can solve the abstract super loop equations through the
framework of super Airy structures [9]. The idea is to rewrite the super loop equations
as differential constraints on a partition function, and show that these constraints satisfy
the properties of a super Airy structure, which guarantees existence and uniqueness
of the partition function. Let us start by briefly reviewing the notion of super Airy
structures. See [9] for more details.

4.1 Review of super Airy structures

Let U = Uy ® Uy & C% be a super vector space of dimension d 4 1 over C (the super
vector space could be infinite-dimensional, but for simplicity of presentation we will
assume here that it has finite dimension). We define {x?};<; to be linear coordinates
on Uy @ Uy where I = {1, ..., d} with x° to be the coordinate of the extra C°!', and
their parity is defined such that |x'| = 0if x’ € Up, |x| = 1 if x' € Uy, and |x°| = 1.
Note that x € CO!' plays an analogous role to 79 (z) € VZF O that appeared in Sect. 3.
Furthermore, let us denote by

Dy(U) = Cl[h, x°, hdgo, {x'}ier, (hdyi }ier]] (4.1)

the completed algebra of differential operators acting on U, and we introduce a Z-
grading by

deg(xo) = deg(xi) =1, deg(hd,o) =deg(hd,i) =1, deg(h)=2. (4.2)

Definition 4.1 ([9, Definition 2.3]) A super Airy structure is a set of differential oper-
ators {H;}ie; € Dp(U) such that:

(1) foreachi € I, H; is of the form
H; = hd, — P, 4.3)

where P; € Dy (U) has degree greater than 1 with | P;| = |x?|,
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(2) there exists fl’j € Dy (U) such that

[H;, Hjl=hY_ f} Hi. (4.4)
kel

where [+, -] is a super commutator.

It is crucial that the x°-dependence appears only in the { P, };<7, but not in the degree
1 term (there is no Hp). We call x° the extra variable. Accordingly, the dimension of
the super vector space U is one more than the number of {H;};c;. We note that there
is no notion of extra variables in the standard, nonsupersymmetric, formalism of Airy
structures.

Theorem 4.2 ([9, Theorem 2.10]) Given a super Aify structure {H;}icy, there exists
a unique formal power series hF (x) € C[[h, x°, (x))ic1] (up to addition of terms in
C[[R11) such that:

(1) hF(x) has no term of degree 2 or less,
(2) every term in hF (x) has even parity,
(3) it satisfies H; ef =o.

7 = el is called the partition function and F the free energy. Note that e’ is not
a power series in /1, and so one should replace condition (3) by e =¥ H; e/’ = 0, which
gives a power series in /. However, as is standard, we write H; e/’ = 0 for brevity.
Explicitly, F' can be expanded as follows

2g+n>2
F =

n!
g.n>0 i1,.sin€{0,1}

hs~! : T
Do Fenlin,osin) [ 2%, 45)
k=1

where the restriction on the sum that 2g + n > 2 comes from the first condition in
Theorem 4.2. Fy ,,(i1, ..., i) is Zo-symmetric under permutations of indices.

4.2 Super loop equations and super Airy structures
Our goal is now to turn the abstract super loop equations into differential constraints

for a partition function Z. More precisely, we expand the correlation functions wg ;2
satisfying the abstract super loop equations in the basis defined previously as:

n
wenpm(JIK) = > Fenpmts - vinljis - jom) @) d& i, (z0)

Iyeenin>1 k=1
jl vvvvv jZmZO
2m
® Q) n—j (ur, 0h). (4.6)

=1

Then, we want to show that the Fyg ,2, that appear in this decomposition are the
coefficients of the free energy F for some super Airy structure. If we can show that,
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by Theorem 4.2, it will ensure existence and uniqueness of the free energy, and hence
of the solution of the abstract super loop equations given by the super topological
recursion in Proposition 3.1.

To construct the relevant super Airy structures, we proceed as follows. We take both
the bosonic and fermionic vector spaces Up, U; to be countably infinite dimensional.
Also, we explicitly distinguish bosonic and fermionic coordinates, namely, we denote
by {x1 Jx2 . } and {91 0%, .. } the coordinates on Uy and Uy, respectively, and 00 ¢
CO" is treated as the extra variable. In particular, all {00, ol 02, ... } are Grassmann
variables.

We then define {J,},cz and {T',},c7 by:

0
Va € Z>07 Ja = h ’ JO = Ov Jfa = ax”» (47)
dx?
z . 3 60 5 9 ;
Va € Z=g, Ty= FY YR F0=7‘|‘ 390" =0 (4.8)

It is easy to see that the J, are a basis for the Heisenberg algebra, while the ', are a
basis for the Clifford algebra:

[Ja, bl = ahbaqpo, [Jas Tpl =0, {(Ty,Tp} = hdutp0. 4.9

Using those, we define the following set of differential operators (where : --- :
denotes normal ordering):

1 . h
nelz—1, Lu=3 D DT Ty +7 80

JEZ
1 . .
+§Z(—1)](H+J)3F—jrj+2n 3 (4.10)
JjEZ
meZsi, Gunpr=y (=77 Tjiom:. 4.11)
JEZ

It is easy to show that for n,m € Z>_; and i € Z>i, these operators satisfy the
following commutation relations:

[Lan, Joil = 2ihdopi2i,  [Gomst, J2il = 2iR2i 10my 1, (4.12)
[Lop, Toi—1]l = (n +2i — DAl2ypi2i—1,  {Gomt1, T2ic1} = Rdrigom2,
(4.13)
L2y, Lom] = 2R(n — m) <L2n+2m + Z : J72j J2n+2m+2] :
JEZ
+Y +m+2j+1): T 1Toj4m ami1 ) (4.14)

JEZ
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[L2n, Goms1] = h(n — 2m — 1)(G2n+2m+1 + 22 s J2iTontomy2j+1 )

JEZL
4.15)
{Gont1, Gomt1} = 2ﬁ<L2n+2m+2 + Z I onyomt2j42
JEZ
+Y n+m+2j+2) T i 1T ion oms3 ) (4.16)

JjEZ
This is a natural extension of the A = 1 super Virasoro algebra in the Neveu-Schwarz
sector by the first-order differential operators J>; and I'p;_1.

We now introduce the notion of a dilaton shift and polarization in the context of
super Airy structures. For 17, ¢z, Y1 € C, we consider a differential operator @ as:

h >0 lkO

® := exp 1 Z Z @ka + Z @Fkrl . @17
k>

We then define dilaton-shifted and polarized operators {f,zn, sz+1} for n,m €
szl .

Loy =®Lyy®",  Gomyt = ®Gop1 @' (4.18)

Note that conjugating by @ simply acts by shifting the modes J_; and I'_; as:

Pik
T ittt ) S Do Tt 3 Yl (4.19)
k>1 k>0
where we conventionally defined 7; = ¢ix = Yi—1x = 0 fori € Z<(. Notice that
one can find the differential operators {L2,, G241} from the defining data of a super
spectral curve and vice versa. This is the natural generalization of the dilaton shift

considered in [8].
With this under our belt, we get the following result:

Proposition 4.3 Fori € Z-, consider the set S 5 of differential operators
= {H!, F!, H? F?}, (4.20)
where
H'=Jy, F'=Ty_i, H}=Ly_c1, F=Gye. 4.21)

We set € = 1 if 11 = 0, and € = 3 otherwise. Then the differential operators in S 4
form a super Airy structure, with 6y the extra variable.
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See “Appendix A.2” for the proof.

Since the differential operators in S 4 form a super Airy structure, Theorem 4.2
implies that there exists a unique partition function Z and free energy F = log Z in
the form:

2g+n+2m=>2 hg7] n 2m
F= > pTETY Fenpm(it, - sinljts oo jon) [ [X* [T
g.n,m=>0 ntem): iyenyin>1 k=1 =1
Jtsees J2m=0
(4.22)
and such that
VieZw, H'Z=F'Z=HZ=FZ=0. (4.23)

Note that Fy ,,2,,, is symmetric under permutations of the n first entries, antisymmetric
under permutations of the last 2m entries, with no further symmetry.

Our goal now is to relate this super Airy structure to the abstract super loop equa-
tions. This is the essence of the following theorem.

Theorem 4.4 (1) Consider the super Airy structure S 4 in Proposition 4.3, defined in
terms of the dilaton shift and polarization parameters t;, Qg and Vy;. Let

Fg,n|2m(ilv-~-sin|jlv-~~sj2m) (424)

be the coefficients of the unique free energy F associated with this super Airy
structure S 4.

(2) Let Sc be a super spectral curve defined in terms of the same dilaton shift and
polarization parameters t;, ¢r; and Vry;. Consider an infinite sequence of multi-
linear differentials wg n2m that respect the polarization:

n 2m
wgnom € | Q VI | ® (® Vu‘:,%k‘) : (4.25)
=1

k=1

and that satisfy the abstract super loop equations Definition 2.8. We expand the
differentials in terms of the basis in the definition of super spectral curves as:

n
wenom(JIK) = > FenpmGin, .. sinljis - jom) @) d& iy (z0)

iyeesin>1 k=1
jl ----- j2m20
2m
® Q) 1 (w1, ). (4.26)

=1
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Then, for all g, n, m, and indices i1, ..., i, and ji, ..., jom,

A

Fonpomt, o sinljts ooy om) = Fgnpmt, ooy inljis ooy jom). (427)

We give the proof in “Appendix A.3”. Concretely, what we are doing is reformulat-
ing the abstract super loop equations as differential constraints satisfied by the partition
function Z, which take the form of the super Airy structure S 4 defined in terms of the
polarization of the super spectral curve.

An immediate corollary of this theorem is that a solution to the abstract super loop
equations that respects the polarization exists. As aresult, it must be given by the super
topological recursion in Proposition 3.1.

Corollary 4.5 There exists a solution to the abstract super loop equations that respects
the polarization, and it is uniquely constructed by the N' = 1 super topological
recursion of Proposition 3.1.

Remark 4.6 For local spectral curves with ¢ component, all one has to do is to pre-
pare c copies of super Virasoro operators. Then, it is straightforward to generalize
Proposition 4.3 and Theorem 4.4 with several components.

4.3 Going back to the super loop equations

We end this section with an important remark. In the construction of the super Airy
structure S 4, the operators Hl.1 and F,.1 fori € Z-¢ are just derivatives:

a
1 1
H =/ = ﬁ—a 35 F, =Ty_1=h (4.28)

3921'71 '

Thus, the differential constraints Hl.1 Z = Fi1 Z = 0 impose that the partition function
Z does not depend on the variables x> and #%~! for all i € Z-. As a consequence,
we can reduce the differential operators (this is similar to the reduction considered in
Section 2.2.3 of [8]) by setting Jo; = 0 and I'y;_; = O for all i € Z. The resulting
differential operators (after rescaling) form a representation of the A’ = 1 super
Virasoro algebra in the Neveu—Schwarz sector.

In particular, if we choose a trivial polarization, by setting 74 = ¢y = Yy = 0
except for 73 = 1, the operators precisely agree with the representation given in
Section 4.2.6 of [9].

This was in fact part of the motivation for introducing the particular abstract super
loop equations that we considered in Definition 2.8. On the one hand, we wanted our
abstract super loop equations to be natural generalizations of the standard bosonic
ones, and to include as particular cases the super loop equations of supereigenvalue
models. But, on the other hand, we were also looking for super loop equations that
correspond to the (suitably polarized) differential constraints associated with the super
Airy structures realized as representations of the super Virasoro algebras considered
in [9]. Those motivations resulted in Definition 2.8.
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5 Examples

In this section, we will apply the A/ = 1 super topological recursion (equivalently
super Airy structures) to compute (parts of) correlation functions of the examples
listed below:

e (2, 4¢)-minimal superconformal models coupled to Liouville supergravity,
e Super Jackiw—Teitelboim gravity,

e Supereigenvalue Models in the Neveu—Schwarz sector,

e Supereigenvalue models in the Ramond sector.

We will approach the first two examples with the techniques of super Airy structures.
Concretely, we will show an interesting relation to ordinary Airy structures as an
extension of [5], which helps us with describing the first two examples in terms of
super Airy structures with suitable dilaton shift and polarization. In contrast, the last
two examples are described in the framework of the A = 1 super topological recur-
sion. That is, we show that their correlation functions satisfy the abstract super loop
equations on a certain local super spectral curve, hence they are uniquely constructed
thanks to Proposition 3.1.

5.1 Relation between Airy structures and super Airy structures

We investigate a relation between Airy structures and super Airy structures with van-
ishing polarization but with arbitrary choice of dilaton shift. This naturally leads us to
the first two examples.

To do so, let us first define a set of operators Lon by

v 1 o h
ne’Zs_1, Ly= 3 Z(—l)] L. J_jJon+j +§5n,0- 5.1
JEL

izn are same as the first line of (4.10) except the last term which is now 7/8 instead
of i/4. We then construct dilaton-shifted operators L} by taking conjugate as

¥ 1 T v 1 T
L3, =exp (ﬁ Z 71J1> L, exp (—ﬁ Z 71J1> . (5.2)

>0 >0

We further define H> = L3, ___,. Recall the definition of H; from (4.21), then it

is shown in [8] that a set AT = {Hil, I-VIl.z}i€Z>0 of differential operators forms an
Airy structure with one component, and as a consequence, there is a unique partition
function annihilated by those differential operators. (See [8] for the definition of Airy
structure in general. Alternatively, it is sufficient for our purpose if one just drops all
Grassmann variables in Definition 4.1 from consideration.)

Let us now consider another set S 4* of differential operators given in (4.20) with
the choice of dilaton shift parameters being exactly the same 7; in A" and polarization
being trivial, ¢g; = ¥y = 0. We also choose € in S 47 to be the same as that in A".
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Then, Proposition 4.3 immediately implies that S4* forms a super Airy structure.
Somewhat surprisingly, we find the following relation between the Airy structure A*
and the super Airy structure S 4°:

Proposition 5.1 Let F(A") and F(S4") be the free energy associated with the Airy
structure A%, and that with the super Airy structure S A" defined above, respectively.
Then, order by order in h, we have

32 Fo (A7)

4
Ta2itig 1 | OO, (53

1 o
Fy(SAT) =25 | Fy(AT) — 5 ) 0%6%
i,j>0

where O(0*) and higher terms vanish if € = 3.

The proof is given in Appendix A.4 in detail, but let us give a few remarks about this
proposition. This type of relation is first observed in [5] for the case with 7, = §; 3
in line with supereigenvalue models, and [42] proved that O (6*) or higher terms in 6
vanish. That is, the free energy truncates at quadratic order with respect to Grassmann
variables.’ However, since the formula in [5] was not written in the form of (5.3), this
point was not realized in [9] in relation to super Airy structures. Proposition 5.1 is
an extension of [5] to arbitrary dilaton shift including irregular ones. It remains to be
investigated how general we can extend this type of relation with nonzero polarization.

With Proposition 5.1 in our hands, we are able to discuss the first two examples in
the list above.

5.1.1 (2, 4¢)-minimal superconformal models coupled to Liouville supergravity

It was shown [3,5,23,53] that the continuum limit of supereigenvalue models in the
Neveu—Schwarz sector (cases without the continuum limit will be presented shortly)
describe (2, 4¢)-minimal superconformal models coupled to Liouville supergravity,
which turns out to be a solution of a supersymmetric extension of the KdV-hierarchy too
[34]. After an appropriate transformation, the free energy of a corresponding super Airy
structure becomes the generating function of correlation functions of (2, 4¢)-minimal
superconformal models coupled to Liouville supergravity. See [3,53] for more details
about the necessary transformation.

Proposition 5.2 Let FYSG(S ™) be the free energy associated with the super Airy
structure with 11 = 613, o1 = Y = 0, and € = 3. Then, after an appropriate
transformation, F™S0 (S 4%) becomes the generating function of correlation functions
of (2, 4¢)-minimal superconformal models coupled to Liouville supergravity.

This is an old story discussed in [3,5,23,53]. Since their presentation is different from
the style of this paper, we give a short justification in “Appendix A.4.1”.

5 It remains to be seen whether truncation holds for € = 1 too.
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5.1.2 Super Jackiw-Teitelboim gravity

Thanks to Proposition 5.1, the free energy F(A") encodes the same information as
the free energy F (¥ (S 4%) where the superscript (k) denotes the order of Grassmann
variables. This includes the Kontsevich—Witten t-function [39,51], the Brezin—Gross—
Witten t-function [14,36], and Mirzakhani’s recursion for volumes of moduli spaces
of Riemann surfaces [43,44]. An interesting question arises: is there any super Airy
structure S 4° such that not only F©(S4%) but also F®(S4%) have enumerative
interpretation? Even though we do not have any promised example, let us discuss a
possible candidate.

Recently, Stanford and Witten investigated super Jackiw—Teitelboim gravity [16,
35,45] and showed in [50] that volumes of moduli spaces of super Riemann surfaces
can be computed by utilizing the Eynard—Orantin topological recursion. They derived
that the spectral curve has no polarization, and dilaton shift parameters (7;);~¢ are
encoded in the following one-form

®0,10(z]) = V2cos2rz)dz = ) 7d& (). (5.4)

>0

If we apply Proposition 5.1 with the dilaton shift given above, we know the role of
Fg njo thanks to [50]. How about Fy ;2?7 Can we find their enumerative meanings in
terms of moduli spaces of super Riemann surfaces, or physical meanings in terms
of super Jackiw—Teitelboim gravity? It remains to be investigated, but the study of
Ramond punctures might be a relevant starting point.

5.2 Supereigenvalue models

Supereigenvalue models (see [3,5,13,19-21,47] and references therein) are super-
symmetric generalizations of Hermitian matrix models. It is known that (parts of)
correlation functions of these models satisfy super loop equations, and their recursive
system has been verified in [13] for the Neveu—Schwarz sector and in [47] for the
Ramond sector. However, their super loop equations appear to look differently from
each other so do the resulting recursive formulae. A benefit of our abstract formalism is
that regardless of the sector, correlation functions satisfy the abstract super loop equa-
tions, and we can apply the super topological recursion to construct a unique solution.
Therefore, the super topological recursion is a unifying recursive formalism—one can
treat both the Neveu—Schwarz and Ramond sector in the same footing.

5.2.1 Neveu-Schwarz Sector

The local super spectral curve for the Neveu—Schwarz sector consists of two com-
ponents. Since a global expression is known thanks to [13], it is the sufficient if we
present how to determine all the dilaton shift parameters 7, ; and polarization param-
eters ¢>Z’,’l’3 , 1//,?’_’31’ ;. Withk,l € Z.gand o, B € {+, —} from the spectral curve given
in [13].
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Let us first define polynomials x+ € C[z] and formal power series u+ € C[[z]]
encoded in the following form:

22 22 72
xi(Z)=ﬂ:1+7, ui(2)=ﬂ:1+?+z ﬂ:1+z, (5.5)

where the equality for uy(z) should be understood as a Taylor expansion at z = O.
The sign of the square root in u,(z) is not an issue here because that exactly amounts
to the action of the involution in the definition of local super spectral curves. Note that
1y (z) comes from the global coordinate of a hyperelliptic curve given in [13] whereas
z can be thought of a local coordinate in the neighbourhood of one of the ramification
points. Then for any polynomial M (x) with M (£1) # 0, 7, are determined by the
following term-by-term equation in z

1 1
D twaz Mz = - M (x4 (2)) (ua(z) - )Zdz, (5.6)
2 Ue(2)

>0

where one should expand the right-hand side at z = 0.
Next, let us define a bilinear differential B (i1, uy) as

duduy

Bl ) = Gy

5.7

Then, for «, B € {4+, —}, bosonic polarization parameters d),‘:’lﬁ are determined by the
following term-by-term equations in zp, z2:

dzidz ap_k—1_I—1
——=8a.p + ¢, 127 75, dzidzo
(z1 — 22)2 o.p k%:o k1 %1 22
= B(uq(z1), ug(z2)). (5.8)

Similarly, fermionic polarization parameters are determined by the following term-
by-term equations in zp, z3:

B B
lzi4z2 8up %‘i] -1 wloil k=l 1= k-1
2ua—nun G2 1+dw-ne-no ?
xq(z1) — xp(22)
= —————— B(ug(z21), ug(z2)), (5.9
dxg()dxp(zy) o

where the right-hand sides of (5.8) and (5.9) should be expanded at 7, zo = 0. Note
that for « # B, one can indeed show that the right-hand sides of (5.8) and (5.9) are
regular at 71 = z», which is consistent with Definition 2.5.

Proposition 5.3 (Neveu—Schwarz sector) Let us consider a local super spectral curve
Sc™VS with two components whose dilaton shift and polarization parameters are given
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by (5.6), (5.8), and (5.9). Then, for 2g +n + 2m > 2, wg njom constructed from
the N' = 1 super topological recursion on S¢™° correspond to (fermionic-coupling
independent) correlation functions of supereigenvalue models in the Neveu—Schwarz
sector.

See “Appendix A.5” for the proof. Note that an analogous formula to (5.3) is known
to hold for supereigenvalue models in the Neveu—Schwarz sector, and it was a key fact
for [13] to present a recursive formula. On the other hand, the N = 1 super topological
recursion gives a unique solution without referring to such a simplification.

5.2.2 Ramond sector

The local spectral curve for the Ramond sector consists of only one component due to a
(somewhat surprising) supersymmetric cancellation observed in [47]. Since the global
expression is known thanks to [47], it is again sufficient to present how to determine
the defining parameters of the corresponding super spectral curve.

Let us first define a polynomial x € C[z] and a formal power series u € C[[z]]
encoded in the following form:

2
z _1
¥@ =1+, u(z) =z +z5)72. (5.10)
where the equality for u(z) should be understood as a Taylor expansion at z = O.
Then, similar to the Neveu—Schwarz sector, the dilaton shift and bosonic polarization
parameters are determined by the following term-by-term equations:

Y ud Tz = MGx(@)u(2)zdz, (5.11)

>0

d -

Z]dZZ(Zl — )+ Z ¢k,1Z]f lzlz Ydz1dzy = Bu(z1), u(z2)), (5.12)
k,[>0

where the right-hand sides should be expanded at z, z1, z2 = 0. On the other hand,
the fermionic polarization parameters are determined by the following term-by-term
equation in z1, z2:

lzi+2 1 Yk—11-1 — Vi—1k—=1 1 k—1
- - Z 2y

2z1 -2 2122 = T dw-na-n.o !
(u(z1) +u(z2))( — u(z)u(z2))

B _4M(Zl)u(Z2)(u(Zl) —u(2)Vx@DVx(22)

(5.13)

Note that 4/x(z) does not create any issue regarding branch cuts because (5.13) is a
valid equation only in the neighbourhood of z = 0 (x = 1). This is another advantage
of considering a local super spectral curve—one of difficulties in the Ramond sector
is the appearance of square roots, and [47] had to consider a variant of correlation
functions in order to evaluate them as single-valued differentials on a Riemann surface.
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Proposition 5.4 (Ramond sector) Let us consider a local super spectral curve Sc*¥
with one components whose dilaton shift and polarization parameters are given by
(5.11), (5.12), and (5.13). Then, for 2g +n + 2m > 2, wg nj2m constructed from
the N = 1 super topological recursion on S¢® correspond to (fermionic-coupling
independent) correlation functions of supereigenvalue models in the Ramond sector.

The proof is given in “Appendix A.6”.

Remark 5.5 The current formalism is not sufficient to incorporate fermionic couplings
in supereigenvalue models. We suspect that investigating fermionic couplings helps
with developing the notion of “global super spectral curves”. We are hoping to return
to it in the near future.

5.3 Comments on truncation

It is proven for minimal superconformal models and supereigenvalue models in both
sectors that their correlation functions (equiv. free energy) truncate at quadratic order
in fermionic variables—and the authors suspect that this applies to all local super
spectral curves with vanishing polarizations. However, this does not hold for a more
general class of local super spectral curves. In fact, if we consider a local super spectral
curve with nonzero polarization given as

wo,10(z]) = z2dz, (5.14)

wo,210(z1, 22]) = <m + ¢11> dzidzp, (5.15)

121+220010,

wo,012(|21,22) = — = , (5.16)
2z1-22 7122
then we find that
3
@2,004(121, 22, 23, 24) = B11 D €iyiniziaN—2i1 (210205 (2200213 (23)0 21, (2).
i1=0
(5.17)

where €;,;,i,i, 1S completely antisymmetric under the permutation of the indices and it
is normalized as €p123 = 1. A general analysis on truncation phenomena remains to be
investigated and seems rather complex. However, it is easy to show that for m € Z>»,
o,012m and wo, 12,» vanish for any local super spectral curve:

Proposition 5.6
VmeZsr, oo02m=wo12m =0. (5.18)
See “Appendix A.7” for the proof.
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6 Conclusion and future work

We have formalized the flowchart in Fig. 2 through Definition 2.8, Proposition 3.1,
and Theorem 4.4. There is a one-to-one correspondence between wg »12,» on a local
super spectral curve S¢ and Fy ;o associated with a super Airy structure S 4. We
have then discussed that four examples related to 2d supergravity fit into this new
framework, and we are seeking more. Let us conclude with listing open questions and
future work.

Global super spectral curves

Bouchard and Osuga [13] and Osuga [47] showed that the full recursion of supereigen-
value models in both the Neveu—Schwarz and Ramond sector requires one more initial
datum; a Grassmann-valued polynomial equation. These observations suggest a pos-
sibility of defining a global super spectral curve which comes with Grassmann-valued
parameters. Note that every global spectral curve can be described by local spectral
curves with multiple components by looking at an open neighbourhood of every ram-
ification point. If we believe that this holds in a supersymmetric realm, then how can
we consider a local super spectral curve compatible with possible Grassmann-valued
parameters? Since the current formalism is based on C-valued vector spaces V2, V',
a fundamental extension seems necessary to construct a formalism equipped with
Grassmann parameters.

Even though we do not have any rigorous idea, let us mention a few expectations.
First, supereigenvalue models suggest to introduce wg ojj—the Grassmann-valued
counterpart of w10, and as a result, there would possibly be “fermionic dilaton
shift” as well as nonzero wg uj2m+1. On the other hand, from a super Airy structure
point of view, we would have to allow F ,|;; to be Grassmann-valued in such a way
that the partition function Z is still bosonic. Thus, in particular, we need to generalize
super Airy structures defined in [9]. It remains to be investigated how to make sense
of these insights with technical details.

Higher generalization

Borot et al. [8] have shown a correspondence between VV-algebra and the Bouchard—
Eynard topological recursion which involves higher orders of ramification. A natural
question is whether we can upgrade their work with supersymmetry. In terms of
the super topological recursion, this would potentially mean that we generalize the
involution o : z > —z to an automorphism o : z > ¢>7/9z for some g € Z>5. The
super W-algebra counterpart, however, is not so clear how we should generalize, and
we are hoping to return to this point in the near future. This is indeed under investigation
joint with N. Chidambaram, T. Creutzig, N. Genra, and S. Nakatsuka. While we were
finishing up this paper, a new paper [18] appeared on the arXiv that discusses a WW-
algebra and supereigenvalue models in the Ramond sector. It is interesting to see how
our formalism relates to theirs.
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Enumerative geometry

Following the work of Stanford—Witten [50], Norbury very recently developed in [46]
an intersection theory associated with moduli spaces of super Riemann surfaces. Even
though the recursion in this story is the standard recursion of Eynard and Orantin, it is
interesting to see whether the A/ = 1 super topological recursion plays an additional
role, in particular, whether wg ,2 admit some enumerative interpretation. One good
starting point would be the study of Ramond punctures. Furthermore, the analysis in
[46,50] reduces down to computations in “reduced spaces” of moduli spaces of super
Riemann surfaces [52]. Such reduced spaces can be obtained by setting all odd moduli
to zero, and they turn out to be moduli spaces of ordinary Riemann surfaces with the
extra data of spin structures. Importantly, the bosonic part of the Teichmiiller space
does not see the extra spin structures, hence they are the same as usual Teichmiiller
space [46]. It is interesting to investigate whether this fact relates to Proposition 5.1.
Putting another way, intersection theory on more general moduli spaces may require a
recursive formalism beyond the Eynard-Orantin topological recursion, and the N' = 1
super topological recursion may play a key role.
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Appendix A: Proofs

A.1. Proof of Proposition 3.1

The proof of (3.4) closely follows how [6,7] prove the standard local topological
recursion. Given a local super spectral curve, let us assume existence of solutions of

the abstract super loop equations that respects the polarization. Since K 25 (2, z, 0 (z))
has at most a simple pole at z = 0, the quadratic bosonic loop equations imply that

Vn.m € Zz0, Res K% (z.z. a(z))(Q?f+12m(z, JIK)
—>

+Q¢ hi1jom (@ JIK)> =0. A1)
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Let us focus on terms involving wy, 1|0 on the left-hand side. They appear in the form:

Res KP%(20,2,0(2)) (wo,m(znwg,Hum (@(2), J1K)
+ @0,1)0(0 (D) Dwg n+112m (2, JIK)>
=Res K% (20,2, o(z))(— (@0.110zD) = @0,110(0 (D)) @g.nt112m (2, T 1K)

+ @0.110GDLE 1110w 3 J|K>>, (A2)

where we used (2.40) in the equality. The linear bosonic loop equations guarantee
that the last term in (A.2) does not contribute to the residue at z = 0. Furthermore,
o,110(z]) — wo,1j0(0 (z)]) on the right-hand side cancels the denominator in the recur-
sion kernel. In summary, we get

V4
(A2) = —Beg/ ®0,210(20 1) Wg nt12m (2, JIK) = —wg nt112m (20, J|1K),
(A.3)

where we used (2.9) in the second equality. This proves (3.4).
Similarly, the quadratic fermionic loop equations imply

Vn,m €Lz, Res K'0(u1,2,0(2)Qqpmia U1z, uz, K) =0. (A4)
—>

Note that the right-hand side vanishes thanks to the —%770(1)770(”1) in the recursion
kernel (3.2). One can repeat the same procedure as we did in (A.2), with the help of the
linear fermionic loop equations instead, then terms involving wy 1|0 on the left-hand
side of (A.4) become

1
- 558 (wo,op(lz, ur) — Eno(z)no(m)) ®g n2m+2(J |z, uz, K)

= =g npmy2(Juy, uz, , K). (A5)

This gives (3.6). Remark that due to the —%770 (z)no(uy) factor in the recursion kernel,
c?)g,n\zm+2(J|u1 , uz, K) recovers wg njom+2(J |u1, uz, K) except terms that depend on
no(u1). Since fermionic entries are antisymmetric under their permutations, however,
one can indeed supplement this missing 1o (u1)-dependence precisely by the second
term in (3.5). It is clear that (3.4) together with (3.5) are recursive for wg n2, in
2g +n+2m, hence we have constructed all g 2, starting with a local super spectral
curve, subject to the assumption of existence of solution. This completes the proof.

@ Springer



144 Page 30 of 54 V. Bouchard, K. Osuga

A.2. Proof of Proposition 4.3

Since conjugation by @ does not change the commutation relations, it is clear from
the commutation relations (4.12)—(4.16) that the differential operators in S 4 satisfy
property (2) in Definition 4.1. Thus it suffices if we show that (linear combinations
of) the differential operators in S 4 satisfies property (1) in Definition 4.1. We present
a proof for € = 3 (r; = 0), and we normalize t3 = 1—the following discussions can
be straightforwardly applied to the case with € = 1 (71 # 0).

Itis shown in (4.19) that Hl.1 , F l.l remain unchanged under conjugation by &, hence,
they automatically satisfy property (1). On the other hand, Hiz, Fl.2 are expanded in
terms of (J;, I';);cz as follows:

. I ‘ ‘
Hi2 = Z (—l)k ITkJ2i+k_4 + 3 Z (Ci]’kl Sy +C!J’k (T Z) + hD;,

keZ>> Jj.keZ
(A.6)
Fr= Y (D'l + Y ¢y, (A7)
keZ>> J,k€Z
where
j i 1 ®j—2itdk _1Pjk—2i+4 D1, Pk
Ci]’k‘ = (=178 kpi—a+ (1) 1%4-(—1)]‘ e e R i ;’k ,
(A.8)
1.k jk—J
G = (=1 5 8jtk2i—4 + i 1(¥2, jVok — Yo, V2.k)
+ (=D k=i + 2DV p—2its — (=D G — i + ¥, j2i14, (A.9)
' Qi k—2i+3 ; i1
" = (—DF8jppis + (DR )y s + 6i,1#wk,o,
(A.10)
1 1 1
D; = 251',2 + §¢1,1 + El/fo,z i1, (A.11)

where we conventionally defined ¢; = ¥; x = 0 fori € Z_o. We then introduce a
parity-preserving linear transformation to Hl.z, Fl.2 as

Vl S Zzl, I:Il-2 = Hiz + Z TzkHil_,’_k_2 - Z T2k+lHi2+k_] ) (Alz)
k>1 k>2
FP=F+) miFlys— Y o Flyr, (A.13)
k>1 k>2

@ Springer



N = 1 super topological recursion Page310of54 144

where we conventionally defined HO1 = Jo = 0. In particular, the degree 1 term in
each I:Iiz, 1:"142 reads, respectively,

. ) . 3
H? = ha 5 + (deg2terms), = hae2z + (deg2 terms).  (A.14)

Therefore, the set S 4 = { Hil, Fl.l, I:Ii2, I:*iz} is a super Airy structure. Note that 90
does not appear in the degree 1 term, hence it plays the role of the extra variable.

A.3. Proof of Theorem 4.4

The differential operators in S 4 above and S 4 are related by the linear transformations
(A.12) and (A.13). As a consequence, if Z is the associated unique partition function
of the super Airy structure S A, then it is also annihilated by all the operators in S 4. In
other words, property (2) is required only up to linear transformations (independent of
the choice of basis). Thus, we can equivalently consider differential constrains derived
from the differential operators in S 4 instead of those in S 4. It turns out that this is
easier in practice to show a relation to abstract super loop equations.
With this remark in mind, the proof consists of two parts:

Part 1 given a super Airy structure S 4, obtain a sequence of equations that the asso-
ciated free energy F (S 4) satisfies,

Part 2 starting with the corresponding local super spectral curve Sg, expand the
abstract super loop equations that respect the polarization in the (&, n;)-basis
and show that the expanding coefficients satisfy exactly the same sequence of
equations.

A.3.1.Part1

Let us denote by Z, F the unique partition function and free energy associated with a
super Airy structure S 4 Then, Z is annihilated by all differential operators in S 4. It
is easy to show that H/ Z = 0, Fl.1Z = 0 give, respectively,

Fg,n+1|2m(2ia JIK) =0, Fg,n\2m+2(~]|2i -1,K)=0, (A.15)

forany g, n, m € Z=¢ (recall that Fyy 10 = Fo,2j0 = Fo,0;2 = 0by definition). Here, we
denote by J = {i1, iz, ...} a collections of positive integers and by K = {ji, j2, ...}
by a collection of nonnegative integers. We will come back later that these equations
are in agreement with the linear bosonic and fermionic loop equations.

We now consider the equations derived from HizZ =F l.zZ = 0. In order to express
all terms in a compact way, let us first define the following notations:

B plis JIKT =Y (=D)P 7 2, Fy 1 2 + p — 4, J|K), (A.16)
p=1

B ol i K1= Y (=1 0 Fynapm(J12i + p = 3, K), (A17)
p=1
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B oIk L JIKT = Fo v nsopom e, LIIK)+ Y

81+82=¢
> D Feumsiam K NKD Fey o i2m (1 21 K2),
J1Uh=J
K\UK>=K
(A.18)
81+82=¢
Y D Feumpm Uik, Ki) Fey mpm, (21l K2),
JUJa=J
K1UK,=K
(A.19)
E;%L\Zm[k JII, K] = g ln+l\2m(k JI, K)+ Z
81+82=¢
Z (_l)nglanl+1|2m1(k, J1|K1)Fg2,n2\2m2(]2|l, KZ)
J1UJ=J
K1UK2=K
(A.20)

Then order by order in / as well as in variables x/, 6/, we find from HizZ = Fl.zZ =0

a sequence of constraints on the free energy F. For E 2@ with 2g +n+2m =3,

“g.n|2m
we have
. (1)) . .y ~—J.—k]
VijkeZs, 0= Eo. 3|0[1,],k|] + jkC; , (A.21)
1 -
VijkeZs, 0=89 liljk]l+—- 7 (A22
J >0 0,12 lj 1+5j,0+5k,() i ( )
VjeZot, keZm. 0=E),Lli K+ —L—c 7, (A.23)
14 6k0
0= &} olill+ Di. (A.24)

Note that from the definitions (A.8), (A.9), and (A.10), one easily finds

ik ik —jl—k
c,”’ |=3i,15j,13k,1, C,! P =8i1(8),28k,0 — 8j,00k.2), C; /1 = 6;,16;,10k,0,
(A.25)

for (A.21), (A.22), and (A.23), respectively. For & ©

an+1)2m with 2g +n + 2m > 4,
we get from Hl.2 = 0 that

= B0l JIK1+ Y (CHIED b, 1 1KY+ CIED, b, 11K, 1 K1)
k,1>0
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2m [—Jji.k
C;
+Z(ch " Fy miam (k. NI K+ (—1) ! ~Fenin(J1k, K\m).

k>0 \I=1 =1 ]+8
(A.26)
And for 2° )‘ with 2g + n + 2m > 4, we find from F2 Z = 0 that
= kll
0=80,, i K1+ Y el [k I K]
k,1>0
n .
+3° (Z i1C; " Fyn_1om (i, K)
2m—1 . Ckl Ji
1~
+ Z( D g Fentiian-atk. J|K\m> (A27)

=1
See Section 2 in [9] for an analogous computatlon

Remark A.1 As shown in [9], the constraints (A.21)—(A.27) uniquely determine all
Fg njom except Fy yom+2(J10, jo, K) due to existence of the extra fermionic variable
0°. However, since Fg npm+2(J1jo, 0, K) is fixed, we involve the antisymmetry of
fermionic entries to fix

Fg nom+2(J10, jo, K) = —Fg nom+2(J 1o, 0, K). (A.28)

This additional treatment is an analogous role to the second term in (3.5).

A.3.2.Part 2

Our next task is to find the same set of Egs. (A.21)—(A.27) from the abstract super
loop equations that respect the polarization. Note that by definition, we can always
expand wg 2m for g, n,m € Z>o with 2g +n + 2m > 3 in the form

2m

wgn2m(J1K) = Z an|zm<J|K>®ds i (@) Q) n—j (ur, 01),
iyeyin>1 =1
jl ----- J2m>0

(A.29)

with some coefficients F o.n2m (J1K) which are (anti)symmetric under permutations
of indices in J (K), respectively, but no symmetry is assumed otherwise. Therefore,
we will rewrite the abstract super loop equations with respect to these coefficients
ﬁg,n‘gm(ﬂK ), and show that such constraints agree with the equations obtained
in Step 1. As a consequence uniqueness and existence in Theorem 4.2 imply that

Fg nom (J|IK) = Fg nj2m (J|1K) which completes the proof of Theorem 4.4 as well as
Corollary 4.5.
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Notice that the linear bosonic loop equations are equivalent to the following equa-
tions:

Vi € Z1, o=Regzi—1,c§n+1|2m(z,J|K). (A.30)
s .
If we substitute the expansion (A.29) in Efyn +12m (z, J|K), it gives
n 2m
VieZsi, 0= Y 2Fupn(2, JIK) Q) dE @) Q) n—ji i, 00),
i1yeensin>1 k=1 I=1
jl ----- jZmZO
(A.31)
which implies
Vi € Zs1,  Fguom(2i, JIK) = 0. (A32)
Similarly, the linear fermionic loop equations are equivalent to
Vi €Z=0, 0=Resn QLY w12, K), (A.33)
=
which implies
VieZst, Fenpm(J12i —1,K)=0. (A.34)

Therefore, (A.32) and (A.34) agree with (A.15).

We repeat similar procedures for the quadratic fermionic and bosonic loop equa-
tions, but computations become tedious. The quadratic fermionic loop equations are
equivalent to

1 .
VieZs, 0= ——Resm—(Z)QFB

FRes 3z Zenlan 12, KD, (A35)

where the overall —% factor is inserted for convention. Let us consider terms involving
wo,1)0 Wwhose residues can be easily obtained as

1 . ~
-3 X v (14 D) T Benpnli +p =3, K). (A36)
p=2,4=0

where we have omitted the (X) d&; &) nk factor. Notice that these terms trivially vanish
if i is odd. When i is even, we redefine i — 2i, and they become

Viels, Z(—l)l’—lr,,ﬁg,n+”2,,(1|2i +p—3,K) (A.37)
p=2
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This agrees with the first term in (A.23) and (A.27) with the replacement of F ;2.
with ﬁg,n|2m.
For 2g + n + 2m = 3, the rest of terms in (A.35) becomes

1 ( )
—5Re 77: (wo 210(z, z1Dwo,012(| — z, 22) + w0 210(—2, 21 Dwo,012(12, 22))
= dé—j(2)n-—k(z2) +8 ¢, (A38)
j=1k=0 k.0
where
A—jl— 1o mi(2)
G A —513 S Zld (de(Z)nk(—z) +d$j(—z)nk(z)) = 8i,18;,18k,0-

(A.39)

This is in agreement with (A.25), hence we have recovered (A.23).
For 2g + n + 2m > 3, one can show after some manipulation that (A.35) can

be written in the same form as (A.27) with the replacement of (Fy ,m, Cl.j Ik ) with
[ AJjlk
(Fg,n|2m, Ci” ) where

~i 1
Vi, kelZ, cl!'k ‘— __Res nzz(z)(

JRe dé-;(2-k(=2) + 4, (—=4(2)).

(A.40)

Note that we have defined d§) = O for convention. One can explicitly compute the
residues (A.40) and check that the result is in complete agreement with (A.10). That
is,

VieZs, Vjkez, C/"=c/* (A41)

This implies that F g.n2zm (J|K) satisfies the same equation as (A.27).
Similarly, the quadratic bosonic loop equations are equivalent to

1 Re J8i(2)

Vi € Z-~1, 0= —=Res
! = 2220 z2dzdz

(Qg n+1\2m(Z’ JIK) + Qg n+12m (z, J|K)) .
(A.42)

Almost all computations are similar to those for the quadratic fermionic loop equations,
and one can manipulate the quadratic bosonic loop equations into the same form as

(A.27) with the replacement of (Fy njam, C;*', C7*) with (Fy pjom, €%, €V*) where

~j 1 d&i1(2)
CM = —TRes=E R (4 () (—2) + de— (~D)dE () ). (A43)
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Alj 1 dé&i— .
¢t = —Zggg%(@ N @Ok (=D D 0 (~DN4(D)) = G B,
(A.44)

Note that the antisymmetrization of c l!j *isa consequence of the sign factor (—1)”
in (2.44). By explicit computations of the residues, one confirms that

VieZsi, Vjkez, CM=c/M o elt=clt  (a45
The only factor that does not have any analogue in the fermionic loop equations is

the one that corresponds to (A.11). This appears in the quadratic bosonic loop equation
for g = 1,n = m = 0 in the form:

- 1 dé&i1(2) 1
D; = ——Res—————— — — —(D. .
i SRS — Iz <wo,2|o(z, z]) 2( 2 - w0,012(|z, 1)
+Dy - wo,012(lu, z))‘ ) . (A.46)
u=o(z)

Again, one can show that 15; = D;.

In summary, Ia ¢.n|2m satisfy precisely the same equations as those that Fy 2, do.
Thus, uniqueness of solution implies F g.n2zm = Fg njom. This proves Theorem 4.4 and
Corollary 4.5.

Remark A.2 For irregular cases (¢ = 1), all we have to modify from the above analysis
is to shift the indicesi — i — 1 in Hiz, Fiz, or equivalently, in terms of abstract super
loop equations, we shift i — i — 2 in (A.35) and (A.42). All other computations are
completely parallel.

A.4. Proof of Proposition 5.1

The case with 7; = §; 3 is proven in [5,42] but with a twist. For consistency, however,
first we directly prove Proposition 5.1 except the truncation property, and then consider
truncation by consulting the arguments in [5,42].

The idea of the proof is as follows. In terms of the super topological recursion,
Proposition 3.1 implies that wg ,)0 and wg |2 are determined by themselves without
the knowledge of wg nj2m for m > 2. This is because (3.5) involves only wg »0 and
g n2- Even though w, ;14 appear if we use (3.4) to compute wyg, 2, the results should
match with those by (3.5) since existence of solution is guaranteed. An equivalent
statement in terms of super Airy structures is that the leading order of HiZZ =F l.ZZ =0
with respect to Grassmann variables gives a set of constraints that uniquely determines
Fg njo and Fy 2 without the knowledge of Fy ,2/>4. Higher-order constraints involve
Fg nj2m=>4. Therefore, it is sufficient for our purpose to only focus on the leading order
of the differential constraints HizZ = FizZ =0.

Now we consider the super Airy structure S4™ = {H], F}, Hl.z’U, Fiz’”} with
7 = §;3 (€ = 3) and its associated free energy F(S4%). First, we can set X% =
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9}" “A = 0foralli € Z.o without loss of generality (see Sect. 4.3). Next, let us define
F*, Fg by

2
ﬁvs — Zhgflﬁvs — Zhg7]2g F (A‘[3) _ l Z 921'92]' Gl 'Fg(AT%)
g g 2 £ ox2i+t1gy2i-1
§=0 8=0 i,j=0
+0O)*, (A47)

where A = {Hl.l, I?l.z‘”} is the Airy structure with t; = 8;.3, ¢ = 0 and F(A®) is
the associated free energy. Then, since FS satisfies property (1) and (2) of Theorem 4.2,
it suffices to claim that F(S4™) = F* + O(0)*, if we show:

eiﬁxHiz’Beﬁs _ 0(9)27 efﬁsFiz,meﬁs _ 0(9)3_ (A.48)

This can be checked by directly substituting (A.47) into (A.48). First, one finds for
alli € Z+o,

9x2i—1 2 ox2i+2j=5

ps ps dF, AT3 Iyl : dF, AT3
e HTe! =Z(2h>g(—g( L a0t Y @) — D D)
g=0 jzl

1 3 3 dFg (AD) 0Fg, (A) 32 Fy_1(A™)

T 2 9x2i—1  gy2k—1 9x2—1gy2k—1
Jjtk=i—1 \g1+g=¢

h
+ §3i23g,1> + 06), (A.49)

The leading order in 6 vanishes thanks to the assumption that F'(A™) is the free energy
of the Airy structure .4%. Next, one can show that

_fs o0 s . 0 1 _ps s
e FFi,QeF 2292] . e FH2,136F
axZjt1 \ 2 !
Jj=0

. 8 l _ s s
—2921 T <§e F Hiﬁ?eF > +0@@)>.  (A50)
j=0

Thus, the leading order in 8 again vanishes thanks to the assumption. We can apply the
same technique to the super Airy structure S4™ with 7 = &1 (¢ = 1). This shows
that (5.3) holds, at least for S 4™, S4 5.

We will now generalize the above results for an Airy structure A" with arbitrary
dilaton shift (77);-0. It is easy to show by induction in n € Zx( that every nonzero
coefficient Fy ,4+3(A™) (i1, iz, i3, [) is always in the form:

FO,n+3(AT3)(1, 15 171) (ASI)
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where I = {i4, ..., i,+3}. That is, at least three of the entries must be 1. Recall that
the free energy associated with any Airy structure is unique up to addition of terms in
i1 C[[A]]. Importantly, (4.19) shows that taking conjugate with respect to arbitrary
1, merely shifts each variable x! — x! + 7;. Thus, if we define F by conjugation

T 3 T
ef = exp ZTJ, eF ™) exp —ZTJI : (A.52)
1>2 1>2

(A.51) ensures that no unwanted terms such as I*_b,] and Fog appear in F. Then by
construction, all differential operators in A" annihilate (A.52), hence it follows that

F — F(AY) e k- 'Cl[h]] (A.53)
With this in mind, let us define F* as
M mexp [ S L | eF SN exp [ -3 L | (A.54)
[ [
[>2 1>2
Then as a consequence of (A.53), order by order in /, we have
i} 1 L PF (AT
Fg =28 | ey + Fy(AT) = 5 > oigr I Lot (ass)

8 axigxi—1
i.j=0

forsome ¢, € C. Importantly, Fg does not have the unwanted terms, hence F* satisfies
property (1) and (2) of Theorem 4.2.

Finally, let S4™ = (H/, F', H>", F"} be a set of differential operators of arbi-
trary dilaton shift with € = 3. Explicitly,

T T
HY =exp | TZJZ H P exp |- TZJZ : (A.56)
1=2 12
F2,r . T 2,73 T
;T o=exp Z TJI Fo7exp| — Z 7]; . (A.57)
=2 =2

Thus, by construction (recall (A.48)), we find that F* satisfies

e F Hiz’reﬁs =007, Fiz’reﬁx = 00). (A.58)

Then, it follows that

F(SAT) = F* + O@%). (A.59)
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Again, one can repeat the same trick for every set S 4* of differential operators of
arbitrary dilaton shift € = 1. This proves that (5.3) holds for any S 47.

A.4.1. Justification of Proposition 5.2

We finish the proof of Proposition 5.1 with comments about truncation phenomena
which simultaneously justifies Proposition 5.2. It is shown in [5] that the partition
function e”S of the continuum limit of supereigenvalue models is annihilated by
(Gnt1/2)n>—1 defined in Eq. (29) in [5] which are represented by a set of variables
(t;, ti)i>0- Note that (t;); >0 denote their Grassmann variables only here and in (A.60),
but they denote dilaton shift parameters anywhere else. Furthermore, they conjectured
that Fs is given by the partition function of the continuum limit of Hermitian matrix
models which also relates to Fg(A™) [22,39,51]. This conjecture, in particular, its
truncation property is proven in [42]. Explicitly, their notation is translated into ours
as follows:

Vi>0, =x3t =1 x¥=0¥'=0, «*=2n
- 7z
(A.60)
1 5 1
Gi3p = «/_h exp ——J3 Fi exp 5]3 , (A.61)
1 T 1
s = exp <—§J3> eF(Sa™) exp (§J3> , (A.62)

where the left-hand sides of these equalities are notation used in [5] and the right-hand
sides ours. Note that Eq. (31) in [5] is obtained by (5.3) in terms of the K2-expansi0n
instead of /. Since the degree of Grassmann variable dependence never increases under
taking conjugate with respect to (77);=0, we conclude from (A.62) and from the results
in [5,42] that F(S47) with € = 3 truncates at quadratic order in Grassmann variables
6. We cannot apply this argument to cases with € = 1 because the results in [5,42]
are valid only for 7; = §; 3. This completes the proof of Proposition 5.1.

With (A.62) being shown, one can easily follow [3,53] to compute correlation
functions of (2, 4¢)-minimal superconformal models coupled to Liouville supergrav-
ity. Note that Fg has nonzero Fy 1j0, Fo2j0, and Fpop unlike F(S4%) due to the
(inverse) dilaton shift (A.62).

A.5. Proof of Proposition 5.3

We apply the A/ = 1 super topological recursion to prove Proposition 5.3 instead
of super Airy structures. Concretely, we first derive the super loop equations of
supereigenvalue models in the Neveu—Schwarz sector, and then next, we determine
an appropriate local super spectral curve with the help of the results shown in [13].
Finally, we evaluate the super loop equations on the local super spectral curve and
show that the super loop equations of supereigenvalue models fit into the framework
of abstract super loop equations. Bouchard and Osuga [13] show a recursive formula
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for correlation functions without half-order differentials thanks to a great simplifi-
cation due to [5,42]. Here instead, we will take a different definition of correlation
functions in such a way that the N' = 1 super topological recursion suits well. Parts
of computations and analyses below are taken from [13].

A.5.1. Super loop equations

As the first step towards the proof of Proposition 5.3, we derive the super loop equations
of supereigenvalue models. Let Fys = log Z s be the free energy of 1-cut supereigen-
value models in the Neveu—Schwarz sector with coupling constants {gx, & ! YkeZso-

The bosonic and fermionic potentials are defined with the coupling constants and a
formal variable x as

V) =) st Wyst) =) g1k (A.63)

k=0 k>0

The partition function is annihilated by super Virasoro operators {L,, G, 41 Ynez-_,
] >
in the Neveu—-Schwarz sector,

VneZs_1. LiZns=G,,1Z=0, (A.64)

where the representation of these operators can be found in [13]. Note that Fyg is
not the free energy of the associated super Airy structure. Accordingly, these super
Virasoro operators do not form a nontrivial super Airy structure.®

Let 2N be the number of bosonic (equiv. fermionic) eigenvalues in supereigenvalue
models. It can be shown that the free energy enjoy the 1/N-expansion, that is,

1 2-2g
FNS:Z v Fnsg. (A.65)

g=0

We introduce the bosonic and fermionic loop insertion operators as

ad 1 9 a 1 a
oy Lo 9y L9 e
AV (x) g xkt19g”  0Wys(x) % xk+1 0841

Then, correlation functions Wy |2, are defined by

1 2g—24n+m n 9 m—1
) Fys.e. (A67)

Wenn (1) = <N Lovis 1;[) 0UNs (1)

Note that the power of N is inserted so that W, ), (J|K) are independent of N. Also,
the ordering of the fermionic loop insertion operators is important as sign may appear

6 After an appropriate conjugation, they can form a super Airy structure whose associated free energy is
zero. See [9].
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if the order is chosen differently. In particular, our definition is different from that in
[13,47] to match with the abstract super loop equations.
Their super loop equations are derived from the following series

1 1 1 1
LTz =0 L g O T =0 (A

As shown in [13, Section 3.4], our first step is to manipulate the above series into the
following forms:

PESEB D = VO Weioleh + 5 3 We toleDWes 10(x])
g1+82=¢
1
+ EWg—1,2|o(x,XI)
1 1,
- E g o () Wys(x) — —‘I"NS(X)Wg’0|1(|x)
Z 10|1(|X)Wg2 O|l(|x) 82 0|1(|X )C) s (A69)
g1+82=¢ =x
PYSTE (1) = =V () W 01 (1) — W5 () W 1j0(x])
+ Z Wi 110(xD) Wy 001 (1X)) + Wey 111 (x|x), (A.70)
81+82=8

where the prime denotes the derivative with respect to x and

NS,BB
Pg,1|0 (x])

d 1 d
= Z x" <(n +k+2)gnthr2— + z(n +2k+3)%‘n+k+gﬁ> Fys.g,
2

n,k>0 agk
(A.71)
NS FB
g o1 (| )
Zx”((n+k+2)g 0 +& 0 )F (A.72)
= n+k+2 k43 NS.,g- .
im0 1 "2 9gy

If we act an arbitrary number of times with the loop insertion operators on

PNS BB (k1) and PV3FB (1x), we get from (A.71), (A.72) that
g 110 2,01

OVSBE (1K) = 1 n+m1ﬁ[ 9 ml;[l 0 PNSBB (1)
gt T AN LoV g 0N @—) &1

n
d Wenm(J|K)
= PNSED (x JIK) = Y s 2

g.ntlim — dx; X — X
i=
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P3N (11 Wenm (1K) _iwgmmum))’

2 dx x—ij dij x—)?j
(A.73)
1 n+m n m—1 9
NS,FB NS.BF
JIx, K) = P
Cenim1 b £ (N) Uavm e
n
d W un—1jm+1(J\xi|x;, K)
PNS FB J . & Wen
gn\m+l( | ) ;dxi X — X
ot X —X;
where
NS,BB 1\ 0
Py it JIK) = <ﬁ) o ((n +k+ Dgnikiag—
8k
n,k>0
+1( + 2k + 3)& 9
2 n+k+3 3€k+%
n -
F , A.75
Havm H szocm o A7)

i=1 i=0

PYSTE o J1K) = (= MZ (4 k4 Dguskir e + s
g.nlm+1 N 8§k+% n+k+35 agk

n,k>0
n m—1
9 9
. oo (A.76)
Ea\/(x,) E DUns ) V58

At the same time, (A.69) and (A.70) imply that

NS,BB
oNSEE (. JIK)

= —V/(X)Wg,n-i-l\m(xa JIK)

" 1
+ Z mwg,n,m(xv J\x; 1K)
i=1

1
+ EWg—l,n+2|m(X, x, J|K)

1 -
Wit E, K)’j:x
1
+ 5 Z Z (_1)pr1,n1+l|2m1 (x, -]l|Kl)Wgz,n2+l|m2(xv D |K>)

g1+82=¢ J1Uh=J
K1UKy=K
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1

- 5 enmr1 (J1x, K)Wns(x)

1
+ = Z( D/ W (1, K\E))
j 1
] /!
- szSng,n‘mH(ﬂx, K)

——Z( 1/~ 1—_—Wg,,|m<f|x K\i))

Z > EDPWY i 1, KD Wy 011 (alx, Ka), (A7)

g1+gz =g J1Uhh=
K1UKy= K

and

Qg rimir (1%, K)
=-V’ (X)Wg,nlqul(Jlx’ K)
- 1
— W, J\xi|x, K
+Zl:(x—xi)2 g.n ],m+1( \xl|x )

- \pNS(x)Wg nt1], (x, J|1K)

—Z( /!

+ Wg—l,n+l|m+l(xs Jlx, K)

+ Z Z (=D Wy it 112m; (8 JiIKD) Wes naimyt1 (2%, K2).
g1tg2=g J1UJr=J

K\UKy=K
(A.78)
In the computations, we used
i V(x) ! ! Wyg(x) ! (A.79)
—— V) =— , — X)) = ——. .
AV (x1) @ —x2 aWysGD T X =R

We note that these super loop equations are derived without referring to the reduction
[5,42]. Although (A.77) and (A.78) are called the super loop equations of supereigen-
value models in the Neveu—Schwarz sector, we still have to show that they are examples
of abstract super loop equations, when evaluated on an appropriate local super spectral
curve.
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A.5.2. Local super spectral curve

The second step is to find an appropriate local super spectral curve. To do so, however,
let us start with a global picture. We set the potentials V (x), W(x) to be polynomials.
Then, Bouchard and Osuga [13] showed that if we consider a hyperelliptic curve

¥ = (x — D(x + D(M(x))> =0, (A.80)

with parametrization

N =
N =

x(z) =

1
<u+_)’ y(Z)Z
u

(u - i) M(x(u)), (A.81)
we find

1 ©) /
wo,1j0@]) := M(x)yu)dx(u) = 3 (Wo,l‘o(ul) -V (x(u))) dx (u),

(A.82)
1 0 dx1dx; dudus
wo 2101, uzl) = =Wy5o(ur, uz))dxidxs + = ,
| 2020 (1 —x2)2 (U1 —u)?
(A.83)
W(O) (|u — — W(O) A84
0,012 1, u2) = —(x1 —x2) 0’2|0(u1,u2|), (A.84)

where the superscript (0) denotes the term independent of &;-couplings. Note that they
are globally well-defined on the hyperelliptic curve.

Next, we will move to a local picture and define wy g|2. There are two ramification
points, u = %1, and we focus on one of them, u = 1—the case with u = —1 goes
parallel. Moving from a global picture to a local picture is done by considering a local
coordinate z satisfying

LY P (A.85)
.X—2 u ” = 27 .

and by rewriting everything as formal expansion in z. Note that (A.85) is a valid
equation only in the neighbourhood of the ramification point # = 1. Furthermore,
we extend this local patch C to C!!! together with a Grassmann variable 6. With this
setting, we have from (A.82) and (A.83) that

1 1
0,110(z]) = EM(X) (M(z) - m) zdz, (A.86)
1 du(z) du(z2)

dzidza, (A.87)

wo,210(21, 221) = (u(z1) —u(z2))? dz dzo
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where they should be understood as formal expansion in z, z1, z2. Also, we define

1
wo,02(121, 22) == (5 5?2)|0(|21, 22) — m) 010,
x(z1) — x(z2)
= —mwww(zl, 20016, (A.88)

Again this should be understood as formal expansion in zi,z;. Notice that
(0,110, @0,2/0, @0,02) in formal expansion in z provide the defining data of one of the
two components of a local super spectral curve (Definition 2.5). Therefore, together
with a similar analysis for the case with u = —1 and mixed cases for wg 2|0, wo,0/2,
we have found an appropriate local super spectral curve of two components given in
(5.6), (5.8), and (5.9).

A.5.3. Abstract super loop equations

The final task towards the proof of Proposition 5.3 is to transform the super loop
equations of supereigenvalue models evaluated on the above local super spectral curve
into the abstract super loop equations on the local super spectral curve. Again we only
discuss the case with u = 1 and the case with 1 = —1 immediately follow. By
construction, we know that w10, @0,2/0, @o,0)2 satisfy the linear abstract super loop
equations

@0,110(z11) + wo,110(0 (z1)]) =0, (A.39)

dxidxo
@0.2/0(21, 22]) + @o,210(0 (21), 22]) = =) (A.90)

00,
wo,02(121, 22) + wo,012(lo (21), 22) = T (A91)

For 2g +n + 2m > 3, we define

n 2m
Wgnom (1K) =267 WO (1K) R dxz) R OG).  (A92)

i=1 j=1

The 28~ ! is inserted for convention, but this is indeed related to (A.60)—one can
think of k = 1/N. We would like to rewrite the &;-coupling independent terms on the
right-hand sides of (A.77) and (A.78) with respect to g n2m. In order to do so, let us
give a list of what we have to do:

(1) multiply to (A.77)

n 2m
dx(2)®* () dx(z0) R) O ) (A.93)
i=1 =1
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(2) multiply to (A.78)

2m—1

dx(2)0(2) R dx(z) K) OG)) (A.94)

i=1 j=1

(3) use (A.82),(A.89),(A.90),and (A.91) whenever possible to get rid of the following
terms:

. dx(z)dx(z;) _0R@)6(F;)
e P e A

(A.95)
(4) use the following relation whenever necessary,

1 - - -
dede(ﬂ,op(IZ, D, =D wo0p(lz,2)|, =D; - woopo(),2)|_ ,
=z z=0(2) 7=z

(A.96)

There is one more important process to arrive at the abstract super loop equa-
tions. A key observation is that after setting V (x), W (x) to be polynomials in x, both
Qgiflém (x, JIK) and Qgi"nfi (J]x, K) become functions of x which is regular in
the neighbourhood of z = 0. This can be explicitly seen by (A.73) and (A.74). Thus,

locally we have

QNSEE (x, JIK)dxdx € 2VEH @ 2V Y, (A.97)
oyl (J1x, K)dx©, € VET @ VT, (A.98)

which agree with the defining condition for the quadratic abstract super loop equations.
Moreover, since it is invariant under z — o (z) = —z, we can show’ by induction in
2¢ +n+2m >3,

wg,n\Zm(Z» JIK) + wg,)1|2m(U(Z)v JIK) =0, (A.99)
wg.n2m(J |z, K) + wg npm (J o (2), K) = 0. (A.100)

They agree with the linear super loop equations. With these relations in hands, we add
another step to the list:

(5) use (A.99) and (A.100) whenever appropriate to obtain the quadratic abstract super
loop equations.

If we proceed (1)—(5) inductively, we can show that the right-hand sides of (A.77) and
(A.78) agree with the quadratic abstract super loop equations with an overall factor of
278,

7 See Section 2.3.2, Bouchard and Osuga [13] for an analogous analysis on a global spectral curve. Com-
putations are parallel.
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As the final remark, it is not a priori guaranteed that wg 2, respects the polariza-
tion:

n 2m
wgnm € | QVE | ® (® vﬁ»%;{‘) : (A.101)
j=1

k=1

This is rather a property that we have to show by investigating their pole structures.
Fortunately, this property has been shown in [13] from a global point of view, and it
is straightforward to transform their results into our local description.

In summary, we have found a local super spectral curve of supereigenvalue models
in the Neveu—Schwarz sector, and have shown that their correlation functions respect
the polarization and that they satisfy the abstract super loop equations. Therefore,
thanks to Proposition 3.1 and Corollary 4.5, the N' = 1 super topological recursion
uniquely constructs all correlation functions of supereigenvalue models in the Neveu—
Schwarz sector. This completes the proof of Proposition 5.3.

A.6. Proof of Proposition 5.4

The recursive formula for correlation functions of supereigenvalue models in the
Ramond sector was recently obtained in [47] where correlation functions are defined
as meromorphic differentials on a certain hyperelliptic curve without a superconfor-
mal structure. Thus, similar to the NS sector, we will define correlation functions
differently from how [47] does so that they fit to the framework of the ' = 1 super
topological recursion. Since the strategy for the proof is very similar to that for the
Neveu—Schwarz sector, we only point out some important differences and omit all
other straightforward tedious computations.

A.6.1. Super loop equations

We first derive the super loop equations of supereigenvalue models in the Ramond
sector. Let Zg be the partition function of supereigenvalue models in the Ramond
sector, then it is crucial to remark that Z is annihilated by L, 1, G,, for nonnegative
integers n, m, and it is not annihilated by L but rather

1
LoZg = RZR, (A.102)

where the explicit representation of these operators can be found in [47]. In particular,
L_1Zgr # 0. The bosonic potential V (x) and the bosonic loop insertion operator
are defined in the same way as in the Neveu—Schwarz sector. On the other hand, the
fermionic ones are defined with half-integer powers of x as

\I'R(x)=ZSkx"‘%, 9 -> ! L o (A.103)

= e .
pre OWR(x) pre 1+ 8k,0 xk+7 &k
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Note that the & o factor is due to existence of the fermionic zero mode vy with
{¥0, Yo} = 1 which is represented as

19
Yo =& + 395 (A.104)

Accordingly, correlation functions are defined by acing an arbitrary number of times
with the loop insertion operators on the free energy Fr = log Zp as

2¢g—2+4n+m n ) m—1 9
> iy AV i) .l:!) OWR(Xm—i)

1

Wg,n|m(J|K) = (ﬁ

Frg. (A.105)
In contrast to the Neveu—Schwarz sector, however, the 1/ N-expansion is an assumption
rather than a consequence due to the lack of relation to Hermitian matrix models.

It is discussed in [47] that »/x is not a well-defined function on a Riemann surface.
In order to avoid this issue, Osuga [47] introduces a variant of the fermionic potential
and fermionic loop insertion operator in order to make correlation functions well-
defined on a global spectral curve. Since our formalism in the present paper is local,
however, we can take the definition (A.103), which in fact seems more natural from
a vertex operator algebra point of view. Effectively, one needs to divide by /x or
multiply /X to the fermionic potential and the fermionic loop insertion operator if
one wants to match with [47]’s notation.

The super loop equations in the Ramond sector are derived from the following
series:

1 1 (Sn,() 1 1
ZWZ_R <Ln_ﬁ) Zr =0, ZT%Z—RGnZRZO. (A.106)

n
n>0 n>0 X

By acting an arbitrary number of times with the loop insertion operators, one can
manipulate and bring the two power series into similar expressions to (A.77), (A.73),
(A.78), and (A.74). Even though computations are tedious, the results in the Ramond
sector are obtained by the following replacements. See “Appendix A”, Osuga [47] for
a justification. Almost all computations are parallel:

NS-R dictionary

NS-R 1 Replace Wy (x) with Wg(x)
NS-R 2 Replace the fermionic loop insertion operator

0 0
— (A.107)
OWNs(x) OWR(x)
NS-R 3 Replace as follows on the right-hand sides of (A.77) and (A.78)
1 1 X 1
x4 (A.108)

— >
X —X; 2x—xjﬁ/ij’
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NS,BB pNS,FB\ _ . R.BB R.FB
NS-R 4 Replace (Pg,n+1|m’ Pg,n|m+l) with (Pg,n—i-l\m’ Pg,n|m+1) where

pRBB (. JIK)

g.n+1m
0 In+4+2k+2 ad
= ) ((" +k+2) gtk — + ——§n+k+2—>
dgr 2 140 13
n>—1,k>0
n 9 m—1 9
X p FRrg, (A.109)
E oV (x) 1:!) OWR(Fm—i) *
R,FB
Pg,n|m+1(‘]|x’ K)
= X < 8n+k+1 5 T Entk+1 T
Byl 1+ 80 9&k 08k
n m—1
d Rl
X - Frq. (A.110)
LoV (x) [1 OWR(Em—i) °

i=1 i=0

NS-R 5 Add the following terms to the right-hand side of (A.73)

an: d We nim (J1K) 1%( 1/~ d J1K), (A.111)
x = dx; gnim X dx; g.nlm ’ ’

NS-R 6 Replace as follows in (A.74)

1 1 xi 1 1 VX
s el _ S A (A.112)
X — X x—xi Jx  x—X x =X Jx

Note that (A.108) is a consequence of the following result instead of (A.79):

d 1x1 4+ x2 1
——Wg(x1) =2 —_—
OWR(x2) 2x1 — X2 /X1/X2

(A.113)

Crucial differences from a global point of view [47] are not only the appear-

ances of /x, but also that QR’BB (x, J|K) has a simple pole at x — 0 unlike the

g.n+1|m
Q?,ﬁﬁ?m (x, J|K). As explained in [47], this originates from the factthat L_; Zr # 0.

However, as long as we stick to a local description in a neighbourhood far from x — 0,
we do not have to worry about the pole. This is one of advantages of super topological
recursion—one can treat both the Neveu—Schwarz and Ramond sector in the same
footing.
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A.6.2. Local super spectral curve and abstract super loop equations

Let us find the local super spectral curve for the Ramond sector. It is proven in [47]
that the (global) spectral curve is given by

xy? — (x = D(Mx)> =0. (A.114)

If we choose the parametrization as

1

X=—",
1 —u?

y =uMx(u)), (A.115)

then there are two ramification points u = 0, co. Furthermore, Osuga [47] has shown
that there is no contribution to the recursion from the irregular ramification point
at u = oo thanks to a supersymmetric cancellation. Hence, we just focus on the
regular ramification point # = 0. This is critical because x = 0 at the irregular
ramification point # = oo, which is exactly where we would like to avoid because
Qg’nB +Bl m (x, J|K) has a simple pole at x = 0. The supersymmetric cancellation nicely
saves us from this issue.

We introduce a local coordinate z in the neighbourhood of # = 0 by

2
1
x:l—i—z—

T =12 (A.116)

and extend this patch C to C!, Similar to the Neveu—Schwarz sector, we define

1
w0,10(]) == M()y()dx(@) = 5 (Welo@h = V() dx ).

(A.117)
dx(z1)dx(z2)
(x(z1) — x(22))?

(A.118)

1
0201 22]) = 5 Wy e, 22Ndx (@ (za) +
du(z1)du(z2)

T (@) —u(z)?’

where they should be understood as formal expansionsin z, 71, z2. The explicit form of
wo,012(|21, z2) was derived in [47] from a global point of view. In our local description,
we get

1 0 lxi4+x 1
wo,012(|21, 22) = (— éz|0(|Z1, 22) — ———) 010,
2 Y 2 X1 — X2 A/X1/X2
1 2 1 22 _% 2 _%
(w(z1)+u(z2))(1—u(z1)u(z2)) 1+Z_1 1+z_2 0,0,.
du(z)u(z2)(u(z1) —u(z2)) 2 2
(A.119)
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where this should be understood as a formal expansion in z1, z2. These (wo,1)0, ®o,2/0,
wo,0p2) provide the defining data of a local super spectral curve for the Ramond sector.
Note that instead of (A.91) we now have

1x+x 1
2x —x1 /x/x1

Starting with this local super spectral curve, we can go through procedure (1)—(5)
listed in Appendix A.5 with only one change, use (A.120) instead of (A.91), and we
obtain the abstract super loop equations for the Ramond sector. Moreover, it is shown
in [47] that correlation functions respect the polarization. This completes the proof of
Proposition 5.4.

0,021z, 21) + wo,02(l0(2), 21) = — 0107,  (A.120)

A.7. Proof of Proposition 5.6

Let us first show that
0,014 = wo,114 = 0, (A.121)

for any local super spectral curve. This can be easily shown by counting the degree of
poles. Since this is trivial if € = 1, we focus on local super spectral curves with € = 3
and we normalize 73 = 1. Given a regular local super spectral curve, we find

0,310(21, 22, 23]) = —d&_1(z1)dE_1(z2)dé_1(z3), (A.122)

1
w0121t 12) = =51 @) (n-2 G0 @2) = no@n-2@2) ). (A123)

The degree of poles of the integrand in (3.4) and (3.5) increases by 2 when y = 2g+n+
2m increases by 1 due to their recursion kernels. In particular, wg,oj4 can only have poles
up to the degree of n_4 but not higher (this can be explicitly verified with (3.5)). Since
there is no (7—2;—1);ez due to the linear fermionic loop equations, wg ;4 should be
given by a linear combination of products of {no, n—», n—_4}. However, {no, n—2, n—4}
is not enough to construct a completely antisymmetric linear combination. This shows
that 0,014 = 0.

For wp,1)4, one may naively think that it can have poles up to the degree of n_g.
Indeed, by looking at the pole structure of the integrand, the following terms in (3.5)
for wo, 114 give:

5_6)3 KB (uy, z, U(Z))(a)o,ou(lz, u2)wo, 22(z1, —zlus, ug)
+ wo,112(z1z, u2)wo, 12(—z|us, ug) + (2 < —Z))
= Cd§—1(Zl)n—e(ul)no(uz)(77—2(M3)770(M4) - 770(143)77—2(144))

+ terms independent of 1_¢(u1), (A.124)
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for some ¢ € C. However, after complete antisymmetrization, these terms vanish and
we get wg, 114 = 0. Finally, by induction we can show that @ oj2,» = 0 by (3.4) and
wo,112m = 0 by (3.5) form > 2.
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