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Abstract

Connections between set-theoretic Yang—Baxter and reflection equations and quan-
tum integrable systems are investigated. We show that set-theoretic R-matrices are
expressed as twists of known solutions. We then focus on reflection and twisted alge-
bras and we derive the associated defining algebra relations for R-matrices being
Baxterized solutions of the A-type Hecke algebra Hy (¢ = 1). We show in the case
of the reflection algebra that there exists a “boundary” finite sub-algebra for some
special choice of “boundary” elements of the B-type Hecke algebra By (g = 1, Q).
We also show the key proposition that the associated double row transfer matrix is
essentially expressed in terms of the elements of the B-type Hecke algebra. This is
one of the fundamental results of this investigation together with the proof of the dual-
ity between the boundary finite subalgebra and the B-type Hecke algebra. These are
universal statements that largely generalize previous relevant findings and also allow
the investigation of the symmetries of the double row transfer matrix.
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1 Introduction

The Yang—Baxter equation and the R-matrix are central objects in the framework of
quantum integrable systems. The Yang—Baxter equation was first introduced by Yang
[73] when investigating many particle systems with §-type interactions and later in
the celebrated work of Baxter, who solved the anisotropic Heisenberg magnet (XYZ
model) [2]. The solution of the model by Baxter was achieved by implementing the
so-called Q-operator method, a sophisticated approach leading to sets of functional
relations known as T-Q relations, that provide information on the spectrum of the
model. A different approach on the resolution of the spectrum of 1D statistical models
is the Quantum Inverse Scattering (QISM) method, an elegant algebraic technique
[50], that led directly to the invention of quasitriangular Hopf algebras known as
quantum groups, which then formally developed by Jimbo and Drinfeld independently
[29,30,44,45].

Drinfeld [28] also suggested the idea of set-theoretic solutions to the Yang—Baxter
equation, and since then a lot of research activity has been devoted to this issue (see for
instance [32,40]). Set-theoretical solutions and Yang—Baxter maps have been investi-
gated in the context of classical discrete integrable systems related also to the notion of
Darboux-Béicklund transformation [1,61,72]. Links between the set-theoretical Yang—
Baxter equation and geometric crystals [3,33], or soliton cellular automatons [39,71]
have been also revealed. Set-theoretical solutions of the Yang—Baxter equations have
been investigated by employing the theory of braces and skew-braces. The theory
of braces was established by W. Rump who developed a structure called a brace
to describe all finite involutive set-theoretic solutions of the Yang—Baxter equation
[63,64]. He showed that every brace provides a solution to the Yang—Baxter equa-
tion, and every non-degenerate, involutive set-theoretic solution of the Yang—Baxter
equation can be obtained from a brace, a structure that generalizes nilpotent rings.
Skew-braces were then developed in [38] to describe non-involutive solutions. Key
links between set-theoretical solutions and quantum integrable systems and the asso-
ciated quantum algebras were uncovered in [26].

Following the works of Cherednik [9] and Sklyanin [65], who introduced and
studied the reflection equation, much attention has been focused on the issue of
incorporating boundary conditions in to integrable models. The boundary effects,
controlled by the refection equation, shed new light on the bulk theories themselves,
and also paved the way to new mathematical concepts and physical applications. The
set-theoretical reflection equation together with the first examples of solutions first
appeared in [5], while a more systematic study and a classification inspired by maps
appearing in integrable discrete systems presented in [4]. Other solutions were also
considered and used within the context of cellular automata [54]. In [48,69] methods
coming from the theory of braces were used to produce families of new solutions to
the reflection equation, and in [13] skew braces were used to produce reflections.

The outline of the paper. In this study, we consider set-theoretic solutions of the
Yang-Baxter and reflection equations coming from braces and we construct quantum
spin chains with open boundary conditions through Sklyanin’s double row transfer
matrix [65]. We should mention that typical well-studied solutions of the Yang—Baxter
equation are the Yangians, expressed as R(A) = P + Al, where P is the flip map:
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u®v — v ® u. Here we consider more general classes of solutions of the Yang—
Baxter equation that are expressed as R(A) = P + APr, where 7 is a map that can
be obtained for instance from a brace. Such solutions are of particular interest, given
that in general they have no semi-classical analogue and as such they are distinctly
different from the known quantum group solutions. Let us describe below in more
detail what is achieved in each section:

e In Sect. 2, we present some basic background information. More precisely,
in Sect. 2.1, we review some background on R-matrices associated with non-
degenerate, involutive, set-theoretic solutions of the Yang—Baxter equation as well
as set-theoretic solutions of the reflection equation and some information on braces.
Then, in Sect. 2.2, we provide a review on recent results on the connections of brace
solutions of the Yang—Baxter equation and the corresponding quantum algebras
and integrable quantum spin chains [26].

e In Sect. 3 examples of set-theoretic R-matrices expressed as simple twists of known
solutions via isomorhisms within the finite set {1, ..., N} are presented. Based
on these solutions we construct explicitly the associated “twisted” co-products by
employing the finite set isomorphisms. We then move on to show that the generic
brace solution of the Yang—Baxter equation can be obtained from the permutation
operator via suitable Drinfeld twists [31]. Note that the properties of the brace
structures are instrumental in deriving the form of the twist. Certain generalizations
regarding the g-deformed case are also discussed.

e In Sect. 4, we focus on quadratic algebras, i.e., the reflection and twisted algebras
[60,65].

(1) In Sects. 4.1 and 4.2, we review some background information on reflection
algebras and B-type Hecke algebras. More precisely, in Sect. 4.1, we recall
the links between the refection algebras and B-type Hecke algebras and the
Baxterization process, whereas in Sect. 4.2, we discuss set-theoretic repre-
sentations of the B-type Hecke algebra by essentially reviewing some recent
results on solutions of the set-theoretic reflection equation [69].

(2) In Sect. 4.3, we derive the associated defining algebra relations for Baxterized
solutions of the A-type Hecke algebra Hy (¢ = 1), and we show in the case
of the reflection algebra that there exist a finite sub-algebra for some special
choice of “boundary” elements of the B-type Hecke algebra, which also turns
out to be a symmetry of the double row transfer matrix for special boundary
conditions as will be shown in Sect. 5.2.

e In Sect. 5, we introduce open spin chains like systems and we focus on the study
of the associated quantum group symmetries. We first review the construction of
open quantum spin chains via the use of tensorial representations of the reflection
algebras and the derivation of the double row transfer matrix. The findings of each
subsection are described below.

(1) In Sect. 5.1, we study the symmetries of the double row transfer matrix con-
structed from Baxterized solutions of the B-type Hecke algebra By (¢ = 1, Q).
We first prove the key proposition of this study, i.e., we show that almost all the
factors, but one, of the A-series expansion of the open transfer matrix can be
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expressed in terms of the elements of the B-type Hecke algebra. Interestingly,
when choosing special boundary conditions, the full open transfer matrix can
be exclusively expressed in terms of elements of the A-type Hecke algebra.
Another fundamental result is that that all elements of the of the B type Hecke
algebra By (1 = 1, Q) commute with a finite sub algebra of the reflection
algebra. This then leads to another important proposition regarding the sym-
metry of the associate double row transfer matrix. These are universal results
that largely extends earlier partial findings (see, e.g., [23,24,62]), and are of
particulate physical and mathematical significance.

(2) In Sect. 5.2, more symmetries of open transfer matrices associated with certain
classes of set-theoretic solutions of the Yang—Baxter equation coming from
braces are also discussed. The derivation of these symmetries is primarily
based on the properties of the brace structures. Some of these symmetries
generalize recent findings on periodic transfer matrices [26], while others are
new.

(3) InSect. 5.3, symmetries of the double row transfer matrix constructed from the
special class of Lyubashenko’s solutions are identified confirming also some
of the findings of Sect. 3.

2 Preliminaries
We present in this section some basic background information regarding set-theoretic
solutions of the Yang—Baxter and reflection equations and braces as well as a brief

review on the recent findings of [26] on the links between set-theoretic solutions of
the Yang—Baxter equation from braces and quantum algebras.

2.1 The set-theoretic Yang-Baxter equation

Let X = {x1,...,xny}beasetand7 : X x X - X x X. Denote

F(x,y) = (0: (1), Ty (x)).
We say that r is non-degenerate if o, and 7, are bijective functions. Also, the solutions

(X, 7) is involutive: 7(0, (), Ty(x)) = (x, ¥), (FF(x, y) = (x, y)). We focus on non-
degenerate, involutive solutions of the set-theoretic braid equation:

(F x idx)(idx x F)(F x idx) = (idx x F)(F x idx)(idx x F).
Let V be the space of dimension equal to the cardinality of X, and with a slight

abuse of notation, let 7 also denote the R-matrix associated with the linearization of 7
on V = CX (see [68] for more details), i.e., 7 is the N2 x A% matrix:

F= ) Fazly.wer: ® ey, @2.1)

x,y,z,weX
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where ey, is the N x N matrix: (ex y)zw = 8x,z8y,w. Then for the 7-matrix related
to (X,7): 7 (x, zly,w) = 82,04 (y)8w.z, (x)- Notice that the matrix F:VV—->VRV
satisfies the (constant) Braid equation:

FRIVIy @NF®Iy)=Uy F)(F Q Iy)(Iy ®F).

Notice also that 2 = Iy gy the identity matrix, because 7 is involutive.
For set-theoretical solutions, it is thus convenient to use the matrix notation:

r= Z €x,0x () ® €y, (x)- (2.2)
x,yeX

Define also, r = Pr, where P = ZX’ yex €xy ® ey x is the permutation opera-
tor, consequently r = ), yex €y,0x(y) ® €x,r,(x)- The Yangian is a special case:
F(x, zly, w) = 8z, y0w x-

Let (X, 7) be a non-degenerate set-theoretic solution to the Yang—Baxter equation.
A mapk : X — X is areflection of (X, F) if it satisfies

Fk x idx)r(k x idyx) = (k x idx)r(k x idx)r.

We say that k is a set-theoretic solution to the reflection equation. We also say that k
is involutive if k(k(x)) = x.

Using the matrix notation introduced above then the reflection matrix K is an N'x N
matrix represented as:

k=Y exkw (2.3)

xeX
and satisfies the constant reflection equation:

Frk®Iv)ik®Iy) = (k@ Iy)rk ® Iy)r. 2.4)

Let us now recall the role of braces in the derivation of set-theoretic solutions of
the Yang—Baxter equation. In [63,64], Rump showed that every solution (X, 7) can be
in a good way embedded in a brace.

Definition 2.1 (Proposition 4, [64]) A left brace is an abelian group (A; +) together
with a multiplication - such that the circle operationa o b = a - b + a + b makes A
into a group, anda - (b+c) =a-b+a-c.

In many papers, an equivalent definition is used [7] . The additive identity of a brace
A will be denoted by 0 and the multiplicative identity by 1. In every brace 0 = 1. The
same notation will be used for skew braces (in every skew brace 0 = 1).

Throughout this paper, we will use the following result, which is implicit in [63,64]
and explicit in Theorem 4.4 of [7].

Theorem 2.2 (Rump’s theorem, [7,63,64]). It is known that for an involutive, non-
degenerate solution of the braid equation there is always an underlying brace
(B, o, +), such that the maps o, and t, come from this brace, and X is a subset
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in this brace such that F(X,X) € (X, X) and 7(x,y) = (ox(y), Ty(x)), where
0x(y) =xo0y—x, 1y(x) =t ox —t, wheret is the inverse of ox(y) in the cir-
cle group (B, o). Moreover, we can assume that every element from B belongs to the
additive group (X, 4) generated by elements of X. In addition, every solution of this
type is a non-degenerate, involutive set-theoretic solution of the braid equation.

We will call the brace B an underlying brace of the solution (X, 7'), or a brace asso-
ciated with the solution (X, 7). We will also say that the solution (X, ) is associated
with brace B. Notice that this is also related to the formula of set-theoretic solutions
associated with the braided group (see [32] and [36]).

The following remark was also discovered by Rump.

Remark 2.3 Let (N, +, -) be an associative ring which is a nilpotent ring. Fora, b € N
define aob =a-b+a+ b, then (N, +, o) is a brace.

2.2 Yang-Baxter equation & quantum groups

In this subsection, we briefly review the main results reported in [26] on the various
links between braces, representations of the A-type Hecke algebras, and quantum
algebras.

Recall first the Yang—Baxter equation in the braid form (§ = A1 — X2):

R12(8) Ra3(21) Ri2(A2) = Ra3(22) Ri2(A1) Ra3(8). (2.5)

We focus here on brace solutions! of the YBE, given by (2.2) and the Baxterized
solutions: 5
R\ = AF +1, (2.6)

where | = Ix ® I'x and I is the identity matrix of dimension equal to the cardinality of
the set X. Letalso R = PR, (recall the permutation operator P = 3y ex y®ey x),
then the following basic properties for R matrices coming from braces were shown in
[26]:

Basic Properties. The brace R-matrix satisfies the following fundamental proper-
ties:

Ri2(A) Rai(=x) = (A2 + DI, Unitarity .7
R RL(=A —N) =a(=r —N)I,  Crossing-unitarity
R (M) = Rai(3), (2.8)

where 12 denotes transposition on the fist, second space, respectively, and recall N
is the same as the cardinality of the set X.

Let us also recall the connection of the brace representation with the A-type Hecke
algebra.

1 All, finite, non-degenerate, involutive, set-theoretic solutions of the YBE (2.2) are coming from braces
(Theorem 2.2), therefore we will call such solutions brace solutions.
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Definition 2.4 The A-type Hecke algebra H y(q) is defined by the generators g;, [ €

{1, 2,..., N — 1} and the exchange relations:
81 81+1 81 = &I+1 81 81+15 (2.9)
o1 gn] =0, 1=ml>1 2.10)
(g1 —q)(g+q7")=0. 2.11)

Remark 2.5 The brace solution 7 (2.2) is a representation of the A-type Hecke algebra
for ¢ = 1. Indeed, r satisfies the braid relation and #2 = 1, which is shown by using
the involution property. Also, the braid relation is satisfied by means of the brace
properties (see also Theorem 2.2 and [26]).

The quantum algebra associated with braces

Given a solution of the Yang—Baxter equation, the quantum algebra is defined via
the fundamental relation [34] (we have multiplied the familiar RTT relation with the
permutation operator):

Ria(h1 — 22) Li(A1) La(A2) = Li(h2) La(h1) Ria(hy — A2). (2.12)

Ié()») € End((CN ® CN ), L(}) € End((CN ) ® 2, where 2 is the quantum algebra
defined by (2.12). We shall focus henceforth on solutions associated with braces only
given by (2.6), (2.2). The defining relations of the corresponding quantum algebra
were derived in [26]:
The quantum algebra associated with the brace R matrix (2.6), (2.2) is defined by
generators Lg"lg, z, w € X, and defining relations
Lgnl)uLgmﬁ)) _ L(m)LEn) _ L(m) LE"H) _ L(m+l) L(n)

Wz Z,00 (W) 72,75 (W) Z,00 (W) 72,75 (W)

(n+1) 5 (m) () (m+1)
_LJZ(E),erg(Z),li) + LU;(E,)erg(z),ﬁ)' (2.13)
The proof is based on the fundamental relation (2.12) and the form of the brace

R-matrivx (for the detailed proof see [26]). Recall also that in the index notation we
define Rj» = R ® idyy:

L= Y ew®I®L.y(). Li0)= Y I®eu®L. .y

z,weX z,2weX

(2.14)

The exchange relations among the various generators of the affine algebra are
derived below via (2.12). Let us express L as a formal power series expansion

L) =Y % Substituting expressions (2.6), and the A ~! expansion in (2.12) we

2 Notice that in L in addition to the indices 1 and 2 in (2.12) there is also an implicit “quantum index‘n
associated with 2A, which for now is omitted, i.e., one writes Ly,, L7,.
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obtain the defining relations of the quantum algebra associated with a brace R-matrix
(we focus on terms A, ""A;"):

;flzL(ln+l)L§m) _ ;12L§n)L§m+l) + LYZ)Lém)
= LLY R, — LTV L R, + LV LY. (2.15)

The latter relations immediately lead to the quantum algebra relations (2.13), after
recalling: LY = I L% O ® nd
gLy =3 yexery®I®Lyy, Ly =3, cx] ®exy® Ly, an
Fl2 = 7 ®idy, L,(Ck)y are the generators of the associated quantum algebra. The quantum
algebra is also equipped with a co-product A : 2 — A ® A [29,30,34]. Indeed, we
define
Ti;23(2) = Liz(M)L12(A), (2.16)

which satisfies (2.12) and is expressed as T1.23 = ZM,GX exy ® A(Ly y(R)).

Remark 2.6 In the special case ¥ = P the ) (glyr) algebra is recovered:
(n+1) 5 (m) (n) g (m+1) (m) y (n) (n) y (m)
(Lo ] = (e, L = e Ly @an

The next natural step is the classification of solutions of the fundamental relation
(2.12), for the brace quantum algebra. A first step towards this goal will be to examine
the fundamental object L(A) = Lo + %Ll, and search for finite and infinite repre-
sentations of the respective elements. The fusion procedure [51] can be also exploited
to yield higher dimensional representations of the associated quantum algebra. The
classification of L-operators will allow the identification of new classes of quantum
integrable systems, such as analogues of Toda chains or deformed boson models. A
first obvious example to consider is associated with Lyubashenko’s solutions, which
are discussed in what follows. This is a significant direction to pursue and will be
systematically addressed elsewhere.

3 Set-theoretic solutions as Drinfeld twists

In this section, we first introduce some special cases of solutions of the braid equa-
tion that are immediately obtained from fundamental known solutions. We show in
particular that a special class of solutions known as Lyubashenko’s solutions [28] can
be expressed as simple twists. Although the construction is simple, it has significant
implications on the associated symmetries of the braid solutions. We then move on to
show that the generic brace solution of the Yang—Baxter equation (2.2) can be obtained
from the permutation operator via a suitable Drinfeld twist [31], and we identify the
specific form of the twist. Moreover, inspired by the isotropic case, we provide a
similar construction for the g-deformed analogue of Lyubashenko’s solution.

Before we derive the Lyubashenko solution as a suitable twist, we first introduce a
useful Lemma.
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Lemma3.1 Let ¥ : V®V — V ® V (V is a finite dimensional space) satisfy the
braid relation and (7 )2 =1I®2 LetalsoV :V — V be an invertible map, such that
VoV =F(VV). Wedefiner = VR DI (VI =IV H7(I V),
then:

(1) 72 =1%?
(2) 7 satisfies the braid relation.

Proof (1) 2= (VR DF)2(V ') =V DI®*V ') =192
(2) Itis given that 7’ satisfies the braid relation:

FNUR)FDN=UF)FNHUIRF). 3.1

Weexpress: 7 @ I = (VIQI@NGFRNVRI@Nand I Q7 =(I®TQ
W @ F)(I ® I ® V). We then conclude for the left hand side of (3.1):

LHS : (Vfl RUIIVFRINUINTRNVRI ®V7]). 3.2)
Similarly, for the RHS of (3.1) :
RHS : (V*1 QIIVUIRNTFRINURINVRI ®V71). 3.3)

From (3.2), (3.3), we conclude that 7 also satisfies the braid relation.
O

Proposition3.2 Lett, 0 : X — X, X = {1, ..., N} be isomorphisms, such that

o(t(x)) =t(c) =xandletV =) _yeyr(x) and vl = Y vex €r(x).x- Then
any solution of the type (Lyubashenko’s solution)

;= Z €x,0(y) ®ey,r(x)y (34)
x,yeX

can be obtained from the permutation operator P = Zx,yeX ex,y ey x as
F=(VRDPV!'eh=IV HPIV) 3.5)

Proof The proof relies on the definitions of 2, V, V~! and the fundamental property
€x,ylzw = Sy,zex,w:

VDHPV eI

(Z €s(2),z ® 1) Z exy ey x (Z ew,o(w) ® I)

zeX x,yeX weX

= Z €o(x).0(y) ® €y.x-
x,yeX
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The latter is indeed equal to (3.4) given that o (t(x)) = t(o(x)) = x, and due to
Lemma 3.1, 7 (3.4) satisfies the braid relation and 72 = %2, O

Note that » = Pr, and consequently R = PR take a simple form for this class of
solutions:
r=V1@V = RAM)=AV'1@V4+P. (3.6)

Examples:

1.o(y)=y+1, t(x) = x — 1, (see also [68]).
2.00)=N+1—y, t(x) =N +1-—x.

Note that in both examples above x,y € {1,..., N} and o, T in example 1 are
defined mod\.

Before we present our findings on the symmetry of Lyubashenko’s 7-matrix, we
first introduce a useful Lemma.

Lemma 3.3 Let [, y be the generators of the glyr algebra satisfying:

I:[x,y’ [z,w] = 8y,z[x,w - Sx,w[z,y' 3.7
The glnr algebra is equipped with a coproduct A : glnr — glns ® gl such that
A([x,y) = [x,y ®1d+1d® [x,y. (38)

The N-coproduct is obtained by iteration AN) = (AN=D Qid)A = (id@ AN~D)A

and is given as A(N)([x,y) = 2;11\;1 d®...Q le,y Q... id.
—
nth position

Let also §N) g[}g\’/N — g[jg\)/N be an invertible element such that S'(N)A(N)([x,y) =
A(TN)([x,y)g(N), then A(TN) (lx,y) also satisfy the glnr algebraic relations.

Proof The N-coproducts satisfy the gl r relations (3.7),i.e., [A(N)([x,y), A(N)([Z)w)] =
8y AN (L ) — 84w AMN(I, y). By acting from the left with §) and with (FV)~!
from the right in the latter commutator we immediately obtain [A(TN)([X, v) A(TN )([Z,w)] =
8y AN (L) — e w AN (L ). o
Corollary 3.4 Let p : glys — End((CN ) be the fundamental representation of glys,

suchthatly , — ey y, whererecall e,  are N x N matrices with elements (ex,y); v =
8x,28y,w. The special solution v (3.4) is glys symmetric, i.e.,

7. Aitep)] =0, x yex, (3.9)
where we define the “twisted” co-products (i = 1,2):
Al(e)c,y) = €5(x),0(y) QRI+I® €x,ys
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A2(ex,y) = €x,y QI+T® €r(x),t(y)» (3.10)

(Al(er(x),r(y)) = AZ(ex,y))-

Proof This can be shown using the form of the special class of solutions (3.4). The
permutation operator is gl symmetric, i.e.,

[7’, A(ex,y)] =0, (3.11)

where the co-products A(ey,y) are defined in Lemma (3.3) ([x y = ex y).

LetV=>)", cx €x.7(x)> then (3.9) immediately follows from (3.11) and (3.5) after
multiplying (3.11) from the left and right with V@ I, V! @ Tor I@ V™!, I®V
respectively. A;(ey,y) are then defined as

Aq(ex,y) = Vex,yV_l QI+1Qey,y,
As(exy) =exy®T+I1®V e,V (3.12)

and explicitly given by (3.10). Indeed, Ve, yV=! = ;1) 0(y) and V7le, \V =

€r(x),1(y)-

According to Lemma 3.3 A, (e, ) also satisfy the gl algebrarelations, thus 7 (3.4)
is gl symmetric. In this particular case, as is clear from the computation above, two
invertible linear maps are involved, .7-'1.(2) : End((CN ® CN ) — End((CN ® CN ), i €

{1,2} suchthat 7 := V@I and 1> := 1@V~ and F P Aer ) = Ailex. ) F2.

O
By iteration one derives the N co-products: AEN) = (Ang]) ®id)Aq and A(ZN) =
id® AEN_I))AZ, which explicitly read as
N
AN ey ) = D I®...®eun-niyon-np®... @I (3.13)
n=1
N
AV (ery) =D 1@ ... ® ety i) ®...0 1 (3.14)
n=1

The above expressions can be written in a compact form as:
N N N)\—
AN (e ) = FNAM (e ) FN) T, where
AMe, )= id®...® e, ®...Qid andwedefine F" :=VV-lg
——

nth position
VVN2®...QV®I and fz(N) =1V 1@V 2®... V-N=D (see also relevant
findings in [27]).
It was shown in [26] that the periodic Hamiltonian for systems built with R-matrices
associated with the Hecke algebra H y (¢ = 1) is expressed exclusively in terms of the
A-type Hecke algebra elements. In the special case where 7 = P, i.e., the Yangian the
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periodic transfer matrix is gl symmetric. However, if we focus on the more general
class of Lyubashenko’s solutions of Proposition 3.2 and Corollary 3.4 we conclude
that because of the existence of the term 7y (due to periodicity) [26], and also due to
the form of the modified co-products (3.13), (3.14), the periodic Hamiltonian and in
general the periodic transfer matrix is not gl \s symmetric anymore. However, we shall
be able to show in section 5 that for a special choice of boundary conditions not only
the corresponding Hamiltonian is glns symmetric, but also the double row transfer
matrix. This means that the open spin chain enjoys more symmetry compared to the
periodic one similarly to the g-deformed case [12,19,22,53,62]. Itis therefore clear that
from this point of view open spin chains are rather more natural objects to consider
compared to the periodic ones. In [26] a systematic investigation of symmetries of
the periodic transfer matrix for generic representations of the A-type Hecke algebra
Hn (g = 1) as well as for certain solutions of the Yang—Baxter equation coming from
braces is presented.

With the following proposition we generalize the results on Lyubashenko’s solu-
tions. Specifically, we express the generic brace 7-matrix (2.2) as a twist of the
permutation operator. Drinfeld introduced [31] the“twisting” (or deformation) of a
(quasi) triangular Hopf algebra that produces yet another (quasi) triangular (quasi)
Hopf algebra (see also relevant [52,56]). Let us briefly recall the notion of a twist.
Let R be the quantum group invariant matrix, i.e., it commutes with the the respective
quantum algebra [8,44,45]. We are focusing on the finite algebra g, specifically we
are considering here the algebras gl or U, (glyr), although via the evaluation homo-
morphism one obtains the corresponding affine algebras, i.e., the Yangian )V(glxr)
or the affine 4, (E[;) respectively [8,44,45]. Consider the fundamental representa-
tionmw : g+~ End((CN ), the co-products A : g — g ® g and the R-matrix satisfy
linear intertwining relations: (7 ® w)A(X) R =R (r ® m)A(X) for X € g. Let
also F € End(C" ® cN ), then the R matrix can be “twisted” as FRF !, where F
also satisfies a set of constraints dictated by the YBE. Given the linear intertwining
relations and the twisted ﬁ-matrix, one derives the twisted co-products of the finite
algebra as F (7 @ m)A(X) F ~1 (for a more detailed exposition on the notions of
quasi-triangular Hopf algebras and Drinfeld twists the interested reader is referred for
instance to [8]).

Proposition 3.5 Let7 = Zx,yeX €x,0,(y) ® €y, 7,(x) be the brace solution of the Yang—

Baxter equation (see also (2.2) and footnote I in page 6). Let also Vi, k € {1, ..., ./\/;2}
be the eigenvectors of the permutation operator P = Zx,yeX exy ® ey, and Vg,

k € {1,..., N} be the eigenvectors of the brace i matrix. Then the ¥ matrix can be
expressed as a Drinfeld twist, such that ¥ = FPF ', where the twist F is explicitly

expressed as F = Z’,/(\fl Vi v
Proof We divide our proof in three parts:
(1) First we diagonalize the permutation operator. Let ¢; be the N dimensional column

vectors with one at the j* position and zero elsewhere, and then the (normalized)
eigenvectors of the permutation operator are (x, y € X):
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2

3)

| N2+ N
V= 5@ 6 @2).  kello. =),

| N2+ N
szﬁ(ex@)ey—ey@ex), ke{T—i—l,...,J\/z}, X #y.

The first M eigenvectors have the same eigenvalue 1, while the rest j\#/
eigenvectors have eigenvalue —1. Also it is easy to check that Vi form an
ortho-normal basis for the N2 dimensional space. Indeed, VkTVl = 0§ and

YN Vv = 1 (T d it
=1 Vk = Ipn2 (U denotes usual transposition).
Second we diagonalize the brace #-matrix. First we observe that

Fex®ey=eo(y) ®er,(v)s T Cou(y) ®er,(x) = ex Dey.

Then we find that the eigenvectors of the 7 matrix are

X | . N2+ N

Vk:E(ex®ey+egx(y)®ery(x)), ke{l,...,T},

N | . . R

Vi = E(ex & €y — €, (y) ®ery(x))v (x,y) # (ox(y), Ty(x))’
N2+ N

ke (SR 1A

2

As in the case of the permutation operator the 7 matrix has the same eigenvalues 1
NN and N2-N
2 2

and —1 and the same multiplicities, , respectively. Hence, the

two matrices are similar, i.e., there exists some F € End((CN ®(CN ) (not uniquely
defined) such that ¥ = FPF~L.

Our task now is to derive the explicit form of F. This is quite straightforward, and
indeed, the eigenvalue problem for P (and r) reads as

PV =MV = I;\’}k ZAka

where, via#* = FPF~!, weidentify FVy = Vi, whichby using > Vi VT = 1,
leads to the explicit expression F = Zﬁ\f 1 Vi v

m}

Note that if 7 = FPF~! (P the permutation operator) then r = Pr = FOP) F~1,

where F' (””v) = PFP, and consequently the Baxterized solution (2.6) is given as
R(A) = PR(M) = AFOPF-1 4P

Corollary 3.6 The brace solution F (2.2) is glnr symmetric, i.e., [F, Ar(ex,y)] =0,
where the twisted co-products are given as Ar(eyx y) = FA (ex,y)]-'_l.

Proof The proof is straightforward as in Corollary 3.4 using the fact that the permu-
tation operator is glns symmetric. O
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Notice that here we identified the Drinfeld twist as a similarity transformation
between the permutation operator and the brace solution. The twisted n-co-product as
well as the n form of F should be identified and the admissibility of the twist should
be also examined. Also, issues on the co-associativity of the co-product need to be
addressed. We already observe in the simple case of Lyubashenko’s solutions that the
co-associativity of the twisted co-products is not guaranteed. These are significant
issues that are addressed in [27].

3.1 Parenthesis: the g-deformed case

We slightly deflect in this subsection from our main issue, which is the set-theoretic
solutions of the Yang—Baxter equation, and briefly discuss the g-deformed case.
Inspired by the special class of Lyubashenko’s solutions, we generalize in what follows
Proposition 3.2 and Corollary 3.4 in the case of the i, (gl/) invariant representation
of the A-type Hecke algebra [44,45]:

N
g= Z (ex,y ®eyx —q " Ve, ® ey»,) +gq. (3.15)
xfy=1

Note that strictly speaking this solution is not a set-theoretic solution of the braid
equation. Nevertheless, isomorphisms within the set of integers {1, ..., A/} can be
still exploited to yield generalized solutions based on (3.15).

Proposition 3.7 Let o, T : X — X be isomorprhisms (X = {1, ..., N'}) such that
o(t(x)) = t(0(x)) = x. The quantity

N
G= > (ex,y ®er(nem —q " Ve ® er(y)x(y)) +q
x#y=1
N
= (€o<x),<r<y> ® ey —q " Veg (.00 ® ew) +q  (.16)
x#y=1

can be obtained from the U,(glyr) invariant braid solution (3.15), provided that
sgn(x —y) = sgn(t(x) — t(y)) = sgn(o(x) — o (y)), and is also a representa-
tion of the A-type Hecke algebra.

Proof LetV =3, ey r(w).and V7! =3"_ec(,) .. We show by explicit computation
that,
VeV)g=g(VeV) (3.17)

provided that sgn(t(x) —y) = sgn(o (x) —y). We then define, bearing in mind (3.17):
G=WehgWV'len=1VHgueV), (3.18)

which leads to (3.16).
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Also, g is a given representation of the A-type Hecke algebra, i.e.,

E®NU®y E@NH=0U2 E®I) U1y, (3.19)
(g—4q)(g+q7")=0. (3.20)
By multiplying (3.19) with V® I @ V! from the left and V! ® I ® V from the right,
and also multiplying (3.20) with V & I from the left and V! ® I from the right, and

using the definition (3.18) we immediately conclude that G is also a representation of
the A-type Hecke algebra (see also Lemma 3.1). O

It will be useful for what follows to recall the basic definitions regarding the {4, (g[x)
algebra [44,45]. Let

ajj =28ij — i j+1 — Siy1,j, i, jef{l,..., N -1} (3.21)

be the Cartan matrix of the associated Lie algebra.

Definition 3.8 The quantum algebra , (s{x/) has the Chevalley—Serre generators e;,
hj . . .

fis qiT,i € {1, ..., N — 1} obeying the defining relations:

+hi iﬁ hi Lg. hi i _Llg hi
[q 2. q 2]=0 qej=q*Mejq? q* fi=q > fjq?,

g" —q"
[e,-, f,-]za,-j—_l, jell,...  N—1) (3.22)
q9—4
and the g deformed Serre relations
1—ajj |
Z(—l)”[ n’f} Xi TN xia =0, xi€le fi)y i#j. (323
n=0 q

Remark 3.9 g% = g*(€—¢+1) where the elements g belong to Uy (glpr). Recall
that 4, (glyr) is derived by adding to U, (s[xr) the elements gTiie{l,...,N}sothat

N
gi=1€i belongs to the center [44,45], and [qfi, qu] =0,g9%¢; = q5i.j—5i-j+1ej qc,
g€ fj — q—(ﬁi,j—ﬁi,jﬂ)fj qci.

Uy (glar) is equipped with a co-product A : U, (gly) — Uy (gla) ® Uy (glyr) such
that

_hi hy 4+ + 5% + 5
AO =g tett+eaqt, sela i), A@Fh =gt et G2
The N-fold co-product may be derived by using the recursion relations
AN = Gdd@ AY DA = (AN D gid)A, (3.25)

and as is customary, A® = A and AV = id.
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Let us now consider the fundamental representation of i, (gly) [44,45], 7 :
U, (glyr) — End(CV):

€ i
w(e) =eiiv1, 7(fi)=ei+1,i, 7(QG2)=q 2, (3.26)
and let us also introduce some useful notation:

(m@m)Aej) = Alej j+1), (TRM)A(f}) = Aleji1,j), (TRT)A(GY) = A(g®).

(3.27)
Corollary 3.10 The element G defined in (3.16) is 1, (glpr) symmetric, i.e.,
G A =0 velej i e a) (3.28)
where we define the modified co-products (i = 1,2):
Al(qei‘i) — qea(i),a(i) ® qei,i7 Az(qei,i) — qei,i ® qer(i),r(i)
Hj _Ho(jy
A1§) =86 ®q7 +q 72 ®§,
70)) _H
M) =8E®q 2 +q 7 Q&:. (3.29)
Hj = (ejj = ejr1jt1) Hrgy = (eri)riy — ergn.ri+n) for & €

{ej7j+1, ej+1,j}, we deﬁne respectively.‘ ";:F (S {eF(j),p(H_l), eF(+1),F@j) (-

Proof This can be shown in a straightforward manner from the properties of (3.16).
Indeed, g (3.15) is 4, (glpr) invariant [44—46] (recall the fundamental representation
(3.20))

[g, A(Y)] =0, (3.30)

where Y € {ej,j+1, el qej,j} and the co-products of the algebra elements
are given in (3.24) (see also (3.26), (3.27)). We consider two invertible linear maps:
F  End(CN @ CV) - End(CV @ CV), i € (1,2} such that F* := V ® I and
.7-'2(2) =1 Q® V™! whereV is defined in Proposition 3.7, then from (3.30)

fi(z)[gv A(y)](]_—l@))—l —0 = [G, Ai(y)] =0, (3.31)

where the modified co-products are defined as A; (Y) = ,7-"1-(2) A(Y) (]-"i(z))_l, and more
specifically:

Arq) = Vg VT @ g Axgh) = ¢ @ VgV,

ME =VEV ©g7F +Vg TV g,

M® =@V TV +g T @VIEV, £l e, (3D
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and explicitly given by (3.29).
The coproducts A(Y) satisfy the i, (glz) relations, then via A;(Y) = .7-'1.(2)A(Y)

(J”-'l.(z))_1 , the modified coproducts A; (Y) also satisfy the {l; (g[x/) exchange relations,
thus G is 4, (glys) symmetric. O

Explicit expressions for the modified N co-products are then given as:

N N
AEN)(qE/,]) — ®qenN—n(j)_UN—n(j)7 AéN)(qEJJ) — ®qe'r”7|(j),f"71(j)

n=1 n=1
N Hon-1¢j) HoN=n+1(}) HoN—n—1}) H;
AV =TT R8¢ T ®na®q T ...®q7,
n=1
N H. H o, o, . Hon,: H oN_1,.
_ 1 __T ) ")) T )
AVE =T ®..0¢ T ®tui®q 7 ..®¢ T . (333

n=1

where £pn € {an (), Fr(j+1), €pn (j+1),F”(j)}~ The above expressions can be writ-
ten in a compact form as: AEN)(Y) = ﬂ(N)A(N)(Y)(E(N))’l, where recall ¥ €
{ej,j+1, €jtl,js q"-"v-/’], AM (Y)Y are the Uy (glpr) N-coproducts, and we define

FV = VV-1@V¥2g. . . @Velad /Y =19V 1@V 2®...@ V- V-1
(see also [27]).

Some general comments are in order here. We should note that set-theoretic solu-
tions from braces have no semi-classical analogue [26], thus they are fundamentally
different from the known Yangian solutions or the g-deformed solutions of the YBE
associated with gl or U, (glyr) [8,44,45,59]. This is evident even in the simple case
of Lyubashenko’s solution (please see Proposition 3.2 and simple examples 1 and 2 in
page 9),recallr = V! @ V= R =AV ' @ V+ P, where V=) _yerr(
(more generally due to Proposition 3.5, R(A) = AF©P) F~1 4P and F°P) = PFP).
Such R-matrices can not be expressed as 14771 +- . . (up to an overall multiplicative
function f(1)), given the form of V (or F explicitly given in [27]), a fact that makes
our construction distinct compared to the known examples of quantum algebras (quasi
triangular Hopf algebras) as described for instance by Drinfeld in [29,30] (a detailed
analysis on these issues is presented in [27]). In this spirit, it would be also very inter-
esting to consider general twists, in analogy to Proposition 3.5, for the g-deformed
case as well as the corresponding quantum groups and make possible connections with
the theory of braces.

4 Co-ideals: reflection & twisted algebras
We introduce two, in principle distinct, quadratic algebras associated with the classifi-

cation of boundary conditions in quantum integrable models. To define these quadratic
algebras in addition to the R-matrix, we also need to introduce the K-matrix, which
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physically describes the interaction of particle-like excitations displayed by the quan-
tum integrable system, with the boundary of the system. The K-matrix satisfies
[9,60,65]:

Ri20:1 =) K1 (M) Rz (M +42)Ka (h2) = Ka(A2) Ra1 (A1 +12) K (A1) Ra1 (A1 —22),

4.1)
where we define in general A>; = P12A12P12. We make two distinct choices for R,
which lead to the two district quadratic algebras:

Ri2(0) = Rp,'(=1)  Reflection algebra 4.2)
5 N
Rio(M) = R?z <—A — ?> Twisted algebra, (4.3)

. N
notice 7- is the Coxeter number for gl /.

In the self-conjugate cases, e.g., in the case of sl, 4, (slz) or s0,, sp, R-matrices
R(\) ~ ClRilz(—k — ¢)Cy, for some matrix C : C? = I , i.e., the R-matrix is crossing
symmetric, and the two algebras, twisted and refection, coincide. The constant c is
associated with the Coxeter number of the corresponding algebra. It is worth noting
that these algebras are linked to two distinct types of integrable boundary conditions,
extensively studied in the context of Aﬁ\lf)_l affine Toda field theories [10,11,14,15,25],
and quantum spin chains [65] associated with glr, £l; (glxr), and gl(N| M) algebras
[16,17,19-24,57].

4.1 Boundary Yang-Baxter equation & B-type Hecke algebra

Let us first focus in the case where 1%12()\) = R1_21 (—A) &< Rr1(A), i.e., we consider
the boundary Yang—Baxter or reflection equation [9,65], expressed in the braid form

Ri2(i —2)Ki D Rz (M +A2)Ki (A2) = Ky (A2) Ri2 (A1 +22) K1 (A1) Ri2 (k1 — A2).

4.4
As in the case of the Yang—Baxter equation, where representations of the A-type
Hecke algebra are associated with solutions of the Yang—Baxter equation [44,45],
via the Baxterization process, representations of the B-type Hecke algebra provide
solutions of the reflection equation [18,55].

Definition 4.1 The B-type Hecke algebra By (g, Q) is defined by the generators g;,
lef{l, 2,..., N — 1} and Gy and the exchange relations (2.9)-(2.11) and

Go g1 Go g1 =g1Go g1 Go 4.5)
[Go, g,] =0, [>1 (4.6)
(Go—0)(Go—07 ") =0. 4.7)

We focus here on the case where ¢ = 1 and Q arbitrary, and consider the brace
solutions (2.2) as representation of the Hecke elements g;. We can solve the quadratic
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relation (4.5) together with (4.7) to provide representation of the G¢ element. Then
via Baxterization we are able to identify suitable solutions of the reflection equation.
It is obvious that the identity is a solution of the relations (4.5), (4.7), and hence of the
reflection equation.

Remark4.2 Letb = )  __y b ye; . be a representation of the G element of the
B-type Hecke algebra and 7 is the set-theoretic solution given in (2.2). Representations
of G can be identified.

Indeed, let us solve the quadratic relation (4.5)
bRXINFORINF=rbGRXINHFOLRI). 4.8)

The LHS of the latter equation leads to

Y beibo,().5€z0:5) © €y )0 4.9)

subject to: y = 7,(x), whereas the RHS gives:

Y o, (1.5b0;5).0€x. i @ €y 150) (4.10)

subject to: § = 7,(x). Comparison of the LHS and RHS provide conditions among
by w. Moreover, b should satisfy condition (4.7) of the B-type Hecke algebra, which
leads to

sz,yb)’yw =(0— Q_l)bz,w + 8z 4.11)
y

Study of the fundamental relations above for any brace solution will lead to admissible
representations for Gy.

Note that in the special case that b; ,, = 8y k(;), Wwhere k : X — X satisfies
k(k(x)) = x (Q = 1), and some extra conditions that are discussed in the subsequent
subsection, one recovers set-theoretic reflections (see also next subsection and [69]
for a more detailed discussion). In general, the full classification of representations
of the B-type Hecke algebra using the brace 7-matrix (2.2) is an important problem
itself, which however will be left for future investigations.

Remark4.3 Let7 : VQV — V®YV, b:V — V provide representations of the
B-type Hecke algebra, and assume that there exists some invertible V: V. — V (see
also Lemma 3.1 and Proposition 3.2):
VRV)F=rVeV). (4.12)
We also define
p=(VeNFIV!'eD=UeVHFraeV), p=vv' 413

It then follows that 7, b as well as p, B provide presentations of the B-type Hecke
algebra.
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Remark 4.4 Let b be an N’ ® N matrix and 7 be an N2 ® A2 matrix. Let also b;
(index notation) be a tensor realization of the G element of the B-type Hecke algebra
By(g = 1, Q) and 741 atensor realization of the element g; of By (¢ = 1, Q). Then
solutions of the reflection equation (4.4) (Ié (M) = M + I%?) can be expressed as, up
to an overall function of X, (Baxterization):

K(3) = A(b— §I)+ 1, (4.14)

NSRS

where ¢ is an arbitrary constant, k = Q — Q! and I the N’ x A identity matrix.

This has been done in [18,55], but we briefly review the procedure here, in the special
case g = 1. Indeed, recall R is given by (2.6) and let K(.) = £(A)I + ¢(A)b where
the functions £(1), ¢(X) will be identified. We substitute the expressions for R and
K (X) in the reflection equation (4.4) and use repeatedly relations (4.5), (4.6), then
after various terms cancellations the reflection equation (4.4) becomes:

2ME180 = 20086 + k(M —A2)8152 =0 (4.15)

where we define: ¢; = ¢(A;), & = £(A;) and k = Q — Q~'. We divide (4.15) by

£1¢2 (provided that this is nonzero) and set Q; = {—j

¢ K
2001 =202+ k(A1 —A2) =0 = Qi=—— 7, (4.16)
20 2
and the latter implies: % = % (¢ is an arbitrary constant).

The remark above 4.4 is of course valid at the abstract level, that is solutions of
the spectral dependent braid and reflections equations can be expressed in terms of
the generators g;, Go of the B-type Hecke algebra Bn(g =1, 0),1ie., Ié11+1 ) =
rgr+id and Ky (h) = A(Go — §id) + §id.

4.2 Set-theoretic representations of B-type Hecke algebras

In this section, we further investigate connections between the B-type Hecke algebra
and the set-theoretic reflection equation, and give some specific examples of repre-
sentations of Hecke algebras that correspond to set-theoretic reflections.

Lemma4.5 Let (X,7) be an involutive non-degenerate set-theoretic solution of
the braid equation where 7(x,y) = (0x(y), Ty(x)). Then (X,F') is an involu-
tive non-degenerate set-theoretic solution of the braid equation where ' (x,y) =
(tx (), Oy (x)).

Letk : X — X be a function. Then the following are equivalent:

(1) k: X — X is a solution to the set-theoretic reflection equation for the solution
(X,7):

FKr K = Kr K
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where K(11(x, y) = (k(x), y).
(1) k : X — X is a solution to the following version of the reflection equation
considered in [69] for the solution (X, F'):

P Ky Koy = Kiog#' Ko’
where Ki21(x, y) = (y, k(x)).

Proof Observe that 7 is non-degenerate, and hence maps oy, T, are bijections. Con-
sequently, 7 is non-degenerate. Let P : X x X — X x X be defined as usually
as P(x,y) = (y,x) for x,y € X. Observe that ¥/ = PrP, indeed PFP(x,y) =
Pi(y,x) = P(oy(x), Te(y)) = F'(x, y).

Notice that 7' is involutive: 77 = PFPPFP = PF*P = P? = idyx. Observe
that

Ko Ky = Ky Koy
is equivalent to
(PF'P)(PK2P)(PF P)PK3)P = (PK2)P)(PF¥ P)(PK2) P)(PF' P),
which immediately leads to
FKF Ky = KpnrKpgr.

It remains to check that ' is also a solution to the braid equation. For this purpose
let us introduce, in the index notation, Pi3: P13(x, y, z) = (z, ¥, x), it then follows that
Pi3(F x idx) P13 = idx x 1’ and Py3(idx x F)Py3 = 7' x idx. This is easily shown,
indeed Pi3(F x idx)P13(x, y,z) = Pi3(F x idx)(z, y,x) = P13(0;(y), 1y(2), x) =
(x, 7y(2), 0.(y)) = (idx x F')(x, y, z). Similarly, we show that Pi3(idx x F) P13 =
' x idy. By acting on the braid equation for ¥ with Py3 from the left and right it then
immediately follows that /' also satisfies the braid relation. O

Examples of functions k satisfying the reflection equation related to braces can be
found in [13,48,69]. Recall that this set-theoretical version of the reflection equation
together with the first examples of solutions first appeared in the work of Caudrelier
and Zhang [5]

Notice that the element of the Hecke algebra can be used to construct c-number
K -matrices satisfying equation (4.4), provided that 0 = 1. Hence, by Lemma 4.5,
constant K -matrices can be obtained from involutive set-theoretic solutions to the
reflection equation. In particular, involutive t-equivariant functions give c-number
solutions of the parameter dependent equation (4.4), and every linear combination
over C of such K-matrices is also a constant K -matrix, and hence gives a solution to
equation (4.4) (by Theorem 5.6 [69] applied with interchanging ¢ and 7).

As an application of Lemma 4.5 we obtain:
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Proposition 4.6 Let (X, 7) be an involutive, non-degenerate solution of the braid equa-
tion. Let 7 = 3, cx €x.o.(y) ® €y z,(y), and let g, = 181 @ F @ IOV Let
b= erx ey k(x) for some function k : X — X such that k(k(x)) = x forall x € X.
Thenb® I is a representation of the G element of the B-type Hecke algebra (together
with F used for representation of elements g,) if and only if

Tr, (x) (k(0x (1)) = Tr, (k(x)) (k (Ok(x) (1))

Proof This follows immediately from Lemma 4.5 and Theorem 1.8 from [69], when
we interchange o with t. O

Let (X, 7) be an involutive, non-degenerate solution of the braid equation where
we denote 7(x, y) = (0x(y), Ty(x)), and let k : X — X be a function. We say that k
is T-equivariant if for every x, y € X we have

T (k(y)) = k(7 (y)).

It was shown in [69] that every functionk : X — X satisfying k(o (y)) = oy (k(¥))
satisfies the set-theoretic reflection equation. By interchanging o with t and applying
Lemma 4.5, we get:

Corollary 4.7 Let (X, F) be an involutive, non-degenerate solution of the braid equa-
tion. Let F = )", x €xo.(y) ® €yr,(y), and let gy = 1" 1 @ F @ IPN""~1. Let
b= )" cx exkx) for some t-equivariant function k : X — X such that k(k(x)) = x
forall x € X. Thenb ® I is a representation of the G element of the B-type Hecke
algebra (together with F used for representation of elements g, in this Hecke algebra).

Examples of 7-equivariant functions can be defined by fixing x, y € X and defining
for k(r) = t,(y) for r = t,(x) (provided that 7, (x) = x implies 7,(y) = y for every
v € X). In [48] Kyriakos Katsamaktsis used central elements to construct G(X, r)
equivariant functions, his ideas also allow to define r-equivariant functions in an
analogous way as k(x) = t.(x), where c is central.

4.3 Reflection & twisted algebras

We shall discuss in more detail now the two distinct algebras associated with the
quadratic equation (4.1). A solution of the quadratic equation (4.1) is of the form
[60,65] .

K61 = LA —61) (K() ®id) L(x + 6y), (4.17)

where L(A) € End((CN) ® % satisfies the RTT relation (2.12) and K (L) € End((CN) is
a c-number solution of the quadratic equation (4.1) (for some R(A) € End((CN ®(CN ),
solution of the Yang—Baxter equation). We also define (in the index notation (see also
Footnote 2, page 7))

iln(k) = Lfnl (—=X)  Reflection algebra
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. N
Li,(») =LY, (—A - 7) Twisted algebra. (4.18)

The quadratic algebra 5 defined by (4.1) is a left co-ideal of the quantum algebra 2
for a given R-matrix (see also, e.g., [14,15,22,65]), i.e., the algebra is endowed with
a co-product A : 8 — B ® A [65]. Indeed, we define (in the index notation)

To.12(A61, 62) = Loa (A — 62)Ko1 (161) Loa (h + 62), (4.19)

where K(A|01) is given in (4.17) and in the index notation Koi(A|61) = Loj (A —
01)Ko(A)Lo1 (2 + 61). Let also Koi (101) = Zﬁ\,/bzl eah ® Kgp(2|601) ® 1d, Loz =

YN 1w ®id® Lo p(2) and To,12(M61, 02) = YN, 1 ew s ® Ao p (W61, 62)),
then via expression (4.19):

ARy p(M01,02) = Y Ki 1 (101 ® Lax(h — 02) L1 p(h + 62), (4.20)
k,l

where the elements Ky ;(1]|6;) can be also re-expressed in terms of the elements of
the c-number matrix K and L when considering the realization (4.17).

In our analysis in the subsequent section, we shall be primarily focusing on tensor
representations of K and on the special case: L(L) — R(}), I:(A) — ﬁ(k) and for
the rest of the present subsection and subsections 5.1-5.3 we shall be considering
R(A) = APF + P, where i provides a representation of the A-type Hecke algebra
Hny (g = 1) and P is the permutation operator.

Before we move on with stating the next Proposition and Corollaries regarding the
quadratic algebras defined by (4.1) we first introduce some useful notation associated
with both the reflection and twisted algebras (4.1). We introduce 7* and P:

iy =T, Pry = 1#? Reflection algebra (4.21)

. A N .
iy =rhPr, P = (—r{‘2 - 731”2)7?12 Twisted algebra.  (4.22)

2

Proposition 4.8 Let R(\) = M + I%2, where F provides a tensor realization of the
Hecke algebra Hy(q = 1), and let K()\) satisfy the quadratic equation (4.1). Let also

KM =302, Hi(:) and KW = D cwex Cw® K?j,)u, where KQ",L are the generators

of the quadratic algebra defined by (4.1). The exchange relations among the quadratic
algebra generators are encoded in:

P PRK™ — FpK iKY 4 KT Pk
_;lngn)ﬁlzKimﬂ) +K(1”+1)?T2K§m) +K§n);T2K§m+1) i Kgn)ﬁnKim)
= K"K, — KRR + KPRk Vi,
_K§m+1)ﬁ12K§n);12 +K§m+1)}:ik2K§n) +K§m)':12K§n+1) + Kgm)ﬁlzK(n)’
(4.23)
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where ¥* and P are defined in (4.21), (4.22).

Proof First we act from the left and right of (4.1) with the permutation operator P,
then (4.1) becomes

Ri20i =3 K1 D) Rip i +22)K1 () = Ky G2) Ry (1 +22) K1 D) Ri2 O = 12),

(4.24)
where R(A| — A2) = (A1 — A2)F + 1% and R*(A1 + A2) = (A + A)i* + P (7, P
are defined in (4.21), (4.22)), and we recall that K(};) = ZZ‘;O % @i e {1, 2}).
We substitute the above expressions in (4.24), and we gather terms proportional to
Al_”kz_m, n,m > 0inthe LHS and RHS of (4.24), which lead to (4.23). Recalling also
that in general Ajp; = A ® idg, K(ln) = Zz,wEX ew®I® Kg"&, and substituting
the latter expressions in (4.23) we obtain the exchange relations among the generators
Ké’?&,, which are particularly involved and are omitted here. O

It is useful for the following Corollaries to focus on terms proportional to A%){ "
and A1, (or equivalently A%Af’" and ApA;™) in the A1 > expansion of the quadratic
algebra, and obtain

FKOAK = K"K VF (4.25)
ARV K™ + KORK™ 4 7K O Pk ™
= K"K + KK + K Pk F. (4.26)

The two corollaries that follow concern the reflection algebra only, i.e., 7* = F, P =
192,

Corollary 4.9 A finite non-abelian sub-algebra of the reflection algebra exists, realized
by the elements of KV when K© o 1.

Proof We focus on terms proportional )L%)Lz_ " and A Ay " (4.25), (4.26) in the case of
the reflection algebra:

[Fox P, 1] =0 (4.27)
[flzK(ll)flz, KE'")]

=KMKO%, + K™K - KO8 ,K™ — 7, KOK™.  4.28)

Notice that due to (4.17) in the case of the reflection algebra K© « I when the
c-number matrix K o I. For m = 1 equation (4.28) provides the defining relations
of a finite sub-algebra of the reflection algebra generated by Kg)y . O

Corollary 4.10 For the special class of Lyubashenkos’s solutions ¥ of Proposition 3.2, a
finite non-abelian sub-algebra of the reflection algebra exists, realized by the elements
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of KW for any KO, When KO o I the finite sub-algebra generated by the K)(Cl)y is
the glnr algebra. Moreover, traces of K" commute with the elements K)((l)y,

[K§1>y, trl(Kﬁ’"))] —0, Vx, yeX. (4.29)

Proof For the special class of solutions Fj; = V1P12Vf] (3.4), equation (4.27)
becomes [Kéo), ]Kﬁm)] = 0, where we define K™ = V- IKm™Vy (Vv =

Y rex €x,z(x))> Which reads for the matrix elements as: K)(Cm)) = K%Z) )" The lat-

ter commutator implies that KO is a c-number matrix (i.e., the entries of KO are
c-numbers). Also, (4.28) becomes

(KD, B ] =P (R (& + &) - & +RP)R™). @30

Given that K© is a c-number matrix, we conclude that expression (4.30) for m =
1 provides a closed algebra formed by the elements of K. For m = 1 and for
K® o I (4.30) gives the gl \r exchange relations (up to an overall multiplicative
factor, which can be absorbed by rescaling the generators). See also relevant results
on tensor realizations of the sub-algebra in Corollary 5.17.

Taking the trace of (4.30) with respect to space 1 and using [K;O) , Kﬁm)] =0 we
arrive at (4.29). O

5 Open quantum spin chains & associated symmetries

We consider in what follows spin-chain like representations, i.e., we are focusing on
tensor representatlons of the quadratic algebra (4.1) (see also (4. 17)) L(A) — R(A),
L) — R() and Ko1 (A61) — Ko1 (A61) = Ro1 (. — 61)Ko (1) Ro1 (% + 1), where
recall K()) is a c-number solutlon of the quadratic equation (4.1), R(A) is a solution
of the Yang—Baxter equation and R (A) is defined in (4.2), (4.3).

We introduce the open monodromy matrix 75 1 2.y (A|{6;}) € End((CV)®N+D)
[65], which provides a tensor representation of (4.1):

To:12. N0 = Toro. NG Ko Tocra..n (A6}, (5.1

where {6;} := {01, ..., Oy} and the monodromy matrix
To;12..v (A{6:}) € End((CN)®WV+D) is given by

To:12..n(A{0;i}) = Ron(A — On) - - Roo(A — 02) Ro1 (A — 01) (5.2)

and satisfies (2.12). Also, fo 2. NA6:H = To_ll2 v (=Al{6;}) in the case of the

reflection algebra and To . N6 = (;"12 N( A— /;[|{9i}) in the case of twisted
algebra. We shall consider henceforth in expression (5.2)6; =0, i € {1, ... N}.Such
a choice is justified by the fact that we wish to construct local Hamiltonians, based on
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the fact that R(0) o< P (P the permutation operator), as will be transparent in the next
subsection. The fact that the monodromy matrix 7T satisfies the RTT relation and K is
a c-number solution of the refection equation guarantee that the modified monodromy
T also satisfies the reflection equation, The elements of the modified monodromy
matrix are 7, , (1) = AN (Kx,y(X)) (see also discussion in the first paragraph of
subsection 4.3). We also define the open or double row transfer matrix [65] as

t(1) = tro(KoTo()), (5.3)

where K isasolution of adual quadratic equation’ (4.1). Note that for historical reasons
the space indexed by 0 is usually called the auxiliary space, whereas the spaces indexed
by 1,2,..., N are called quantum spaces. Notice also that the quantum indices are
suppressed in the definitions of T, T and 7 for brevity.

To prove integrability of the open spin chain, constructed from the brace R-matrix
and the corresponding K -matrices we make use of the two important properties for the
R-matrix, i.e., the unitarity and crossing-unitarity (2.7) and (2.8) respectively. Indeed,
using the fact that 7 and K satisfy the quadratic and dual equations (4.1), and also R
satisfies the fundamental properties (2.8), (2.8) it can be shown that (see [20,21,65]
for detailed proofs on the commutativity of the open transfer matrices associated to
both reflection and twisted algebras):

[t(k), t(u)] =0 (5.4)

We focus henceforth on the reflection algebra only, and we investigate the symme-
tries associated with the open transfer matrix for generic boundary conditions. The
main goal in the context of quantum integrable systems is the derivation of the eigen-
values and eigenstates of the transfer matrix. This is in general an intricate task and the
typical methodology used is the Bethe ansatz formulation, or suitable generalizations
[35,50]. In the algebraic Bethe ansatz scheme the symmetries of the transfer matrices
and the existence of a reference state are essential components. When an obvious refer-
ence state is not available, which is the typical scenario when considering set-theoretic
solutions, certain Bethe ansatz generalizations can be used. Specifically, the methodol-
ogy implemented by Faddeev and Takhtajan in [35] to solve the XYZ model, based on
the application of local gauge (Darboux) transformations at each site of the spin chain
can be used. The separation of variables technique, introduced by Sklyanin [66], and
recently further developed for open quantum spin chains [49], can also be employed,
in particular when addressing the issue of Bethe ansatz completeness, but also as a
further consistency check. Moreover, we plan to generalize the findings of [56] on the
role of Drinfeld twists in the algebraic Bethe ansatz, for set-theoretic solutions. This
will lead to new significant connections, for instance, with generalized Gaudin-type
models.

3 The dual quadratic equation is similar to (4.1), but A; — —4; — % in the arguments of R, R.
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5.1 Symmetries of the open transfer matrix

We shall prove in what follows some fundamental Propositions that will provide
significant information on the symmetries of the double row transfer matrix (5.3).
Note that henceforth we consider K o< I in (5.3).

Let us first prove a useful lemma for the brace 7 matrix.

Lemma 5.1 Let (X, 7) be a finite, involutive, non-degenerate set-theoretic solution of
the Yang—Baxter equation (i.e., a solution obtained from a finite brace). Let ¥ be the
brace matrix v = ZX’},ex ex.o0(y) ® €y,1,(x), then tro(fpo) = 1.

Proof Let (X, 7) be our underlying set-theoretic solution. Recall that ¥ = } . |y
€x.0,(y) ® €y,7,(x)- Observe that

tro(F0) = Z €x,0,(y)s

(x,y)eW

where (x, y) € Wifandonlyif y = 7, (x). Notice thatif (x, y) € W thenx = ty_l(y).
Observe that T, ! (y) is always in the set X (because our sets are finite so the inverse
of map 7 is some power of map ), so for each y there exist x such that (x, y) € W.
This implies that that for each y in X there is exactly one x in X such that (x, y) is in
W, we will denote this x as x(,]. This implies that 7o (F,0) = ZyeX €x1y),0x,, () We
notice that O, (y) = X[y, it follows from the fact that (xy, ¥) is in W. Consequently,
tro(Fno) = Zy eX €xpyp.xpy- We notice further that if (x, y) in W and (x, z) in W then
y = z, so for each x there is exactly one y such that (x, y) is in W. Therefore,

tro(Fa0) = Z €z,z

zeX

(where z equals elements x[,) for different y). Hence, that tro(,0) = I where recall
1 is the identity matrix of dimension equal to the cardinality of X. O

The following Proposition is quite general and holds for any R(A) = APr + P,
and K(A) = Ac(b — %I) + I, (c is an arbitrary constant and k = Q — Q™!
also Remark 4.4). Also, 7 and b provide a representation of the B-type Hecke algebra
Bn(g = 1, Q), and P is the permutation operator. Recall we consider K = I inthe
definition of the open transfer matrix (5.3).

Proposition 5.2 Let R(A) = APF + P, and K(A) = Ac(b — 51) + I, where 7 and b
provide representations of the the B-type Hecke algebra By (g = 1, Q) and P is the
permutation operator (c is an arbitrary constant and k = Q — Q™). Consider the

MA-series expansion of the corresponding modified monodromy matrix (5.1) : T (L) =
A2N+1 22N+] 7w

L
AN+ ZQN'H t;k), where %) = tro(TO(k)). Then the commuting quantities, t*) for
k=1,...,2N + 1, are expressed exclusively in terms of the elements Fpt1, n =

1..., N — 1, and by, provided that tro(Fno) = 1.

and the series expansion of the double row transfer matrix t(L) =
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Proof Let T(A) = AN lecv=o %f), k € {0,1,..., N}. Let us also introduce some
useful notation:

- d
TVHD = N TT Fungre SV = 50 T Fupnyes

[ng,m]1<j<k [ng,ni]1<j<k

where we define [ng,n1] : 1 < np < --- < n; < N — 1, and the ordered prod-

ucts are given as H1</<k Fajni+1 = Tngng+1Fnany+1 - - Fuyny+15 Hf_fjfk Fojni+1 =
rnlnl-‘rlrnznz-‘rl rnknk-‘rl, ny>ny>...ng.

In the proof of Proposition 4.1 in [26], all the members of the expansion of the mon-
odromy T®) | were computed using the notation introduced above and the definition of

the monodromy, and were expressed as: TO(ka) = (T(N D 4 e _k)>7301 I,
and similarly: IA‘O(ka) = f[Pm (Q(N_k_l) +§(N_k)f/vo>, where IT = P1o ... Py_1n

and I1 = Py inPn-2n-1...P12.

Letus also express the c-number K -matrix (4.14) (derived up to an overall constant)
as: K(A) = Ab + I, where b = c(b — 51) (see also (4.14)), and recall here K =
1. Also, in accordance to the expansion of the monodromy matrix in the previous
section we express the modified monodromy as a formal series expansion: 7 (A) =

ANFLS™ T , then each term of the expansion is expressed as:

2N—n+1 N—k N—I N—k N-I
T =S TV N imnt + > TN TN iz (525)
k,l k,l

After taking the trace and using the fact the tro(Fnxo) = I we conclude for the first
term of the expression (5.5) above:

tro(TSV Mo TN ") = gN—Rf GN=I=1) 4 g(N—k=D{ &N-])
+N3(N—k—l)61§(N—l—l)

+tro (Fno TN B TV D). (5.6)

k+l=n—1

Analogous expression is derived for the second term in (5.5), given that b — I and
k 41 = n in the expression above. The first three terms of (5.6) are clearly expressed
only in terms of the elements of the B-type Hecke algebra 7,41, by (recall b =

c(b— %1)). Let us focus on the last term: 1rg (fNOT(N_k)Blﬁ(N_Z)?NO) =trg <fN0 (A+

B+C+ D)fN()), where we define

<« —
;n-n‘+1bl ’Zm-/m-/Jrl
JI J J

[ng—1,m ] 1<j<k—1 [my—1,m]1<j’<l-1
<~ —
2o AT Fuwibe 20 [T s
[nk—1,n1) 1<j<k—1 [my—y,m]1<j'<l—1
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<« —
S TT s X TT e

[ng—1,m]1<j<k—1 [mi—y,m1) 1<j'<l-1
<« —
Z l_[ Fjnj+101 Z l—[ Py 1 57
[ng—1,n1) 1<j<k—1 [m—1,m1) 1<j'<l-1

and [ng—1,n;) : 1 <ng1,<---<nj <N-—1land[ng_1,n;]:1 <ng—1,<--- <
n; = N — 1. The last three terms above (B, C, D) lead to the following expressions,
after using the braid relation, involution and the fact that tro(Fyo) = I:

<« —
Z‘r()(’\;NOB’FNO> - Z l—[ ;n_/nj—ﬁ—lbl Z 1_[ ’V'mj/mj/+l

[nk—1,n1) 1=j<k—1 [mi—1,mp) 2<j'<l—1
<~ —
lr()(f/vonNo) = > II b Do T Fupmyn
[nk—1,n2) 2<j<k*1 [mi—1,m1) 1<j’<l—l
lr()(f/vonNo) N Y l_[ Famir1bl Y l_[ Finym 41
[nk—1,n1) 1=j<k—1 my—1,m1) 1<j'<l-1

The terms above clearly they depend only on 7,41, by. Let us now focus on the more
complicated first term of (5.7), and consider:

<~ —
tro(;NOAFN()) - Z 1_[ Fjnj+1b1 Z H ;m/’m/’“
[ng—1,n1) 1=j<k—1 [my—y,my) 1<j'<l—1
<«

!
S T emebin(o TT e

[nk—1,n1) K'+1<j<k—1 1<j<k'

¢j=0,c,,>0

—

N
E l_[ rmj/mj/+l;N0> l—[ ;mj/mj/+l

[my—1,my) 1<j'<l I'+1<j'<l-1

cjr =0,¢c/>0

We distinguish the following cases:
(1) I’ =k, then

<~ —

v v v v . ®k’

tr0<rNO 1_[ Tnjnj+1 1_[ rmj/mj/+erO)—NI .
1<j<k 1<j'<k

(2) | = k'| =1, then

<« —
tm(;NO [T Fwmr TT Py ;N‘)):I@m'

1<j<k’ 1<j'<k
where m = max k', ")
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(3) k' —I'=m + 1, then

<~ — <~
tro("No 1_[ Tnjnj+1 l_[ T jrm jr+1 rNO) = 1_[ rn_,-n,-+1’6:0
1<j<k 1<j'<k U42<j<l'+m+1 /
4) ! — k' =m+ 1, then
<« — —
tro(rNO 1_[ Tnjnj+1 1_[ rmj/mj/-i-l VNO) = 1_[ rnjnj+l)cv:0’
1<j<k’ 1<j'<k K 42<j<k'+m+1 /

where we definec; =n; —nji — L.

Itis thus clear that the factor 7 r (fNoAF N()) is also expressed in terms of the elements
Fang1 and by. Indeed, then all the factors t©), k € {1,...,2N + 1} are expressed in
terms of 7,41, b;. However, the term
tO = tro(FNOFN,lN b1 . -;Nle;NO) can not be expressed in the general

case in terms of 7,41, by. Notice that in the special case where b = I we obtain
1©) o J®N

The local Hamiltonian of the system for instance is given by the following explicit

expression
N-1

(O = 1ro(74®™) =2 3 Fan1 + bi + 2tr0(yo)- (58)

n=1

O

We prove below a useful Lemma:

Lemma 5.3 The elements T and i("), i € {0, 1}, introduced on Proposition 5.2,
satisfy the following relations with the A-type Hecke algebra Hy(q = 1) elements
;nnJrl:

T(i);an = ’V'nflnz(i), nef2,...N—1j
@”ﬂmﬂ = ;n+1n+2‘§:(i)v nefl,...N—=2}

Proof The proof is straightforward for T, T due to the form of T, £© and
the use of the braid relation.

For T, T the proof is a bit more involved. Let us focus on T acting on 7,41,
which can be explicitly expressed as

gy = <A+B +C+D)%n,,+1 (5.9)
where we define: A = Y, FN_1IN .. Fntimt2Fm—im - .. F12 form > n+2orm <
n— 2» B = ;N—IN .. o;nn+l;n—2n—l . ";12’ C= ;N—IN .. o’\:n+2n+1fnn+1 .. ';12 and

D=7/N_IN.. Fny12042Fn—1n - - -T12.
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Using the braid relations and the fact that 7> = I®2, we show that: A, =
’\;n—lnA’ B;nn—i-l = ;'/n—lnDs C;nn+1 = ?n—lnc and D’\;nn—&-l = ;n—lnBa which
immediately lead to T5, 11 =7 1,TW, ne 2,...N — 1}

The proof for T Vis in exact analogy, so we omit the details here for brevity. O

For the rest of the section we focus on representations of the the B-type Hecke
algebra By(g =1, Q0 = 1).

Proposition5.4 Let R(A) = APF + P, and K(A) = Acb + I (c is an arbitrary
constant), where 1 and b provide a representation of the B-type Hecke algebra By (g =
1, Q = 1), and P is the permutation operator. The elements of TV, i € {0, 1},
introduced on Proposition 5.2, commute with the B-type Hecke algebra By(q =
1, QO = 1) generators:

[T;f';,, %,,,,+1] - [Tx{";, bl] -0, nef(l,....,N—1}, x,yeX. (510

Proof We first write down explicitly the elements 7 and 71, Recall that 7© =
inoT OB TOF 0, (b = ¢b) and from the proof of Proposition 5.2:

T7WD = a-+ b+c+0+1®(N+l), where a = fN()f(l)Blé(o)fNo, b= fN()S(O)Bli(l)fNo
c= S(O)Bl‘i(o)ﬁvo, 0= %Nog(o)f)]%(o).

Using Lemma 5.3 and the expressions just above, we conclude: [T, #,,41] =
0, nef{l,... N—=2},i € {0, 1}. Moreover, using the quadratic relation of the B-type
algebra F2b1712b; = biF12b1712 and the form of 7© we show that [T(O), bl] =0,
while use of the braid relation and the form of 7 lead to [T, #y_;y] = 0.

It now remains to show that [’T(l), fN_lN] = [’T(l), bl] = 0, the proof of the
latter is more involved. Indeed, let us first focus on [T M b ], it is convenient in this
case to express the first two terms of TW asa = a4 +az and b = b; + by, where
) = Fyo Sonsy (FN=1N * g tng2Fn—1n - 'f23)?12615(0)f1v0,

a = inorn— 1w - F2ab1 TOFyo,

b1 = inoT Q01712 0 (723 - - FactnFuttng2 - - - FN— 1V ) PN

by = FnoTObiias - Fyoinino.

Using the quadratic relation 712bj712b; = biF12b1712, and the fact that b> = I we
show that: ajb; = bja;, byb; = b1by, apb; = b;by and bob; = bjas, ¢cb; = by,
by = b0, which lead to [TV, b;] = 0.

We lastly focus on [T M ¥y N], it is convenient in this case as well to express
the first two terms of 7() as a = 6; + ap and b = 61 + 62, where we define
a1 = FNOFN—IN ot (Fv—an—1 - - Fattng2Faetn - - - 712) D1 S Oy,

d = Fnofn—an—1 - F12b1 T 7o,

b1 = FnoT Qb1 207 (Fio - - Factnfuting2 - - - FN—2N—1 ) FN—INFNO,

b2 = FnoTObi71a - - Fn_an—17N0-

Using the braid relation and the fact that 72 = %2 we show that: QFN_IN = FN—INO,
biFfN—1n = FN—1nb1, G2FN—1n = Fn—incand bofy— 1N = FN—IND, CFN—1IN =
FN_1NQ2, OFN_1N = FN—1n D2, which lead to [T(l), ;Nle] =0.

And this concludes our proof. O
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Corollary 5.5 Let R(\) = APF+P, and K (\) = Acb+ I (c is an arbitrary constant),
where T and b provide a representation of the B-type Hecke algebra By(g = 1, Q =
1), and P is the permutation operator. Let also th ke {1,...,2N + 1} be the
mutually commuting charges as defined in Proposition 5.2, and tro(Fyo) o< 1%2, then

[t(k), Tx{";] —0, ief{o 1} (5.11)

Proof The proof is straightforward, based on Propositions 5.2 and 5.4. O

Corollary 5.6 Let R()) = APr+P, and K (1) = Acb+ I (c is an arbitrary constant),
where ¥ and b provide a representation of the B-type Hecke algebra By(q = 1, Q =
1), and P is the permutation operator. Let also th k€ {0,...,2N + 1} be the
mutually commuting charges as defined in Proposition 5.2, and tro(Fyo) < 1%2. In
the special caseb = I:

[0, TV =0= [, TV] =0, (5.12)

Proof The proof follows directly from Propositions 5.2 and 5.4, and the fact that for
p y p
b=1,7T® o [®W+D gnd t©@ o JON, ]

Remark 5.7 The twisted co-products for the finite algebra generated by the element of
7D, in the special case b = I can be expressed as follows, after recalling the notation
introduced in the proof of Proposition 5.2:

N
1 v oA A ~
7 =2¢ Z (rONTON=1 - - - Fon+17n0F0n+1 - - - FON—170N ) (5.13)

n=1

where r = PF, 7 = 7P and P the permutation operator. After using expression (5.13),
the brace relation and recalling that » = Pr, 7 = i’P, we have

N
T 9 v v v v v v v (5.14)
= zZc "'nn+1"n+1n+2 - - - FN—INVYNO'N—IN - - - 'n+1n+2"nn+1)- .
n=1

Note that explicit expressions of the above co-products for (5.14) can be computed
for the brace solution. We shall derive in the next subsection the co-products associated
with Lyubashenko’s solutions recovering the twisted co-products of Corollary 3.4.

An interesting direction to pursue is the derivation of analogous results in the
case of the twisted algebras extending the findings of [12] on the duality between
twisted Yangians and Brauer algebras [59] to include set-theoretic solutions. We aim
at examining whether the corresponding transfer matrix can be expressed in terms
of the elements of the Brauer algebra, and also check if the elements of the Brauer
algebra commute with a finite sub-algebra of the twisted algebra. These findings will
have significant implications on the symmetries of open transfer matrices providing
valuable information on their spectrum.
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5.2 More examples of symmetries

In this subsection, we present examples of symmetries of the double row transfer
matrix partly inspired by the symmetries in [26], but also some new ones. Let (X, )
be a set-theoretic solution, as usually we denote 7(x, y) = (0x(¥), Ty(x)). In all the
examples below, we assume that the solution (X, ) is involutive, non-degenerate and
finite. Also, we always assume that K=1in (5.3).

The following class of symmetries is similar to those of Proposition 4.6 in [26].

Lemma 5.8 Let (X, 7) be a set-theoretic solution of the braid equation and let | :
X — X be anisomorphism of solutions, so f(0x(y)) = o) (f () and f(z:(y)) =
5 (f(¥)). Denote M = erX ey, f(x), and let t(A) be the double row transfer
matrix for R(L) = P + APr and K (\.) = Acb + I, where c is an arbitrary constant
andb =Y ex k(x)- Then, given that f(k(x)) = k(f(x)):

xeX
[M®N , t(k)] —0.

Proof Notice that M ® M commutes with r = Pr and 7 = 7P, which leads to
MEWNTDT () = TOYMEN+D and M®(N+1)j\1()\,) — TA"()\)M@’(NJFI), also due to
fk(x)) = k(f(x)) we have that bM = Mb. These commutation relations then
lead to [’T ), M ®W +1)] = 0, and from the latter we obtain, following the proof
of Proposition 4.6 in [26], M®N Tty r(x) = TrxM®VN, which directly leads to
[t0), MEN] =o0. O

The following Lemma also follows from Proposition 4.9 in [26].

Lemma 5.9 Let (X, F) be a finite, non degenerate involutive set-theoretic solution of
the braid equation. Let x1, ...,xy € X for some o € {1, ..., N} and assume that
F(xi,y) = (v,x;),Vy € X. Then, Vi, j € {1,2,...,a}

[A® e, 1] =0,

where A(N)(exi,xj) = fo:l I®...0 ey ®...QI1 t() is the double row
~——

n'h position

transfer matrix for R(\) = P + APF and K (1) such that [K(A), é’x,-,xj] =0.

Proof The co-product A(ey;,x;) commutes with both r = Pr and 7 = FP, then as in
the proof of Proposition 4.9 in [26] it can be shown that [ANTD (e, D T)] =
[A(N*'l)(exi’xj), f(k)] = 0, recall also that [K(A), exi,xj] = 0. The three com-
mutation relations then immediately lead to [A(N +1)(exl.,xj), T (A)] = 0. Then
following the proof of Proposition 4.9 in [26], we focus on the diagonal entries

of the latter commutator: [AM (ey, ). Ty (V)] = —T1; ;W) + 8 Tx;.0; (M),
[A(N)(ex,',)cj)a ’]—;Cj,Xj ()")] - Zj,x; ()\) - Bijlz;j,x; ()\') and [A(N)(ex,-,x_,-)» /Tz,z()\)] -
0, z # xi, xj, and we conclude that [A™) (e, ;). t(h)] =0. |
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The following Lemma is similar to Proposition 4.11 in [26], but here for the double
row transfer matrix, we obtain a stronger result:

Lemma5.10 Ler (X, ) be a finite, non degenerate involutive set-theoretic solution of
the braid equation. Let x1, ...,xy € X for some o € {1, ..., N} and assume that
F(xi, x;) = (xi, x;). Then, Vi, j € {1,2,...,a}

[e®N t(k)] —0

Xi,Xj°

where t()) is the double row transfer matrix for R(A) = P + APF and K(\) o I.

Proof Similarly as in the proof of Proposition 4.11 from [26] it can be shown that

egﬁj commutes with 7,41, Vn € {1, ..., N —1}. The result now immediately follows
from Proposition 5.2 and from the fact that for b = I, we have 7O — [®N+D and
tO = jeN, O

We also present the following new examples of symmetries, different to the ones
derived in [26]. Let us first introduce some invariant subsets of a set-theoretic solution.
Let (X, 7) be an involutive, non-degenerate set-theoretic solution.

Definition 5.11 Let (X, 7) be a finite set-theoretic solution of the braid equation and
let Y € X. Denote 7(x, y) = (ox(¥), Ty(x)). We say that Y is a o-equivariant set if
whenever x, y € Y then o (y) and 7, (x) € Y.

Proposition 5.12 Let (X, F) be an involutive non-degenerate solution of the braid
equation. Let Y, Z C X be o-equivariant sets. Define My 7 = ZieY jez €ijs then

(M5, 0] =0

where t()) is the double row transfer matrix for K (1) o< I and R(\) = P + APr.

Proof By Proposition 5.2 it suffices to show that My z commutes with 7,41, Vn €
{1,...,N —1}.
Observe first that

MeM= Z eik®ej.
i,jeY,kleZ

Also, F (M @ M) = M ® M and (M @ M)F = M ® M,

(M M)F = Z eik®ej Z €x.0.(y) ® €y.1y(x)

i,jeY.,kleZ x,yeX
= Z eion) ®ej )y =MSM,
i,jeY.,kleZ

because mapping 7 : Y ® Y — Y ® Y with (k,]) — (ox(l), 7;(k)) is bijective (as
explained in the end of the proof).
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To show that ¥ (M ® M) = M ® M observe that, because 7 is involutive it follows

that 7 = Zx,yeX €o,(y).x ® €r,(x).y- Therefore,

FM@M)= Y eopx®enmy D,  Colk®enii=MeM,
x,yeX i,jeY kleZ

because 7 : Z ® Z — Z ® Z is a bijective function.

Therefore M®N commutes with Fan+1, Yn € {1,..., N — 1}. The results now
follows from Proposition 5.2.

To show that 7 is a bijective function on ¥ x Y observe that 7 has the zero kernel on
X ® X, soisinjectiveon Y ® Y. Notice that /(Y ® Y) C Y ®Y since Y is o-equivariant
set. Because 7 : Y ® Y — Y ® Y is injective then 7(Y ® Y) has the same cardinality
asY ® Y,hencer: Y ®Y — Y ® Y is surjective and hence bijective. O

Remark 5.13 We we choose o-equivariant subsets of X which have pairwise empty
intersections we get similar algebra of symmetries as in the previous Lemma.

Definition 5.14 Let z € X. By the orbit of z we will mean the smallest set Y C X
suchthatz € Y and o, (y) € Y and 7, (y) € Y, forally e Y, x € X.

We have also the following symmetries:

Lemma 5.15 Ler (X, r) be an involutive, non degenerate solution of the braid equation
and let Q1, ..., Q; be orbits of X.

Define Wy, .. piginge = i1, 02, o« oy in, J1s J20 -+, Jn : exactly p; elements among
i1,i2,...,1y belong to the orbit Q; and exactly q; elements among ji, j2, ..., jn
belong to the orbit Q; for everyi < t}.

Fix non-negative integers pi, ..., pt,q1, - - -, g, and define

Apl Pty = Z € j1 @ € jo & - & iy jy-

U020l J1s J20 s Jn€Wp o pr gyt

Then Ap,.....p.q1....q commutes with ¥, n11 and so it commutes with the double row
transfer matrix when K ()) o I.

Proof 1t follows from the fact that if (X, 7) is an involutive, non-degenerate set-
theoretic solution of the Braid equation thenr(Q;, Q) € (Q;, Q;) anditis abijective
map, forevery i, j <t. O

5.3 Symmetries associated with Lyubashenko’s solution.

We focus in this subsection on the symmetries of the open transfer matrix constructed
from the Lyubashenko solution of Proposition 3.2.

Corollary 5.16 Let t(1) be the double row transfer matrix for R(\) = APF + P, where
F is Lyubashenko’s solution of Proposition 3.2, and K (\) = Acb+ I, c is an arbitrary
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constant and b satisfies: b> = I and biF12b1712 = F12bi712b1. Then,
[0, T ] =0, xyex. (5.15)

Proof Recall from the notation introduced in the proof of Proposition 5.2 that
TO = ron---roicbofor - --fon, 7 = PrP. Then using the fact that in the
special case of Lyubashenko’s solutions, ro, = V V,, we can explicitly write
7O = Vo N CbOV(I)V , which is a c-number matrix and t© = tr (cbg), which immedi-
ately leads to [t©, ’Z}(ly)] = 0, and via Propositions 5.2 and 5.4 we arrive at (5.15).

O

Corollary 5.17 Let 7 be Lyubashenko’s solution of Proposition 3.2, R(\) = APr + P,
and K ()) o< 1. Then the elements ’]}ay) of (5.13) are twisted co-products of glyr, and
hence the corresponding double row transfer matrix t(1) is glys symmetric.

Proof Recall that in the special case where b = I the quantity 7D is given in (5.13).
In the case of the special solutions of Proposition 3.2 recall that 7,9 = \N IPOnVo,
then expression (5.13) simplifies to

N
T7W =2¢ Z (V=D g, (Nt D),

n=1

Recall also from Proposition 3.2that V =} v es)xandP =} xer y®eyx,
then 71 can be explicitly expressed as (we set for simplicity 2¢ = 1)

N

TW =" ey @ (D I®...®enntiy) oh-nti(®...®I).
x,yeX n=1

n'h position

The latter expression immediately provides the elements ’Z;(,ly) = AiN) (eo(y),000)>
where the twisted N co-product AEN) of gl is defined in Corollary 3.4, expression
(3.13). Then due to Corollary 5.6 we deduce that the corresponding double row transfer
matrix t(1) is gl symmetric And with this we conclude our proof (compare also with
the results in Corollary 4.10 for K@ = ). O

Corollary 5.18 Let 7 be Lyubashenko’s solution of Proposition 3.2, and M =
D ovex ¥yMy, where My =}, y exov(x) and ay € C. Let also t(1) be the dou-

ble row transfer matrix for R(\) = P + APF and K = Acb + I, where ¢ is an

arbitrary constant andb =) _y ex i(x), then

[M;@N , t(k)] = [M®N , t(k)] -0, (5.16)
provided that 6” (k(x)) = k(o” (x)).
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Moreover, let § € Cand A = erx E%eyx x, then
[A®N, t(,\)] —0. (5.17)

provided that £¥ = Ek(x) and £ = go(y)H(X).

Proof Observe that

Fleew ® e2.4) = (¢o).0() ® €r).rw))Fs (5.18)

then 7#(My ® My) = (M3 ® My)F, hence i as well as r = Pr and 7 = 7P commute
with My ® My and M ® M. Moreover, My, M commute with K (1) due to o (k(x)) =
k(c?(x)). T, T and K commute with M;g)(N'H) and M®N+D and consequently so
does the double row transfer matrix 7 (1). From [MS9 Wb 7 ()] = 0 we obtain
ex,ov(x) ® M;?N%y(x),a«"(x) =ex,ov(x) ® Q;,fo?Na then
> iex MS’NTQ)-(X),J,V(X) = ZC,XMSZ’N, similarly for M, which lead to (5.16).
Notice that in the special case b = I (5.16) follows also immediately from the fact
that M?N and M®" commute with 7,1, Vn € {1, ..., N — 1} and Proposition 5.2.

Similarly, via (5.18) and the fact that &7 = £70)+7() e show that
[A®A, 7] = 0,andhence [T (1), ABNTD] = [T (1), A2N+D] = 0. Moreover, due
to &% = £ we show that [K (1), A] = 0, and consequently [T (1), A®N+D] = 0.
By taking the trace over the auxiliary space in the latter commutator, we arrive at
(5.17). O
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