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Abstract

We introduce a new infinite family of higher-order difference operators that commute
with the elliptic Ruijsenaars difference operators of type A. These operators are related
to Ruijsenaars’ operators through a formula of Wronski type.
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1 Introduction

In Ruijsenaars’s study of relativistic quantum integrable systems [11,12], he intro-
duced a commuting family of linear difference operators in n variables, denoted by
Dy, ..., Dy, involving sigma functions as coefficients. In this paper, we construct
an explicit infinite family of difference operators Hy, Hi, H», . .. in the commutative
algebra C[Dy, ..., D,] which are related to D, (r = 1, ..., n) through a formula
of Wronski type. This construction is applicable also to difference operators with
trigonometric and rational coefficients. In order to deal with the elliptic, trigonometric
and rational cases simultaneously, as in [5,6] we formulate our results in terms of an
entire function [z] satisfying the three-term relation (1.1).
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We fix a nonzero entire function [z] in one complex variable z € C satisfying the
three-term relation of Hirota type

[ztallBEyl+z£plly Tal+zEylla+p]=0 (1.1)

for any «, B,y € C, where [@ + 8] = [a + Blle — B]. We remark that a generic
solution of this functional equation is given by

[z] = const. e (z; Q) (c € C), (1.2)

where o (z; €2) denotes the Weierstrass sigma function associated with a period lattice
Q = Zw ® Zw». It is also satisfied by the functions

[z] = const. e? sin(rz/w), [z] = const. 7 Z, (1.3)

which are trigonometric and rational degenerations of the generic solution above. It is
known that any solution of (1.1) belongs to one of these three categories. Throughout

this paper, we denote by D, = D} (r = 1,...,n) the Ruijsenaars operators in
n variables x = (x1, ..., x,) with parameters (6, x), associated with [z]. They are
defined by

v [xi —xj +«] 5
D = > I1 T [17. (1.4)

IC{l,..n}; |I|=r iel; j&l ! iel

where [ runs over all subsets of indices of cardinality r and Tfi stands for the §-shift
operator x; — x; + 6 inx; foreachi = 1, ..., n. Itis proved by Ruijsenaars [11] that
these operators D, commute with each other, namely

D,Ds = Dy,D, forallr,s=1,...,n, (1.5)

on the basis of a certain functional identity for the sigma function. We denote by
R = C[Dy, ..., D,] the commutative algebra generated by D, (r = 1, ...,n) and
refer to it as the commutative algebra of Ruijsenaars operators (of type A,—1). We
also define Dy = 1, and D, = 0O for r > n. Note also that these operators D,
(r = 1,...,n) in the trigonometric case are the Macdonald g-difference operators
expressed additively.

We define an infinite family of difference operators H; = H;* (I =0,1,2...) by

X _ _xj"‘(/h M])(S] [xz XJ+K+k8] 8
H =3 H [x; —x;] Hnn[x,—x,+5+ka]nm - (1.6)

1+t up=Il 1<i<j<n i=1j=1k=0

These operators are expressed briefly as

. A4 pd) 17 i — x4kl s
HY = Z Ao ]‘le TETTET T, (1.7)

neN"; |u|=l
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in terms of the difference product A(x) = [],.;_;, [x; — x;], and the §-shifted
factorials
[zl =[zllz +8] - [z+ (k—=DF] (k=0,1,2,..) (1.8)

for [z]. Also, for each multi-index u = (1, ..., un) € N, N ={0,1,2,...}, we

define |u| = pu1 + - + py and T = T . 71,
Theorem 1.1 The linear difference operators Hy = H;* (I = 0,1,2,...) defined
as above belong to the commutative algebra R = (C[Dl, .. Dy] of Ruijsenaars

operators. In particular, one has
D.H;=HyD,, H/Hy=HH (r,s=0,1,2,...). (1.9)

We first remark that the family of difference operators H; (I = 0, 1, 2, .. .) originates
from the kernel identities for Ruijsenaars operators ([6]) and the duality transformation
formulas for multiple elliptic hypergeometric series ([5,10]). Let G(z) be a nonzero
meromorphic function on C such that G(z + 8) = [z] G(z), and define the kernel
function ® (x; y) of Cauchy type by

n

, G (xi + )
d(x;y) = H,HIG(XHrykJrK) (1.10)

forx = (x1,...,x,) and y = (y1, ..., yn). Then, from [5], Theorem 1.3, we have
the kernel identity

Df®d(x;y)=D; ®(x;y) (r=0,1,...,n) (1.11)

for the Ruijsenaars operators D, (r = 0, 1,...,r). On the other hand, the duality
transformation formula for multiple elliptic hypergeometric series implies

5 Alx + us) H [ — X+ &l 1 [+ el
A(x) 2 i —xj 48] i,k:l[xi+yk+K]Hi

peN™; |ul=r
_ Z A(y +v3) l—[ [k — v + &y, [k + xily, r=0.1.2...)
peN Tojr A S eyt 81y, foimy kX kel
(1.12)
as the special case where m = nand a; = b; = « (i = 1, ..., n) in the notation of
[5], Theorem 2.2. This means that
Hf ®(x;y)=H ®(x;y) (r=0,1,2,...). (1.13)
Namely, the kernel function for the Ruijsenaars operators D, (r =0, 1, ..., n) simul-

taneously intertwines the operators H, (r =0, 1,2...). In view of this fact, it would
be reasonable to expect that the operators H, should already belong to the commuta-
tive algebra C[Dy, ..., D,] of Ruijsenaars operators. Theorem 1.1 ensures that it is
actually the case.
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In this paper, we prove Theorem 1.1 as a consequence of the following recurrence
formula of Wronski type for H (1 =0, 1,2, ...).

Theorem 1.2 The difference operators H; (I = 0, 1,2, .. .) satisfy the following recur-

rence formula in relationto D, (r = 1,...,n):
Z (=)' [rc +s81D, H, =0 (I=1,2,...). (1.14)
r+s=I

Recall that the elementary symmetric functions
er=eE)= Y &--& (=012, (1.15)
1<ij<--<ir<m
in& = (&1, ..., &,), and the complete homogeneous symmetric functions

h=hE= Y &g (1=01,2,..) (1.16)

et =I

are related to each other through the Wronski formula'

> (=Dehy=0 (=1.2..). (1.17)

r+s=I

See [7]. Theorem 1.2 can be thought of as an operator version of this Wronski formula
for symmetric functions. A proof of Theorem 1.2 will be given in Sect. 2 by using a
functional identity for [z] (Lemma 2.3).

From the recurrence formulas

[1H) — [x]D; =0,
[28]Hy — [k + 8]1D1Hy + [2¢]1D; = 0,

1.18
[381H3 — [k + 281D 1 Hy + [2x + 81Dy H — [3x1D3 = 0, ( )
we see inductively that H; belongs to the commutative algebra R = C[Dy, ..., D,]
of Ruijsenaars operators for all/ = 0, 1, 2, .. .. In fact, we have
H| = @
[4]
Ll o], e
(81261 ' 281 7 (1.19)
\— [kl + 8]k + 28] Df _ [2K ][k + 26] Dy — [«][2c + 6] DDy + @D
[81[281(36] [28](36] [81(36] [38]

' These relations (1.17) are attributed to J6zef Maria Hoene-Wroriski in [1] and [14] (see also [15]).
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The relationship between the two families of difference operators D, (r = 01,2, ...)
and H; (I =0,1,2,...)is described in the following.

Proposition 1.3 For eachl = 0, 1,2, ..., the difference operator H; is expressed in
terms of D, (r =0, 1, ...) by the determinant formula

[ —j+1 j—1)8 !
HI:det<[(l JHDer(G=D ]D,-_j+1> (1=0,1,2,..). (1.20)
[i8] ij=l
Conversely,
i—j+ D8+ —1 !
Dy = det (Kl J D3+~ Vil I-j+1> (=0.1,2,..). (121
[lK] l,j=1
Proposition 1.4 Foreachl = 1,2, ..., the difference operator Hj is expressed explic-
itly as
: L1+ 4ri-1)8 + rik]
H; = Z (-4 Z <l—[ i— i ) Dy, --- Dy,
d=1 etttz \imt L1 )]

(1.22)
intermsof D, (r =0,1,...).

We also summarize the kernel identities relevant to the difference operators D, and
H, for the sake of reference.

Theorem 1.5 (1) For two sets of variables x = (x1,...,xp) and y = (y1, ..., Yn),
the kernel function ® (x, y) of Cauchy type in (1.10) satisfies the following two types
of kernel identities:

(DD) Did(x;y) =D d(x;y)  (r=0,1,...,n), (1.23)
(HH) H'®(x;y) = H®(x;y)  (r=0,1,2,...). (1.24)
(2) Fortwo sets of variables x = (x1, ..., xy) andy = (y1, ..., Yn), let
m n
Wxsy) =[]0 — el (1.25)

i=1k=1

be the kernel function of dual Cauchy type. Under the balancing condition mk +né =
0, W (x; y) satisfies the kernel identity

(HD) HXW(x:y) = (=1)D)W(x:y) (r=0,1,2,...), (1.26)

where 5,y denotes the difference operator obtained from D;. by exchanging the param-
eters § and k.
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Propositions 1.3 and 1.4 are consequences of the recurrence formula of Wronski
type (see Sect. 3). After acomplement on kernel identities for the Ruijsenaars operators
(Sect. 4), we finally give some remarks on the trigonometric case in Sect. 5.

Notes: This paper is based on a collaboration of the authors which was completed
as master’s thesis [13] of the second author in Japanese. Also, an earlier version
of the present paper, written around 2012, has been circulated among some
researchers. For these reasons, some of the results in this paper are already cited
in several studies [2,3,8,9] with reference to a private communication or to a
paper in preparation.

2 Recurrence formula of Wronski type
In this section, we give a proof of Theorem 1.2. Our goal is to establish the recurrence
formula of Wronski type between the two sequences of difference operators D, (r =

0,1,2,..)and H; (s =0,1,2,...).

Theorem 2.1 The difference operators H; (I =0, 1,2...) defined by (1.6) satisfy the
recurrence formulas

Y (=Dlrk+s81D,Hy =0  (I=1,2,...). 2.1
r4s=I
Since Dy = 1, by this theorem we see inductively that H; belong to C[Dy, ..., D,]

forall/ =0,1,2,....

Theorem 2.2 The difference operators H; (I =0, 1,2...) belong to the commutative
algebra C[Dy, ..., D,] of Ruijsenaars operators. In particular, one has

D,H; = H,D,, H,H,=HH (r,s=0,1,2,...). (2.2)

Proof of Theorem 2.1 We express the difference operators D, as

A(x) j— X+ 5]/L_,~ .

[xi —x; +«] A(x + €1k)
D= AT, Ajx) = ! = . (23
: “Z_r 1T, 10 = H T N 23)
= iel; j¢l
where we define €; = ) ;_; €; by using the unit vectors €1, . .., €, of N". Similarly,
we express Hj as
A 8) o [x; —xi +xly,
Hl — Z HM(X)TXMS, Hu(x) — (-x +M ) 1_[ [x] v M (24)
ij=1

|wl=l
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When r + s = [, we compute

DiHy =Y Y Aj@)Hu(x +e8) T
1=r |ul=s

(2.5)
=Y. > AIH (x + €T,
|xl=1 IS supp); |I|=r
where supp() = {i € {1,...,n} | A; > 0}. Hence, the recurrence formula (2.1) is
equivalent to
> ( Do DM+ (A = D8] Ar(x) Hy e, (x +613)>TXM =0,

A=l ‘< supp()

(2.6)

saying that

S DM+ (A = 1ID8 ] Aj () Hy ey (x +€,8) =0 (2.7)
1< supp(,)

for any A € N" with |A| > 0. We now make the expression Aj(x)H)_¢, (x + €;6)
explicit. Setting L = supp(A), we have

A(x +€7k) A(x + A8)
A(x) A(x +€76)
l_[ [)C/ — Xi +K])»j—l 1—[ [X/ — X + K — 5])”.
il jel [xj —xi + 31,1 el jen [xj — xils,
1—[ [)Cj—Xi+K +8])»j—1 l_[ [xj_xi+K])Lj
[xj — xi +28]5,-1 [xj —xi + 81y,

Ar(X)Hj—¢; (x +€18) =

i¢l;jel i¢l;jel\I
(2.8)
Noting that
A(x +€7x) A(x 4+ Xd) _ A(x + A8) A(x + €1k)
Ax) A +ed) ALK Alx+e€d)
_ A(Z—FM) l_[ [xj.—x,-.+/;]7 2.9)
(x) gl jel [x; — xi + 4]

we can compute A (x)H_¢, (x + €;5) as follows:

A(x + 18) 1—[ [xj —xi + Kl

Al Hy—q (x +€10) = =y [ —xi 1 o
J i J

i¢l;jel
l—[ [xj —xi +Kln;—1 1—[ [xj —xi + Kk — 3]y

[xj —xi + 01,1 [xj —xilx;

iel;jel iel;jeL\I
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_ A(x +29) 1—[ [xj —xi + Kl

A(x) ielln)ijeL [xj —xi + 315,

1—[ [x; —xi +Kk—8] l_[ [xj—x; +A; 0]
[x;i—x;i] [xj'—xi—i-K-i-()»j—l)S].

iel;jel\I J iel;jel
(2.10)
Hence, (2.7) is equivalent to
[x;i—x;+x—3]
Yo+ ar =18 ][]
R [xj—xi]
ICL iel;jel\l
I1 by—xitrel 2.11)
[x; —x; +c+ (A —1)3]

iel;jeL""/

forany L # ¢ and A € N with supp(1) = L. Setting A = €1 + v, we rewrite this in
the form

1—[ [x; —xi +Kk—3]

[xj—x;]

S DM+ I+ LI =118 ]
ICL iel;jel\I
[xj—xi+d+v;8]
[xj—xi+e+v;8]

(2.12)
iel;jelL

for any v € N with supp(v) C L. Since this formula contains only those variables x;
with i € L, we have only to consider the case where L = {1, ...,n} (n > 1):

> D[+ (vl +n—11])8 ]
I<{1,...,n}
1—[ [xj—xi +Kx—3] 1—[ [xj—xi+6+v;é] —0
[xj—x,-] [xj—x,-+/c+vj5]

(2.13)

iel;j¢l iel;je{l,...,n}

for any v € N". This identity follows from the following functional identity by the
change of variables

zi=xi, wi=x;+6+v;d (i=1,...,n); a=«—2. (2.14)
O
Lemma 2.3 Given two sets of variables z = (z1,...,20), W = (Wi,..., Wy)

and a parameter a, the following identity holds as a meromorphic function in
(Z1yeves Zny WLy v ooy Wy) forn > 1:

> (—pmliwl =zl + [Tla] I lzj—zi+al I [we — zi]

Llwl =zl ielij¢l 2=z il ke(l,...n) [we = zi +a]

(2.15)
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where |z| = Y i zi, lw| = D p_; wy.

Proof We give a proof of the functional identity (2.15) for the case where
[z] = o(z; 2) is the Weierstrass sigma function associated with a period lattice 2. By
the classification of [z], it is not difficult to derive (2.15) for any [z] in this class from
the case of o (z; 2), by the limiting procedures from o (z; €2) to sin(wz/w) and z, and
by the invariance of (2.15) under the transformation [z] — e”Z2 [z].

Identity (2.15) for [z] = o(z; ) can be proved by the induction on n. Since it
holds trivially for n = 1, we assume n > 2. We regard the left-hand side of (2.15)
as a meromorphic function of w, and denote it by F(w,) assuming that the other
variables are generic. Note first that F'(w,,) is an elliptic function possibly with simple
poles at w, = z; —a, ..., 7, —a and w, = |z| — |w’| modulo the period lattice €2,
where w’ = (wy, ..., wy—1). We first compute the residue of F(w,) at w, = z, —a.
Nontrivial residues possibly arise from the terms corresponding to / containing n; we
parametrize such I’'sas I = J U {n} with J C {1, ..., n — 1}. Then, we have

Resw”:Z,, —a(F(wy)dwy)

_alllw'| = 121 1—[ [zj —zn +al 1—[ [wr — znl

[Zj — Zn]

jell,...n—1} ke{l,...n—1}
) SRR A RN )
J(lmn) [lw'| —|Z/[]
l—[ [zj—zi+al l_[ [wp — z;]
ied;jell,n—1\J 2=zl iel;ke{l,...,n—l}[wl_zi+a]
=0

(2.16)
by the induction hypothesis (z' = (z1, ..., 2n—1)). Since F(w,) is symmetric with
respectto (z1, ..., Zn), we see that w, = z1 —a, ..., 2, —a are all removable poles of

F(w,). Hence, F(w;) has at most one simple pole in each fundamental parallelogram,
which is impossible unless F'(w,,) is a constant function since it is an elliptic function.
We next look at the value of F(w,) at w,, = z,. It is computed as

Z (_1)‘”[|w,|_|zl|+|1|a]

I — |~
Il n—1) (w'[ = 1211

1—[ [zj—zi+al l_[ [wi — zi]
ielln-inzer FITE Gl oy We = @it
=0

F(zyn)

(2.17)

again by the induction hypothesis. This implies that F(w,,) is identically zero as a
meromorphic function of w,,. O
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Remark 2.4 Lemma 2.3 canbe proved in a different way if we make use of the argument
of [5]. Recall that in (1.14) of Sect. 1, [5], the following identity is derived from the
determinant formula of Frobenius:

E(T;; u)D(z; w)

D(z; w)
_ Z M‘I‘[A+\z|+|w|+|1|8] l—[ [zi —zj + 8] 1—[ [zi + wi]
1S{1,n) (A + Jz[ + wi] ielsjdl [2i = 2] il je(l,..n) lzi + wi + 4]
(2.18)
where D(z; w) is the Frobenius determinant
Dzt ) — det ([A +2it w,-])" _ DRI mIA@AW) o
’ Mlzi +wjil /2 T =iz + wy] ' )
and E(T;;u) = [[/_, (1 + uTZ‘f). This means that
AT iz + w)] det ([A +zi + wj] M[)\‘FZ;‘ +w; +8]>"
A+ lz] + [w[TAR)A(w) [Mlzi + wj] Mlzi +wj +681 /;
_ Z M\I\[)‘+‘Z|+|w|+|1|8] l—[ [zi —zj + 9] [zi + wi]
1<, ..n) (A + lz[ + wi] iel;jdl [zi = 2] il je(l,..n) lzi + wi + 4]
(2.20)
By setting u = —1, we obtain

M T oz +wj] det(l ([x+z,~+w,]_[A+z,~+w,+5]>)"

[+ lz] + [wl]AR)A(w) W\ [z 4w, [zi + wj + 3]

A+ lz| + |w| + [1]8] [zi —z; + 9] [zi + wg]
- ¥ o oo o tetel
It A+ lz| + |wl] iel:jel [zi —z;] ”}[Zi+wk+5]
(2.21)
Note that in the limit A — 0, each entry of the matrix of the left-hand side has a finite
limit

ij=1

1 ([/\+zi+wj] B [)L+Zi+wj+8]>_ [zi +w,l" [z +wj+38]

im = .
=0 [A] [zi +wj] [zi +w; + 4] [zi +w;] [z +wj+ 3]

(2.22)

Hence, the left-hand side converges to zero as A — 0. This implies that

[lz] + [w| + [1]8] [zi —zj + 0] [zi + wg]
>, [T == Il cresa="
1<, n) Lzl + fwl] iel;j¢l [zi = 2] ielje(l,..n) L2 + wi + 4]

(2.23)

By replacing each z; with —z;, and § with a, we obtain Lemma 2.3.
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3 Explicit relations between the two commuting families

Setting

W _ [re + (I —1r)é]

r [05] D, (0=r=, (3.1

we rewrite the recurrence formula of Theorem 2.1 as
0'H+)"DPH  +.- =DV H =-D"  (=1,2,..). 32

In the matrix form, this means that

1 0 0 ... O][ -H ] [ DV ]
. 2
p® 1 0 H) Dy
3 3 — (3)
by pP 1 Hy | = _| Dy |. (3.3)
: : .0 : :
(0] @) @) 1
| D2y D2y oo Dy 1 [(=D)'H, | L D,() i
Hence, by Cramer’s formula we obtain
o 1 0 ... 0]
p® p® .
—d : OO | —det (D@ ) 1=
Hj=det| @ p® p® 1= et(Di_j_H)i’j:l I=1,2,..).
: : . o1
) @ (O]
o p? ... ... D]
(3.4)
Namely, we have
H :det([(l JADk+G =D ]D,-_j+1> I=1,2...). (35
[i8] ij=1
By symmetry, we also have
— DS+ (— 1 !
D, :det([(’ JEDI+ )K]Hi_j+1> (I=1,2...). (3.6
[ix] i,j=1

The recurrence formula (2.1) can also be written as

H=D"H_ ;- +=D2D" H+-1)"'DP (=12 37
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Applying this formula repeatedly, we obtain

l
_ _1n\[—d (la) (la—1) ()
- Z( D Z D —la- lDld 1—la—2 Dll —lo

0=ly<ly<--<ly=I

!
= Z (—1)17‘1 Z HD(r1+ A1)
d=1

ri+-trg=Lri>0i=1

! d
— _1\l—d [(r1+--+ric1)8 +rik]
- c; = Z (l_[ [(r1 + -+ ri)é] ) Dy, D,,.

ri+-trg=Lr;i>0 \i=l1

(3.8)

4 Kernel identities

We recall from [5] the duality transformation formula for multiple elliptic hypergeo-
metric series (of type A): Under the balancing conditiona +- - -4+a,, = b1 +---+b,,

AQx + u8) = [xi —x; +ajly, [xi + vk — bl
Z A(x) ilj_:[1 [xi —xj + 8]y I_H_[

[x .
peN™; |u|=r i=lk=1 l+yk]“’

(r=0,1,2,...),

-y A(y+v8)li[[yk—y,+b,]uk l—[[yk+x,-—ai]vk

e A0S D=yl iy Dt xidy

4.1

where x = (x1,...,xy)andy = (y1, ..., yu). As we already remarked, when m = n
anda; = b; =k (i =1, ..., n), this implies

H'®(x;y)=H ®(x;y) (r=0,1,2,...). 4.2)

Letaj=---=a, =«k,b; =---=b,, = —§. Then, this transformation formula
implies that under the condition mk + né = 0,

5 Ax + ud) ﬁ [ — ) + Kl ﬁ[xi + yi + idl

pneN™; ul=r Alx) =1 xi — Xj + 8]’“ i=lk=1 lxi + )’k]

-y !

KC{l,...n}; |K|=r keK,1¢K

5]]_[]_[[”‘”’ kKl Zo12. ),

kekiol kT Xl

[yk - yl]
4.3)

By replacing y; by —yx fork =1, ..., n, we obtain

5 Alx + us) ﬁ [x; — xj + &1 1 li[[xf — Yk + wid)

peNmur A il R 7 ol P ol B B R/
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==Y Mt y’+5]]_[]_[[xl =02

KC(l,.om): |K|=r keK, [¢K [yk =yl fekici - yk]
4.4
This means that the dual Cauchy kernel
m n
Wxsy) =[] e — (4.5)

i=lk=1
satisfies
HE W y) = () DY Way)  r=0,1,2,..)  (46)

under the condition m« + né = 0.

5 The trigonometric cases

In this section, we consider the trigonometric cases where [x] = e(x/2) — e(—x/2)
in the notation e(u) = exp(2w~/—1u) of the exponential function. Instead of the
parameter 8, x € C, we use the multiplicative parameters ¢ = e(8) and t = e(x)
assummg that Im(S) > 0 so that |g| < 1. Note that when z = e(x), we have [x] =

22 -z -3 = -z 2(1 — z), and hence,
k-1 -1, .

[x]kz(_l) q 2\2z 2(Z»Q)k (k=071’27"')’ (51)
in the standard notation (z; ¢)x = (1—2)(1—¢gz) - - - (l—qk_lz) of g-shifted factorials.
We denote by z = (z1, ..., z,) the multiplicative variables defined by z; = e(x;)
(i =1,...,n)correspondingtox = (xy, ..., x,). For these z variables we denote by
T,.; the g-shift operator withrespecttoz; (i = 1,...,n)andset T, = Ty}, -+ T)'%,
for each multi-index u = (u1,...,u,) € N*. In thlS multiplicative notation, it is

convenient to introduce the g-difference operators Df and H; normalized so that

Df =1 2'IDE (r=0,1,....n), H =q 2 MK (1=0,1,2,..).
(5.2)

These g-difference operators are given explicitly by

Di=:® 3 I1 ZZ—ZJTG' (5.3)

IC{ ) [|=riel: jeI <0 %

and

Pizi —qt 12i/2j; i
H= Y ] LR ] WEEEDw g (54

weN: |ul=l 1<i<j<n T 1<z @zi/2j: D
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The recurrence relation (2.1) of Wronski type is then rewritten as follows:

YU -1 )DiH; =0 (1=1,2,..)). (5.5)

r+s=I

It is known by [7] that the commuting family of ¢-difference operators D? (r =
0,1,...,n) act on the ring C[z]®" = Clzy, ..., 2,]®" of symmetric polynomials
in z = (21,...,2,) and that they are simultaneously diagonalized by the (monic)
Macdonald polynomials Py (z) = P, (z|q,t) indexed by partitions A = (Aq, ..., A,)
with [(A) < n:

DiPi(2) = Pi(2) e, (t°q") (r=0,1,2,....n), (5.6)
where e, (£) stands for the elementary symmetric polynomial of degree r for each
r=0,1,...,n,and £°¢* = ("¢, 1" 2¢’2, ..., ¢*). In terms of the generating
function

Dy =Y (—wyDi= 3 1) ]_[ Z_f TeL, (5.7)
r=0

IC{1,...,n} iel; j¢1

formula (5.6) is equivalent to
D(2) Pi(2) = PA(Z)H(l "t (5.8)

Since H; € C[Dj, ..., D}], the g-difference operators H; (I =0, 1,2...) satisfy
HiP(2) = P ai(t®¢™)  (1=0,1,2,..) (5.9)

for some symmetric polynomials g;(£) € C[£]®". By the Wronski-type formula (5.5),
these polynomials are determined by the recurrence relation

YA =1 ge e =0 (=1,2,..). (5.10)
r+s=0
In view of
E@Eu) =Y (—w)e&) =[]0 —u&), (5.11)
r=0 i=1

let us introduce the generating function G(&; u) = ) u' g/(£). Then, the recurrence
=0
formula above is equivalent to the functional equation

E€ u) G(Eu) = E&;tu) G(E: qu), (5.12)
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namely

. EGitw) ! tug '
GE;u) = ) Gé; qu) = (E — ) G(&; qu). (5.13)

Hence, we have

> B (tuEis Qoo
GEw =Yy uge =]]—=, (5.14)
2 | e

where (#; @)oo = [[72¢(1 — g'u). This means that

_ GPv G Doy o eny _ B, 1=0.1.2..
(&) v,+§n:,<Q?Q>vl"'(q;q)vn ' =S Po® -

(5.15)

We introduce the generation function

i = Lo = St [ T ] G g

peNr  l<i<j<n 0T % 1§i,j§n(qzi/z-f’q)"i
(5.16)

for our g-difference operators Hf (I =0,1,2,...). Then, the argument above implies
that

Lt @)

H*(u) P, =P, . 5.17
(u) Pp.(x) A(x)i]l T D (5.17)
for any partition A = (A1, ..., A,) with/(X) < n.Note also that the recurrence formula
of Wronski type is equivalent to
D*(u)H*(u) = D*(tu)H*(qu). (5.18)

Finally, we give comments on the kernel identities for the trigonometric case. Con-
sider two sets of variables z = (z1,...,2z,) and w = (w1, ....w;), assuming that
m > n. The Cauchy-type kernel for this case is given by

Mz w) = ]_[]_[(”’ k3 )oc (5.19)

ey @wes Doo
Then, we have the kernel identities

(DD) D*(w)T(z; w) = (u; Om—n D" (" ") (z; ), (5.20)
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(" "u; @)oo

(HH) H(u)(z; w) =
(; @)oo

HY (" " u) T (z; w). (5.21)

By the kernel function of dual Cauchy type
m n
Wz w) = [ [[]@ —wo, (5.22)
i=lk=1

the two families of g-difference operators are exchanged as follows:
(HD) (U1 Qo HE W)W (25 w) = (1" 1 @) D (W)W (25 w), (5.23)

where DV (u) = D9 (1) denotes the g-difference operator obtained from D¥ (1) =
DWI4:D (1) by exchanging g and .

The three kernel identities (D D), (H H) and (H D) are equivalent to certain special
cases of Kajihara’s Euler transformation formula [4]: For two sets of variables z =
(zty---y2Zm)sw = (wy, ..., wy) and parametersa = (ay, ..., ay),b = (b1, ..., by),

(u/oz 9o Z(u/a)“‘l 1—[ qizi —q"iz; 1—[ (@jzi/zj5 @

e A l<iciem ST oy @R D
1—“—[ (iwi/bis @)y
i @ws @y
_ /B Do 3 w/p) g™ wr —gq"w ﬁ (brwi/wi; q) v,
U @oo ‘T, I<kai<n Wk WO 0, QW WGy,
1—[ 1—[ (wizj/aj; q)vk’ (5.24)
(Wkzjs @y

where o« = aj - --a, and B = by - - - by,. In fact, one can verify directly that these three
kernel identities are equivalent to the following special cases of (5.24), respectively:

DD):aj=q ' (j=1,....m), h=q~ ' (U=1,....,n),
(HH):aj=t (j=1,....m), =t (=1,...,n), (5.25)
(HD):aj=t (j=1,....m), by=q ' (=1,....n).
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