Letters in Mathematical Physics (2021) 111:95
https://doi.org/10.1007/s11005-021-01428-8

®

Check for
updates

Some aspects of quantum sufficiency for finite and full von
Neumann algebras

Andrzej tuczak’

Received: 5 November 2019 / Revised: 25 May 2021 / Accepted: 20 June 2021/
Published online: 14 July 2021
© The Author(s) 2021

Abstract

Some features of the notion of sufficiency in quantum statistics are investigated. Three
kinds of this notion are considered: plain sufficiency (called simply: sufficiency),
strong sufficiency and Umegaki’s sufficiency. It is shown that for a finite von Neumann
algebra with a faithful family of normal states the minimal sufficient von Neumann
subalgebra is sufficient in Umegaki’s sense. Moreover, a proper version of the factor-
ization theorem of Jencovd and Petz is obtained. The structure of the minimal sufficient
subalgebra is described in the case of pure states on the full algebra of all bounded
linear operators on a Hilbert space.
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Normal and pure states
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Introduction

Let M be a von Neumann algebra, let N be its von Neumann subalgebra, and let
{pe : 0 € ®}beatfamily of normal states on M. In [4] the notion of strong sufficiency of
the subalgebra N for the family {py : 6 € ®} was introduced (and further investigated
in [5]) as a generalisation of sufficiency in Umegaki’s sense considered earlier in
[13,14]. In this operator algebra setup, strong sufficiency of N means the existence of
a normal two-positive map «: M — N such that

ppoa=pg, 0€0.
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If the map « is a normal conditional expectation onto N, then we get sufficiency in
Umegaki’s sense. An obvious and natural generalisation of the notion of strong suffi-
ciency would consist in giving up the, rather technical, requirement of two-positivity
and replacing it by positivity. Some work in this setup was done in [6], and in the
present paper, we continue this line of investigation. As was pointed out in [6], this
approach is additionally motivated by considerations from quantum hypothesis testing
theory, where a different notion of sufficiency is employed, namely, the sufficiency of
N means that we can find there an optimal measurement minimising the Bayes risk
(ct. [7]).

In the first part of the paper, we show that for a o -finite finite von Neumann algebra
with a faithful family of normal states the minimal sufficient von Neumann subalgebra
is sufficient in Umegaki’s sense, and obtain a proper version of the factorization theo-
rem due to Jencovd and Petz. In the second part, we are dealing with the full algebra
IB(H) and a family of pure states. There we give a description of the minimal sufficient
subalgebra together with an explicit form of the conditional expectation defining this
sufficiency.

1 Preliminaries and notation

Let H be a Hilbert space with a scalar product (:|-) and norm
I - II, and let M be an arbitrary von Neumann algebra of operators acting on H, with
identity 1, and predual M,.. M is said to be o -finite (or countably decomposable) if any
family of pairwise orthogonal projections in M is countable. In our considerations,
we restrict attention to such algebras.

A state on M is a bounded positive linear functional p: M — C of norm one. A
state p is said to be normal if it is continuous in the o-weak topology on M, in other
words, p € M,. For a normal state p, its support, denoted by s(p), is defined as the
smallest projection e in M such that p(e) = p(1). In particular, we have

p(s(p)A) = p(As(p)) = p(A), AeM,

and if p(s(p)A s(p)) = 0 fors(p)As(p) > 0thens(p)As(p) =0.

A normal state p is said to be faithful if for each positive element A € M from the
equality p(A) = 0 it follows that A = 0. It is easily seen that the faithfulness of p is
equivalent to the relation s(p) = 1. The existence of a normal faithful state on M is
equivalent to M being o -finite.

To each unit vector 1 € ‘H there corresponds a normal state, denoted by the same
symbol and called a vector state, defined as

Y(A) = (VIAY),  AeM.

By a slight abuse of language, we shall speak of the vector v itself as a pure state. By
Py shall be denoted the projection onto the space spanned by the vector ¥ (in Dirac

notation, Py = [¥) (¥ ).
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Let {pp : 6 € ®} be a family of normal states on a von Neumann algebra M. This
family is said to be faithful if for each positive element A € M from the equality
po(A) = 0 forall 6 € O it follows that A = 0. Similarly to the case of one state, it is
seen that the faithfulness of the family is equivalent to the relation

\/ s(ps) = 1.

0e®

In particular, for a family of pure states {yp : 6 € ®}, its faithfulness amounts to the
equality Lin{yp : 0 € ©} = H.

Let P be a projection in a von Neumann algebra M. A reduced von Neumann
algebra Mp is defined as an algebra of operators acting on the Hilbert space P (H)
by the formula

Mp = {PA|P(H) : A € M.

Let {M; : i € I} be a family of von Neumann algebras acting on Hilbert spaces
‘H;. The direct sum von Neumann algebra is defined as

> oM = {A = (A)ier : A; € M; foralli € I, sup || A < oo} ,

iel iel

where the operators A = (A;);es act on the Hilbert space

H=EPH

iel

as
A((EDier) = (Ai&ier.

Let M and N be von Neumann algebras. A linear map «: M — N is said to be
normal if it is continuous in the o-weak topologies on M and N, respectively. It is
called unital if «(1) = 1.

The algebra of all bounded linear operators on H will be denoted by B(H). For
arbitrary T C B(H) by T, will be denoted the set of hermitian elements of 7.

The Jordan product of two operators A, B € B(H) will be denoted by the symbol

o !

3

1
AoB=_(AB+BA).

and by a slight abuse of notation, the same symbol will be used for superpositions of
a functional ¢ on M and a map [E on M: ¢ o [E, as well as of two maps E, F on M:
EoF.

For arbitrary 7 C B(H), by W*(7), we shall denote the von Neumann algebra
generated by 7, i.e., the smallest von Neumann algebra containing 7.
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Let M be a von Neumann algebra, let {py : 6 € ®} be a family of normal states
on M, and let N be a von Neumann subalgebra of M. N is said to be sufficient for
the family of states {pg : 0 € O} if there exists a normal positive linear unital map
o: M — N such that

Po oo = pg, forall 6 € ©®. D

If the map « above is two-positive, then N is said to be strongly sufficient, and if it is a
conditional expectation onto N, then N is said to be sufficient in Umegaki’s sense. It can
be shown that for finite-dimensional von Neumann algebras and families of faithful
states sufficiency and strong sufficiency are equivalent. The notion of sufficiency in
Umegaki’s sense appeared in [13,14], while strong sufficiency was introduced in [4].
If the algebra N is sufficient and contained in any other sufficient (sufficient in strong
or Umegaki’s sense) algebra, then N is said to be minimal. It is clear that a minimal
sufficient (in any sense) subalgebra is unique (if it exists). On account of [6, Theorem
1], for a faithful family of normal states on M there exists the minimal sufficient von
Neumann subalgebra M, of M.

2 Sufficiency in finite von Neumann algebras

In this section, we show that for a o -finite finite von Neumann algebra M and a faithful
family of normal states on M the minimal sufficient von Neumann subalgebra of M is
sufficient in Umegaki’s sense. Moreover, we also obtain a version of the factorization
theorem.

In what follows, we shall need a few basic facts from modular theory of von Neu-
mann algebras; however, this theory will be employed only to a limited extent. For
its full account, the reader is referred to [10]. Let ¢ be a normal faithful state on M.
There exists a group of automorphisms of M, {o : ¢ € R}, called the modular auto-
morphism group, associated with ¢ in a canonical way. The algebra of fixed points of
the modular automorphism group, denoted by M¥, is called the centralizer of ¢, and
the following relation holds

M? ={A eM: foreach B €M, ¢(AB) = ¢(BA)}.

Let N be a von Neumann subalgebra of M. If o,/ (N) = N for all € R, then there is
a normal faithful conditional expectation IF from M onto N such that

polF =o¢.

Let A be a subspace of M containing the identity operator 1. A is said to be a JW*-
subalgebra of M if it is o-weakly closed and closed with respect to the operation of
taking adjoints and the Jordan product. Then the self-adjoint part of A is a JW-algebra,
in particular, it is generated by projections (cf. [3]). Let [E be a normal positive faithful
unital projection from the JW-algebra M}, onto a JW-algebra A. On account of [3,
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Lemma 4.4.13], we have
E(AoB) =AocE(B) 2)

forall A € Ay, B € Mj,. Let now [E be a normal positive faithful unital projection
from M onto a JW*-algebra A. Then IE|M}, is as above , and hence it satisfies Eq. (2).
Decomposing arbitrary A € Aand B € Mas A = A| +iA>, B = B| +iB; where
Ay, Ay € Ay, By, B € My, we obtain the equality

E(AoB) =AocE(B) 3)
for all A € A, B € M. Using the formula

ABA=2A0(AoB)—A*0B, AcA, BeM,
we get
E(SBS) = SE(B)S 4)

for each B € M and each symmetry S € A; (symmetry means that §> = 1).

The lemma below is a JW*-version of a known result on uniqueness of conditional
expectation for von Neumann algebras.

Lemma 1 Let ¢ be a normal faithful state on M, let A be a JW*-subalgebra of M,
andlet E;: M — A, i = 1, 2, be normal positive unital projections onto A such that

polE; = ¢olE.

Then Eq = [Es.

Proof Observe first that the family {¢y : H € A} of normal linear functionals on M
defined as

¢u(B) =¢(HoB), BeM,

separates the points of A. Indeed, if we have ¢y (A) = 0 for some A € A and all
H € A, then taking H = A* we get

1
0=9a(A) = E(ﬂ(A*A + AAY),

and the faithfulness of ¢ yields A*A = 0, i.e., A = 0. Now for arbitrary B € M, we
have by virtue of the equality (3)

¢r (E1(B)) = ¢(H o E1(B)) = ¢(Ei(H o B)) = ¢(H o B) = ¢ (B),
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and analogously
¢n (E2(B)) = ¢u(B),

showing that o (IE1(B)) = ¢u (IE2(B)), hence [E1(B) = E»(B). O

Now we are ready to prove that for a faithful family of normal states the minimal
sufficient subalgebra is also sufficient in Umegaki’s sense.

Theorem 2 Let {pp : 6 € B} be a faithful family of normal states on a o -finite finite
von Neumann algebra M with a normal faithful tracial state T. The minimal sufficient
von Neumann subalgebra M., of M is sufficient in Umegaki’s sense.

Proof As in the proof of Theorem 1 in [6], we let & be the family of all normal
positive linear unital maps on M such that the states py are invariant with respect to
the maps from G. It is seen that G is a non-empty (because it contains the identity
map) semigroup. Let A be the set of fixed points of the maps from G, i.e.,

A={AeM:a(A)=A forall « e S}. 5)
Then A is a JW*-algebra, and on account of [6, Theorem 1] we have

Jytmin = W*(A) = W*(.Ah),

moreover, there is a normal positive faithful unital projection IE from M onto A such
that for all 6 € ®

po o= pg.
Put
¢ =tol.
Then ¢ is a normal state on M such that
polE=¢.

Let S be an arbitrary symmetry in Aj,. Taking BS instead of B in the formula (4), we
get

E(SB) = SE(BS)S,
hence
¢(SB) = t(E(SB)) = t(SE(BS)S) = t(E(BS)) = ¢(BS).
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An arbitrary projection P in Ay, has the form P = %(S + 1) where S =2P — lisa
symmetry, thus

¢(PB) = ¢(BP)

for every such projection. Since Ay, is a JW-algebra, linear combinations of its pro-
jections are o -weakly dense in Ay, (cf. [3]) and the o-weak continuity of ¢ yields

¢(AB) = ¢(BA)
for each A € Ay. Since B € M was arbitrary, this means that A € M¥, thus
Ap C MY,
Since M? is a von Neumann algebra, this yields
Mpin = W*(Ap) C M?.

(The reasoning above follows the proof of Haagerup and Stgrmer [2, Lemma 2.2].)
Since for the modular automorphism group we have

of(A)=A forall A e M?,

we get 0 (Mmin) = Mmin for all # € IR, thus there is a normal faithful conditional
expectation [F' from M onto M, such that

polF =g.

We have

(EoF)Y’ =Eo(FoE)oF=EoEocF=EoF
showing that IE o IF' is a normal positive unital projection onto A. Moreover,
po(EolF)=(toE)o(EoF)=(toE)ocF=¢poF=¢p=¢ol,

and Lemma 1 yields
EoF =LE.

Thus for each § € ®, we have

ppoF =(ppoE)oF =pgo(EolF)=pyolE=ps,
which means that My, is sufficient in Umegaki’s sense. O
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An important factorization theorem was formulated in [4, Theorem 4] in the case
when the algebra M is a countable direct sum of type I factors. However, as it was
shown in [6, Examples 2 and 3], its setup needs substantial corrections, and we shall
see that this theorem holds in full generality in finite von Neumann algebras. For this
purpose, let us introduce some necessary notions. Since the proof of this theorem is in
its main part a repetition of the proof in [4, Section 4] with some additional reasoning,
we shall follow closely the notation employed there. However, we shall use some parts
of the theory of measurable operators and noncommutative L”-spaces (actually only
L'-space) for a brief account of which we refer the reader to the “Appendix”.

For a linear operator A on a Hilbert space H, by D(A), we denote the domain of
A, and by A—the closure of A.

Let M be a finite von Neumann algebra with a normal faithful finite trace
7, let My be a von Neumann subalgebra of M, and let M; = M6 Nn M
be the relative commutant of Mg. By M we denote the algebra of measurable oper-
ators, and by L'(M, 7), L'(My, 7), L' (M, 1) the corresponding L'-spaces. (Here
we make use of the assumption that M is finite, otherwise there is no guarantee that
7|Mp or T|M; is semifinite.) Let {pg : 0 € ©} be a faithful family of normal states on
M, and let, as before, for some convex combination

o
W= Z Ak POy s
k=1

o be a faithful state on M. Denote

wo = Mo, o1 =M, w=1|Mo, T =T|M,
andlet D, € L'(M, 1), D, € LI(JV[O, 70), Dw, € Ll(Ml, 71) be the densities of
w, wo and w1, respectively. Now the reasoning of [4, p. 269] can be repeated word for

word upon observing that the modular automorphism groups {o°}, {o,"°} and {01}
have the same form as in [4], i.e., for instance

0”(A) = DI'AD,", AeM,
and similarly for the remaining two (cf. [ 10, Proposition 4.7]). This leads to the equality
D!l = DZODéjlz”, teR, (6)
for some positive self-adjoint z with trivial null-space, affiliated with the centre of M.

Denote by Dy, Dy o the densities of the states pg and pg| Mo, respectively. Now
the factorization theorem reads

Theorem 3 The subalgebra My is sufficient for a faithful family of normal states
{po : 6 € ®} if and only if

Dy = Dy oDy, z, @)
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where z is a positive self-adjoint operator with trivial null-space, affiliated with the
centre of M.

Proof Fix 0, and let

o0
D0,0=/ A Eo(dA),
0
o0
Doy = [ nEA@R.
0

oo
7= / A E (dA),
0

be the spectral decompositions of Dg o, D, and z. Since Dy g is affiliated with My,
D,,, is affiliated with M, and z is affiliated with the centre of M, it follows that the
spectral measures Eq, E| and E take values in M, M and the centre of M1, respec-
tively, thus they mutually commute. Consequently, there exists a spectral measure E
in M, and nonnegative Borel functions go, g; and & such that

D0,0=/ go(2) E(dA),

D, =/ g1(2) E(dd),

7= /OO h(0) E(dA).

—0o0
From these equalities, we obtain

o0

goM)g1(Mh(A) E(dA) := B.

Dy 0Dy, z C /

Operator B on the right hand side of the above relation is a self-adjoint operator
affiliated with )M, i.e., it belongs to the algebra M of measurable operators, while on
the left hand side we have a product of operators from M. From the properties of M,
it follows that

Dy oD,z = B. 8

Moreover, we have

[e’s) it
B" = [ / g0 g1 ()R E(dm}

—00

o0
— / go()\')ltg] ()\')lth()\‘)tt E(d)\.) — Dlgl:ODz)tl le"

—00
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Now the proof follows the lines of the proof of Theorem 4 in [4]. The crucial
observation is that also in the case of, in general unbounded, operators Dy, D, Dg o
and D, the following equalities for the Connes cocycles hold true

[Dpg : Do), = [Dpg : Dt];[D7 : Dw);

—1 it y—it ©
=[Dpp : Dt]/[Dw: D], = Dy D",

(cf. Araki and Masuda [1, Theorem C.1] for the chain rule in the first equality above,
Stritild [10, Corollary 3.4] for the second equality, and Stratila [10, Corollary 4.8] for
the third). Similarly,

[Dpo.o : Daxls = D oD, (10)

Assume that My is sufficient. Then on account of [4, Theorem 1], we have [Dpy :
Dy,]: =[Dpo.o : Duylt, thus from (9), (10) and the fact that Dif are unitary, we get

it it —it it
Dy = Dé‘,ODwol D).
Using (6) together with the fact that Difo are also unitary, we obtain
Dy = D ,D,!'D}} DIl 7' = D/ D}l z'* = B". (11)

From this easily follows that Dy = B. Indeed, denoting by N (T') the null-space of
the operator T, we have from the spectral theorem

N(D)=N(Dg) and  N(B") =N (B),
SO
N(Dg) = N(Dy)) = N(B") = N(B).

Denote by P the projection onto the common null-space above, and let

o

Dy = / A E'(d))
0
be the spectral decomposition of Dy. Then
o0
P+Dy= [0 0+ E @),
0
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where xo) denotes the indicator function of the set {0}. Hence

. © . S .
(P + Dy)'" = / [X0y(A) + A" E'(d)) = / [xoy(A) + A1 E"(d))
0 0
S . .
=P +/ M E'(d)) = P+ Dy,
0
and similarly
(P + B)" =P+ B,
which on account of the equality (11) yields
(P+Dy)" = (P +B)".

But the operators P + Dy and P + B have trivial null-spaces, which means that the
equality above is the identity of two unitary groups. It follows that their generators
must be the same, so

P+ Dy =P+ B,
ie.,
Dy = B,

and the equality (8) proves the claim. _
Assume now that the equality (7) holds. In terms of the algebra M, it can be rewritten
as

Dg =Dy - le - Z.

(where the central dot stands for the strong multiplication—see the “Appendix”).
Denote

n
wp = Z Ak gy -
k=1

Then by virtue of the isomorphism between M, and L 1 (M, 1), we have

n
Dy, =s—Y Dy,
k=1
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where s — Y denotes the strong sum. The same holds of course for w, o0 = w,|Mo,
ie.,

n
Dwn,O =S5 — Z)”kDek,O’
k=1

so from the formula (7) and the fact that M is an algebra, we obtain

n n
Dy, =s—Y MDg =s—Y 2Dy, Dy 2
k=1 k=1 (12)
=Da)n_0'Dw1'Z-

Since w, — w in norm in M, we infer that D,,, — D,, in the norm | - |1, and by
the same token Dy, , — Dy,. According to Lemma 5 (see the Appendix), we have

D, — D, and D, , — D,, in measure. Since M is a topological *-algebra with
respect to the measure topology, the formula (12) yields

D, = Da)() . Dw1 * 3,
in other words
Dw - DwODwIZ- (13)

Now we proceed as in the first part of the proof. Since the operators D,,,, D, and z
commute, from the equalities (7) and (13), we obtain

it __ it it it it _ pit it it
D9 _DH,ODanZ ’ Dw _DwoDwIZ :

Thus on account of commutation properties and the fact that {DZ ,tand {z''} are unitary
groups, we get

[Dpy : Do), = D} D" = Dif Dl z' D" D"z~
= Dy 4D, =[Dpo.0: Daxl;,

which by virtue of [4, Theorem 1] yields the sufficiency of M. O

3 Sufficiency for pure states on B(7)

In this section, we shall be dealing with the full algebra M = B(H) and pure (=
vector) states. Let {1y : 6 € ©} be a faithful family of pure states. According to [6,
Theorem 1], there exists the minimal sufficient for this family subalgebra of B(H). It
turns out that this algebra admits a straightforward description.
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Theorem 4 Let (g : 60 € O} be a faithful family of pure states on B(H), and let Muin
be the minimal sufficient for this family subalgebra of B(H). Then

(i) Muin is generated by Py, i.e., Mpin = W*({ Py, : 0 € O}).
(ii) There exists a decomposition

=@
i
such that

Muin = Y “B(H;). (14)

Proof First observe that s(y9) = P[y,]. As in Theorem 2, denote by & the family
of all normal positive unital maps on M such that the states ¥ are invariant with
respect to the maps from &. On account of [12, Theorem 4], for every 6 € ©, we
have a(Py,)) = Py, for each « € &, which by virtue of [6, Theorem 1] yields the
relation Py, € Mmin.

For the sake of brevity, set R = {{p : 6 € ©}, and define on R an equivalence
relation as follows: ¥y = vy~ if there exists a finite string ¥y, , ..., ¥y, such that

Yo, = Vo, Yo, = Yo and
(1/f0,-|1ﬂ0_,+|>#0 for j:l,_“,m_l.
Let

R=|JR:

be the partition of R determined by the relation =. Denote R; = {yp : 0 € ©;}. Itis
obvious that for all i’, i” such that i’ # i”, we have R;» 1. R;». Put

P = \/ Plyq)-

0e0;

It follows that P; are pairwise orthogonal, and the faithfulness of {yy : 0 € ®} yields
dop=1
i
Denote H; = P;(H). Then
H=EPH.
i

Fix arbitrary i and consider the family of pure states R; = {yy : 6 € ©;} on the
Hilbert space H;. Take arbitrary ¥y, Yo € R;,andlet vy, ..., ¥, , with g, = Vg
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and g, = Yo~ be the string as in the definition of the equivalence relation =. From
this definition, it follows that 1//9/. =y forall j,k=1,...,m,thus 1/f9j € R; for all
j =1,...,m. Consequently, P[Wj] < P;, so we can consider the projections P[Wj]
on the Hilbert space H;. We have

Pryg, 1+ Py, ) = QEvyy s, = AEyy oy, (15)

where

a = (Yo, 1Ve,) - (Yo, 1¥s,) #0,

and for &, n € 'H the operator E¢ ; is defined as

Een¢=mlg)s, ¢ €eH. (16)

(The formula (15) is obvious when using Dirac notation since then on the left hand
side we have simply

[Vo,) (Vo 1Ve,) - - - (Vo1 |V6,) (Vo,, | = (Yo, [Ve,) - - - (V6,1 [¥6,) Ve, ) (¥, |
which is just the right-hand side. In this notation, we have

Eey =15)(nl.)
Denote N = W*({P[y,] : 6 € ©}). On account of the above considerations, we

infer that Evy,, y,, € N for all ¥rg/, Y9 € R;.
Let

O#SZZ%’W@], Vo, € Ri,

j=1

be an arbitrary finite linear combination of vectors from R;. We have

|
Pg) = =03 D aj@kEyy .y, -
€17 4= j

(This is again most easily seen by using Dirac notation since then
m m m
1£) (€] = Zajwo_,>< D aye | =Y ajarlve,) Ve,
j=I k=1 k=1

It follows that Pjz) € N. Vectors £ as above lie densely in H;, so arbitrary n € H; is
a limit of some &,, consequently,

Pig,1 — Py weakly,
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hence P, € N for each n € H;. Linear combinations of these projections restricted
to the subspace H; lie densely in B(H;), so for the reduced von Neumann algebra
Np,, we get the inclusion

B(H;) C Np,,
and thus

B(H;) = Npi. (17)

From the definition of P;, it follows that P; commutes with all Ppy,, 6 € O, because

Py, if 6 € ®;
P; P =
i 0, otherwise.

Since the algebra N is generated by the projections Pjy,], we obtain that P; € N'. For
each A € N, we have

A=) AP =) PA,
i i
showing that
N=) ONp,
i
and the formula (17) gives the representation

N=) ®B(H). (18)

In the first part of the proof, we obtained the relation Py,] € Mpyin for all 0 € ©
which yields the inclusion

NcC Mmin-

Consider a map E: B(H) — N defined as

E(A) = ) PAP;.

It is easily seen that IE is a normal conditional expectation such that the states g are
[E-invariant, thus N is sufficient in Umegaki’s sense. Since My, is minimal sufficient,
we obtain

Mmin C N,
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showing that Mpi, = N, and the formula (18) together with the definition of N as
W*({ Py, : 0 € ©}) finish the proof. |
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Appendix

In this section, we collect some facts from the theory of measurable operators and
noncommutative L !-space over a von Neumann algebra with a normal faithful finite
trace. A fuller account of this theory, also for a more general case of a semifinite trace
and spaces L?”, can be found, e.g., in [8,9,11,15].

Thus let M be a von Neumann algebra with a normal faithful finite trace 7 acting on
a Hilbert space H . The algebra of measurable operators M is defined as a topological
*-algebra of densely defined closed operators on H affiliated with M with strong
addition + and strong multiplication -, i.e.,

ALB=A+B, A-B=AB, A, BelM,

and the translation-invariant measure topology defined by a fundamental system of
neighbourhoods of 0, {N (¢, §) : €, § > 0}, given by

N(e,8)=1{A € M : there exists a projection P in M such that
AP eM, ||AP| <e and t(1-— P) <34}.

Thus for operators A, A in JVE the sequence (A,) converges to A in measure if for
any ¢, 8 > 0 there exists n¢ such that for each n > ng there exists a projection P € M
such that

(1 —-P) <39, (A, —A)P e M, and ||(A, —A)P| <e.
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The following ‘technical’ form of convergence in measure proved in [15, Proposition
2.7] is useful. Let

o0
|Ap — Al :/ A Eq(dh)
0

be the spectral decomposition of |A,, — A| with spectral measures E,, taking values in
M since A, — A, and thus |A,, — A|, are affiliated with M. Then A, — A in measure
if and only if for each & > 0

T(En([e, 00])) — 0.
Introduce on M the norm || - ||; as follows
Al = T(JAD.
The space L'(M, 7) is defined as the completion of M with respect to this norm. It
turns out that L' (M, 1) consists of measurable operators, T can be extended to a linear
bounded positive functional on LY(M, 7) suchthat |Al|; = t(JA|) for A € L' (M, 1),

and L'(M, 1) is isometrically isomorphic to M, with the isomorphism given by the
formula

¢(A) =1(DA), ¢ €M, DeL' O, ).
The operator D is called the density of ¢. Moreover, if ¢ is hermitian then D = D*,

and ¢ > 0if and only if D > 0.
For an arbitrary A € L' (M, 7) we have the spectral decomposition

|A] = /Oox E@d).
0

Thus for any ¢ > 0, we get

|A] > /OO,\ E(dr) > foo e E(dA) = ¢E([e, 00]).

Consequently, we obtain the Chebyschev inequality

t(|A]) Al
T(E([e, 00]) < — =,

Taking into account the above-mentioned ‘technical’ form of convergence in measure,
we have

Lemma5 Ifa sequence (Ay) of operators in L', 1) converges in || - ||1-norm, then
it converges in measure.
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