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Abstract
We investigate the integrability of Euler—Lagrange equations associated with 2D
second-order Lagrangians of the form

/ S Uy, uxy, tyy) dxdy.

By deriving integrability conditions for the Lagrangian density f, examples of inte-
grable Lagrangians expressible via elementary functions, Jacobi theta functions and
dilogarithms are constructed. A link of second-order integrable Lagrangians to WDVV
equations is established. Generalisations to 3D second-order integrable Lagrangians
are also discussed.
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1 Introduction and summary of the main results

We investigate second-order Lagrangians

/ S (uxx, Uyy, uyy) dxdy (D

such that the corresponding Euler—Lagrange equations,

of of af B
<a“xx)xx - <a”‘xy)xy - (au)’y>yy =0 @

are integrable (in the sense to be explained below). We work in the context of the
formal calculus of variations and understand (1) as a formal action functional which
generates Eq. (2) via the Euler—-Lagrange operator applied to the Lagrangian density
f. Examples of integrable Lagrangians (1) have appeared in the mathematical physics
literature; thus, the Lagrangian density

f=ug i, —ul) + o, —u3) + ey (Buxy + yityy) A3)

governs integrable geodesic flows on a 2-torus which possess a fourth-order integral
polynomial in the momenta [3]. Similarly, the density

1
f= u?,y + ujzcxuyy + uxxu)zcy + Zuix 4)
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governs integrable Newtonian equations possessing a fifth-order polynomial integral.
In Sect. 2, we investigate the integrability aspects of 2D Lagrangians (1). Our main
results can be summarised as follows.

e The Euler-Lagrange equation coming from Lagrangian (1) can be represented
as a four-component Hamiltonian system of hydrodynamic type (Sect. 2.1). The
requirement of its hydrodynamic integrability (which is equivalent to the vanishing
of the corresponding Haantjes tensor) leads to an involutive system of third-order
PDE:s for the Lagrangian density f (Sect. 2.2). Analysis of the integrability con-
ditions reveals that integrable Lagrangians (1) locally depend on six arbitrary
functions of one variable. Furthermore, the integrability conditions are themselves
integrable—a standard phenomenon in the theory of integrable systems.

e The class of integrable Lagrangians (1) is invariant under the symplectic group
Sp(4, R); under this action, the Lagrangian density f transforms as a genus two
Siegel modular form of weight —1 (Sect. 2.3). In particular, the integrability
conditions can be represented via Sp-invariant operations known as generalised
Rankin—Cohen (Eholzer-Ibukiyama) brackets (Sect. 2.4).

e Potentials U (x,t) of classical Newtonian equations X = —U, that possess a
fifth-order polynomial integral are governed by a Lagrangian (1) with density (4)
(Sect. 2.5).

e Integrable Lagrangians (1) are related to WDV'V prepotentials of the form

1
F(t,n,13,14) = Etlzm + 1t + W(ta, t3, 14);

here, W is a partial Legendre transform of the Lagrangian density f (Sect. 2.6). This
correspondence works both ways: using known solutions of WDVV equations, one
can construct new integrable Lagrangians (1). Conversely, integrable Lagrangian
densities f give rise to WDVV prepotentials. Examples of this kind are given in
Sects. 2.7.5 and 2.7.6 .

e Further examples of integrable Lagrangians (1) expressible via elementary func-
tions, Jacobi theta functions and dilogaritms are constructed in Sect. 2.7.

In Sect. 3, we investigate 3D second-order Lagrangians of the form

/ Sy s tyy, Uxr, Uyy, Uy, uyg) dxdydr. )

Our results can be summarised as follows:

e Integrable Lagrangians in 3D are governed by a third-order PDE system for the
Lagrangian density f which comes from the requirement that all travelling wave
reductions of a 3D Lagrangian to 2D are integrable in the sense of Sect. 2 (Sect. 3.1).

e The class of integrable Lagrangians (5) is invariant under the symplectic group
Sp(6, R); the Lagrangian density f transforms as a genus three Siegel modular
form of weight —1 (Sect. 3.2).
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58 Page4of33 E. V. Ferapontov et al.

e Examples of integrable Lagrangians (5) are constructed in Sect. 3.3. These include
the densities

_ 2 2 2 1y
f= Uyy — Uyl +ui Uy + UxxUlyy + Zuxx,

1
f= (”xy — U — UxxUxt + guix)3/27
2 \3/2
X)f) / L)

-2
f= Uy (uxtuyt — UxxU

coming from the theory of the dispersionless KP hierarchy (Sect. 3.3).

In Sect. 4, we discuss examples of integrable dispersive deformations of integrable
Lagrangian densities (5). The general problem of constructing such deformations is
largely open.

Our interest in second-order integrable Lagrangians stems from the study of 3D
first-order Lagrangians

/ Sux, uy, u;) dxdydr

initiated in [23]. It was pointed out in [24] that the generic integrable Lagrangian
density f(uy, uy, u;) is an automorphic function of its arguments. Let us emphasise
an important difference between first-order and second-order Lagrangians in 2D: all
first-order Lagrangian densities f(u., uy) lead to linearisable Euler-Lagrange equa-
tions which, therefore, are automatically integrable. On the contrary, for second-order
Lagrangian densities f (uxyx, Uyy, Uyy), the integrability conditions of the correspond-
ing Euler—Lagrange equations are already highly non-trivial.

2 Integrable Lagrangians in 2D

In this section, we consider second-order integrable Lagrangians of type (1),
/ f(u)()h uxy’ uyy) dxdy

2.1 Hydrodynamic form of Euler-Lagrange equations

The Euler—Lagrange equation (2) is a fourth-order PDE for u(x, y). Setting a = u,,
b = uyy, ¢ = uyy, we can rewrite (2) in the form

bx = ay’ Cx = b,\” (fa)xx + (fb)xy + (fc‘)yy = 0. (6)

Introducing the auxiliary variable p via the relations

Py:_(fa)x’ pX:(fb)x—i_(fC)y’
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we can rewrite (6) as a first-order four-component conservative system
ay =by,by =cx, (f)y=(p— fo)x, Py=—(fa)x @)
or, in matrix form,
Rw, = Sw,

where w = (a, b, c, p)T and

1 0 00 0 1 0 0
R — 0O 1 00 S— 0 0 1 0
fac fbc fcc 01 _fab _fbb _fbc 1
0 0 01 _faa _fab _fac 0

Assuming f.. # 0, we obtain a four-component system of hydrodynamic type,
wy = V(w)wy, V(w)=R"'S, (8)

Note that the restriction f.. # 0 1is only needed for the matrix R to be invertible and is
not really important. One can always make a suitable linear change of the independent
variables x, y to transform the Euler—Lagrange equation into a hydrodynamic form.

Remark 1 System (7) can be put into a Hamiltonian form. For that purpose, we intro-
duce the new dependent variables (A, B, C) which are related to (a, b, ¢) via partial
Legendre transform,

A=aaB=b7sz(,‘ahZCfC_.fahAz_fa’th_fb’hCZC'
In the new variables, system (7) takes the form (P = p)
Ay = By, By = (ho)x, Cy = (P +hp)x, Py = (ha)x, 9)

which is manifestly Hamiltonian:

A 00 0 1 Hy
Bl [0 0o 1 ofd|Hs
cl o 1t o oflax|H)
P 1 00 0 Hp

y

with the Hamiltonian density H = h(A, B, C) + BP.
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2.2 Integrability conditions

Since hydrodynamic-type system (7) is conservative, its integrability by the gener-
alised hodograph method [37,38] is equivalent to the diagonalisability of the matrix
V(w) from (8). This is equivalent to the vanishing of the corresponding Haantjes ten-
sor [25]. Recall that the Nijenhuis tensor of the matrix V(w) = (vé. (w)) is defined
as

i _ .8 i s i i .S s
Njk—vjawsvk—vkawsvj—vs(aw,vk—awkvj)

where we adopt the notation w = (wl, w2, wi, w4)T = (a,b,c, p)T. The Haantjes
tensor is defined as

Hiy = Niyuiuf + N3gobof = N vlaf = Nl
It is easy to see that both tensors are skew-symmetric in the low indices. The require-
ment of vanishing of the Haantjes tensor leads to a system of PDEs (integrability
conditions) for the Lagrangian density f (a, b, ¢) which can be represented in a sym-
metric conservative form:

(fab fec = facfoc)a = (foe faa — fab Jac)es
(faa fee = fida = (faa fob = Fip)es
(faafee = f2)e = (feeSob — F2)a- (10)
(fob fec = Fpedb = 2(fab fee = fac foc)es
(fobfaa = F)b = 2(foe faa = fac fab)a-

(Note that the stronger condition of vanishing of the Nijenhuis tensor leads to quadratic
densities f with linear Euler-Lagrange equations). Integrability conditions (10) are
invariant under the discrete symmetries @ <> ¢ and b — —b. Indeed, under the
interchange of a and ¢ Eq. (10); stays the same, while (10),, (10)3 and (10)4, (10)5
get interchanged. Strictly speaking, the vanishing of the Haantjes tensor gives only
the first four of relations (10); however, one can show that the fifth follows from the
first four. We prefer to keep all of them for symmetry reasons.

Theorem 1 The system of integrability conditions (10) is in involution. The general 2D
integrable Lagrangian density f depends on six arbitrary functions of one variable.

Proof Let us introduce the new dependent variables

T T
s = (81,52, 53, 54, 55, 56)" = (facu faba fac’ fbba fbc‘a fcc) s
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which satisfy the obvious consistency conditions such as

Db = (52)as (51)e = (53)as (52)p = (54)a, (52)e = (83)p = (55)q,

(83)e = (56)a» (54)c = (55)p, (85)c = (56)p-

Taking these consistency conditions along with the integrability conditions (10), also
rewritten in terms of s -variables, we obtain a system of twelve first-order quasilinear
equations for s; (a, b, c¢) which can be represented in the form of two six-component

systems of hydrodynamic type,
sp = Q(s)s¢,

sa = P(s)sc,

where P, Q are the following 6 x 6 matrices:

(1)

253 + 54 —250 —s1 st 0 0

255 0 257 0 s 0

pP— l S6 0 0 0 0 O
S6 56 2S5 —2S3 — 54 0 O 51 ’

0 S6 0 0 0 O

0 0 S6 0 0 O
2S5 0 —252 0 51 0
s¢ 285 —2s3—s54 O 0 S1
. 1 0 56 0 0 0 0
Q= ; 0 2s6 —285 255 —253 — S84 28
0 O 0 S6 0 0
0 0 0 0 S6 0

Equation (11) possess six conserved densities s>, S4, S5, S$155 — $2853, 256 —

5355, S156 + S255 — $354 — s% which satisfy the equations

(52)a = Db, (54)a = (52)p, (85)a = (53)p,

(52)c = (8305, (s4)e = (55)p,  (85)c = (56)b>
2(s155 — 5253)a = (5184 — $3)p,
2(s185 — $253)c = (5156 — $3),
(5186 + 5255 — 5354 — 53)a = (5155 — 5253),

(5186 + 5255 — 5354 — §3)¢ = (5256 — 5355).-

2(s256 — $355)a = (5156 — 53)b,

2(s256 — 5355)c = (5456 — 52)p,

(12)

Direct calculation shows that systems (11) commute, that is, s, = $pq. Thus, Eq.
(11) are in involution, and their general common solution depends on six arbitrary
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functions of one variable, namely the Cauchy data s; (0, 0, ¢). This finishes the proof.

(]
Remark 2 Relations (10) and (12) imply that there exists a potential p such that
Paa = faa fob — fazbs Pac = faa fec — fazcv Pec = Jec fob — thC’
Pab =2 (fbcfaa - facfab) s Phe =2 (fabfcc - fucfbc) s (13)

Pob = 2(fab foec — fac fob + faa fec — faz,;)-

Remark 3 System (10)
possesses a Lax pair

Va =Ky, Y = ALY, Yo =AMy,

where A is a spectral parameter and the 4 x 4 matrices K, L., M are defined as

0 fac 0 1 0 fbc 1 0
_ — faa — fab 0 0 _ — fab ) 0 1
K - 1 ’ L - 1
—3Pab  —Pac —fab  fac —3Pbb  —Pbc —Jfob  Soe
—Paa _%pab —faa 0 —Pab _%pbb —Jfar O
0 fee 0 0
M = _lfac — fbe 1 0 ;
—3Pbc  —Pcc  —Jbe fec

—Pac _%pbc —fac O

here the potential p is defined by relations (13).

Remark 4 We have verified that both commuting six-component systems (11) satisfy
the following properties:

e They are linearly degenerate, that is, Lie derivatives of the eigenvalues of matrices
P, Q along the corresponding eigenvectors are zero, see, for example, [29]. The
condition of linear degeneracy can be efficiently verified using a criterion from
[19].

e They are non-diagonalisable (their Haantjes tensor does not vanish).

This suggests that integrable Lagrangian densities (1) are related to the associativity
(WDVYV) equations where analogous systems were obtained in [22], see also [33,34]
for related results. Such a link indeed exists and is discussed in Sect. 2.6.

2.3 Equivalence group in 2D

Let U be the 2 x 2 Hessian matrix of the function u(x, y). Integrable Lagrangians of
type (1) are invariant under Sp(4, R)-symmetry

f

A B D)~! —_——
U— (AU+B)(CU+D)™", f_>det(CU+D)’

(14)
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where the matrix

A B
(¢ )
belongs to the symplectic group Sp(4, R) (here A, B, C, D are 2 x 2 matrices). Symme-
try (14); originates from linear symplectic transformations of the four-dimensional
space with coordinates uy, uy, x, y, which all come from contact (Legendre-type)
transformations of the first-order jet space J 1 (x,y,u,uy, uy), see, for example, [21]
where analogous transformations of the Hessian matrix U appeared in the context of

integrable Hirota-type equations. Writing the corresponding linear symplectic trans-
formation explicitly in the form

(i) =a(i) =2 (2)- (5)=<(i)+>(0):

and differentiating the second set of equations, we obtain dx Ady = det(CU + D)dx A
dy. Thus,

fdi Ady = fdet(CU 4 D)dx Ady = fdx Ady,

which explains the transformation law (14);: f = f/det(CU + D). Similar equiva-
lence transformations appeared in the context of first-order Lagrangians discussed in
[23,24]. Symmetry (14) suggests a relation to Siegel modular forms (the density f
transforms as a genus two Siegel modular form of weight —1).

Furthermore, integrable Lagrangians (1) are invariant under rescalings of f, as well
as under the addition of a ‘null Lagrangian’, namely transformations of the form

S = dof + Al(”xx“yy - I/tiy) + Aoty + )\3uxy + )\4uyy + As, (15)

which do not affect the Euler-Lagrange equations (here A; are arbitrary constants).
Transformations (14) and (15) generate a group of dimension 10 + 6 = 16 which
preserves the class of integrable Lagrangians (1); this group act as a point symmetry
group of integrability conditions (10). Equivalence transformations will be utilised
to simplify the classification results in Sect. 2.7, for instance, modulo equivalence
transformations, the Lagrangian density (3) is related to f = u,, (u)%x — ugy .

2.4 Integrability conditions via generalised Rankin—Cohen brackets

Integrability conditions (10) possess a compact formulation via higher genus Rankin—
Cohen (Eholzer—Ibukiyama) brackets for Siegel modular forms [17]. This does not
come as something unexpected; indeed, the integrability conditions possess Sp(4)-
invariance (14) and, therefore, should be expressible via Sp(4)-invariant operations.
Here, we mainly follow [26,30], which specialised the general results of [17] to the
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genus two case. Let us introduce two matrix differential operators

9, lab> < o; la~>
R = 2 .S = a 2%,
<%3b 0 305 %

(here a, b, ¢ and their tilded versions a, I;, ¢ are the six independent variables), and
define the operators Py, P, P> via the expansion

det(R + AS) = Py + AP; + A*P,.

Explicitly, we have

1 1 1
Py = 8,0, — Za,f, Pr = 040z + 005 — 5035, P2 = a0 — Zag.

Let us also define two operators Y1, Y> depending on the auxiliary parameters & =
(€1, &) by the formulae

Y1 = ERET = €28, + £1620p + 30, Yo = ESET = £}0; + £E1620; + E7 0z
Finally, we introduce the &-dependent operator
V= (3405 — 3p0a)EL + 2(340z — 39)E162 + (Bpdz — c05)E7 .

Then integrability conditions (10) can be represented in the Hirota-type bilinear form
(P1Y1v —2PYv)[ f(a, b, ) - f(@. b, &) =0. (16)
a=a, I;:b, c=c

Here, the left-hand side is a homogeneous quartic in &1, &, with five non-trivial com-
ponents. Equating them to zero, we obtain all of the five integrability conditions (10).

Remark 5 1t follows from [30], Proposition 2.3, that if f transforms as in (14), that
is, as a weight —1 Siegel modular form, then the left-hand side of (16) transforms as

a vector-valued Siegel modular form with values in the representation Sym, ® det of
GL(2, C).

Remark 6 The principal symbol of the Euler-Lagrange Eq. (2) is given by a compact
formula in terms of the operator Y:

Y1 = faakl + 2favbi80 + Qfuc + [ob)ERER + 2 focb1E5 + fucks.

This expression transforms as a vector-valued Siegel modular form with values in the
representation Sym, ® det ™.
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2.5 Integrable Lagrangians and classical Newtonian equations

Here, we sketch a derivation of the Lagrangian density (4). Consider a classical New-
tonian equation

i=-U,

where U (x, t) is the potential function, x = x(¢), and dot denotes differentiation by
t. This equation can be written in the canonical Hamiltonian form

x=p, p=-U,.

To be Liouville integrable, this Hamiltonian system should be equipped with a first
integral F (¢, x, p) such that

O O F 4 R —UF, =0 (17)
—=—+4+—X+—p= — =0.
dr  ar Cax TP T T T Bl

First integrals F polynomial in the momentum p were investigated in [10] and later
in [28,32]. In particular, the following cases have been studied:

3 4 5
F=%+Up+V, F:%+Up2+Vp+W, F=%+Up3+Vp2+Wp+Q.

In the last (fifth-order) case, Eq. (17) implies the following quasilinear system for the
coefficients:

U+V, =0, V,+W,=3UU,, Wi + Ox =2VU,, 0; = WU,.

Let us introduce a potential u# such that U = uyy, V = —uyr, W = %u%x + uy. Then
the first two equations will be satisfied identically, while the last two imply

2
Ox = —2uyilyxy — SUxxUxxr — Ust, Or = Euxxuxxx + U Uy

The compatibility condition of these equations for Q leads to a fourth-order PDE for
u,

3
2 2 2
Urtrr + Euxxuchx A Buax Uiy F Uplxxxx + 2Uxithxxxs + 3UxxUixsr + Stxlxxx + 33Uy =0,

which is nothing but the Euler-Lagrange equation for the second-order Lagrangian
2 2 2, 1 g
S = Upp T Wy Uy + Uyl + Zuxx dxdt,

whose density is identical to (4) up to relabelling t <> y.
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2.6 Integrable Lagrangians and WDVV equations

Let F(t1,...,t,) be a function of n independent variables such that the symmetric
matrix

Nij = 31 8,' 0 jF
is constant and non-degenerate (thus, f; is a marked variable), and the coefficients
cly =" 050;k F

satisfy the associativity condition ¢;.c g "x = Cichps here, i, j, k€ {1,...,n}. These
requirements impose a nonlinear system of third-order PDEs for the prepotential F,the
so-called associativity (WDVV) equations which were discovered in the beginning of
1990s by Witten, Dijkgraaf, Verlinde and Verlinde in the context of two-dimensional
topological field theory [9,39]. Geometry and integrability of WDVV equations
has been thoroughly studied by Dubrovin, culminating in the remarkable theory of
Frobenius manifolds [13]. An important ingredient of this theory is an integrable
hydrodynamic hierarchy whose ‘primary’ part is defined by » commuting Hamilto-
nian flows

dr,ti = clydxtx = dx (0" 0,04 F) (18)
where T, are the higher ‘times’; note that 77 = X so that Ti-flow is trivial:
(ti)x = (t;) x. The flows (18) are manifestly Hamiltonian with the Hamiltonian oper-

ator n'* (& and the Hamiltonian density d, F'. The WDV'V equations are equivalent to

the requirement of commutativity of these flows.
We will need a particular case of the general construction when n = 4 and the
matrix 7 is anti-diagonal, which corresponds to prepotentials

1
F(t1,, 13, 14) = 5’12“ + 11t + W, 13, 14). (19)
The corresponding primary flows (18) take the form
oty = 0x(0402F), Opty = 0x(0302F), Op13 = 0x(0202F), Opyta = 0x(0102F),

oty = 0x (0403 F), Oty = 0x(0303F), 07313 = 0x(0203F), Opyta = 0x(0103F),

oyt = 0x (0404 F), Opytr = 0x(0304F), 07,13 = 0x(0204F), Opyta = 0x(0104F),
(20)

which are Hamiltonian systems with the Hamiltonian densities
1
WF =113+ 00W, 03F =ty +»W, 94F = Etf + W,
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respectively. In compact form, Eq. (20) can be represented as
aTali = 0x(05—;0 F), =1, 2,3,4, a=2,3,4.

Setting (t1, 2, 13, t4) = (P, B, C, A), we obtain
12
F = EP A+ PBCH+ W(B,C,A).
In this case, WDVV equations reduce to the following system of four PDEs for W:

Waaa = W,%BC + WagsWacc — WaasWgcc — WaacWaace,
Waas = WeesWacc — WassWacc, 21
Waac = WapsWeee — WaccWaace,

2Wapc = WpesWeee — WescWaec.
The corresponding primary flows (20) take the form
A, =Cx, Bp =P +Wpc)x, Cr,=Wsp)x,Pr,=Wap)x,
Ary = Bx, Bry=Wce)x, Cr =P+ Wgo)x, Pry=Wac)x. (22)
A, = Px, B, = Waco)x, Cry,=Wap)x,Pr, = Waa)x.

Note that system (22), coincides with (9) under the identification » = W, thus
establishing a link between WDV'V equations and integrable Lagrangians. This link
can be summarised as follows:

o Take prepotential of type (19), set (12, 13, t4) = (B, C, A) anddefine h(A, B, C) =
We.

e Reconstruct Lagrangian density f(a, b, ¢) by applying partial Legendre transform
to h(A, B, C):

a=A, b=B,c=hc, f=Chc—h, fo=—ha, fp=—hp, fo=C.

Examples of calculations of this kind will be given in Sect. 2.7.5.

Remark 7 Conversely, given a Lagrangian density f(a, b, c¢), the corresponding pre-
potential W (A, B, C) can be reconstructed in quadratures via the formulae

1
Waa = —pa, Wap = —5Pb Wac = — fa,

Wpp = —pc, Wpe =—fpo, Wee =c.
A=a, B=b, C=f,

where p is defined by formulae (13), see Sect. 2.7.6.
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2.7 Examples of integrable Lagrangians in 2D

In this section, we present explicit examples of integrable Lagrangian densities f
obtained by assuming a suitable ansatz for f and computing the corresponding inte-
grability conditions (10). This gives a whole range of integrable densities expressible
via polynomials, elementary functions, Jacobi theta functions and dilogarithms.

2.7.1 Integrable Lagrangian densities of the form f = g(uyy, uyy)

In this case, the integrability conditions lead to the only constraint g,,8cc — gﬁc =k
where k = const. Its solutions can be represented parametrically; thus, for k = 0
(parabolic case) and k = —1 (hyperbolic case) we obtain the general solution in
parametric form:

a=pwv+qw), c=v, f=wlp (wv+qg w)]—[pwpv+qgw]l,

and

a=pw+v)+qw—-v), c=nv,
f=wlp'w+v)+4¢'w-—v)]—[pw+v)+qgw-—v)l,

respectively; here, p and ¢ are arbitrary functions, and prime denotes differentiation.

2.7.2 Lagrangian densities for linearisable Euler-Lagrange equations

Applying transformations from the equivalence group to quadratic densities f (which
generate linear Euler—Lagrange equations), we obtain Lagrangian densities whose
Euler—Lagrange equations are linearisable. To state their explicit form, we introduce
the variables (ro, rl, rz, r3, r4) =, a, b, c, ac—bz), the minors of the Hessian

matrix U. These variables satisfy the quadratic relation
U R

which defines the Pliicker image of the Lagrangian Grassmannian A. Let P;; be the
5 x 5 symmetric matrix of this quadratic form, and let P" be its inverse:

0 00 0 1 00 0 0 2
0 0 0 -50 o0 0 -20
pi=l0 0 1 0 of, Pi=]0 0 1 0 0
0 -0 0 0 020 0 0
% O 0 0 0 2 0 0 0 O

Lagrangian densities with linearisable Euler-Lagrange equations are given by the
formula

Q..,.i,,j
f= W (23)
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where the quadratic form Q and the covector S satisfy the following conditions:

e Covector S is null with respect to the quadratic form P, that is, PiS;S i = 0.
Explicitly, 45084 — 45153 + S% = 0. (Equivalently, S belongs to the dual variety
A*)

e The dual vector S' = PUS; lies in the kernel of the quadratic form Q, that is,
0,;S/ = 0. Equivalently, the space dual to TgsA™ (tangent space to A* at S) lies
in the kernel of Q.

Note that there also exist integrable densities of type (23) which do not satisfy the
above conditions.

2.7.3 Integrable Lagrangian densities of the form f = e“>g(uyy, uyy)
We will show that the generic integrable density of this form corresponds to
g(b,c) = [Alic/m))™/*01(b, ic/n)
where A is the modular discriminant and 6; is the Jacobi theta function. The details

are as follows. Substituting f = e“g(b, ¢) into the integrability conditions (10), one
obtains

88bcc = 38cc8b — 28bc8e; (24)
88bbb = 8b8bb + 48bc8 — 48b8&e» (25)
88cce = 8e8ee + 28ec8bb — 2(8he)”, (26)
88hbe = 28b8be — Ze8bb + 288ce — 2(8c). 27)

This over-determined system for g is in involution and can be solved as follows. First

of all, equation (25) implies
(%), (%)
8 /b g/

1
8 = Z(gbb —hg) (28)

so that one can set

where £ is a function of ¢ only. Using (28), both (24) and (27) reduce to
Sobbb8 — 48b8ubb + 385 = 4h(gges — g5) — 4h'g%; (29)
here, prime denotes differentiation by ¢. Modulo (28) and (29), equation (26) implies

Sop8” + Soob (48] — 688b86b) — 3878 + 4280

8
= 4h(g? — ggww)® + 8h'g2 (g2 — ggm) + §h”g4~ (30)
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Note that (30) can be obtained from (29) by differentiating it with respect to ¢ and
using (28), (29). Similarly, differentiating (30) with respect to ¢ we obtain the Chazy
equation [6] for A:

h" = 2hh" — 3. (31)

Equations (29) and (30) can be simplified by the substitution v = —(In g)pp, Which
implies

Vb = 6V> + 4hv + 4h' (32)

and
2 3 2 / 8 "
vy =4v” +4hv —I—Shv—i—gh, (33)

respectively. Since (32) follows from (33) via differentiating with respect to b, we end
up with the following compact form of integrability conditions (24)—(27):

: 2 3 2 / 8 "
8c=Z(gbb—/’lg), v=—(ng)pp, v =4v" +4hv +8hv+§h; (34)

here & solves the Chazy equation (31). We recall that modulo the natural SL(2, R)-
symmetry [7], the Chazy equation possesses three non-equivalent solutions: h =
0, h=1and h = %% where A is the modular discriminant. These three solutions
(which correspond to rational, trigonometric and elliptic cases of the Weierstrass go-
function equation in (34)) are considered separately below. Note that both the rational
and trigonometric cases lead to degenerate Lagrangians, so only the elliptic case is of
interest.

Rational case i = 0. In this case, Eq. (34) simplify to

1 2 3
8c =y 8bh: V= —(ng)pp, vy =407,

which are straightforward to solve. Modulo unessential constants the generic solution

S 2 .
of these equations is g = e2*’T1°¢(h + nc) where u = const. The corresponding
Lagrangian density f takes the form

f = et I ().
Note that the change of independent variables x = X, y = y + wXx brings this

Lagrangian to the degenerate form f = e"%u; 5. (The order of the corresponding
Euler—Lagrange equation can be reduced by two by setting v = u3.)

Trigonometric case 7 = 1. In this case, Eq. (34) simplify to
_ 1 _ = —q 2 _ 4 3 4 2
8c = Z(gbb g), v=—(ngp, v, =4v"+4v",
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which are also straightforward to solve. Modulo unessential constants the generic

solution of these equations is g = 2ubtute sinh(b + pc) where u = const. The

corresponding Lagrangian density f takes the form
2
f — eu,x,x+2/4ux)=+lt Uyy smh(uxy + l‘“’tyy)~

Note that the same change of variables as in the rational case brings this Lagrangian
to the degenerate form f = e"%% sinh uz5.

Elliptic case h = %AX/, see, for example, [36]. Here the modular discriminant A is

given by the formula
[ee)
Ale) =m) g Ja —gH*, q=e7"
1
recall that & has the g-expansion

h(c) = wiEy = mi (1 —24) oy (n)q”)

n=1

where E, is the Eisenstein series. (Here, o1(n) is the divisor function.) Setting
g, c) = [A)]Y8w(b, ), we see that the first Eq. (34) becomes the heat equation
for w:

1 8
we = qwpp, v =—(nwpp, vj =4 +4h’ +8hv+ k" (39)

The general solution of system (35) was constructed in [5]:
w(b,c) = Ao (b, g3, g3)e? 0

where o is the Weierstrass sigma function with the invariants g» = %‘hz —8n, g3 =
—2h%+ $hi' — §n”. Note that A = 78(g3 — 27g3). Thus,

g(b.c) = o (b, g2. g3)e” /6.

Remark 8 An alternative (real-valued) representation of the general solution of system
(35) in terms of the Jacobi theta function 6 is as follows:

o0
w(b, ¢) = 01(b,ic/m) =2y (=1)"e "D sin[(2n + Db];
n=0
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here for 4 in the last Eq. (35) one has to use

. o0
Lhtic/m)y = -1+ 243 o) = =14 24(e7 X 3¢ + 47 4 Te7 4,
T

n=1

which is another (real-valued) solution of the Chazy equation (the Chazy equation is
invariant under the scaling symmetry 4 (c) — Ah(ic). Thus,

g(b,c) = [Alic/m)) " 861(b, ic/m).

Note that the function A™/8(1)6;(z, 1) appears in the theory of weak Jacobi forms.
(It is a holomorphic weak Jacobi form of weight —1 and index 1/2.) We refer to [18]
for the theory of (weak) Jacobi forms.

2.7.4 Integrable Lagrangian densities polynomial in e and ey

Here, we describe integrable Lagrangian densities f that are linear/quadratic in e"+
and e*»v, the coefficients being functions of uy, only.

Linear case:

f = po+ pre’ + pre.

Substituting this ansatz into the integrability conditions (and assuming pi, p2 to be
nonzero), we obtain a system of ODEs for the coefficients p; (b) which, modulo equiv-
alence transformations, can be simplified to

"

1
pL=p2=p, p =p, py=alp;

here « = const (which can be set equal to 1 if nonzero) and prime denotes dif-
ferentiation by . Modulo equivalence transformations, these equations possess two
essentially different solutions:

f=ae?+ (@ +e)e’ and [ =aqb)+ (" + ¢)sinhb,

1—¢”

b and another

where the function ¢ (b) satisfies ¢” = . This implies ¢’ = In
integration gives

q(b) = Lir(—e’) — Liz(e”)

where Li, is the dilogarithm function: (Liz(x)) = —M.

Quadratic case:
f = po+ pre® + pre€ + p3e*® + pae + pse®.
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Substituting this ansatz into the integrability conditions we obtain a large system of
ODE:s for the coefficients p; (b) which, modulo equivalence transformations, leads to
the following integrable densities (here we only present those examples that are not
reducible to the linear case by a change of variables):

e %b+a+c 2 p42¢

f — ekb+a+c’ f — +€ﬁ
S bta+te

_ L € €
f=0l€ ﬁb+aeﬂb+a+eﬂb+c+eﬁ

. , 2
f = pe*® +2p%" + pe*, p =cosh (—b) .

V3

2.7.5 Integrable Lagrangian densities from WDVV prepotentials

In this section, we discuss polynomial prepotentials F of type (19) associated with
finite Coxeter groups W as given in [14], p. 107. Applying the procedure outlined at
the end of Sect. 2.6, we compute the corresponding integrable Lagrangian densities
f which, in general, will be algebraic functions of a, b, ¢ (presented below up to
appropriate scaling factors).

Group W(A4):

1 1 1 216
F = Etlz i+ttt + §t23 + gtg‘ + 6121314 + 96317 + 241313 + ?tf;

f=(c—480> - 12ab)3/2.

Swapping #; and 73 (which is an obvious symmetry of WDV'V equations) and following
the same procedure gives a polynomial density f:

1 1 1 216
F= zﬁz u+nnn+ §t33 + §t§‘ + 6131514 + 9317 + 241313 + ?tf;

1
f =54a* —6d%c + 6c2 —6b%a.
Group W(By):

1 t2t33 t34t4
F = Etlzt4+t1t2t3+t23+T+3t22t3t4+T+312t32t42+6t22t43

18137 14° 18147
5 7
f=2aC3+ (3a3 +b> C?—3ab?,

+13° 14 +
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where C is defined by the quadratic equation 3a C%+(6a>+2b)C+ 2612(6513 +5b) =c.
Swapping #; and t3 gives a polynomial density f:

1 3 13 2y
F = 5t%t4+t1t2t3+t§’+ZT+3t2t32t4+ZT+3t22t3tZ+6t32t2+t23t2

18221 181
°hha | %4,
5 7

1 1
f= 12a® + 12a* — 24d%c — bac + Ecz - §b3.

Group W(Dy):

1 54
F = ztf 4t +5u+ 5+ 6nnt; + gtz;

= — —6ba’.
f=13g —6ba
Group W (Fy):
1 B 3t ntt 2 i 13
Feilntnnns 20 200 20G Bl Bl W
2 18 4 2 60 28 24.32.11-13

o <7+14b 314 )3/2
= —\a a — C .
Ja

Swapping #, and 3 gives a rational density f:

1, B 3ty 3ty 131 131)] 133
F=—-tiuu+titrt = 34,24, 4 .
Yt nnt =gt —y 2 "0 T Yz
9
a 1 s 1 553 3¢
= — ——ca*—<b Sh
F=%0 10 "2t 5,
Group W(Hy):
1 2 t23 14 t35 4 b t33 t43 t22 13 t45 t34 t47
F=—t’ty+0n2t -
yfilatnns * 20 13 15 23.33.5
t2l32t49 8[22t4” t33t413 2t32t419 32t43] .
2.34.5 34.52.11 22.36.52 " 38.53.19  313.56.29.31’
7 3 13 5.2
a 4 a5 a’b _, a , a’b
=—C —C —C Cce— ,
! 16 + 135 + 6 +22~35-52 15
where C is defined by the cubic equation %C3+S—SC2+%C+%C+%+

4419

W®sio = C- Swapping #, and t3 gives a rational density f:

281 Bt Bty b tyt]

3 240 18 15 23.33.5

1
F = Et%t4+zlt2t3+
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N B13t] 81511 t5 133 2151} 250
2.3%.5 34.52.11 22.36.52  38.53.19 @ 313.56.29.3]°
o 324! N 8ba®  4ca'® +2b2a9 —ibca4—ib3a3+i.
33.54.112 0 35.53.11  52.34.11  34.52 30 18 8a

Non-polynomial prepotentials (19) associated with extended affine Weyl groups can
be found in [11]:

1 1 1 1 1 1 18
F = -2ty + itz — — 1212 + — byt — B4 2tze + — e 4~ 2y 2.
g fifat iy = 5 BI3 4 255 Iy = goeg I3 T 2kisen et g et e
c’ o1 4 b’
= ——— 4+ —bCH+ = e"C? —2be" + —,
f=-756 gt T3¢ Ctie
cs 1 1 b’ : e
where — &= + 3¢ bC3 4+2C%" — 3 b + 303 =¢C Swapping f, and t3 gives:
1 1 1 1 1 1 1
F=—Bu+ thhts — — 363+ — 313 — ——— 15 + 20i3e™ + = 15e' + = ¥ + - 3
Pl bl = 1 I3+ 2 B = 3eg o T ehhen Hphent s e ey

f b5+1b3+12b 2e%%
= —+-c —c“b —2¢e%.
80 "6 T2°¢

Modular prepotentials [2,31] give rise to modular Lagrangian densities (as an exam-
ple we took prepotential 4.2.2. from [31]):

_ 15 1o 6 4 3 )
F= 7 fita + hiots 4t2l3J/(t4) +1584(14) + 171383(t4) + 1381 (14);

. 1
- 12g1(a)

1 2
[c + Ebzy(a)] — g3(@b*.
Swapping #; and 73 gives:

1, L 6 4 3 )
F = Etl 4+ 13 th¢3 y(t4) +1384(14) + 131283(14) + 1581 (14);

[ =24Cgi(a) + 8bCg3(a),
where C is defined by the algebraic equation
4 2 1,
30C"ga + 12bC* g3 — Eb y =c.

Here g3 = Kgf, g4 = Ig—%l(gi - %gly) where the functions of y (a) and g (a) satisfy

the ODEs
’ 1 2 4 " / /
v =5v —72Kgy, g =2vg —saiv,

@ Springer



58 Page220f33 E. V. Ferapontov et al.

K = const. The above ODE system falls within Bureau’s class and its solutions are
given in terms of the Schwarzian triangle functions [31].

2.7.6 WDVV prepotentials from integrable Lagrangian densities

In view of the correspondence between integrable Lagrangians and WDV'V prepoten-
tials

1
F(t, 1,13, 14) = §t12t4 + otz + W, 13, 14)

described in Sect. 2.6, integrable Lagrangian densities f(a, b, ¢) constructed in this
paper give rise to prepotentials some of which are apparently new. Here we list some
examples (omitting details of calculations; we will only present the corresponding
function W).

Example 1 The polynomial Lagrangian density from Sect. 2,
f = b(a2 - Cz)’
gives rise to the prepotential

W—15 t2tt+ltt4 5
T Q54 TR TR T

Example 2 Lagrangian densities from Sect. 2.7.4 (linear case): the density
f=aeb + (e +e)e’

gives rise to the prepotential

1 13
W = —ae™ —ae 213 — e'et3 — §t2t32 + % Int3;
the density
f =aq®d) + (* + ¢°) sinh b

gives rise to the prepotential

1 1 13 3

W = —e?™ — ¢"13sinh 1y — we™ — aq(n)t3 + =12 In —— — =12
ge e sinhn —aet —aqn)s olIn T - g h

Here
q(t2) = Lir(—e™) — Liz(e®)

where Li; is the dilogarithm function.
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Example 3 Lagrangian densities from Sect. 2.7.4 (quadratic case): the density

f — ekb+a+c

gives rise to the prepotential

1 k 13

W = ——ut? — —rt? + = Ints;

243 T T Tl

the density
f= efb+a+c + [b+2c'
gives rise to the prepotential
W—t321nt L2 = 2 ety

the density

1 1 1 . 3 .
f:ae—ﬁb+aeﬁb+a+eﬁb+c+eﬁb+a+c

gives rise to the prepotential

w t32 | f a2 N ) 1 4+ 2el4tV20 62t4+2ﬁt2
=-h——— —¢e* -«
2 e%tz +el4+%lz 2 .

e ftz +e l4+

Example 4 The Lagrangian density f = ¢“g(b, a) from Sect. 2.7.3 gives rise to the
prepotential (recall that system (10) is invariant under the interchange a <> c; for our
convenience, we choose f = e“g(b, a) instead of f = e“g(b, ¢)):

13
In .
2 glta,tg)

Here

g(ta, ta) = [Aita /)1~ %01 (12, ita/0)
where A is the modular discriminant and 6; is the Jacobi theta function. Note the
formula A'/8(ity /) = /273 61(0, it4/m) where prime denotes derivative by . The

corresponding solution of WDV'V equations is related to Whitham averaged one-phase
solutions of NLS/Toda equations [15], see also [1,8].
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Example 5 The Lagrangian density f = /b(xa + 8b)(ab + Bc¢) from Sect. 3.4 gives
rise to the prepotential

p @ 5 By 1 2
W = —th(am + Bty) Inty — ﬁtzt3 + = Int, + g(au + Btr) In(aty + B1).

3 Integrable Lagrangians in 3D

In this section, we consider second-order integrable Lagrangians of the form (5),

/f(un,ulz,Mzz,ul3,u23,u33) dxjdxpdxs,
here u;; = Uxx;-

3.1 Integrability conditions

Let us require that all travelling wave reductions of a 3D Lagrangian density to two
dimensions are integrable in the sense of Sects. 2.2 and 2.4 . This gives the necessary
conditions for integrability which, in our particular case, prove to be also sufficient.
The computational details are as follows. Consider a travelling wave reduction of a 3D
Lagrangian density f(u11, 412, u22, u13, u23, u33) obtained by setting u(x1, x2, x3) =

v(x, y)+ QO where x = s1x1+53x3, y = s2x2+53x3,5; = const,and Q is an arbitrary
homogeneous quadratic form in xp, x2, x3. We have

2 2
Uil = Syvxx + 81, U12 = S152Vxy + 82, U22 = S50Vyy + {3,
2
u13 = 5153 (Vxx + Vxy) + 84, U2z = 5253(Vxy + Vyy) + &5, U3z = s3(vxx + 205y + vyy) + &,

where ¢; are the coefficients of the quadratic form Q. Setting vy, = a, vyy = b, vyy =
¢, we obtain the reduced 2D Lagrangian density f in the form

fla,b,c) = f(uir, uiz, u, ui3, U3, u33)

= f(sta+ ¢, s10b+ 0o, s3¢+ 83, sis3(a+b) + &, 5253(b + ¢)
+s, s32(a +2b +¢) + &).

We have the following differentiation rules:
— 2 2
0q = §70uy; + 51530413 + 55035,
Op = 5152041, + S18530y,5 + 52530,,; + 2S328,,,33, (36)
— 2 2
0 = s 3u22 + 5283 8u23 -+ 83 8u33 s
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etc. Substituting partial derivatives of the reduced density f(a, b, c) into the 2D
integrability conditions (10), we obtain homogeneous polynomials of degree ten in
s1, 52, s3 whose coefficients are expressed in terms of partial derivatives of the original
3D density f(u;;). Equating to zero the coefficients of these polynomials, we obtain
3D integrability conditions for f. (Note that due to the presence of arbitrary constants
¢; the arguments of f can be viewed as independent of si, s, s3.) The integrability
conditions can be represented in compact Hirota-type form analogous to (16):

(P1Y1v —2PyYou)[ f(uij) - f ()] =0. (37)

ij=uij

Here the operators on the left-hand side of (37) are identical to that from Sect. 2.4,
with the only difference that we substitute expressions (36) (and their tilded versions)
for d,, dp, 9. and 9, 95, ;. Thus,

2 2
Oa = S70uy; + 5153043 + 530435,
2 2
0 = S 3,;11 +S1S3a,;13 +s381233’

etc. The left-hand side of (37) is an Sp(6)-invariant operation which transforms a
function f defined on the space of 3 x 3 symmetric matrices u;; into a homogeneous
form of degree four in &1, & and degree ten in s7, 57, 3.

3.2 Equivalence group in 3D

Let U be the 3 x 3 Hessian matrix of the function u(x1, x2, x3). Integrable Lagrangians
of type (5) are invariant under Sp(6)-symmetry

f

A B D)~! —_—
U— (AU+B)(CU+D)™", f_)det(CU—}—D)’

(38)

where the matrix

A B

CD
belongs to the symplectic group Sp(6, R) (here A, B, C, D are 3 x 3 matrices). Note that
symmetry (38) suggests a relation to genus three Siegel modular forms. Furthermore,

integrable Lagrangians (1) are invariant under rescalings of f, as well as under the
addition of a ‘null Lagrangian’, namely transformations of the form

f_))‘Of+Z)\an» 39)
where U, denote all possible minors of the Hessian matrix U. Transformations (38)
and (39) generate a group of dimension 21 4+ 15 = 36 which preserves the class of

integrable Lagrangians (5).
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3.3 Integrable Lagrangians associated with the dKP hierarchy

Here we construct three explicit second-order integrable Lagrangian densities arising
in the context of the dKP hierarchy:

2 2 2 1 4
f = uy, —uxxux,+uxxuyy+uxxuxy+Zu”, 40)
|
f = (yy — Uy — Urlnr + guix)m, (41)
2 2 3/2
f=uZ (uxtuy, - uxxuxt> . 42)

These examples come from the following dKP flows.

Case 1. The fifth-order flow of the dKP hierarchy comes from the dispersionless Lax
representation

p’ P’
py=<7+w) o op=|S et topttbpte)
x x

which gives rise to the equations

Wy = Vyx, by = vy + 3wwy,

cx = by +2vwy, w; = bwy +cy.

2

: 3
Setting w = uyy, v = uyy and b = uyy + 5u5,,

we obtain two equations for c,

2
Cx = Uyyy + 3'4xxuxxy + 2”xy”xxm Cy = Uxxt — UyylUxxx — Euxxuxx/h
whose compatibility condition results in the following fourth-order PDE for u:

- +3 +2 +3u?,, +3 +

Uyyyy — Uxxxt UxxUxxyy UxyUxxxy Uyxy UxxxUxyy T UyyUxxxx
3
2 2
+§”xx“xxxx + 3uyuy,, =0.

This is the Euler—Lagrange equation corresponding to the polynomial Lagrangian
density (40).

Case 2. Another flow of the dKP hierarchy is associated with the Lax representation

p3 p5
p,=<?+wp+v) » Py = ?+wP3+vP2+bP+C ’
X X

which gives rise to the equations
by = —bwy + wby — 2vvx +wy, ¢ = wcx — bvy + vy,

@ Springer



Second-order integrable Lagrangians and WDVV equations Page 27 0f33 58

w; = —2wwy + by, vy = 20w, — 2wV + Cy.

Setting w = uyy, b = uy + u%x and v? = Uyy — Upp — UyxUys + %ufm, we obtain two
equations for c,

2
Cr = Vy + UxxV; + 20Uy lyyy + (uxx —Ux)Vy, Cx = U + 2VUyxy + Uy vy,
whose compatibility condition yields
2
Vit + (Vltyy)xr = Uxy + (U(I/txx — Uxr))xx-

This PDE is the Euler—Lagrange equation corresponding to the density (41).

Case 3. This example comes from the dispersionless Lax pair

r p3
D= sy Py=\|—5twp+v]) ,
P—9q)y 3 x

which gives rise to the equations

qy = 4*qx + quy + wqy + vy, ry = GPre +2qrgy 4 rwy Fwry, w; = —ry, U = —qry — rqy.

Setting w = uyy, ¥ = —Uyy, q2 = % — Uyy, the second and the third equations will

be satisfied identically, while the first and the fourth imply

1
Vx =(gy — (§q3 +quxx) s U= (Uxq)x.
X

Their consistency condition gives

1 Uyt
9yt — | 59\ — + 2uxx = (Ux1q)xx-
3 Uyt Xt

This is the Euler-Lagrange equation corresponding to the density (42).

3.4 2D densities as travelling wave reductions of 3D densities

Given a 3D integrable Lagrangian density f(uxx, txy, Uyy, Uxs, Uy, Uyy), ONE CAN
apply a travelling wave ansatz, u(x, y, t) = u(§,n) where § = ajx +axy +ast, n =
bix + byy + b3t, to obtain an integrable 2D Lagrangian density of the form
Sfuge, ugy, upy). In fact, modulo linear transformations of & and 7 it is sufficient
to assume & = x 4+ «t, n =y + Bt. For instance, the two-dimensional density (4) is
the stationary (¢-independent) reduction in the three-dimensional density (40). Simi-
larly, applying travelling wave reduction to the 3D integrable density [ = | /tiyyliy Uy,
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one obtains 2D integrable densities of the form

[ = Vuey(quge + Bugy) (aug, + Puy,).

4 Dispersive deformations of integrable Lagrangian densities

Some integrable Lagrangian densities f possess integrable dispersive deformations
fe of the form

fe=f4efi+etfr+...,

where f is a second-order integrable density, € is a deformation parameter and f; are
higher-order differential expressions in u of total degree i (we say that second-order
derivatives of u have degree zero, third-order derivatives of u have degree 1, etc). We
require that the Euler—Lagrange equation of the deformed density f; is integrable (in
the usual solitonic sense), so that f can be seen as a dispersionless limit of f. when
€ — 0. Dispersive deformations regularise the gradient catastrophe that typically
occurs for dispersionless equations, and have been extensively studied by Dubrovin
and his School in 1 + 1 dimensions, see, for example, [12] and references therein.

A complete classification of integrable dispersive deformations of second-order
Lagrangians is a challenging open problem. The three examples below come from
higher-order flows of the KP hierarchy (and provide compact Lagrangian representa-
tions thereof). The corresponding dispersive deformations are therefore exact.

Example 1 The Lagrangian density (40),

1
2
f= Uy, — UxxUxt + ”xx”yy + uxxux} + 4uxx,

(Section 3.3, case 1) possesses integrable dispersive deformation

2 2

4
1 € 5 € 5 € 5
fe= u — UxxUxr + uxxuyy + uxxux» + 4uxx + guxxuxxxx - ?uxxy + %uxxxx'

The corresponding (dispersive) Euler—Lagrange equation has the Lax pair

2 5
€ €
GWy = ?wxx +ay, €Y= ?wxxxxx + 636”%:)9\’ + eszXx +ecy + wip,

(first and third Lax equations of the KP hierarchy) where a = uyy, b = uy, +

%u”x, C=uyy + 2“xx + €ltyyy +2 uxxxx, and the variable w is defined by the
equations

€
Wy = Uyyy + 3lyxlxxy + 2UyyUyyy + ?u”x
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+3e " € " 3¢e2 + 33
S UxxUxxxx T FUxx — Uxxxx o Uxxxxxx
2 27T g ] ’
) € € €?
Wy = Uxxt — UyyUxxx — Euxxuxxx + 7 (uxxuxxy)x + Euxyyy + Zuxxxyy
€2 €2 33 et

—UxxUxxxxx — 7 UxxxUxxxx T Uxxxxxy — galxxxxxxx-
4 2 8 780

The stationary reduction of this example provides dispersive deformation of the two-
dimensional density (4).

Example 2 The Lagrangian density (41),

: 32
3
f= (uxy — Uy — UxxUyr + _Mxx) s

(Sect. 3.3, case 2) possesses integrable dispersive deformation

1 €2 et 32
Jfe= (uxy — Uy — UxxUyr + guix + E(4Mxxuxxxx + 3%%“( — Atyryr) + E’/ﬁcxxxxx) .

The corresponding dispersive Euler—Lagrange equation has the Lax pair

3 5
€ €
th = ?Iﬁ'xxx +€w'(//x + Ul/f, 61//.)7 = gW)cxxxx

+EWrrx + €2 (v + €wy)Yax + €by + eV,

where

2
13, € 2
W = Uxy, v=fe/ +§uxxx» b=uxt+”xx+T”xxxx+Evm

and the function c is determined by the equations

2
Cx = U + 2(uxxv)x + gezvxxx,

Ct

€2 262 €2 et
3 3 3 5 N

vy + (uxxv)r + <UM§X — VUyy — €VVUy — ——UxxVUxx — —5 Uxlxxx + 5 Cxx — 7 Vxxxx
Example 3 The Lagrangian density (42),

3/2
-2 2
f=uy (uxtuyt - uxxuxt> ,

(Sect. 3.3, case 3) possesses integrable dispersive deformation

2 2 3/2
fo=u? _ 2 4 € 2 €
€ = Uy | UxtUyr — UxxUyy 4 Uxxt 3 UxtUxxxe ’
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The corresponding dispersive Euler—Lagrange equation comes from the Lax pair

3
€
GWy = ?wxxx +ewyy + vy, ezwxl =€eqy +rv,

where

1/3
Je / € Uxxt
W=Uxx, '=—"Uxt,qd =\ — + = ,
Uxt 2 Uy

and the variable v is defined by the equations

1 €2
v = (Uxq)x, Vx = qy — <uxx‘] + §q3 + €qqx + ?Qxx) .
X

5 Concluding remarks

Here we list some problems for further study.

e Multi-dimensional Lagrangians. It would be of interest to describe multi-
dimensional versions of second-order integrable Lagrangians. Thus, anti-self-dual
four-manifolds with a parallel real spinor are described by the integrable 4D Duna-
jski system [16]

Axr + Ayz + UyxAyy + Uyyary — 2Uxyayy =0,

2
Uxr + Uyz + UyyUxx — Uy, =a,

which can be written as a single fourth-order PDE for the function u. This PDE
comes from the second-order Lagrangian

/(sz Uy + Upyliyy — M)zcy)z dxdydzdr.

Similarly, anti-self-dual scalar-flat four-manifolds (Flaherty—Park spaces, see [35]
and references therein) are governed by the equations

uyz(n )y — uyy(In Q)7 — 1z (InQ2) 1y + 1ty (In ), =0,

UxzUyr — UxyUzr = Q,

which are equivalent to a single fourth-order PDE for u. The corresponding
Lagrangian is

S = f Q1n Q dxdydzdt,

where one has to substitute 2 = uy 1y, — Uyytz.
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e Multi-component Lagrangians. Our approach can be generalised in a straight-
forward way to describe 2-field integrable Lagrangians of the form

/f(ux, Uy, vy, vy) dxdy,

as well as their 3D analogues,

/f(u)m Uy, Ut, Uy, Vy, U[) d.xdydt

e Higher-order quasilinear PDEs. Similarly, one can classify third-order integrable
PDE:s of the form

AlUxxx + QUxxy + A3Uxyy + A4l yyy = 0

where the coefficients a; are functions of the second-order derivatives uyx, Uy, Uyy
only. This problem also has a natural 3D analogue.
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