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Abstract

For the discrete Laguerre operators we compute explicitly the corresponding heat
kernels by expressing them with the help of Jacobi polynomials. This enables us
to show that the heat semigroup is ultracontractive and to compute the corresponding
norms. On the one hand, this helps us to answer basic questions (recurrence, stochastic
completeness) regarding the associated Markovian semigroup. On the other hand, we
prove the analogs of the Cwiekel-Lieb—Rosenblum and the Bargmann estimates for
perturbations of the Laguerre operators, as well as the optimal Hardy inequality.
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1 Introduction

Our main objects of study are the discrete Laguerre operators

14+« -1+« 0
—J1+a 3+« V22 + ) -

H, = 0 -2Q+a) S+a |, a>-—I, (1.1)

0 0 ~V3C8+a) -

acting in ¢2(Z=). Explicitly, Hy = (h\n), , _o With 2y = 0if |n — m| > 1 and

W) =on+1+a, b, =h®  =—J/+Dn+1+a), nels.

It is a special case of a self-adjoint Jacobi operator whose generalized eigenfunctions
are precisely the Laguerre polynomials Lfl“), explaining the name for (1.1).

The operator H, features prominently in the study of nonlinear waves in (2 + 1)-
dimensional noncommutative scalar field theory [1,2,12]. The coefficient « in (1.1)
can be seen as a measure of the delocalization of the field configuration and it is
related to the planar angular momentum [2]. In particular, « = 0 corresponds to
spherically symmetric waves and it has attracted further interest in [4,21-23], where
Hj appears as the linear part in the nonlinear Schrodinger equation [21-23]. Thus
dispersive estimates for the unitary evolution play a crucial role in the understanding
of stability of soliton manifolds appearing in these models. It turned out (see [19,20])
that the unitary evolution e’ o can be expressed by means of Jacobi polynomials (see
Appendix A for definitions and basic facts) and this also connects dispersive estimates
with uniform weighted estimates of Jacobi polynomials on the orthogonality interval
(the so-called Bernstein-type inequalities).

In the present article we focus on the study of the heat semigroup (e /), .
Usually (sharp) dispersive estimates (for ¢!’/ these are obtained in [19,20]) do not
imply (sharp) heat kernel estimates as the example of the free Hamiltonian shows.
Namely, let Jy be defined in 02(Z) by

(Jou)p == —up—1 4+ 2uy, —ups+1, n € Z. (1.2)

Jo is a bounded self-adjoint operator, whose spectrum is purely absolutely continuous
and coincides with the interval [0, 4]. The corresponding heat semigroup and the
unitary evolution are given by

e, m) =e 1, ,(20), "o (n, m) = e I,_,, 2it), (1.3)
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for all n, m € Z. Here

e ¢]

1 2n+k
n=0

is the modified Bessel function of the first kind [25, (10.25.2)] (we use the convention
1/T(m) =0if m € Z<p). This leads to the following bounds

e ey ey = sup [e"(n,m)| = O] ) (1.5)

n,mez

as t — 00, however,

le™lle, e = OC™'?), 1 — +oo. (1.6)
Itis not at all surprising that the heat kernel of e =/ #« is expressed by means of Jacobi
polynomials (Theorem 4.1). However, now one is led to the study of Jacobi polyno-
mials outside of the orthogonality interval. Let us next briefly outline the structure of
the paper and the main results.

Section 2 is of preliminary character, where we recall the definition of H, and its
basic spectral properties.

In Sect. 3 we investigate the quadratic form t, associated with H,,. Using a con-
venient factorization of the matrix (1.1) (which connects H, with the spectral theory
of Krein strings, see Remark 3.2), we are able to perform a rather detailed study of t,
(Lemma 3.1). Using the Beurling—Deny criteria, this helps us to conclude that the heat
semigroup e '« is positivity preserving. Moreover, it is Markovian if = 0 (that is,
e~'Ho is also £ contractive). The string factorization also shows that a very simple
similarity transformation (3.10) connects H, with the difference operator Hy, which
is Markovian, however, acts in a weighted 02 space._

We investigate heat semigroups e "= and e« in Sect. 4. First, we compute
explicitly the corresponding heat kernels (Theorem 4.1). On the one hand, the connec-
tion with Jacobi polynomials enables us to obtain the on-diagonal estimates for the heat
kernels (Theorem 4.6). On the other hand, this allows us to show that the continuous
time random walk on Zx( generated by H, is recurrent exactly when« > 0. Moreover,
it is stochastically complete for all « > —1. It is interesting to mention that the latter
is a consequence of the formula for the generating function of Meixner polynomials
(see Remark 4.4 and Lemma 4.8). Let us stress in this connection that orthogonality
relations for Meixner polynomials are equivalent to the unitarity of e ™« (see [19,
Remark 3.2]).

In the final Sect. 5 we study the negative spectrum of perturbations Hy v of H,.
Rank one perturbations of H, enjoy a very detailed treatment (Lemma 5.1). This has
several consequences. First of all, for « € (—1, 0] this immediately implies that no
matter how small the attractive perturbation V is, it always produces a non-empty
negative spectrum (i. e., the presence of a zero energy resonance for « € (—1, 0], cf.
(2.18), which can also be seen as another instance of recurrence). For @ > 0, we can
show that for sufficiently small attractive perturbations V, the negative spectrum of
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H,,v remains empty. The qualitative measure of “smallness” is demonstrated by the
optimal Hardy inequality (Theorem 5.8) as well as by two estimates (5.9) and (5.13).
The latter is the analog of the Bargmann bound for 1D Schrodinger operators. The
former is the analog of the Cwikel-Lieb—Rosenblum bound and it actually follows
from the ultracontractivity estimate (4.18) (indeed, by theorem of Varopoulos, (4.18)
is equivalent to the Sobolev-type inequality (5.10), which is known to be further
equivalent to a CLR-type bound, [9,24]). Let us stress that the optimal constant C («)
in (5.9) remains an open problem. In conclusion let us mention that all the above
results resemble a strong similarity between discrete Laguerre operators and 1D radial
Schrodinger operators (for instance, one may interpret (5.9) as a discrete analog of
the Glaser—Grosse—Martin—Thirring bound [26, Theorem XII1.9(c)]).

Notation

R and C have the usual meaning; R.¢ := (0, 00), R>¢ := [0, 00), and Z>, =
Z N la, oo) forany a € R.
By I' is denoted the classical gamma function [25, (5.2.1)]. Forx € Candn € Zxg

X))y =xx+1)---(x+n—-1 (n>0),
(x)g :=1; <n+x) — M (1.7
n

n!

denote the Pochhammer symbol [25, (5.2.4)] and the binomial coefficient, respectively.
Notice that for —x ¢ Z>

(X)) =

I'(x +n) n+x\ F'x+n+1)
F(x) ( n )_F(x+1)1“(n+1)'

Moreover, the above formulas allow to define the Pochhammer symbol and the
binomial coefficient for noninteger x, n > 0. Finally, for —c ¢ Z>¢ the Gauss hyper-
geometric function [25, (15.2.1)] is defined by

a.b \ = @by
Yl 12 )= E ———7" (Jzl <lorelse —aor —b € Zs>p). (1.8)
c = (c)rk!

For a sequence of positive reals 0 = (0,),>0 C R-pand p € [1, c0), we denote by
P (o) = £P(Z>y; o) the usual weighted Banach space of sequences u = (uy,)n>0 C C
such that

1/p
lllerioy = (D lunl?0n) ™ < oo,

n>0

@ Springer



Heat kernels of the discrete Laguerre operators Page50f29 32

If p = oo, then the corresponding norm is given by

||M||1z00(a) = sup [ty |on.
n>0

We shall simply write £ = ¢7(Zx¢) if 0 = 1. Finally, 8, = (8,.k)k=0, 1 € Zx0, is
the standard orthonormal basis in ZZ(ZZ()), where §, x is Kronecker’s delta.
2 The discrete Laguerre operator

We start with a precise definition of the operator H,. For a sequence u = (u,),>0 we
define the difference expression 7, : u +— 74U by setting

(Tatt)n = =/ + @) up1 + Qn+ 1+, =/ (1 + D+ 1+ @) 1,

2.1
for all n € Zso, where u_; := 0 for notational simplicity. Then the operator H,
associated with the Jacobi matrix (1.1) is defined by
Hol: Dmax - EZ(ZEO) (22)
u = Tel ,
where
Dnax = {u € £(Z20) | tau € £(Z20)). (2.3)

Notice that D« does not depend on «, however, seems, a closed description of Dk
is a rather complicated task.

Spectral properties of H, are well known. Let us briefly describe them. First of all,
the Carleman test (see, e.g., [3, p. 24]) implies that H, is self-adjoint. Moreover, the
polynomials of the first kind for (2.1) are given by (see [29, (5.1.10)])

Pyn(z): LW (), n>0, (2.4)

0q(n)

where

12
ou(n) ==V L®(0) = <" +°‘> . =0, a>—1, 2.5)

n

and L;a) are the Laguerre polynomials [29, Section 5.1]:

n

ez Y qdn n+o (—n)k
L@ () — e — % Kk oa>0. 26
n @ ==t ( 7 )kz_;)(cx—i-l)kklz nz 0. (26
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Orthogonality relations for Py, are given by (see [29, (5.1.1)])

1 o0
——— | PuaOPu Ve A% dh = 8,1, n,k € Zso. 2.7
T(a + 1)/0 w,n (L) Py (M)e nks 1 >0 2.7
Therefore, the probability measure

_ 1 —Aa
Pa(dr) = mlﬂho(k)e ASdn (2.8)

is the spectral measure of H,, that is, H, is unitarily equivalent to a multiplication
operator in L*(R-o; Pe)- Indeed, the map Fy, : ZZ(ZZ()) — L*(R-y; Po) defined by

(Fa YN =Y faPun(B), 1 >0, (2.9)

n>0

for all f € £2(Z=), extends to an isometric isomorphism. Its inverse is given by
1 1 * 2
F, Flp=——— FO\)Pyn(Me 2% dA, >0,
( o In F(O{—i—])/o ) ot,n( e n=

for every F € L%(R>0; Pe)- Then

Hy = F ' Mo Ty, (2.10)
where M|, is the multiplication operator

My: F(L) — AF()).

acting in the Hilbert space L2(R-q: Po)- This in particular implies that H, is a positive
operator and its spectrum o (Hy) coincides with [0, oo0). Moreover, o (Hy) is purely
absolutely continuous of multiplicity 1.

The Stieltjes transform of p,, which is usually called the Weyl function (or m-
function) of Hy, is given by

1 +00 e—kka
= d\ =e°E —2), e C\Rsp, (2.11
M (2) F(a+])/0 - e “Eita(=2), z€C\Rx, (211
where
o0
Ey(2) :=z”_l/ e 't7Pdt =PI (1 = p,2) (2.12)
Z
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denotes the principal value of the generalized exponential integral [25, (8.19.2)] and
I'(s, z) is the incomplete Gamma function [25, (8.2.2)]. Note that

. 1/a, o >0,
My (—0) :=limmy(—x) = 2.13
«(=0) i= lim g (—) LOO’ v e (10l (2.13)
Next, let us define the polynomials of the second kind (see [3]):
1  Pyn(z) — Py n(X) —A
= . . e A%, >0, 2.14
Qa,n(z) F(O{—I-l)/o Y n = ( )

where Qq.0(z) =0and Q,,1(2) = \/ﬁ Then u := (Qu,n(2))n>0 satisfies (tqu), =

zuy for all n > 1. Notice that for all z € C \ Rx¢ the linear combination
Won(2) = Qun(z) + mg(2) Pun(z), n=0, (2.15)

also known as the Weyl solution in the Jacobi operators context, satisfies
(Won(2)nz0 € £3(Zz20) (2.16)

for all z € C \ R>o. In particular, this provides us with the explicit expression of the
resolvent of H, (actually, with its Green’s function)

_ Pyn @)Wy m(z), n <m,
Goy(zin,m) = ((Hy —2) "8y, 8p), = { " : 2.17
a2 ) (( o« —2) n m)gz [Pa,m (Z)\I’a,n(Z), n>m ( )
Lemma 2.1 Forn, m € Zxo,
1 oy (min(n,m)) 0
Go(—=0:n,m) = lim Gg(x:n,m) = | @oamax(em)> & =% (2.18)
x40 +o00, o€ (—1,0].

Proof Since H,, is self-adjoint, G, (x; n, m) = G (x; m, n) forany x < 0, so suppose
n <m.By (2.17),

Go(=0;n,m) = 04 (1)(Qa.m(0) + 0 (m)me (=0)), (2.19)
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and hence (2.13) implies (2.18) for « € (—1,0]. If « > 0, we get by using (2.14),

Qum(0) =

(@) (@)
1 /°° Ly’ (W) — Ly (O)e"\k"‘dA
I'(a 4+ Doy (m) Jo A

1 co m 1) o o
T e (o L ) — L el
F(a+1)0a(m)f0 (kX:(:) ) = Ly (0)e d

_ ; 00 (a—1) (@ na—1
- F(a—i—l)aa(m)/o (Lo 700 = Ly (©)e ™A% dA
- B )

ST+ 1)(70((m)1-‘(6%)(1 O (m)°)

_ 1=ou(m?

T aog(m)

Here in the second line we used [25, (18.18.37)] and then orthogonality of the Laguerre
polynomials (2.7). It remains to plug the last expression into (2.19). O

3 The quadratic form

Let us consider the quadratic form corresponding to the operator Hy:
Ou] == (Hou, u)2, u € dom(t)) := dom(Hy). (3.1)

This form is positive since so is H,. Since H, is self-adjoint, tg is closable and its
closure t, is explicitly given by

tolu] = IV Haut])},. u € dom(ty) = dom(y/Hy), 32)

where / H, denotes the positive self-adjoint square root of Hy.

Lemma 3.1 The domain dom(ty) of t, does not depend on o and consists of those
u e Ez(Zzo)for which the series

Z(n+ 1)|un _un+l|2 3.3)

n>0

is finite. Moreover, for every u € dom(ty) the form t, admits the representation

tolul = Y [Vt a + Ly — Vn+ Ly [ (3.4)

n>0
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Proof Observe that the matrix (1.1) admits “the string factorization” (see, e.g., [3,
Appendix], [14, § 13], [6, §3]):

1 1 1 1
= @ _
hn n lo(n) <a)a(n -1 + wa(n)) ’ hn,n+l - PN RO RCESD) , (3.5

1
where oD = 0 and

(a+1)
() = | Pan(O)? = 0 (1) = ———, (3.6)
(n) = : " >0 (3.7)
wy(n , n>0. .
T e Vet D @+ Dan
Therefore, the Jacobi matrix (1.1) can be (at least formally) written as
Hy = L' (I —SW, (1 —S"L,!, (3.8)
where W, and L, are the multiplication operators
Ly: (“n)nzO = (Uot(n)un)nZOs We (un)nzo = (wa(”)un)nEOa (3.9)

S is the shift operator S (u,),>0 > (Un—1)n>0 With the standard convention u_; :=
0, and &* is the backward shift, S*: (u,)n>0 > (Un+1)n>0- The representation (3.8)
immediately implies

to[ul = (Hou, u)p = ||W*‘/2(1 -~ 8*>£;‘u||§2
:Z|«/n+a+lun —\/n+1un+1 2

n>0

Up+1 ‘
oa(n) aa(n +1)

woc (}’l)

)

for every u € E%(Zzo).

Consider now the maximally defined form t,, i.e., { is defined by the RHS in (3.4)
on sequences U € Ez(ZZQ) for which the RHS in (3.4) is finite. It is standard to show
that this form is positive and closed in EZ(ZEO). However, t, is clearly an extension of
the pre-minimal form tg. However, the maximally defined operator H, is self-adjoint
and hence t2 admits a unique closed extension. Thus t, = 0.

Finally, to show that dom(ty) = dom(tp) for all « > —1 it suffices to notice that

o o
ol _ el

Jn+a+l+Vn+1 7 Un+1

[Vn+oa+1-vVn+1]|=
foralln >0and o > —1. O
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Remark 3.2 Tt was observed by Mark Krein [14, §13] that spectral theory of Jacobi
matrices admitting factorization (3.5) can be included into the spectral theory of Krein
strings. Indeed, setting

x_1:=0, Xp = xq(n) :=Zla(k):zw, n >0,

!
k=0 k=0 k!
and introducing a measure @, on [0, c0) by
n!
w([0,x)) = we(n) = —, x =0,
Z< ’ Z< (@ + D1

the difference equation t,u = zu describes small oscillations of a string of infinite
length which carries only point masses wy (12) at x,,. Moreover, Tyu = zu can be turned
into the string spectral problem (the so-called Krein—Stieltjes string)

—y" = zwey on [0, 00).

Corollary 3.3 The operator H, generates a positivity preserving semigroup e~ He,

t > 0. Moreover, for a = 0, the corresponding semigroup is Markovian.

Proof By the first Beurling—Deny criterion (see [26, Theorem XII1.50]), it suffices to
notice that

(Holul, [ul) 2 < (Hou, u)p

in view of (3.4). Here |u| := (|u,|)n>o0-
If « = 0, then by Lemma 3.1

tolul = Y + Dy — w1 |

n>0

for all u € dom(tp). Suppose additionally that u > 0, that is, u,, > 0 for alln > 0. It
is straightforward to check that min(u, 1) also belongs to dom(tp) and, moreover,

to[min(u, 1)] < to[u].

By the second Beurling—Deny criterion (see [26, Theorem XIII.51]), e tHo r > 0
extends to a contraction on ¢” for each p € [1, oo]. This implies that it is Markovian
and the corresponding quadratic form ty is a Dirichlet form [10, §1.4]. O

Remark 3.4 For o # 0 the form t, is not a Dirichlet form. Indeed, by Lemma 3.1,
for each 0 < u € dom(ty,) = dom(tp), we get min(u, 1) € dom(tg) = dom(ty).
However, one can construct a positive # € dom(t,) such that t,[min(u, 1)] > t,[u].
Therefore, the semigroup e /=, t > 0 is not Markovian if o # 0.
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In fact, the form t, is closely connected with the Dirichlet form and this form
would be important in our analysis. Consider the weighted space EZ(ZEO; 03). The
multiplication operator £, given by (3.9) defines an isometric isomorphism from
EZ(ZZ(); 63) onto ZZ(ZZ()). Consider the operator ﬁa defined on Ez(ZZo; 63) by

Hy =L Hy Ly (3.10)
The corresponding difference expression is given by

@ty = —ntty—1 + Q41+ a)uy — (14 1+ @) upy
__ 1 ) L S} (3.11)

ou(m? | Sy @e(mine, k)"

Then it is easy to check that the quadratic form %, is simply given by

Tl = (Hatt, u) 252, = Wy 2 (1 = S*)ul

1
2
= Z lun — ’/ln+1|
n>0

—o @a() (3.12)

(@+ 1)yq1 2
= Z Twn — Unyil

n>0

for every u € €2. The closure of this form is a regular Dirichlet form in £2(Zx¢; .2).

Corollary 3.5 Leto > —1 and ﬁa be the operator (3.10) acting in KZ(ZEO; 05). Then
H, is Markovian, that is, the corresponding semigroup

e e — ple=tHap 420, (3.13)

o
is positivity preserving and £*° contractive.

Remark 3.6 The first line in (3.11) shows that ﬁa generates a birth-and-death pro-
cess on Zsq (see [8, Chapter 17.5]), however, the second line connects ﬁa with a
continuous-time random walk (a simple Markov chain) on Z>¢ (see [10,16]). The
latter is not at all surprising since their connections with the Stieltjes moment problem
and Krein—Stieltjes strings is widely known (see, e.g., [13]).

As a by-product of the factorization (3.5) we arrive at the following continued
fraction representation of the exponential integral (2.12) and the incomplete gamma
function I'(s, z). We do not need this formula for our future purposes, however, it is
so beautiful that we decided to include it together with a short proof.
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Corollary 3.7 Let « > —1. Then

E1q(z) =2T(~a,2) = : (3.14)
Z+

which converges for all z € C\ (—o0, 0].

Proof The string factorization (3.5) implies the following Stieltjes continued fraction
representation of the Weyl function m,, (see, e.g., [14, §13], [28], [6, § 3]):

1
my(z) = , (3.15)

—z1,00) +

we (0) +

—zly (1) +
we (1) + —

which converges locally uniformly in C \ R (this follows from the self-adjointness
of Hy, see, e.g., [3], [6, §3]). Taking into account (3.6) and (3.7) and noting that

ou(n — 1) (@+ Dy n!
)=y = e T er D, "
for all n > 0, we arrive at (3.14). O

Remark 3.8 The continued fraction expansion (3.14) of the exponential integral is by
no means new and the case @ = 0 can already be found in the work of Stieltjes [28,
Chapter IX] (see also [25, (8.9.2)], [25, (8.19.17)], [11, §6.7.1] and [5, (14.1.6)]).

4 The heat semigroup

In this section we look at the one-dimensional discrete heat equation

V(t,n) = —Hy¥(t,n), (t,x) € Rog X Z=o, 4.1)
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associated with the Laguerre operator H,, as well as at the closely related heat equation
U (t,n) = —Hyr (1, n), (t,x) € Rag X Zs0, (4.2)
associated with the operator ﬁa defined in the previous section. We set
e Han,my = (e7 a8, 8) 2,  (n,m) € Lo X Lo, 4.3)
and

e—tﬁa (n,m) := (e_tﬁ"‘ﬁn, 8m>€2(<7§)’ (n,m) € Z>o X Z>p. 4.4

Notice that (4.4) does not coincide with the matrix representation of e’ Ha jp an

orthonormal basis (if « 7# 0) and we defined it this way in order to write the heat
kernel of H, in the form familiar in the continuous context, that is, in the form

(e—tﬁau)n — Z e—tﬁa (n, m)umaa(m)z. 4.5)

m=>0

4.1 Connection with Jacobi polynomials

We begin by establishing a connection between the discrete Laguerre operators and
Jacobi polynomials, which follows from the fact that the Laplace transform of a product
of two Laguerre polynomials is expressed by means of a terminating hypergeometric
series.

Theorem 4.1 Let a > —1. The kernel of the heat semigroup e "'He is given by

_ n m—n 2
e~ Ha () = e="Ha (i p) = ! -1 t o (m) plem=n (1 +1
A+plte \r41 r+1 0 (1) 12 -1

(4.6)

foralln, m € Z>.

Proof Taking into account (2.10), (2.9) and then (2.4), we get

(eitHaan» 8m>£2 = <~7:¢;leilMafa5n, Sm)gz
= <eitMa.7:a8n, ‘Faal’Vl)Lz(pD,)
1

o0

- —(4+0% [ @) 3y 1@ 3y

= e L& WL (Mr2da,
Ga(n)aa(m)r(“+1)/() w3

for n,m € Zso. Thus, every element of the kernel of the operator e ' is the
Laplace transform of a product of two Laguerre polynomials and hence we get (see
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32 Page 14 0f 29 A. Kostenko

[7, (4.11.35)] and [25, (15.8.7)]):

e Ho (n, m) it —n,—m 1
oq(M)og(m) (1 +p)ntmtat a+1 ¢
By Euler’s transformation [25, (15.8.1)],
—n,—m 1 2 —1\" —n,a+m+1 1
F =)= — F — ).
21( a+1 t2) ( 12 ) 21( a+1 l—t2>
Hence by (A.1) and (A.2), (4.7) implies (4.6) O

Remark 4.2 Formula (4.6) can be derived from [19, Theorem 3.1] by analytic contin-

uation. Namely, in [19], it was shown that the kernel of the unitary evolution e«
is given by

AN m—n 2
e—ifHa (n,m) = e—ifHa (m,n) = ; <i> <L> M Prga,mfn) :
(A +intte \r—i t—i oq (n) 241

4.8)
for all n, m € Z>¢. Replacing it by ¢ in (4.8), we end up with (4.6).
We collect some special cases explicitly for later use.
Corollary 4.3 (i) In the case n = 0 we have
_tH 0y (m) t "
“0,m) = , € Z>o0. 4.9
e 7 0m) (l+t)1+°‘(t+l> e a0 “9)
(ii) In the case n = 1 we have form € Z>
1 t \"' A+ +m o,(m)
—tH o
“(1,m) = . (4.10
e lm) = e <r+1) (+102 o) HO
(iii) In the case n = m we have
e Mo (m, m) ! i1 mP("‘O) £l € Z-o. (4.11)
“(m,m) = ’ —— |, m . .
A+t \ry1) m 221 =0
Proof Just observe that
_ z4+1
PE™M =1, PO V@)= —m+m+1+a) R
O
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Taking into account (3.13), one also easily derives the explicit expression for the
heat kernel of (4.2). Since H, and ﬁa are unitarily equivalent, the matrix of e~/ Ha ip the
orthonormal basis (E;lén) #>0 coincides with that of e’ He  However, our definition
of (4.4) is slightly different and in fact (4.3)—(4.4) gives

e "Ha(n, m)

—tHy _
R ey on s

(n,m) € Z=o x Z=o. (4.12)

Remark 4.4 The heat kernel can be expressed in terms of Meixner polynomials [25,
(18.20.7)]:

—n, —Xx 1
M, (x; B,c) = 2F1< i1 — —). (4.13)
B c
Thus (4.7) reads
—tH, 2
—tH, e " (n, m) 1 t \ntm t
« = = M, 01 — ).
¢ (n, m) og(M)og(m) (1 4+1)et] (t + 1) "(m’ T, 12— 1)

(4.14)

4.2 Heat semigroup estimates

Our next aim is to obtain uniform estimates on the elements of the heat kernel. First
observe the following simple bounds.

Lemma4.5 Leta > —1 andn,m > 0. Then
(A + ) Fe e (n, m) = 04 (n)ou(m) + O@™ ) (4.15)

ast — 0o, and

’ min(n, m) ) oy (min(n, m))

ast — +0.
Proof Immediately follows from (A.1) and (A.6) (see also (4.7)). O

The latter indicates that one can hope for the following uniform estimate

le~ e (n, m)| C
sup

nmeZey Oa(Mog(m) — (1+1)l+e (4.17)

for all positive ¢+ > 0, where C = C(«) > 0 may depend on «. The next statement
confirms the desired bound for & > 0.
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Theorem 4.6 If o > 0, then

1
- Hoz —
lle t ”fl(trq)—)Zo"(aa_]) = m, t > 0. (4.18)
If o € (—1,0), then
e~ He| > L o0 (4.19)
€ (o) 0®(05 ) = (1 +1)l+e ’ : :

Proof By definition, for r > 0 we get

le=" e (n, m)]|
sup =

—tH,
lle Il o1 — =
n,meZs=o 0y (n)oy(m)

_ —tH,
(0w) (05" = lle ller ) oe-

Using (4.9), we get

1

> —[Haoo -
=e ©0.,0) (1 +¢1)l+e

—tH,
”e a||gl(o-a)_>go<>(g‘;l)

forall ¢ > —1 and ¢t > 0. Thus, it remains to show that

1

—tH,
”C ||€1(Ua)~>l°°(a[;1) = (1 +l)1+a, t >0,

t

when o > 0. By Corollary 3.5, e~ Ha i positivity preserving and £°° contractive and

hence
0<eHanny <1
foralln > 0 and ¢ > 0. Therefore,
|e_tﬁ“ (n,m)|*> < o He (n,n) - o He (m, m) < max (e_’ﬁ“ (n, n), e_tﬁ“(m, m)),
which immediately implies

e "M (n, n)

—tH,
le™ ]l 1) = Sup ————>—
Cow—t=eeh = S T )2

=supe e (n, n).
n>0

Thus, (4.11) implies that it suffices to prove the inequality

t—1 nP(""O) 241 - n+o
n 2 —_
t+1 > —1 n
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for all n > 0 and ¢ > 0. First, using the Rodrigues formula (A.3), we get
(20 e ()= (52 £ () ) ) ()
t+1 " 2—1 t+1) = \n—k)\k 12 —1 2—1
R (0
- ,; (n i a> (Z)tZk'

Since
2n n
2n 2n
412 = (k 2k
t+h kz_o(k> g 0<2k>

forallt > 0 and n € Z>, it suffices to show that

2
n+a\(n < n+aoa n (4.20)
k k n 2k
foralln, k € Z>o withk < n. Using (1.7), itis easy to observe that (4.20) is equivalent
to the following inequality

However, the latter holds exactly when

1—[2k 2]—1 ljn—Z]—ll—[n:i;j.

j=0 I =k

Since k < n and @ > 0, this inequality clearly holds and hence we arrive at the desired
inequality, which finishes the proof of (4.18). O

Let us also state explicitly the following result.

Corollary 4.7 If o > O, then

= 1
le™ 5 || 1 92y po0 = ————, 1> 0. (4.21)
(0g)— a +t)l+o:

Ifa € (—1,0), then

_ 1
lle tHa”gl(%%)_)[ao > m, t>0. (422)
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4.3 Transience and stochastic completeness

The operator H, generates a random walk on Zx( (see Remark 3.6). Explicit form of
the heat kernel enables us to characterize basic properties of the corresponding random
walk.

Lemma 4.8 The Markovian semigroup (e”ﬁ“)l>0 is transient if and only if « > 0.
Moreover, it is stochastically complete (conservative) for all « > —1.

Proof The first claim can be deduced either from Lemma 2.1 or Lemma 4.5 (see [10,
Lemma 1.5.1]).

Recall that (e~ H«),_ ¢ is called stochastically complete (conservative) if
e tHug = 1 (4.23)

for some (and hence for all) # > 0. Taking into account Remark 4.4, (4.23) follows

from [25, (18.23.3)]. Indeed, the generating function for Meixner polynomials is given
by

3 P x: ey = (1-3a-a7 ",

n!
n>0

where x € Z>o and |z| < 1. However, by (4.5) and (4.14), we get

(e*tﬁa 1), = Z eftﬁa (n, m)Ga(m)Z

m>0

1 o\~ (@4 Dy 12 ro\m
= M 1o ) ()
(1+r)a+1(t+1) 2 mr s )G

m=>0

1 ro\n (o + D 12 ro\m
- ol ) ()
(l—i—t)"‘"‘l(t—l—l)’;) mp MmN T

1 t n t—1\n t —n—a—1
(1 -+t \r 41 t r+1
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Remark 4.9 A few remarks are in order.

(i) For large classes of graphs there are rather transparent geometric criteria for
stochastic completeness (e.g., via volume growth). In particular, applying [15,
Theorem 5] (see also [16, Chapter 9]) to (3.11), we get

1
Zaa(n)za)a(n) = Z n—l—Ot—-I-l = 00,

n>0 n>0

which implies stochastic completeness. Taking into account (4.23) this provides
another derivation of the generating function for Meixner polynomials.

(ii) Notice that according to the Khas’minskii-type theorem, stochastic completeness
implies uniqueness of the Cauchy problem for (4.2) in £°° (respectively, for (4.1)
in £*°(0y)). We do not plan to discuss this issue here and only refer for further
details to, e.g., [10,15], [16, Chapter 7].

5 Eigenvalue estimates
Consider the perturbed operator
Hyv:=Hy,—V, 5.1
where V is a multiplication operator on £2(Z) given by
(Vu)p == vqup, n € Zso. 5.2)

We shall always assume that (v,,),>0 is areal sequence. If V is unbounded (i.e., (v;) >0
is unbounded), we define the operator H, y as the maximal operator (analogous to
H,) and this operator is self-adjoint according to the Carleman test (see, e.g., [3]).
We shall denote the total multiplicity of the negative spectrum of Hy v by k_(Hy,v).
Notice that the spectrum of a semi-infinite Jacobi matrix is always simple and hence
k—(Hy,v) is the number of negative eigenvalues of H, v if the negative spectrum of
H,,v is discrete.

For a real sequence v = (vy)n>0 C R, denote vt o= (Jv] £ v)/2. Let also v+
be the corresponding multiplication operators. Since V. = V* — V™ the min-max
principle implies the following standard estimate

K—(Ho,v) = k—(Hy y+). (5.3)

5.1 Rank one perturbations

We begin with the simplest possible case, which however demonstrates several impor-
tant features. Let us consider the operator

Hy (vy) := Hy — vp(-, 8,)8,, vy > 0. 5.4
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Thus, H, (v,) is a rank one perturbation of the operator H (the corresponding matrix

coincides with (1.1) except the coefficient hfla,), replaced by hff‘), — Uy).

Lemma5.1 Letv, > 0. Ifa € (—1, 0], then

K—(Hy(vy)) = 1. (5.5)
Ifa > 0, then
Kk (Hy(vy)) = 0. v € (0.0l (5.6)
1, v, > a.

Proof Since H, is a positive operator, k_ (Hy(v,)) < 1. Suppose that £ < 0 is an
eigenvalue of H,(v,), that is, there exists f € 02 (Z=0) such that

Hy(vn) f = Ef.
Therefore, we get
(Hy — E)f = Un(fv 8n)6n,

which shows that

S =va(f, ) (Hy — E)_larr

Hence by (2.17)

1 ((Hy — E)™'8,, 81) = Go(E; n, n). 3.7

Un
Since H, is positive, G (+; n, n) is increasing on (—oo, 0). Moreover, Gy (E; n, n) —

0as E — —o0. Therefore, by 2.1 G (-; n, n) maps (—oo, 0) onto R ¢ ifa € (—1, 0]
and onto (0, @~ !) if & > 0, which implies that (5.7) has a solution exactly when

{(o, 00), € (0,1],
Uy €
(a,00), a > 0.

This immediately proves the desired claim.

Remark 5.2 Notice that in the case n = 0 the corresponding eigenvalue A(vg) is
explicitly given by

Avo) = m; (1/v) <0, (5.8)

where m,, is the Weyl function (2.11). The case @ = 0 has been addressed in [22].
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5.2 CLR and Bargmann-type bounds

We begin with the following extension of Lemma 5.1.
Lemma5.3 Leta € (—1,0]. Ifv=v" #0, then k_(Hyv) > 1.
Proof The proof is immediate from Lemma 5.1 and the min-max principle. O

Our main aim is to extend the second claim in Lemma 5.1 to more general potentials.
We begin with the following result, which may be seen as the analog of the famous
Cwikel-Lieb—Rozenblum bound (see [9,24], [26, Theorem XIII.12]).

Theorem 5.4 Leta > Oand vy € £'7¢ (Z>o; a(f). Then the operator Hy. v is bounded
from below, its negative spectrum is discrete and, moreover, there is a constant C =
C(a) > 0 (independent of v) such that

@+ 1

5.9)
n!

Kk (Hoy) < Cl@) Y ()

n>0

Proof By (5.3), we can assume that V = V7, that is, v, = v, > O forall n > 0.
Taking into account that the operator H, is Markovian, by Varopoulos s theorem (see
[30, Theorem I1.5.2]), (4.21) is equivalent to the validity of the following Sobolev-type
inequality

2 (o + D\ 22 (o + D)yt
(Dl P ) < e Y0 S = P (5.10)
n. n:

n>0 n>0

forallu € dom(to,) and the constant C1(«) depends only on «. By Theorem 1. 2 from
[24] the latter implies that for each v with vy € oite (Z=y; o ) the operator Ha y =
H,, — V is bounded from below, its negative spectrum is d1screte and, moreover, there
is a constant C = C(«) > 0 such that

k_(Hyv) < Cla) Y v,

n>0

t4a (@ F Do +'1)”. (5.11)

It remains to notice that the operators I-Ia, v and H, y are unitarily equivalent since V
commutes with £, and thus

k—(Ha,v) = k_(Hy — V) = k_(La(Hy — V)LZ") = k_(Hy — V) = k_(Hav).

m}

Remark 5.5 Taking into account (4.21), Ci(«) > ﬁ (see [9, Remark 2.1]). More-
over, the constants C(«) and C(«) satisfy (see [9, Theorem 2.1])

Ci(@)' < Cla) < e*Ci(a)' . (5.12)

The optimal constants in (5.9) and (5.10) remain an open problem.
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We finish this section with another estimate, which can be seen as the analog of the
Bargmann bound (see, e.g., [26, Theorem XIII.9(a)].

Theorem 5.6 If o > O, then
1 (¢ + 1)y
+
K—(Hyy) < S néo v, " (5.13)

Proof Again, by (5.3) it suffices to prove (5.13) for V.= V*. Let ¢ > 0. It is the
standard Birman—Schwinger argument (see [27]) that —E < 0 is an eigenvalue of
H, v if and only if e~ !is the eigenvalue of VY2(H, + E)~'V1/2_ Therefore, if the
operator y12 Hy 1y 1/2 extends to a bounded operator on Zz(ZZo) (notice that H, 1
is densely defined on 62(220) since 0 is not an eigenvalue of H,), then the number
of negative eigenvalues of H,, v equals the number of eigenvalues of V!/2 H, Lyl/2
which are greater than 1. And hence

K_(Hyy) < tr (VI2H 1Y),
Taking into account (3.8), we (at least formally) get (however, see Remark 5.7 below)
VIPHWI2 = VIRL,(1 = 8) T Wa(l = 87 L V2,
and hence the trace of this operator is given explicitly by

w(VV2ETVI2) = Zwl/zHa—lvl/z(sm Su) 2

n>0

=Y WY = 8 Lo VI8, 17
n>0

o + 1

= S u D s a1k
n>0
= D@t D

Thus we get
(@+ 1), — k!
k_(Hyv) < v . (5.14)
“ Z:O "ol k:ZO(aH)kH

Now take into account that by [25, (15.4.20)]

k! 1 k! 1 1,1 1
2 aivm —arizary s aritaes2l) = x
prers @+ Dgr1 a+ =0 (@+2) a+ o+ o

Combining the latter with (5.14), we arrive at the desired estimate. O
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Remark 5.7 A few remarks are in order.

(i) Using the string factorization (3.8), it follows from [14, §13] that the operator
VI/ZHM_1 V1/2 with & > 0 is compact exactly when

" " (a4 Dy k!
Iy (k o (k) = =o(1
kgovk 0) Y S walk) =) ve—p Z(HDH] o(1)

k>n k=0 ’ k>n

as n — oo. In particular, the inclusion v € £!(Z=() would imply compactness of
VIZHZIVI2if o > 0.

(ii) Clearly, ¢! (a(f) is contained in ¢+ (03) if « > 0 and hence (5.9) applies to a
wider class of potentials than (5.13). However, this embedding is not continuous.
Moreover, we do not know the optimal C(«) in (5.9).

(iii) The case o € (—1, 0] requires different considerations and it will be considered
elsewhere. However, let us mention that using the Birman—Schwinger principle
and applying the commutation to the string factorization, one can show that for
a e (—1,0],

! +1
K-(Ha) S 1430 +”1)n+1 PR - U3 (5.15)

n>0 k>n

where the second summand on the RHS in (5.15) is dual to the RHS (5.14).

(iv) The study of spectral types (ac-spectrum, sc-spectrum etc.) of a positive spectrum
of H,, v is beyond the scope of the present paper, however, see the recent preprint
[31].

5.3 Hardy inequality

Our final goal is to provide the optimal Hardy inequality for the operator H, (the
optimality is understood in the sense of [17, §1.2]). For each o« > 0, define the
following weights vy = (Vg (7))n>0,

v (1) = J2) +‘21“(" Do s (5.16)

where gy = (q«(n))n>0 is a positive sequence given by
2

o
mta+J/nta)?—ao?

Theorem 5.8 Let a > 0. The weight v, is the optimal Hardy weight for Hy, that is,
the following assertions hold true:

Ga)=2n+a—/Cn+a)2 —a?=

(5.17)
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(i) The operator Hy, — V,, is nonnegative and the Hardy-type inequality

SVt at tuy — Vi [P = va ) ? (5.18)

n>0 n>0

holds true for all u € Z%(Zzo).

(ii) For any positive v = (Vy)n>0 Such that V.# Vo and V- >V, the operator Hy —V
in no longer nonnegative in Ez(Zzo).

(iii) For any A > 0 and any finite subset X C Z>0, Hy — Vo > AVy fails to hold on
E%(Zzo \ X) (the inequality is understood in the form sense).

Remark 5.9 Before proving the above result let us briefly comment on the asymptotic
behavior of v, for large n. Clearly,

O[2
ve(n) = — + o™ (5.19)
4n

as n — 00. On the other hand, using the Taylor series expansion

TR e = TR [

k>1

we immediately get

1 (1/2)k— 1% 1 1
vl =3 k; k! <(2n TR T T ey 2)2k—1) > G20

for all n > 0. Combining (5.20) with (5.19), we arrive at the estimate

2

1 1

0 < vy (n) — = n — 0w, (5.21)
4 \2n4+a 2n+oa+2

as n — oo. The latter together with (5.18) implies the following Hardy inequality

2 2
2 o 17
E ’\/n-I-OH- luy, — ~/n + 1Mn+1| > 5 E mtatl (5.22)

n>0 n>0
which holds true for all 0 # u € Eg (Z=0).
Proof of Theorem 5.8 Taking into account that (5.18) is noting but
tolu] = (Vou, u)p2,
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then using the operator £, given by (3.9) as well as the equality (3.10), the above
inequality is equivalent to

?a[u] > (Vau, M)zZ(gg)-

By (3.12), the latter reads

1 n 1 n
Z (@ + Dyt ity — tinir|? > Z %va(mmnﬁ (5.23)

n!
n=0 n>0

The proof of this inequality is based on [17, Theorem 1.1]. Consider the sequences
f = (fuwn=0 and g = (gn)n=>0 given by

f=1 _ 1 _ n!
T 8T @2 @+ Dy

for all n > 0. It is straightforward to verify that (T, f), = 0 for all n > 0 and
(Tag)n = O for all n > 1, where T, is given by (3.11) (on the other hand, notice
that f = £;'Py(0) and g = aL;'W,(0), where Py(0) = (Py,(0)),>0 and
Wy (0) = (lIJot,n (0))1120 = (Qa,n(o) + my (O)Pa,n(o))nZO)- Taking into account that
gn 1s strictly decreasing as n — oo (since o > 0), f and g satisfy the assumptions of
[17, Theorem 1.1] and hence the weight V, = (Ve (n))n>0 given by

) V8n — \/8k

Vg (n) = . ., n=0,
VB g S @a(min(, K)

is the optimal Hardy weight for H, (in the sense of [17]). This in particular implies
the validity of the inequality

Tlul = Y Tu () |un .

n>0
forall u € E%(Zzg). It remains to notice that

Ty (0) =a + 1 — v+ [=1,(0),
~ o (a@+ 1), n4+o (@+1Dnt1 n+1 . 2
vdm—(n_m(hw ; )+ ~ OeJ;I;:Q—%m)wmx

foralln > 1. This immediately implies that (5.23) is the optimal Hardy inequality for
H,, which completes the proof. O
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Remark 5.10 A few concluding remarks are in order.

(1) The classical Hardy inequality (after a simple change of variables u, +— nu,)
states that the inequality'

1
D 1+ Dy — nuy|* = 1 > ual? (5.24)

n>0 n>1

holds true for all u € 62(220). Setting « = 1 in (5.22) and changing variables

Up —nl?un (cf. (5.23) with o« = 1), we get the inequality

1
Do+ DO A D ugr — |z 33l (5.25)

n>0 n>0

which looks in a certain sense similar to the classical one.

(i) CLR and Bargmann-type bounds can be seen as “integral” conditions which guar-
antee the positivity of the perturbed operator H, y (if the RHS in (5.9) or (5.13) is
less than 1, then clearly the corresponding LHS is zero). Hardy-type inequalities
allow to obtain “pointwise” positivity conditions. Namely, applying the standard
minmax principle, (5.18) implies that

k_(Hyy) =0 (5.26)

whenever v} < vy (n) for all n > 0. In particular, using (5.22) we conclude that
(5.26) holds true whenever

052

< foralln > 0.
2C2n+a+1)

+
Un

(iii)) The Hardy inequality implies the following Kneser-type result: if

052
: +
limsupnv,” < —, (5.27)
n>0 4

then k_(Hy,v) < oo. Conversely, if there is ¢ > 0 such that v, > “2% for all
large enough n, then k_ (H,,v) = oo.

(iv) If « € (—1,0], then Lemma 5.3 implies that for each v = vy # 0 there is
u € £%(Z=0) such that

Z |\/n + o+ lu, —~/n+ 1un+1’2 < Zvn|un|2.

n>0 n>1

U Tt was proved in [17, Theorem 7.3] that replacing 1/4 on the RHS (5.24) by the weight w = (wy),>0.
wp =n2Q2— JT+ 1/n — /1 — 1/n) is the optimal Hardy inequality.

@ Springer



Heat kernels of the discrete Laguerre operators Page270f29 32

In the terminology of [17,18] the latter means that Hy, is critical foralla € (—1, 0].
However, choosing g = g4 = (g« (1))n>0 as

24(0) =0, gan) =Y wa(k), n =1,
k=1

it is straightforward to check that for all « € (—1, 0], g, satisfies the assumptions
of Theorem 1.1 from [17]. Therefore, by [17, Theorem 1.1], the weight

Z 8a(n) — /gua(k)

Vg (n) = m 0 o (min( ) n>1, (5.28)

is the optimal Hardy weight and the following optimal Hardy inequality (cf. (5.23))
holds true

(x+1) ~
S = P =Y Ta ) (5.29)

n!
n>0 n>1

however, for all u € E%(Zzo) with ug = 0. In particular, for « = 0, go(n) =
it % = h,, are the harmonic numbers and the corresponding inequality is

D+ Dy — w1 > =Y vom)ual®, 1o =0,

n>0 n>1

where

vo(n) = qo(n) +qo(n + 1), qo(n) =n —+/n? —nhy, n=>1.
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Appendix A. Jacobi polynomials

Fora, B > —1,let w@P (x) = (1 —x)*(1 +x)# forx € (—1, 1) be a Jacobi weight.

The corresponding orthogonal polynomials P,f“’ﬂ ), normalized by
1
P,fa‘ﬁ)(l) _ <I’l +Ol> _ (o +‘ In (A1)
n n.

for all n > 0 (see (1.7) for notation of Pochhammer symbols and binomial coeffi-
cients), are called the Jacobi polynomials. They are expressed as (terminating) Gauss
hypergeometric series (1.8) by [29, (4.21.2)]

(a,8)
b —n,n+a+p+1 1-—
n (X)) 1( n,n+a+p . x). (A2)

P,fa’ﬂ)(l) N a+1 )

They also satisfy Rodrigues’ formula [29, (4.3.1), (4.3.2)]

‘ —1\ fx+1\"F
rero =2 ()0 () () =
,; n—=k k 2 2

(— )”

s =07 (14 x)" ﬂ‘i [ =01+ (A4

This formula immediately implies
PP (—x) = (=1)" PP ), (A5)

and hence
Pn(a»ﬂ)(_l) _ (_1)n <I’l ':/l‘ }3) ( 1)” (/3 + 1)" ) (A6)

Jacobi polynomials include the Chebyshev polynomials, the ultraspherical (Gegen-
bauer) polynomials, and the Legendre polynomials (see [25,29] for further details).
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