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Abstract

In this paper we treat metasequents—objects which stand to sequents as sequents
stand to formulas—as first class logical citizens. To this end we provide a metase-
quent calculus, a sequent calculus which allows us to directly manipulate metase-
quents. We show that the various metasequent calculi we consider are sound and
complete w.r.t. appropriate classes of tetravaluations where validity is understood
locally. Finally we use our metasequent calculus to give direct syntactic proofs of
various collapse results, closing a problem left open in French (Ergo, 3(5), 113-131
2016).

Keywords Metainferences - Nonreflexive logic - Nontransitive logic - Translations

1 Introduction

It is well known, by this stage, that for a great many tasks which we may be concerned
with as logicians, conceiving of logics as merely sets of formulas—the logical truths
according to that logic—is inadequate. From a motivational point of view, Dummett
points out that a focus on logical truths can have a distorting influence, and ‘tempt
us to regard logic as a search for logical truths’ [8, p.168]. From a purely formal
point of view, limiting ourselves to this framework results in an seemingly improper
individuation of logics. Adapting some terminology from [19, p.103] let us call a
policy on what to regard as the proper objects of study—the objects which we take
a logic to be a set of—a logical framework. So, for example, we can call the con-
ception on which a logic is merely a set of formulas FMLA, and the more familiar
framework where a logic is a set of inferences from a set of premises to a conclusion
the framework SET-FMLA, and the slightly less familiar framework where a logic is
a set of multiple-conclusion inferences SET-SET. The problem about individuation
mentioned above is simply the problem that there are a great many logics which are
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identical in the framework FMLA, but distinct in frameworks like SET-FMLA and SET-
SET. For example, the logic of paradox has the same logical truths as classical logic
([23, p.228]) and so is the same logic in the framework FMLA, but differs from clas-
sical logic on which inferences it validates (and so is distinct from classical logic in
the framework SET-FMLA). Similarly, there can be logics which are identical in the
SET-FMLA framework, but distinct in the SET-SET framework.!

Asnoted in [19, p.190] the move from the FMLA to SET-FMLA and SET-SET frame-
works is a step in the right direction, but there are nonetheless still many purposes
for which we need to attend to more than simply which sequents or formulas are val-
idated by a given logic. In particular, sometimes we need to move from considering
which sequents are validated by a given logic to which sequent-to-sequent transi-
tions, or as we will call them which metainferences or metasequents are validated by
a given logic. One such purpose, of particular relevance to the present paper, is that
of understanding substructural solutions to the paradoxes of self-reference. These are
solutions which are characterized by their rejection of certain metasequents,” and
can result in logics which (depending on the logical vocabulary involved) can only
be distinguished from classical logic at the level of valid metasequents and not at the
level of valid sequents (see [26]).

Thinking of logics in terms of metasequents has also been put to philosophical
use. For example, in [13] metasequents are used to explain how nonreflexive logics
can “recapture full classical reasoning as being enthymematic” [13, p.123], and in [7]
it is argued that the best way of understanding the inferentialist idea that the meaning
of a logical constant is given by the rules which govern it is best understood when
thinking of logics in terms of their derivable metasequents, rather than merely their
derivable sequents.

The goal of the present paper is to take some initial steps in treating metase-
quents as first-class logical citizens. To this end we will focus in particular on the
role of metasequents in proof, providing an explicit ‘metasequent calculus’ the rules
of which manipulate metasequents directly. For the sake of simplicity we will focus
on metasequent calculi for nonreflexive and nontransitive logics, allowing us to build
on work done in [14] and [15] on the abstract valuational semantics for such log-
ics in order to show that our metasequent calculi are sound and complete w.r.t. what
is known in the literature on metainferences as ‘local validity’. Finally we will then
use our metasequent calculi to provide purely syntactic proofs of various ‘collapse’
results which have been given in the literature, e.g. in [6] and [2], which purport to

10ne particularly interesting example involves the SET-SET consequence relations defined over Kripke
models for intuitionistic logic, and Beth models for intuitionistic logic, so that [I" > A] is Kripke-valid
(resp. Beth-valid) iff for every point generated intuitionistic Kripke model M (respectively point generated
Beth model M) if every formula in I" holds at the generating point in M, then some formula in A holds
at the generating point. As is pointed out in [16, p.28] both of these SET-SET consequence relations agree
on SET-FMLA arguments—yvalidating precisely the intuitionistically valid SET-FMLA arguments.

2This does not mean that more familiar paraconsistent and paracomplete logics do not involve the rejection
of certain classically valid metasequents. For example, as pointed out in [4, p.851], typical paraconsistent
logics end up rejecting the metasequent corresponding to the deduction theorem (which we will later
write as [I", A> B, A] = [I" > A — B, A]), and typical paracomplete solutions end up rejecting the
metasequent corresponding to proof by cases ([I', A > A], [, B> A] = [" > AV B, A)).

@ Springer



Metasequents and Tetravaluations 1455

show that nontransitive logics are really just paraconsistent logics, showing that a
similar connection can also be made between nonreflexive logics and paracomplete
logics, settling in the affirmative a question left open in [13].

2 The Metasequent Calculus

Before we go on to introduce our metasequent calculus let us first settle some impor-
tant notational and terminological issues concerning metainferences. Throughout we
will work with a propositional language £, the formulas of which are constructed out
of a denumerably infinite supply of propositional variables pg, p1, p2, ... (the first
three of which we abbreviated to p, g, r) using the binary connectives A (‘and’), V
(‘or’), and unary connective — (‘not’). For the majority of the paper we will work with
sequents in the MSET-MSET framework, a (finitary) sequent for us being an ordered
pair (I", A) of finite multisets of formulas from £. We will write such sequents as
[I> A], with > acting as our sequent separator. A (finitary) metasequent is an ordered
pair (¥, o) consisting of a finite multiset X' of sequents, and a single sequent 0. We
will write such a metasequent as ¥ = o.

Our metasequent calculi are modelled after hyperpersequent proof systems, intro-
duced in [1], as a way of giving novel and tractable proof systems to various
non-classical logics.? Like hypersequent calculi the rules of our metasequent calcu-
lus are split into three kinds of rules: structural rules which govern metasequents as a
whole, which we will call Outer Structural Rules, structural rules which govern the
structural manipulation of sequents, which we will call Inner Structural Rules, and
rules which introduce or eliminate connectives, our Operational Rules. In the major-
ity of this paper we will be concerned with a variety of calculi which differ on what
inner structural rules are present, but before introducing them it will be illustrative
to explore some of the fine structure and design choices available in constructing
metasequent calculi. To that end let us begin by introducing the main kinds of rules
we will be concerned with.

OUTER STRUCTURAL RULES
_Y=0 (DIL)

o=>0 Y, Y o
Y=o 0,Y =o'
>, Y =0
Y, 0,0 =0
Yo =0

Readers familiar with the sequent calculus will recognize the outer structural rules

of (ID),(DIL), (CUT),and (CONTR) as being the sequent-language versions of

(ID)

(cuT)

(CONTR)

3In a similar way, one can see the calculus for metainferences introduced in [5] as being analogous to the
tagged-formula calculi for modal logic introduced in [21]. The dual two-sided sequent calculi of [11] give
a further, different again, way of using decorated sequent structures to give proof theory for nonreflexive
and nontransitive logics with a very similar aim in mind. We leave further investigation of the connections
between the present system and Fjellstad’s to a future occasion.
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the familiar structural rules of identity or structural reflexivity, dilution or weakening,

cut or transitivity, and contraction.
INNER STRUCTURAL RULES
Y =[X>Y]
Y= [X, X' >Y, Y
Y, [X>Y]=>0 Y, [X'>Y]=o0o
2. Y [XX'>Y, Y=o
Y=[X>-Y, A, A] Y =X, A, A>Y]

(Dil)

(CASES)

(ContrR)c (ContrL)c
Y = [X>7Y, Al Y = [X.A> Y]
Y [X>Y A Al=> o0 (ContrR)p Y [X,A,A>Y]|=>o0 (ContrL)p
2X>Y, Al=o0 Y [IX,A>Y]|=o0o

The rules here, along with the additional rules listed in Fig. 1, make up all the
familiar structural rules (with the exception of permutation, which is invisible due to
the use of multisets instead of sequences). The glaring exception to this, of course, is
the rule of (CASES). The rule of (CASES) is a ‘safe’ version of premise weaken-
ing, being essentially a metasequential formulation of the rule distinctive rule, called
(Or), of the nonmonotonic preferential logics in [20, p.190]. To see why we need a
restricted version of weakening in the premises observe that the straightforward ver-
sion of inner premise weakening, the rule which takes us from X, [X » Y] = o to
X, [X, X' >Y,Y'] = o allows for the following derivation:

— UD)
-1=0-1  pp
[>]1=[X>Y]
X' >Y]= [X>7Y]

which says that any sequent has as a metainferential consequence any other sequent,
rendering the relation of metainferential consequence trivial. Similarly, given the
presence of (Dil) restricting this rule in an analogous way to the rule of cautious
monotonocity, where we’d essentially add an additional premise that we must have
[X > Y] = [X'> Y], will also allow for the same derivation as the requisite premise
is derivable using (/D) and (Dil). For more on the formulation of (CASES) see
also the brief discussion after Theorem 1 below.

Unlike most hypersequent calculi, where the different sequent components are
all understood to be on a par, our metasequent calculi treats our premise sequents,
and our conclusion sequent slightly differently. To that end we have two different
families of operational rules—those where the active sequent(s) occur in conclusion
position, and those where the active sequent(s) occur in premise position. We will
also have two different sub-families within these two families—introduction rules,
which introduce a complex formula on the left or the right of a given sequent, and
their inverses, elimination rules, which eliminate a given complex formula on the left
or the right of a given sequent.

CONCLUSION ACTIVE OPERATIONAL RULES

Introduction Rules

Y=[X>Y, Al Y =I[X>7Y,B]
Y= [X>Y, AN B]

(AR)c
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Y =[X,A,B>Y]
Y =[X,AANB>Y]
Y= [X>Y, A, B]
Y =>[X>Y, AV B]
Y= [X,A>-Y] Y =I[X,B>Y]
Y =[X,AVB>Y]
Y= [X,A>Y] ~R)e Y =[X>Y, A]
Y = [X»>Y, —-A] Y = [X,mA>Y]

Elimination Rules
Y= [X>Y, AAB]

(AL)c

(VR)c

(VL)c

(=L)c

Y = [X>Y,ANAB]

(AR)c11 (AR)CP2
T = [X >V, A] ‘ Y = [X Y. B] ‘
TS ANBXY]
Y = [X.A.B>Y]
TS X> Y AVE] o
Y = [X> Y. A B]
TS XAVErY] o ESIXAVE-Y]
Y= [X,A>Y] Y =[X,B>Y]
TS XrY Al o TS X oA

Y= [X,A>Y] Y= [X>Y, A]
PREMISE ACTIVE OPERATIONAL RULES
Introduction Rules

Y, [X>Y, AlL[X>Y,Bl=o Y, [X,A,B>Y]=o0

(AR)p (AL)p
Y, [X>Y, ANB]l=o0o Y, [X,AANB>Y]=o0o
Y, [X>Y, A, Bl=o R)p Y [X,A>Y],[X,B>Y]=o0o wL)p
Y [X>Y,AVB]=o Y X, AVB>Y]|=o
Y [X,A>Y]=o0 —R)p Y[ X>Y, Al=>0 (~L)p
2, [X>Y, —-Al=o0 Y [X,mA>Y]=o0
Elimination Rules
Y[ XY, ANB]=o0o (AR)pt Y, [X,ANB>Y]=o0o (AL)pt
2, [X>Y,ALL[IX>Y,Bl=o0o Y, [X,A,B>Y]=o0o
XY AVBl=Zo o X AVBrYiso
Y, [X>Y A, Bl= o Y [X,A>Y],[X,B>Y]=o0o
Y. [X>Y,-Al=o0 R)pt 2 [X,mA>Y]=>0 (=L)pt
2, X, A>Y]=o0 2, [X>Y, Al=> o0

Throughout this paper we will be interested in exploring a number of different
metasequent calculi, and so it will be helpful to lay out a map of some of the relevant
proof-theoretic terrain. To this end let us define the following families of metasequent
calculi.

Firstly our basic metasequent calculi is the system S consisting solely of the inner
and outer structural rules above. There are a variety of different ways of construct-
ing other metasequent calculi from our basic system by either adding or removing
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1458 R. French

certain rules from S as described below. Let X be a metasequent calculi, then the
metasequent calculi

— X is the result of removing (CUT) from X

— X+ is the result of removing (CASES) from X

— Xpl is the result of adding the premise active introduction rules to X

— XpE is the result of adding the premise active elimination rules to X

—  Xcl is the result of adding the conclusion active introduction rules to X
—  XcE is the result of adding the conclusion active elimination rules to X
—  XRis the result of adding the initial sequent (/d) from Fig. 1 to X

—  XT is the result of adding the rule (Cut) Fig. 1 to X

Our basic metasequent calculi will be the system Splcl, which we will dub M.
In the remainder of this section we will chart out the following relationships between
various different metasequent calculi.

— Inner Contraction is derivable from the outer structural rules, (CASES), and
(Dil) (Theorem 1)

— The rule of (I D) can be restricted to sequents containing only a single propo-
sitional variable without a loss of any M-derivable metasequents (Theorem
2)

—  The premise active introduction rules are derivable in ScE (Theorem 3)

— The conclusion active elimination rules are derivable in SpI (Theorem 4)

— The premise active elimination rules are derivable in Sc/ (Theorem 5)

— The conclusion active introduction rules are derivable in Sp E (Theorem 6)

Theorem 1 (Derivability of Inner Contraction) The rules of conclusion active
contraction

Y= [X>Y, A, A] (ContrR)c Y= [X,AA>Y]

(ContrL)c
Y = [X >V, A] Y = [X,A>Y]

and premise active contraction

SXrY A A0 o DX AA Y=o

(ContrL)p
2,[X>Y, Al=o0 2,[X,A>Y]=o0o

are derivable from the outer structural rules, (CASES) and (Dil).

)
Y= [Ax-A]

T [X>Y,A] 2= [AX Y]

(Cut)
32,3 = [X,X/ %Y,Y/]

Fig. 1 Additional Inner Structural Rules for XR and XT systems
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Proof We give the derivation for (ContrR)c and (ContrL)p, the ones for
(ContrL)c and (Contr R) p being similar.

- (D)
[)—A]:>[>_A] (Dil)
[X>Y,A]l= [X > 7, A] [~ Al=[X>7Y, A] (CASES)
Y =[X>Y, A, A] (XY, A Al= [X> ¥, Al oy
Y= [X>Y, A]
(D)
[X,A}Y]:>[X7A>_Y] (Dil)
[X,A>Y]=[X,A, A>Y] Z.[X, A A>Y]= o0
(CUT) 0

S X,A>Y]= o

The above result has some prima facie similarities to the dilemma noncontrac-
tivists face regarding cautious cut, as elaborated in [27]. Like cautious cut (CASES)
is a safe version of a rule which the noncontractivist should want—in this case
(CASES) is a safe version of premise weakening. Unlike the case of cautious cut,
though, the affine contractivist can weaken (CASES) while still retaining many of
its uses by thinking of the relevant kind of sequent combination which occurs in the
application of (CASES) as not involving multiset addition, as we have it here, but
rather as involving multiset union proper, where [A]U[A] is just [A] and not [A, Al
This gives the affine contractivist a way of avoiding the derivation of the conclusion
contraction rules.

Theorem 2 Let M— be M with (I D) replaced by the structural rules

(UD)l — (p>1=1p>] (UD)r — [-pl=1[>p]
Then (I D) is derivable in Ml—.

Proof Our proof proceeds in two stages. Firstly we will show that from (I D)!— and
(I D)r— we can derive all instances of (I D) where 0 = [A > ]and o = [ > A]. Our
proof of this proceeds by induction on the complexity of A, the basis case is given by
(ID)l— and (I D)r— themselves. Our induction hypothesis yields that we can derive
the instances of (I D) where 0 = [B > ] and ¢ = [ > B] where the complexity of
B is n. The cases in the induction step are simple and familiar, we give those for
o =[—B>]and o = [ > B; A By]. The derivations we need are below

BI=0-B . -Bl=-Bl
[>Bl= (>8] _,  [BlLl>Bl=[>Bi] [~ BBl = > Bl
- BI=-B-1 B[ Bl= > BiABl
[=B>]=[—B>] [>B1 AB2] = [> B1 A By

By the induction hypothesis the leaf sequents in the above two derivations can be
derived in M—, and so it follows that all instances of (I D) where ¢ = [A > | and
o = [ > A] are derivable in M—.

“4For more on the distinctions between different operations on multisets see [30, p.42f]. For a clear example
of how noncontractive logics are sensitive to the distinction between these two different kinds of union
operations see [28].
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1460 R. French

The second stage of our proof simply involves showing that using (CASES) and
(Dil) we can show that if [X>Y] = [X>Y] and [X'»Y'] = [X'>Y'] are
derivable thensois [X, X' > Y, Y] = [X, X' > Y, Y'].

(X> Y= (X>Y] o [X'>Y']=[X Y]

(Dil)
/ / / / / /
[X>Y]=[X,X>Y, Y] [X»Y]:[X,X»Y,Y](CASES)
X, X' >Y,Y]=[X,X>Y,Y']
So the metasequent [Ay, ..., A, > By, ..., Byl = [A1,..., Ay > By, ..., By] can

be derived in M— by repeated applications of this result to sequents of the form
[A; >] = [A;>] and [ > B;] = [> B;jl, which in the first part of our proof we
proved were derivable in M —. O

In the above proof we can see a nice example of the way in which (CASES)
acts in a very similar way to (Dil). This proof does make extensive use of our rules
(Dil) and (CASES), and so a different restriction on the sequents in (/ D) would be
required to facilitate an admissibility proof for (Dil) or (CASES), such as requir-
ing o to contain only propositional variables. The above result is primarily intended
as an illustration of the proof-theoretic role played by (CASES), and we leave the
investigation of such other restrictions on (I D) for future work.

The next four results are concerned with the connections between our premise
and conclusion operational rules. In summary what they show is that we can trade
off what we might think of as the ‘polarity’ of an operational rule (whether it intro-
duces or eliminates a connective) against the position in the metainference in which
it operates (on premise sequents or the conclusion sequent).

Theorem 3 The premise active introduction rules are derivable in ScE

Proof Suppose that (R)c is a conclusion active introduction rule, and (R)c 1
its corresponding conclusion active elimination rules, and (R)p the premise active
introduction rule corresponding to (R)c.

Y=o ... X=o0y oo Y. 01,...,0p, =0’
= =0 . R
Y=o (R)c Y =0 (R)e 1 Y, 0 =0’ (R)p
We show that (R) p is derivable using (R)c 1, (ID), (CUT) and (CONTR).
s U
R ~
o VM S o0, .. 0= cur)
Y, 0,00,...,0, =0’
= UD :
(R)etn ’ /
o = 0, X, 0,...,0, =0 «cuT)

Y. o,...,0 =0

: /
X, 0,0 =0 (CONTR)
Y o=0' O

Theorem 4 The conclusion active elimination rules are derivable in Sp1
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Proof Suppose that (R)c is a conclusion active introduction rule, and (R)c 1
its corresponding conclusion active elimination rules, and (R)p the premise active
introduction rule corresponding to (R)c.

Y=o ... X=o0, YX=0 27017'~'7011:>0/
) R
e (R)c Y=o (R)c 1i Yo =0 (R)p
We show that (R)c 1 is derivable using (R)p, (ID), (CUT) and (DIL).
= UD)
& (DIL)
Oly...,0np = Oj (R)p
Y=o o = 0; cuT)
) = O; |

Theorem 5 The premise active elimination rules are derivable in Scl

Proof Suppose that (R)c is a conclusion active introduction rule, and (R)c 1; its
corresponding conclusion active elimination rules, and (R)p 1 the premise active
elimination rule corresponding to (R)c.

Y o=0'
X, 001,...,0, =

Y=o ... XY= o0, Y=o )
oo (R F=o (Rt

We show that (R) p 1 is derivable using (R)c, (ID), (CUT) and (DIL).
——Q— (D) ———— (D)
01 = 0] Op = Op
="l _ (DIL) __nTmn
Oly...,0p = O] ce. Oly...,0p = Oy
0l,...,0p >0

; (R)p 1
o

(DIL)
(R)c

Y o=o0' (CcuT)
Y. o1,...,0p, =0 O

Theorem 6 The conclusion active introduction rules are derivable in SpE

Proof Suppose that (R)c is a conclusion active introduction rule, and (R)c 7; its
corresponding conclusion active elimination rules, and (R)p 1 the premise active
elimination rule corresponding to (R)c.

Y=o ... Y=oy Y=o Y, 0=0'
Z =0 . R
Y =0 (R)e Y=o (R)e i 2,01,...,0,1:>o’( 1
We show that (R)c is derivable using (R)p 1, (ID), (CUT) and (CONTR).
——— D)
Y =0 o a:(;a:}a (R)pt
1 1,---50n (CUT)
2, 00,...,0, =0
Y = o, X,...,.X,op=>0 «cuT)
Y,..., 2, Y=o
! (CONTR)
Y =0 O

@ Springer



1462 R. French

What the above results tell us is that we can trade off premise operational rules
and conclusion operational rules against one another. Of particular interest are The-
orems 3 and 5 which show us how the premise operational rules follow from the
conclusion introduction and elimination rules. Given that the premise operational
rules are largely invisible unless we are manipulating metasequents directly, this gives
us some insight into why the elimination operational rules have been so essential in
reasoning about metainferences derivatively as sequent-to-sequent transitions. This
goes some way to explaining why in work such as [13, p.121] and [6, p.394f], for
example, there is an emphasis on the importance of the c E-rules. The systems under
investigation there (essentially our Sc/cE R and ScIcET), where metainferences are
treated as proof-theoretically second-class citizens, are designed to capture a class of
metainferences which includes various canonical ‘elimination metainferences’ like
[> A A B] = [ > A] which can only be derived using cE rules.’ For example:

(ID)
[-AABI=>[»AAB] o
[»AABl=[>A]

In systems like SpIcl, though, we can derive this using only inferences which
increase the overall complexity of the metasequent.

D)
(DIL)
(AR)p

I EEYN
[>A] [>B]=[> A]
[AAB]=[>A]

For this reason in what follows we will primarily be focused on systems in the
Splcl-family. Throughout, given a metasequent calculus X, we will record the claim
that a metasequent X' = o is derivable in X as -y X~ = o. So, for example, the
above two derivations can be taken as showing that Fg.g [ > A A B] = [> A] and
Fspr [ > A A B] = [ > A] respectively.

3 Soundness & Completeness

3.1 Tetravaluations

What we will show in this section is that the metasequent calculi defined in the pre-
vious section appropriately capture local validity for a natural class of valuations. In

particular we will make use of the work done in [14] and [15] (building off [18]) on
what are called tetravaluations, functions from our propositional language £ into the

5 A more controversial and philosophically interesting example concerns the ‘metarule of modus ponens’,
roughly the metainference represented by the metasequent [ - A — B], [ > A] = [ > B], on which the
interested reader should see [10] for a discussion of the relevant philosophical controversy.
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set of values {T, L, T, *}.6 Throughout we will work with the following definition
of what it is for a tetravaluation to be a counterexample to a sequent.

Definition 1 (Counterexample) A tetravaluation v is a counterexample to a sequent
[I" > Al—written v If- [I" > A]—iff v[I"] € {T, I} and v[A] C {L, I}.7 A sequent
[I" > A] holds on a tetravaluation v—written vl [I" > A] iff v isn’t a counterexample
to [I" > Al

In our completeness proof we will make special use of a particular kind of coun-
terexample that exists given an argument [I" > A], namely its exact counterxample.
Given sequents [I" > A] and [T > A’] let us say that [I" > A] C [T > A'] iff
Dom(I") € Dom(I'") and Dom(A) € Dom(A’), where Dom(I"), for I' a multiset,
is the underlying (or ground) set of I". Then we have the following:

Definition 2 Given a sequent a = [I" > A] the exact counterexample for a is the
tetravaluation v, where:

iffAe "\ A,

iff Ae A\ T,

iffAel’'NA,

iff A¢ I"U A.

Ve (A) =

* H -

Proposition 1 For all sequents a, b, we have that v, I b iff b T a.

The above definitions follow those given as Definition 9 and Proposition 8 in the
appendix of [15]. As noted there, in [14] the notion of an exact counterexample is
introduced as being a valuation which satisfies Proposition 1, the particular tetravalu-
ation given in Definition 2 being used to show that they always exist. Foreshadowing
a little, in our completeness proof we will construct the exact counterexample for a
particular sequent which includes the conclusion sequent of our target invalid metase-
quent, and make use of Proposition 1 to ensure that it is a local counterexample to
the whole metasequent.

Now, as it happens we will not be concerned with arbitrary tetravaluations here,
for obvious reasons. In particular we want tetravaluations which will appropriately
capture the truth-conditions of the connectives, and are suitably sensitive to which of
the (internal) structural rules from Fig. 1 are present in our metasequent calculus.

To deal with the first of the above points we will exploit the particular structure
which our set of values is typically taken to have. The set of values {T, L, T, %}

SIn those papers French and Ripley are concerned with various abstract features of the valuational seman-
tics for nonreflexive and nontransitive logics. Our goals in the present paper will be much more targeted,
our concern being to use tetravaluations to semantically interpret metainferences. There is definitely work
to be done on looking at the abstract connections between metasequents and tetravaluations, some initial
work in that direction appearing in [19, p.132-136]

THere we deviate from the notation used in [14] and [15], writing ‘v | o for what there would be written
as ‘v¥Xo’.
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is taken to be a bilattice in [14] and [15], with two distinct lattice orders T (the
information order), and < (the truth order). We will only be concerned with the truth
ordering on values, here, according to which these four values are ordered as follows:

N\
N

Definition 3 Say that a tetravaluation v is truth-fitting iff

- v(AAB)=v(A) A v(B),
- v(AVv B)=v(A) Y v(B),and
- v(—A) = ~v(A).

where A and Y are the (truth) meet and (truth) join in the above lattice, and ~ is the
operation on values for which ~ 1L =T, ~T = L and ~x = x otherwise.

Unsurprisingly, this interpretation of the connectives gives us matrices which are
isomorphic to the four-valued matrices for the logic of first-degree entailment, the
lattice of our information-ordering being the approximation lattice, and that of our
truth-ordering being the logical lattice of [3]. We will return to the connections
between the metainferential validity defined in terms of tetravaluations and the logic
of first-degree entailment and its extensions in the next section.

Finally, in order to obtain the right connection between our classes of tetravalu-
ations and what inner structural rules are present, we will also want to consider the
following two more restrictive classes of tetravaluations.

Definition 4 Let 0 be the class of all tetravaluations. Then:

— Let U" be the set of all tetravaluations v where for no formula A do we have
v(A) = I. Call this the class of all reflexive tetravaluations

— Let U’ be the set of all tetravaluations v where for no formula A do we have
v(A) = *. Call this the class of all transitive tetravaluations.

The reason for focusing on these particular two classes of tetravaluations is given
by the fact that (/d) holds on all valuations in U", and (Cut) preserves holding on
all valuations in *.8

Finally, we will lift the above definition of what it is for a tetravaluation to be a
counterexample to a sequent to also cover metasequents. In particular our focus here
will be on what is known in the literature as local validity for metainferences.

Definition 5 A valuation v is a (local) counterexample to a metasequent ¥ = o
(which we will write as v I ¥ = o) iff we have vIF-o’ forevery o’ € ¥, and vIf o.

8These two facts, put in a slightly different key, appear as part of Theorem 2 of [14, p.1322].
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A metasequent holds on a valuation v iff v is not a counterexample to it, which we
will writeas v IF ¥ = o

This notion of a local counterexample induces a corresponding local notion of
validity for metasequents, as follows.

Definition 6 A metasequent ¥ = o is locally valid relative to a set V of
tetravaluations iff it holds on every v € V.

This contrasts with the following global notion of validity.

Definition 7 A metasequent ¥ = o is globally valid relative to a set V of tetraval-
uations iff if for every V/ C V, if for every o’ € X, o/ holds on every v € V', then
for every V' C V, o holds onevery v € V.

So, for example, the metasequent [ > p] = [ > ¢] will count as globally valid
relative to the U (as [> p] does not hold on any tetravaluation v € *U for which v(p) =
1), but not locally valid relative to the same class of valuations (any tetravaluation
v € %Y for which v(p) = T and v(g) = L will be a local counterexample to this
metasequent).” The situation becomes significantly more complex if we are dealing
with metainference schemas, as opposed to ‘concrete’ metainferences like we are
concerned with in the present paper, though, for more on which the interested reader
should see [31]. For the remainder of this paper we will solely be concerned with
local counterexamples, and correspondingly with local validity.

3.2 Soundness

Theorem 7 (Soundness) If a metasequent ¥ = o is derivable in M (resp. MR,
MIT) then that metasequent has no counterexample among the class of all truth-fitting
tetravaluations (resp. truth-fitting reflexive tetravaluations, truth-fitting transitive
tetravaluations).

Proof We prove the contrapositive—showing that if a truth-fitting tetravaluation
(resp. truth-fitting reflexive tetravaluation, truth-fitting transitive tetravaluation) of
the right kind is a counterexample to the metasequent X' = o then that metasequent
isn’t derivable in Ml (resp. MIR, MIT).

We proceed by induction on the height of derivations. We give some representative
cases below.

(ARc) Suppose that a valuation v is a counterexample to the metasequent ¥ =
[X >~ Y, A A B]. Then in particular every sequent ¢ € X must hold on v, while

9 An anonymous referee suggests that any of our metasequent calculi may be able to be modified to be
sound and complete w.r.t. global validity by simply altering (I D) and replacing it with the initial metase-
quent 0 = s(o) for s a substitution. We leave it to the interested reader to pursue this suggestion
further.
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v I [X > Y, AA B]. In particular, this means that v(A A B) € {1, T}. As our
valuation is truth-fitting this means that v(A) A v(B) € {Ll, T} and so by the
definition of A that either v(A) € {1, T} or v(B) € {1, I}. From this it follows
that either v I [X > Y, A] (and thus v If ¥ = [X > Y, ADorv I [X > Y, B] (and
thus v If X = [X > Y, B]), as desired.

(—Lp) Suppose that a valuation v is a counterexample to the metasequent
X, [X,—A>Y] = o. Then in particular we have that v I [X, —=A > Y], from
which it follows (in the interesting case) that v(—A) ¢ {T, T}. By the definition
of ~ this means that ~ v(A) € {L, *}, and thus that v(A) € {T, %}, from which it
follows that [X > Y, A] holds on v, as desired.

(CASES) Suppose that a valuation v is a counterexample to the metasequent
X, [X,X'>Y,Y'] = o. Then in particular v I+ [X, X' > Y, Y'], and so either
for some formula A € X U X’ we have v(A) € {L,*} or for some formula
B € YUY’ we have v(B) € {T, %}. In either case our formula A (resp. B) must be
in either X or X’ (resp. Y or Y), in which case we must have either v - [X > Y] or
vIF[X’ > Y], and consequently v is either a counterexample to X, [X > Y] = o
or X, [X' »Y'] = o as desired. O

In order to prove completeness we will use a modification of the reduction tree
method, in a similar way to how a related result is proved in [17].

Theorem 8 (Completeness) If a metasequent ¥ = o is not derivable in Mx+ (resp.
MR+, MTx+) then there is a truth-fitting (resp. reflexive, transitive) tetravaluation
which counterexamples it.

Proof To do this we will start with a given metasequent and conduct a root-first
proof search in Mix+ (resp. MR+ or MT«x+), using a failed proof search in order to
construct a tetravaluation v which counterexamples the metasequent with which we
began.

Suppose that we have an enumeration Ag, A1, A, ... of all the formulas in £ in
which each formula A; appears infinitely many times. Let ¥ = o be a metasequent,
and let us construct a tree of metasequents as follows.

— Let the root of our reduction tree be the metasequent X = o.

— At any stage a branch of our tree is closed iff its leaf sequents are of the form
©,0' = 6 and 6/ T 6 (in which case we can derive this metasequent by
applying (Dil) and (DIL) to an instance of (I D)), or in the case where we are
dealing with MR+ when our metasequent is of the form ¥ = [X > Y] where
X NY # @ (in which case it is the result of applying (Dil) to an instance of
(Id)). A branch that is not closed is open.

—  For each open branch we expand it in one of two ways.

—  We can root-first apply one of the conclusion active introduction rules
of our calculus to the conclusion metasequent of an open leaf of our tree.
So, for example, if our metasequent is of the form ¥ = [X > Y, A A B]
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then we expand our branch by applying the rule (AR). root-first, giving
us the following

Y=[X>»Y,ANB,A] Y =[X>Y, AAB,B]

(AR)c
Y = [X>7Y,AAB]

after which the leaves of this branch are ¥’ = [X > Y, A A B, A] and
Y =[X>Y,AAB,B]

—  We can root-first apply one of the premise active introduction rules
to a sequent ; € @ where ® = 0 is an open leaf metasequent
of our tree. So, for example, if our leaf metasequent is of the form
Y, [X>Y, AN B] = o we expand our branch by applying the rule
(AR) p root-first, giving us the following

X, [X>Y, AANB],[X>Y,AANB,Al,[X>Y,AANB,Bl=o0o
X, [X>Y,AANB]=> o

(AR)p

— (In MTx) once we can no longer apply our Operational Rules we expand our
branch by applying the context sharing version of the (Cut) rule root-first to
every open left in the tree, the cut-formula being the next formula in our enumer-
ation of formulas in £. That is to say, if ® = [X > Y] is our leaf metasequent,
and A; the next formula in our enumeration, then we expand that branch of our
tree of metasequents as follows

O=[X>Y A] O=][A,X>Y]
O =[X>7Y]

where our new leaf metasequents are ® = [X > Y, A;]and ® = [A;, X > Y.
At this point we return, again, to applying our Operational Rules.

If we repeatedly apply the above procedure (guided, for example, by our enu-
meration of formulas in the language) we will either end up with a finite tree of
metasequents, which can be converted into a derivation in Mx+ through applica-
tions of our external and internal structural rules, or we will have an infinite tree
of metasequents. Due to the way we have constructed our tree of metasequents, if
we have an infinite tree there must be an infinite branch. Let XYy = o9, X| =
01, X2 = 02, ... be an enumeration of the metasequents which appear on a chosen
infinite branch of our tree, with ¥y = op being our intitial metasequent ¥ = o.
Call this enumeration Red. Let L = {A|Forsomei: X; = [A, I > A] € Red}
and R = {A|Forsomei: ¥; = [I"> A, A] € Red}. Consider, now, the sequent
e = [L » R], let v, be its exact counterexample as given in Definition 2.

It is clear that v, is a tetravaluation, so all that remains to be demonstrated is that
it is (1) a counterexample to the metasequent X' = o, (2) that it is truth-fitting, and
(3) that it is reflexive if we are in MIRx+ and transitive if we are in MTx+.

Counterexample For v, to be a counterexample to ¥ = o we must have (i) v, IF s
for all s € X, and (ii) v, I o. By the construction of our reduction tree it is clear
that o C e, and so by Proposition 1 that v, | . So it is clear that (ii) holds. For (i)
suppose for reductio that v, | s for some s € X. Then, again by Proposition 1 we
must have s T e. By the construction of our reduction tree, again, it is easy to see
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that every branch of the tree is ‘conclusion monotone’ in the sense that if i < j and
Y; = o; and ¥; = o; are both in Red then 0; T o0;. So as s is a sequent, and thus
finite, it follows that we must have s T o; for some j. But as our reduction tree is
‘premise monotone’ in the sense thatif i < j and X; = o; and X'; = o are both
in Red then X; C X}, it follows that we must have s € X}, from which it follows
that our branch must be closed, which it is not. So by reductio it follows that v, I s
foralls € X.

Truth-Fittingness For this valuation to be truth-fitting we need to check that v, (A A
B) = v,(A) A v.(B) and v,(—A) = ~v.(A). We reason by cases.

V(AANB)=T: Ifv.,(AA B) = T then by the definition of v, it follows that
AANBeLand AANB ¢ R.As AN B € L itfollows by (AL) that A € L and
B e L AsAAB ¢Ritfollowsby (AR) 1 that A ¢ R and B ¢ R, and thus that
ve(A) = T and v.(B) = T, and consequently that v,(A A B) = v.(A) A ve(B).

ve(AANB)=1: If v,(A A B) = L then by the definition of v, it follows that
AANB ¢ Land AANB € R. As AA B € R it follows that either A € R or
B € R. Suppose w.l.o.g. that A € R, and thus that v,(A) € {1, T}.AsAAB ¢ L
it follows that either A ¢ Lor B ¢ L.If A ¢ L then v,(A) = L, and thus
Ve(A) Avo(B) = v.(AAB) = 1 asdesired. If A € Land B ¢ L thenv,(A) = T
and ve(B) € {L,x},andthusas T A L = T A % = L, again, v,(A) A v.(B) =
v.(A A B) as desired.

Ve(AANB)=T Ifv,(AAB)=TthenAABeLandAAB € R. AsAABE€L
it follows by (AL) that A € L and B € L. As A A B € R it follows that either
A € R or B € R. From this it follows that either v,(A) = T or v.(B) = T,
and in either case that v,(A) A v.(B) € {I,_L}. But for it to be the case that
v.(A) A v.(B) = L we must have either v.(A) = L or v,(B) = L, which we
cannot have as this requires that A ¢ L (resp. B ¢ L) and A and B are both in L,
and so v,(A A B) = v,(A) A v.(B) =T

Ve(AANB) =% Ifve(AAB)=xthenAAB g Land AABEZ R.ASAAB & L it
follows by (AL) thateither A € Lor B € L. As AA B ¢ R it follows by (AR) 1
that both A ¢ R and B ¢ R. Thus either v,(A) = * or v,(B) = *, and thus in
either case that v,(A) A v.(B) € {*, L}. But as neither A nor B are in R it cannot
be that either v, (A) = L or v.(B) = 1, and s0 v,(A A B) = v,(A) A v.(B) = *

The cases for the other connectives follow similarly.

Reflexivity and Transitivity All that remains to show is that the valuation induced by
the above procedure is of the right kind, namely that if we are working with MRx
that it is a truth-fitting reflexive tetravaluation, and that if we are working with MTx
that it is a truth-fitting transitive tetravaluation. If we are in MIT then any open leaf
metasequent must have LUR = L due to the repeated root-first applications of (Cut).
If we are in MR then we will never have an open leaf metasequent where L N R # (,
as such branches are closed in the presence of (/d). So it is clear by the definition of
v, that in both cases we must have v, € U’ and v, € 0", respectively. O

@ Springer



Metasequents and Tetravaluations 1469

It is worth remarking on the fact that the above results also tell us that the external
structural rule of (CUT) is admissible in Mx—+, MRx+, and MTx*+-.

Theorem 9 The rule of (CUT) is admissible in Mix+, MRx+, and MTx+.

Proof Let S be one of M, MR, or MT. Suppose that we had a metasequent ¥ = o
such that we had (i) s ¥ = o but (ii) Fs«y+ ¥ = o. By (i) and Theorem 7
it follows that ¥ = o holds on all tetravaluations/all reflexive tetravaluations/all
transitive tetravaluations depending on whether § is M, MR, or MIT. But by (ii)
and Theorem 8 it follows that there is some tetravaluation/reflexive tetravalua-
tion/transitive tetravaluation which is a counterexample to ¥ = o, resulting in
a contradiction. So it follows that any sequent which is derivable in S (and thus
derivable using (CUT)) is derivable in S*+ (and thus derivable without using
(CUT)). O

Similarly, we also have
Theorem 10 The rule of (CASES) is admissible in Mx+, MRx+, and MTx+.

Interestingly, the above results can also be extended to the extensions of Mx+,
MRx*+-, and MT%+ by the elimination operational rules.

Proposition 2 [f a metasequent ¥ = o is derivable in Mx—+ (resp. MR+, MTx+)
then it is derivable in Mp Ec Ex+ (resp. M\pEcE Rx+, MipEcET x+)

Proof We treat the case of Mx+ and MpEcEx+ for simplicity (the other cases
are structurally similar). Firstly note that by Theorem 5 and 4 that as the premise
and conclusion elimination rules are derivable in Ml = Splcl that (i) ¥ = o is
derivable in M iff it is derivable in Mip EcE. But by Theorem 9 and 10 it follows
that (ii) X' = o is derivable in M iff it is derivable in Mx—+. So it follows that
Y = o is derivable in Mix+ iff by (ii) it is derivable in M iff by (i) it is derivable in
MpECE. O

4 Reducing Metainferences to Inferences

As mentioned in the introduction, much of the philosophical interest in metainfer-
ences has centered around the fact that the metainferential consequence relations
determined by nontransitive logics can be embedded into the SET-FMLA consequence
relations for paraconsistent logics. In particular [2] and [6] have shown that a metain-
ference is valid according to the nontransitive logic ST (essentially derivable in our
ScIcER) iff its translation is valid according to the paraconsistent logic LP, on the
basis of which they have claimed that (contra [26]) that ST is not classical logic,
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with the authors of [6] going as far as to claim that it is in fact LP.!0 Similarly, in
[13] it is conjectured that the logic LK R™ there (whose metainferences are those of
our SclcET) can be faithfully embedded into Strong Kleene logic. All of these argu-
ments have been semantic in nature and, like most work on metainferences, were
conducted at the level of inferences rather than metainferences. What we will do in
this section is to bring some uniformity to this discussion, providing purely syntactic
proofs of these results by making use of our metasequent calculi.

Before moving on, though, it is worthwhile to place this discussion withing the
broader context of the existing formal and philosophical literature on translations
between logics. One aspect which is worth highlighting is the way in which the situa-
tion here differs from usual treatments of translations between logics, as these usually
involve functions between objects of the same syntactic category (viz. formulas), and
typically exhibit a connection between logics couched within the same logical frame-
work, while the translations which we will be dealing with here are ones which will
map between objects in different syntactic categories in order to relate logics in dif-
ferent logical frameworks.!! In particular, given a function f which maps sequents
from 2 to formulas of £, and a function s which maps formulas of £ to sequents
from %A, let us say that the metainferential consequence relation = can be reduced
to the logic 7 just in case:

(i) o1,...,0p =10 onlyif f(o),..., f(on) 2 f(o)
@@i) Ay, ...,A, 2 B onlyif s(Aj),...,s(A,) =1 s(B)
@ii) A -2 f(s(A)).
That is to say, the metainferential consequence relation =1 can be reduced to

whenever, considered as consequence relations, they are translationally equivalent.
In particular we will be concerned with the following two translations  and p:!?

ANV A) T#B,A#0

B B \V A r=0,A#0
p(A) =[» A] ([ > A]) = ~AT IF#0,A=0
F r=¢.A=9

With these two translations in hand we will now move on to show how various
metainferential consequence relations can be reduced to standard paraconsistent and
paracomplete logics. To do this we will need to have a sequent calculus presentation
of the paraconsistent and paracomplete logics we will be working with, and it is to
this which we will now turn.

10 An earlier antecedent to these results can be seen in [25].

' For more information on translations between logics see [12, pp.12-38] and [29]. The present setting
is one in which the more abstract approach advocated for in [29] is definitely useful, where logics are
just arbitrary closure operations on sets and translations are just continuous maps between logics. It bears
noting that the translations which we will be concerned with here are all conservative in the sense of [9]
(in fact essentially showing that various metainferential logics are translationally equivalent to various
consequence relations, for more on which see chapter 5 of [12]).

121n what follows we will gloss over the case where I' = A = @ for the sake of simplicity.
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4.1 A Sequent Calculus for FDE and related logics

Our sequent calculi for FDE, K3 and LP are similar to the one given in [24] for
FDE, although in this case we will make use of a single, as opposed to multiple-
conclusion, formulation. We will begin by defining a sequent calculus for FDE,
and then show how to extend this to a sequent calculus for K3 and LP. Our sequent
calculi for FDE and its extensions manipulate sequents (I", A) where I" € £ and
A € L, which we will write henceforth as I" |- A.

Our sequent calculus Sppg has as structural rules [1d] and [Cut].

!/
4] r'-rA ATI"IFC (Cur]

I'AlFA r,rrc

The system’s operational rules are split into ‘positive’ and ‘negative’ versions. The
system has the following positive operational rules.

I A,BIFC (AL] I'lFA I'lEB (g
' AnBIFC I''FAAB
rAIFC I'BIFC ), CIEA g CIEB  ypy
' AvBI-C '''FAvB ''FAvB
The system’s negative operational rules are then the following.
r'-Al+cCc I ,-BI-C (=AL] IlF—-A [~AR) I'l--B [=AR3]
' -(AAB)IFC I'F—=(AAB) I'lF—=(AAB)
F, _‘A,_‘B H_C —vL] FIF —A FlF -B [~VR]
r,-(AvB)I-C I lF—=(Av B)
Finally we also have the rules for double negation.
rFA I AlFC [——R]
IlF—-—A r,——AIlFC

It is easy to see that this is a sound and complete sequent calculus for F D E. In order
to extend it to a calculus which is sound and complete for K3 we simply add the rule
[E F Q], and for one which is sound and complete for LP with the rule [EX M].

_ [EXM]
I'FAvV—-A

FIEA TIE=A grg
rFc

One useful syntactic Lemma which we will make extensive use of below is the
following.

Lemma 1 Suppose that A= B. Thenif ' - C;Vv...C,VAthen ' IFCiv...C,V
B.

4.2 The Translations

What we will now show is that M, MIT and MR are translationally equivalent to
FDE, K3 and L P, respectively.
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Theorem 11 For all sequents oy, ..., on, 0 we have the following:

1. oy1,...,0, = 0 isderivable in M only if t(01), ..., t(0,) FrpE T(0).
2. 0o1,...,0, = o is derivable in MIT only if t(01), ..., T(on) Fk3 T(0).
3. o1,...,0, = o is derivable in MR only if t(01), ..., T(on) Frp T(0).

Proof The proof here is by induction on the height of derivations in the appropriate
extension of M. We give some representative cases to give a feel for what’s going on.

(AL)c  Suppose that we have a derivation of height n which ends with an applica-
tion of (AL)c as follows.

Y =[X,A,B>Y]

(AL)c
Y= [X,AANB>Y]

By the induction hypothesis we have that 7(X) IF =X v —=A v =B Vv Y. Rewriting
Xv—-Av—-BvYas(XVY)Vv(—AvV—-B). Noting that =A VvV =B IF =(A A B),
we can then appeal to Lemma 1 to conclude that t(X) IF =X vV —=(AA B)VY,as
desired.

(Cut) Suppose that we are in MIT have a derivation of height n which ends in an
application of (Cut) as follows.

Y=[X>Y, Al Y=[A,X' Y
Y= [X,X'>~Y, Y]

By the induction hypothesis we have that 7(X) F =X VYV Aand t(X) IF —AV
=X VvY.By [VR] on both premises it follows that: t(X) IF =XVv—=X'VYVY'VA
and 7(X) IF =A v =X v =X’ v Y Vv Y’ Applying [AR] to both sequents, and
abbreviating =X v—=X'VvY VY’ as S we have that 7(X) I- (SVA)A(SV—A). We
can then apply [Cut] to this and the K 3-provable sequent (S VvV A) A (S V —A) I
SV (AA—=A), and then finally appealing to the K 3-provable sequent A A—A I §
conclude 7(X) I+ § v S which by a further single application of [Cut] on the
sequent S Vv S I § yields the desired result.

(Id) Suppose that we are in MIR and we have a derivation of height 1 of an instance
of (Id). The translation of the resulting sequent is an instance of [ E X M], and so
the result follows.

(CASES) Suppose we have a derivation of height n which ends in an application
of (CASES) as follows.

Y [X>Y]=0 X [X'>Y]=0
S X, X' >V, Y]=>o
By the TH we have that 7(X), =X VY IF 7(0) and t(X), =X’ VY’ IF 7(0), from

which we can conclude 1(X), =X VY v =X’V Y IF t(o) by a single application
of [VL], which (after some reassociation) is what we’re after. [

(Cut)

(CASES)

Theorem 12 For all formulas Ay, ..., A,, B we have the following
1. Ai,...,AybFrpE Bonlyif[> A1],...,[> Ayl = [ > Bl is derivable in M
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2. Ai,..., Ay Fg3 Bonlyif[> A1l,...,[» Ayl = [ > Bl is derivable in MT
3. Ay, ...,AyFrp Bonlyif[> A1l,...,[> Ayl = [ > B] is derivable in MR

Proof The proof is by induction on the height of derivations in the appropriate
extension of F'DE, with some representative cases given below.

[AL] Suppose that we have a derivation of height n whose final inference is as

follows:
A B, I'FC

AAB, TIFC
By the induction hypothesis we have a proof of [ > A], [ > Bl {[ > yillvi € '} =
[> C] from which we can derive [> AA B, {[>yllyie '} = [>C] by a
single application of (AR)p.
[AR] Suppose that we have a derivation of height n whose final inference is as
follows:

[AL]

I''-rA I'kFB
I''-AAB
By the induction hypothesis we have a proof of {[> yillyi € '} = [> A]
and {[ > yillyi € '} = [> B], from which we can derive {[> y;] | y; € '} =
[ > A A B] by a single application of (AR)c.
[= A L] Suppose that we have a derivation of height n whose final inference is as
follows:

[AR]

' —-Al-C TI,—-BIFC
' —(AAB)IFC
By the induction hypothesis we have a proof of [ > —AL {[>v]l|yie '} =
[>Cland [> =B, {[> yillyi € '} = [ > C], and can proceed as follows.

[>—AL{[>-nllyviel=[>C] (~L)pt [>=Bl{[>vllyviel}=[>C]
[A-]{[>yllyel=1>-C] [B-1{[>yllviel}=1[>-C]
[A,B>1{[>yllyvielt=1[>C]
[AANB>1{[>yllyiel'} = [>C]
[>—~(AAB)]{[>vllyviel}=[>C]

[=AL]

(=L)pt
(CASES)

(AL)p

—R)p

[EF Q] Suppose that we have a proof of height » which ends as follows:
A I'lE=A (pro
rkFc

By the IH we have that {[>y;]|yi € '} = [>Aland {[>yi]l|lyie T} =
[ > —A]. We proceed as follows

{[>>yillyie I'} = [>—-A]
: {{>-villyvielt=1[A>]
{([>yvillyvielt=1[>A] {[>yllyel}=[A>C]
{{>villviel'} = [>C]
[EXM] Suppose that we have a proof of height 1 which consists of a single
application of [EX M ]

(=R)c?
(Dil)
(Cut)

— [EXM]
r-Av-A
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We proceed as follows to show that the translation of this sequent is provable in
MR.

d)
(—=R)c
(VR)c

04

{([>yillyiel'} = [A>A]
{[>vllyiel'y=[>A,—A]
{[>villvielt=[>Av-A]

Lemma 2 For all formulas A we have that

(@) AlFt(p(A) (i) t(p(A)) IFA

Making use of this Lemma and the previous Theorem we can then conclude the
following.

Theorem 13 For all sequents oy, ..., oy, 0 we have the following:
1. o1,...,00 >0 € Mifandonlyift(oy),...,t(0,) FrpE T(0).
2. o01,...,0, = 0 € MT ifand only if t(01), ..., T(oy) Fg3 T(0).

3. o1,...,0, >0 € MRifand only if t(o1), ..., t(0,) Frp T(0).

Part 2 of both Theorem 12 and Theorem 13 settle the open question in [13, p.121]
in the affirmative. We leave it to others, for the time being, to determine how we
should react to these results, and in particular whether we should regard them, as does
[6, p.402f] as showing that L P and ST (essentially out MR), and hence K3 and MT
are the same logic.

5 Conclusion

This only begins to scratch the surface of work that should be done on metasequents
and the metasequent calculus. Some obvious avenues for initial investigation are the
following.

— One advantage which the present proof-theoretic treatment of metainferences has
over that in, for example, [5], is that we are not tied to the particular logics we
have treated using tetravaluations. One obvious way of exploiting that feature
of the present calculus is to investigate the prospects for giving a metasequent
calculus for noncontractive logics, some initial problems which would need to
be addressed here being those outlined above in connection with the (CASES)
rule.

—  Most of the proof-theoretic work we have done here has made heavy use of the
outer structural rules, in particular (CUT) and (CASES). While we have shown
semantically that these rules are admissible in metasequent calculi which lack
them (Theorem 9, Theorem 10), it would be of some benefit in furthering our
understanding of the metasequent calculus to have direct constructive elimination
proofs for these rules. In future work I hope to peruse the full structural proof
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theory of the metasequent calculus. Doing this may also help us to see what
the options are for the affine noncontractive logician mentioned in the previous
bullet point.

— Finally, one of the advantages of the metasequent calculus is that it makes the
outer structural rules visible. One direction for future work is to exploit this visi-
bility in order to provide syntactic analogues of the various mixed metainferential
logics presented in [22].

Let us take stock. In the present paper we have taken the first steps in regarding
metasequents are bona fide logical objects, and constructed sequent calculi which
allow us to reason explicitly about metasequents for a range of nonreflexive and
nontransitive logics. We then used our metasequent calculi to provide syntactic proofs
of various collapse results. There is a vast range of other questions which the present
machinery raises and can be used to address, but we will leave that for future work.
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