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of randomly chosen random variables

Tomasz Krajka

Division of Mathematics, Department of Production Computerisation and Robotisation,
Mechanical Engineering Faculty, Lublin University of Technology,
Nadbystrzycka str. 36, 20-618 Lublin, Poland

(e-mail: t.krajka@pollub.pl)

Received August 1, 2022; revised March 20, 2023

Abstract. In this paper, we give an almost sure central limit theorem (ASCLT) version of a maximum limit theorem
(MLT) with an arbitrary sequence {d,, n > 1} of weighted means of max{Xy, k € A,}, where {X,,, n > 1} is
a sequence of independent random variables, and {A,,, n > 1} is a sequence of almost surely finite random subsets
of positive integers independent of {X,,, n > 1}. Thus we generalize the cases considered in the literature: (i) the
nonrandom version of ASCLT for the MLT; (ii) the version of ASCLT for randomly indexed MLT; and (iii) the version
of maximum schema of observed and unobserved random variables. We complete the paper with illustrative examples.
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1 Introduction

The central limit theorem, in its classical form, states that if {X,,, n > 1} is a sequence of independent
identically distributed (i.i.d.) random variables with EX,, = 0, EX?L =1, then

Z?:1 Xi
vn

D
— @ asn — oo,

where @(x) denotes the standard normal distribution function, and 2 denotes the weak convergence, whereas
the maximum limit theorem states that if { X,,, n > 1} is a sequence of i.i.d. random variables with distribution
function F' belonging to one of the classes D1, Ds , or D3, (for definition, see [13,18] or [9, p. 92, Cases (i)-
(iii)]) with some o > 0, then there exist constants {a,, b,, n > 1} such that

a, max Xj+bn2>G asn — oo, (1.1)
1<jsn
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where G has one of the forms

e_(_m)a

G3a(z) = {17

0, <0,
e ™, x>0,

, ¢<0,
x>0,

—x

Ci#) =", Goale) = {

according to F' € Dy, F' € Dg o, 0r F' € D3 ,, respectively.

The simplest version of ASCLT theorem was obtained by Schatte [19] and Brosamler [2] for a sequence of
i.i.d. random variables with some moment restriction (later weakened by Lacey and Phillip [12] to the existence
of variance only) states that if {X,, n > 1} is a sequence of i.i.d. random variables such that EX; = 0 and
EX? =1, then

: IS 22—1 Xk
1 1 - = S.
im Z ; [ < x] (x) as

n—oo Inn Vi

1=
ASCLT for maximum limit theorem states that if {X,,, n > 1} is a sequence of i.i.d. random variables with
distribution function ' € D1, F' € Do, or ' € D3, for some o > 0, then

n

1 1
nlgn nn ZE_ Z,I[aZ 1n<1j§z' X;+b; < m] G(z) as.

The maximum limit theorem (MLT) was generalized in the following directions:

(i) Some investigators tried to omit the assumption that {X,,, n > 1} is an i.i.d. sequence. Loynes [14]
proved MLT for the uniformly mixing strictly stationary stochastic processes. Hiisler [7] proved the
MLT for nonstationary sequences but under strong conditions on common distribution with strong
mixing type conditions.

(i) Mladenovi¢ and Piterbarg [16] considered the maximum taken on observed subsets of random vari-
ables. Precisely, if {€,, n > 1} is the sequence of indicators of the events that the corresponding
random variables are observed (they assumed that this sequence is independent of {X,,, n > 1}),
then the limit theorem for the common law of {(max;<i<n, e,=1 Xi, maxi<i<p X;), n > 1} with an
appropriate norming and centering (assuming stationarity and some two conditions of strong mixing
type) can be obtained (see also [11]).

@iii) In [1], [10], and [9], MLT (in the last two, also ASCLT) for the randomly indexed maxima of ran-
dom variables was considered, that is, for {max;<;<n, X;, n > 1} (with appropriate centering and
norming), where {N,,, n > 1} is a sequence of positive-integer random variables independent of
{Xn, n>1}

(iv) Some other common laws were also considered. For example, in [3] the common limit law was con-
sidered for appropriately centered and normed sequence {(maxi<;<n, X;, minj<i<n X;), n > 1}.

(v) MLT for multiindex fields was considered in [4] and [5].

On the other hand, in ASCLT the sequence {1/n, n > 1} of norming coefficients of summands is often
replaced by a general nonincreasing sequence of positive reals {d,, n > 1}).

The ASCLT for MLT is mostly independent of MLT. Usually, it suffices to consider MLT. We explain this
statement by recalling [5, Theorem 2.1]:

Theorem 1. Let {Y,,, n > 1} be a sequence of a.s. bounded random variables with EY,, = 0, n € N. Assume
that for some nonnegative nonincreasing sequence {d,,, n € N} such that

dy >0, > dy = o,
neN
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and for some 1 < v < 2 and every 1 < i < j, we have

J Y o0
> D ddEVYI| < C(de> _—_— Dcf;i,y < 0,
k=1

i<h<j i<I<j n=11n
where D,, = > """, d;. Then

1 n
D, deYk 2% 0 asn — .
k=1
If MLT (1.1) holds with a norming sequence {d,,, n > 1} instead of {1/n, n > 1}, then we have

1 n
P[ X; ]
D, ;dk ay, lrgxéck j+bp <z| = G(r) asn — oo

for every = € R such that GG is continuous at z. Furthermore, if Theorem 1 holds with

Yn:I[an max X; + b, <:L‘} —P{an max Xj—l—bn<33],
1<j<n 1<j<n

then ASCLT for MLT also holds:

1 n
D, ;dkl[ak 121;2(ka + by, < ac] 2% G(z) asn — oo,

In many cases, the assumptions of Theorem 1 and MLT are strictly connected.

Let {A,, n € N} be a sequence of random subsets of N independent of {X,,, n € N}. Fundamentals of
random set theory can be found in Matheron’s classic book [15] or in Molchanov’s book [17]. For arbitrary
random or nonrandom set A, we denote by |A| the cardinality of A, and we also denote

. maX;c A Xz if A 7& (Z),
M(A) = {—oo if A=0. (1.2)

All random and nonrandom sets A considered in this paper are such that |A| is a random variable, and thus
M (A) is possibly not defined on the set of measure 0 only.
If AN B = () a.s., then the maximum defined this way satisfies the condition

M(AU B) = max{M(A), M(B)};

in particular, M (A) = M(AU D).
In this paper, we prove the ASCLT for the maximum limit theorem of the form

1

Tim D, ;dil[aiM(Ai) +b <x] =G(x) as., (1.3)
1=

where {d,, n > 1} is a nonincreasing sequence of positive reals, D,, = > i d;, n > 1, {a,, n > 1} is

a sequence of positive reals, {b,, n > 1} is a sequence of arbitrary reals, and p is a probability measure

corresponding to the distribution function G such that p(z) = 0, and the following MLT holds:

lim Pla,M(Ay) + by, < 2] = G(a).

n—oo
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Note that for a sequence of random indices {N,,, n > 1} and A4,, = {1,2,3,..., N, }, the result (1.3)
generalizes the ASCLT for maximum theorem in [10] and [9]. Furthermore, if {€,, n > 1} is the sequence of
indicators of the event that the corresponding random variable is observed and

A, = U {i}, n>1, (1.4)
Eq':l
1<i<n

then (1.3) generalizes the results presented in [16] and [11].

These results are analogous to that obtained recently by Krajka and Gdula [6] for classical ASCLT.

In the whole paper, C' is a constant, possibly different in different places. For random variables X and Y,
by 7(X,Y) we denote the Ky Fan metrics

m(X,Y) =inf{e > 0: P[|[X = Y| >¢| <e}.

We use the notations z V y = max{x,y} and x A y = min{x, y} for x,y € R. For two o-fields o1 and o4, we
also denote

a(o1,02) = sup{|P[AN B] — P[A]P[B]|, A € 01, B € 02},
2 Main results
Theorem 2. Let {X,,, n > 1} be a sequence of independent random variables, let {A,, n > 1} be a se-

quence of random sets independent of { X,,, n > 1}, let {ay,, n = 1} be a sequence of positive reals, and let
{bn, n = 1} be a sequence of arbitrary reals such that

anM(Ay,) + by PG asn— oo 2.1

for some nondegenerate distribution function G. Assume that for some nonnegative nonincreasing sequence of
reals {d,, n > 1}, D,, = Y | d; is divergent to infinity, and for some 1 < v < 2 and every positive integer

1 < J, we have
ol
YD didi(bra A O < C< > dk> : (2.2)

i<k<ji<I<g 1<k

where 0 is defined by one of the following formulas:

(i) Oy =a(o(A),0(A)) +m(aM(A), alM (A \ A)), k,l€N,
(11) ek,l = a(a(Ak), O'(Al \ Ak)) + w(alM(Al),alM(Al \Ak)), k,l S N,

or for some sequence of positive integers {0y, k > 1},

(i) Oy = a(o(Ar),0(A\ Akys,)) + (@M (A), M (A \ Ag))
+7T(alM(Al),alM(Al\Ak+5k)), k.l €N,

andy dy /D" < c0. Then

n—oQ

1 n
im Dn;d [aiM(A;) +b; <z] =G(z) as (2.3)
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For an arbitrary sequence of random variables {X,,, n > 1}, a random or nonrandom but not empty
(P[A, = 0] = 0, n > 1) sequence {A,,,n > 1} of subsets of N, and a sequence of reals {a,, n > 1}, we
denote

Pk = ;I;f(;{(p(lv k‘,E) /\p(kaE)) v 6}7 p(lv k‘,E) = P[alM(Ak N Al) >e+ alM(Al \Ak)]

We list some properties of py ;:

(1) prg < (@M (A N Ay, apM (A \ Ag)) A m(apM (A N Ap), ap M (A \ Ay)),
(1) prx =1,
(i11) Pkl = 0if A, N A; =0,
(V) Pki = Prks
(V) pg, does not satisfy the triangle inequality.

We focus on property (i). The evaluation by the Ky Fan metrics (right-hand side of (i)) is simpler, but the
difference of the left- and right-hand sides is essential. In Example 1, we construct a sequence of random
variables {X,,, n > 1}, random sets {A,,, n > 1}, and subsequences {k,,,l,,, n > 1} for which p;, ; — 0
but w(a;, M (A, NA;),a;, M(A;, \ Ak, )) — 1 asn — oo. It follows from the fact that for [ > k, the term
M(A;\ Ay) is relatively greater than the term M (Ay N A;), and thus Pla; M (A N A;) > e+ a; M (A \ Ag)]
can be small, but Pla; M (A; \ Ax) > € + a;M (A; N Ag)] can be large.

Remark 1. If, under the assumptions of Theorem 2 (i) or (ii), we have

S Y dedi(ans Vo) ( 3 dk> ,

R KA 1<k<g

with ag; = a(o(Ag),0(A;)) or ag; = a(o(Ag),o(A; \ Ag)), respectively, then condition (2.2) can be

replaced by
gl
Z Z dpdipr,; < C< Z dk> .

A EAAY | 1<k<g

In case (i), this holds when {A,,, n > 1} isa sequence of independent random sets, whereas in case (ii), for
example, in schema considered in [16] with the i.i.d. sequence {,,, n > 1}. Then a,; = oy, = 0.

The applications of three different versions of Theorem 2 depend on the structure of dependency of the
sets {A,, n > 1}. Case (i) is “better” to apply for weakly dependent sets {A,,, n > 1}, whereas cases (ii)
and (iii) are more convenient in the cases where {A,, n > 1} is a sequence of increasing random sets with
respect to the inclusion (i.e., Ay C A; a.s. for k < [) with independent (case (ii)) or weakly dependent (case
(iii)) increments ({A; \ Ag, [ > k, [,k > 1}). It is suitable for schema considered in [16] (definition (1.4))
with independent (case (ii)) or weakly dependent (case (iii)) {€,,, n > 1}. Note that in case (ii) for weakly
dependent {e,,, n > 1}, (2.2) fails. Indeed, when {e,,, n > 1} are a-mixing with

a= }IéI{Ta(U(Ej),U(Ej+1)) > 0,

aso(er) Co(er,e9,...,¢6k), 0(Ag) =ol(e1,89,...,6k), 0(A\ Ax) = o(eky1,---,€1), we have
¥
Z dedl akl/\alk <de> >CO¢<de>
R KA i<k i<k

for every v < 2 (recall that D; — D;_1 — oo as j — o0).
lustrative examples of application of Theorem 2(i) and (ii) are given in Examples 2 and 3, respectively, in
the last section.
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3 Proofs

Denote by Lip(RR) the set of bounded Lipschitz functions on R with the norm ||g||sr, = ||9|lc + [|9]lz < o0,
where ||¢|| is the supremum norm, and

HgHL = sup ‘g(x) - g(y)| .
TH#Y |x - y|

Proof of Theorem2. By (2.1) and D,, = Z?:l d;, to obtain (2.3), it suffices to prove that

lim Zd i)+ > x| —Pla;M(A) +b; >2]) =0 as.

7”L—>OO

On the other hand, from Theorem 1 and comments below this theorem it suffices to prove that
.
Z Z dkdl‘COV akM Ak)+bk>m] I[alM(Al)+bl>x])| <C< Z dk> . (3.1)
I<k<ji<I<y i<k

Obviously, the indicator function is bounded but not continuous. However, instead, we may consider the func-
tions

0 ifz < -9,
gs(x) =< s+ 3 if—ggxég,
1 ifz> 9,

since gs(x) — I[x > 0] as ¢ | 0. Thus for (3.1), we will prove that

ST 3T dudy| Cov (Yi(Ar), Yi(A < > dk> :

1<k<ji<I<g i<k

where Y;(A) = g(a; M (A) + b;) for any positive integers ¢ and j, 1 < - < 2, and any Lipschitz function
g€{gs, 0<d <1}

So the rest of the proof is proceeded for the functions g of the above type.

Due to the definition of the maximum of random variables (1.2), for such function g5, we will con-
sider all the evaluations and probabilities in the following part of a proof on the event Z = {A; # 0,

# 0} because Cov(Yy(Ar)I[02 \ Z],Y(A)I[2\ Z]) = 0. To prove this fact, let us take the subset

{w: Ay =0} of 2\ Z = [A; = 0] U [Ap = 0] (by symmetry similar computations can be proceeded for the
subset {w: A = 0}). On such a subset, from the definition M (A4;) = —oco, as a; > 0, we have

Yi(A)) = gs(aM(A)) + b) = 0.

Now we will prove the following facts:

(A) For every random set B, we have
E|(E(Yi(Ar) | Ay) — EYi(4y)) (Yi(B) — EYi(B))| < 4a(o(4r),0(B))lgll%-
(B) For all random sets B and C,
E|(E(Ya(4r) | Ax) — EYi(4r)) (Yi(B) — Y1(0))|
< 2[|glloo (2ll9llco + llgllz) 7 (@M (B), aiM(C)),

Lith. Math. J., 63(2):190-202, 2023.
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E|(Ye(Ar) — EYi(Ap)) (Yi(B) — Y1(0))|
< 219lloe (2l19llo0 + lgllz) 7 (@M (B), ;M (C)).

(C) We have
E(E(Yi(Ar) | Ar) — Yi(Ar))Yi(A\ Ag) = 0.
Proof of fact A. From Theorem 17.2.1 of Ibragimov and Linnik [8, p. 306, Chap. 17] we have
[E(UV) — EUEV| < 4oy v[[U]|eo ||V |0
for any random variables U and V. Putting U = E(Yj(Ax)|Ax) and V' = Y;(B) and recalling that EU =

EY(Ay), we get the statement.
Proof of fact B. Taking m = w(a;M (B), a; M (C)), this fact follows from

E|Y/(B) - Y(C)| < E|Yi(B) = Yi(C) | I[w|M(B) — M(C)| > =]
+EY(B) - Yi(C)|I[a|M(B) — M(C)| < =
< 2[|gllooP [ar| M(B) = M(C)| > x| + gl

< 2||glloo + [lgllLm

and the evaluations

|E(Yi(Ar) | Ar) — EYi(Ar)| < 2/|9llco>
Vi (Ar) — EYi(Ar)| < 2//gllo-

Proof of fact C. Let us remark that because { X,,, n > 1} is a sequence of independent random variables, for
arbltrary nonrandom disjoint sets B and C, the random Varlables M (B) and M (C) are independent. Because
{A4,, n > 1} and {X,,, n > 1} are independent, for any 7" € N, we have

|E(E(Yi(Ar) | Ar) — Ye(AR))Yi(A;\ Ap)|

< ‘ > E(E(Ya(By) | Bi) — Yu(By))Yi(B; \ By)P[A = By, A = B]]
Bk,BlCN
| By |<T,|Bi|<T

+P[|Ax| 2 T] +P[|A] > T]
P[|Ak| = T] + P“Al| = T],
and now taking the limit as T" — oo, the right-hand side converges to 0 due to the tightness of random variables
|A| and | 4.
In case (i), from (B), (C), and (A) we have
Cov (Yi(Ap), Yi(A)) = E((Ye(Ar)) — E(Yi(Ar) | Ar)) (Yi(A) — Yi(A \ Ap))
E((Yi(Ar)) — E(Yi(Ar) | Ar)) (Yi(A \Ak — EYi(4))
+ E(E(Ye(Ap) | Ax) — EYi(4r)) (Yi(A) — EYy(4))
< Cm(aM(Ay), M (A \ Ag)) + Coz(a(Ak) o(Ar))
= Cek,l-
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In case (ii), using (B), (C), and (A), we have

Cov(Yi(Ag), Yi(A)) = E(Yi(Ag) — EYi(Ar)) (Yi(A4) — Yi(A;\ Ak))
+ E(Yi(Ar) — E(Vi(Ar) | Ar)) (Yi(A\ Ag) — EY((A))
E(E(Yi(Ar) | Ax) — EYi(Ap)) (Yi(A\ A) — EYi(A)\ Ay))
+E(E(Ye(Ar) | Ax) — EYi(4r)) (EY(4; \ Ag) — EYi(A))
< COm(aM(Ay), aM(A;\ Ag)) + Ca(o(Ag),0(Ar\ Ap))
= C0O,.
In the last case (iii), we use (B), (C), (B), and (A):
Cov(Yi(Ag),Yi(A)) = E(Yi(Ag) — EYi(Ar)) (Yi(Ar) — Yi(A;\ Ak))
+ E(Yi(Ar) — E(Yi(Ar) | A)) (Yi(A\ Ap) — EY(4)))
+ E(E(Ye(A) | Ax) — EYi(Ap)) (Yi(A\ Ag) = Yi(A)\ Agis,))
E(E(Y(Ar) | Ar) — EYi(Ar)) (Yi(A \ Asss,)) — BY1I(A)\ Arys,)
+E(BE(Yi(Ar) | Ar) — EYi(Ap)) (BYi(A; \ Apys,) — EYi(A))
< Om(aM(A), M (A \ Ag)) + Ca(o(Ag), o (A \ Akys,))
+ Cm(aM(Ay), alM (A \ Ais,))
= Cby,.

Note that by symmetry
Cov (Yi(Ar), Yi(A)) < C(Oky AOy),

which by Theorem 1 ends the proof of Theorem 2. O
Proof of Remark 1. Obviously, we can evaluate
01 N O < (g Vayk) + (Mg A k),
where 7y, ) = 7(a M (A;), ;M (A; \ Ag)). Because M (A;) = max{M (A, N A;), M(A;\ Aj)} and because

0 i M(ANA) < M(A4 N\ Ag),
Pla;(M(A) — M(A4\ Ap))| > ¢] = {P[al(M(AllﬂA:) - M(AZI\A:)) > ¢] otherwise

< P[alM(Ak N Al) > e+ alM(Al \Ak)],

it follows that 7, ;, < inf.~o p(l, k,e) Ve and 71 < inf.~ p(k, [, €) Ve, and thus 7, A7y ) < pg, which ends
the proof. O

4 Examples and applications

Example 1. Let {a,, n > 1} be a sequence of positive reals, and put a, = > . ; a;. Let {Y,,, n > 1} be
a sequence of independent random variables with laws

1 for z > 0,

<zxl=
PlYn < 2] {e“”m forx < 0.

Lith. Math. J., 63(2):190-202, 2023.
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Then for the sets {A4,, = {1,2,3,...,n}, n > 1}, we have Pla, M (A,) < z] = G31(x), and therefore for
I >k,

P[alM(Ak NA) >e+aqM(A \ Ak)]

0
<P[M(Ax N A) > M(A,\ A)] = / sai—an)e goans _ C;k
!
In consequence,
A
pra< 0N RleN.
ar V aqy

On the other hand,

ﬂ(alM(Ak N Al)7 alM(Al \Ak’)) = égg{ <(Il - ake—€ak/al + ake—é:(az—ak)/az) \/E}.

ay a;
Now putting, for example, {a,, = 1, k,, = |In(n)], I, = n, n > 1}, we see that

lim 7 (a;, M(Ar, NAL),a, M(A;, \ Ar,))

n—oo
T [In(n)] e [In(n) | e—sn=ln(m]/n _ 1
n—o0 n n
tim py, g, = lim [ melnmtmein _ g
n—o0 n—00 n

Example 2. Let {V,,, n>1} be a Rademacher sequence of a-mixing random variables such that P[V,, =1] <1
and P[V,, = 1] =p=1—-PI[V, = 0] > 0 with

O = Sl]ip Oé(O'(Vk), U(Vk-i-n))

satisfying

Q1| 7
> 2 g ST

i<k<i<I<)

Let {X,,, n > 1} be a sequence of independent random variables, independent of {V},, n > 1}, such that

1 ifz >0,
PXy, <z]=(1-2% if ~1<2<0, n>1,
0 otherwise,
and
1, if x > 0,
PXon-1 <] = {e(\/n—\/n—l)x if 2 <0.
If

A {1,3,5,...,2n—1} ifV, =1,
" 142,4,6,...,2n}) if V,, =0,



ASCLT for maxima of randomly chosen random variables 199

then
VM (Ay) = pGs () + (1 - p)Gsa() = G(), say, asn — oo.

From Example 1 we have

¢§ ifk <1,

P[M(AkﬂAl) > M(Al\Ak)—l-E, V.=V = 1] <
1 otherwise,

whereas for k < [,

P[M(AkﬂAl)BM(Al\Ak)—i-E, VkZVZZO]
0

<SP[M(A N A) > M(A\ Ap)] :/(1—u2)l_kd(1—u2)k: " < \/’;
21

and

P[M(AkﬂAl)BM(Al\Ak)—i-E, Vi, =0, Vl:ﬂ
:P[M(AkﬂAl)BM(Al\Ak)-FE, Vi =1, VZZO] =0,

as in these cases A; N A; = (). Thus

and by the Cauchy—Maclaurin theorem

%kAl R el PIE S IR
Z Z kN Evi ™ ZZkl/2l3/2\ Z\/k;l?’ﬂ

I<k<ji<I<y k=i =k k=i

for every v > 1. Thus
. 1 .
lim El Z.[[\/ZM(AZ) < z] =G(x)

for every z € R.

Example 3. Let {X,, n > 1} be an i.i.d. sequence of random variables with the exponential distribution
function F(x) = 1 — e *. Let {e,, n > 1} be an i.i.d. sequence of random variables independent of the
previous one and such that Ple; = 1] = s = 1 — P[e; = 0]. Weputa, = 1,b, = —Inn, d, = 1/n, and
D,, =1Inn. Let {A,, n > 1} be a sequence of random sets such as in (1.4).

Then, as it was shown in Example 2.1 [16, p. 1979, Eq. 2.7], taking the limit as y — oo, we have

M(Ay) —Inn 25 e,
Since A, C A;and A, N A; = Ay, forl > k, we have, for | > k,

p(k,l,f;‘) < P[M(Ak) > M(Al \ Ak)] = [k,ly say.

Lith. Math. J., 63(2):190-202, 2023.
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‘We have

l—

0k
Tea= [ 303 PA = P[4\ Aul = J]P[M(A) = | [44] = ]
0

=13

=

o

x P[M(A\ A) <z | |4\ 4] = j] d=

Because |A;| and |A; \ Ag| have the binomial distribution with [ and [ — k trials, respectively, and probability
of success equal to s (we denote these distributions by B(l, s) and B(l — k, s)), we have

P[M(Ay) =z | |Ax| =] ::dlZ£x)::ie_mP”_1CzL

P[M(A N\ A) <z | |A\ 4| = j] = F/(2),

P[|A)]| =i =P[B(,s) =i, P[|A\ Ayl =j] =P[B( -k, s) =j].

Since
0 .
/ie_m(l —e ) T e =
1+
0
we have
k i1—k ;
Ioi=Y_ Y P[B(k,s)=i|P[B(—k, s)=j]. .
(R
i=1 j=0
Furthermore, for positive integers ¢ and j, we have
o<t @.1)
1+ J

Let us choose ¢ such that 1 < ¢ < s. Then from Chebyshev’s inequality and (4.1) we have

k I~k
Ik7z<ZP[B<k,s>=ﬂ< [B(1 =k, s) < [t —k)]] + P[B(l~k, s>=.ﬂ>
i=1 =1ti—k)) 417
<P[B( -k, s)<t(l—k)] + fﬁfg)
=P[B(l—k,s)—EB(l—Fk,s) < —(s—t)(l — k)] + t(lk—sk‘)
P[|B(l—Fk,s)—EB(l—k, s)| > (s—t)(I — k)] +t(lk—8k)
Var(B(l -k, s)) ks s(1—s) ks

S o020 —k)2 THl—k) T (s—02(—k) Tti—k)

Now taking ¢ = s/2, we have
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with C' = 2max(2, 4(1 — s)/s). Using the estimate

boif 2k < 1,
iy < C ,i if 21 < k,
1 ifl < 2k < 4,
we have
1 C C C
DD NN YA DED DD DEED DENED DD D
i<k<jiI<y i<k<j 2k<I<) i<k<Lj i<I< | k/2] ISk | B <2k

Now by the Cauchy—Maclaurin theorem we get

11 j
DD B pkl\ <2+2+2ln2>lni_1,

i<k z<l<]

and thus (2.2) holds for arbitrary 1 < v < 2.
Finally, as

1+CZ

OO?
nln3 Tn

we get

n

1 1
lim Z _I{max Xi—lni<m] =c °°
n—oo Inn 7 Lep=1

i=1 1<k<i

—x
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