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Abstract. Let {X,,, n > 1} be a sequence of independent or identically distributed dependent random variables, and
let {A,,, n > 1} be a sequence of random subsets of natural numbers independent of {X,,, n > 1}. In this paper, we
describe the strong law of large numbers (SLLN) of the form >, , (X; —E ., X;)/b, — 0as.asn — oo for
some sequence of nondecreasing positive numbers {b,,, n > 1}. There often arises an assumption that {A,,, n > 1} are
almost surely increasing: A,, C A,y1,a.s.n > 1.
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1 Introduction

Let {X,,, n > 1} be a sequence of independent random variables defined on a probability space (£2,F,P)
such that E|X,,| < oo, n > 1. A random set with values in 2" is a map A : 2 — 2% such that A=}(B) =
{w € 2: A(w) = B} € §forany B C N (cf. [7, p. 35, Def. 3.1 and the remark on p. 72]). Obviously, if A
and B are random sets, then AU B, AN B, and A\ B are also random sets. Furthermore, |A| is a nonnegative
random variable, where | A| is the cardinality of the set A. The basis of the theory of random sets can be found
in a classic book by Matheron [5] or, more currently, in Molchanov’s book [6] or Nguyen’s book [7]. For an
arbitrary (random or nonrandom) subset A of natural numbers, we put

S(A)=> "X -E> X,
€A €A

Let {A,, n > 1} (we always put Ay = ()) be a sequence of arbitrarily dependent subsets of positive integer
numbers N that are almost surely bounded, that is, there exists a sequence of positive reals {a,, n > 1},
possibly, divergent to infinity, such that

Psup{k: k€ A,} < ap] = 1. (1.1)
Throughout the paper, we assume that {A,, n > 1} and {X,,, n > 1} are independent, that is, for every

sequence {B,,, n > 1} of subsets of 2 and every sequence {C,,, n > 1} of measurable Borel sets on R, for

0363-1672/21/6104-0471 © 2021 The Author(s), corrected publication 2022

471


https://doi.org/10.1007/s10986-021-09528-7
mailto:gdula.agnieszka@gmail.com; akrajka@gmail.com

472 A.M. Gdula and A. Krajka

every n € N, we have
P[AkEBk, XkECk, 1§]€<n]:P[Ak€Bk, 1<k<n]P[Xk€Ck, 1<k§<n]

The general aim of this paper is to establish the strong law of large numbers for the sums {S(A4,,), n > 1}.
Randomly indexed sums have not been considered yet. Generally, this problem seems very difficult.
In our results, there often (although not always) arises the assumption

Ap, C Apyq as, n>=1. (1.2)

Therefore the investigation of the behavior {S(A,,)/b,, n > 1} for some sequence of divergent to infinity
positive reals {b,,, n > 1} under (1.2) is equivalent to investigating {Y ;" | S;) /by, n > 1}, where

Sm= Y., Xi-E Y Xi n>1,

1€AN\AR_1 1€AN\An_1

is the sequence of dependent random variables.
The most recent result for a sequence of dependent mixing random variables is due to Hu and Weber [4]
(see also [2] and [3]). Their result, formulated in our terms, may be stated as follows.

Theorem 1. (See [4, Thm. 1.1 and Cor. 1.2].) Let {X,,, n > 1} be a sequence of random variables, and let
{A,, n = 1} be a sequence of random subsets of N such that A, C Ap41 a.s.n > 1. Let {b,, n > 1} be
an increasing sequence of positive constants. Assume that there exists a constant K such that, for alln > 1,

" <K (1.3)
bn,
Suppose that
> Var() . X;)log?n
Senap X8n "
n=1 n
and
> log? k
sup Cov( Z X; Z XZ-) 1 < 00. (1.5)
k=1 n=1 €A1\ An 1€An k11 \Antk
Then

lim 5(An)

=0 a.s.
n—oo by,

The general aim of our paper is to obtain a new SLLN for {S(A4,,)/b,, n > 1} with the following improve-
ments:

* We assume nothing about the mixing structure type (1.5). In Example 1 and Remark 2 in Section 4, we
construct the sequence {X,,, n > 1} such that {5y, n > 1} are dependent and not satisfying (1.5) but
such that for this sequence, our result holds.

* We remove assumption (1.3).

* Our results essentially weaken assumption (1.4).

* We consider both the Marcinkiewicz—Zygmund and Kolmogorov SLLNSs.

* The technique of proof of our results is essentially different from that presented in papers [3,4] and [2].
We develop the technique described in [1] and [8].

We postpone a discussion and comparison of our results with Theorem 1 to Section 4 devoted to remarks,
examples, and conclusions. Section 2 contains the main results, which are proved in Section 3.
Throughout the paper, C' denotes the generic constants, and we always assume that ) ., a; = 0.
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2 Main results

Let {X,,, n > 1} be a sequence of random variables such that E|X,,| < oo, n > 1. For an arbitrary random
subset A of natural numbers, we denote

€A €A €A
=Y EX,-E) EX, = Z i € A]—Pli € A])EX.
i€A €A
A=Y x-EY x. 2.1)
€A €A

Note that if A is independent of {X,,, n > 1}, then
S(A)=V(A)+ Z(A). (2.2)

Theorem 2. Let {X,,, n > 1} be a sequence of independent random variables such that E|X,| < oo, n > 1,
and let {A,, n > 0} be a sequence of random subsets of N (A, = () independent of {X,,, n > 1} and
satisfying (1.1). Let {b,, n > 1} be a nondecreasing unbounded sequence of positive reals. Introduce the
following conditions:

(a) forq > 1,
o0 o0
|AR|97 = A |27
Y>E > EX;-EX; 20 < o0; (2.3)
n=1 jeAn\Anfl k:TL+1 k
(b) forq = 1,
o0 |A | _
E E|X; - EX;|* < 00; (2.4)
SE Y B e

n=1 jeA,\A, 1

(©) Ap, CApy1 as., n>=1;

(d) for every e > 0,

i( —bnetEY 4, X H > < o0, 2.5)
n=1

€A,
Z< “oneBYica, XiE H eEXi> < 0. (2.6)
n=1 €A,
If for some q > 1, E|X,,|?9 < 00, n > 1, and (a)—(c) are satisfied, then
lim Vida) _ 0 as. (2.7)
n—oo n
If (d) is satisfied, then
Ap
lim ) =0 a.s. (2.8)
n—oo
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If for some q > 1, E|X,,|?1 < 00, n > 1, and (a)—(d) are satisfied, then

lim 5(An)

n—oo by,

=0 as. (2.9)

Corollary 1. Let { X, X,,, n > 1} be a sequence of independent identically distributed random variables such
that E|X| < oo, and let {An, n > 0} be a sequence of random subsets of N (A, = () independent of
{Xy, n > 1} and satisfying (1.1). Let {b,,, n > 1} be a nondecreasing unbounded sequence of positive reals.
Introduce the following conditions:

(1) Ap CApsr as., n>=1;

(i) for g > 1,
. Al — Ao
STE( (1An] = [Anaal) Y ) < 00;
n=1 < k=n+1 bkq

(iii) for ¢ = 1,

< o0

00 . q—1
S = Dl

q
n=1

(@iv) for every e > 0,

o0

3 et (ell - FlAnI1 BX
n=1

IfE|X |2q < 00, q = 1, and (1)-(iii) are satisfied, then

lim V{4n) =0 as
n—oo by,
If (iv) is satisfied, then
Ap,
lim ) =0 as
n—oo n
IfE|X |2q < 00, q = 1, and (1)—(iv) are satisfied, then
Ay
lim S ):O a.s.

n—oo by,

It is worth noting that condition (iv) of the corollary is satisfied when

log E(ell A= —El4.hEX

n—00 bn,

=0

and, for every € > 0,

o0
E e < .

n=1

Let us now consider the case where { X,,, n > 1} are arbitrary dependent but identically distributed.
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Theorem 3. Let { X, X,,, n > 1} be a sequence of arbitrary dependent identically distributed random vari-
ables such that E|X| < oo, and let { Ay, n > 0} be a sequence of a random subsets of N (A, = () independent
of {X, Xy, n > 1} such that

A, 1 CA, as., n=1.

Suppose that by = 0 and {b,,n > 1} is a nondecreasing divergent to infinity sequence of positive constants
and

f: brPlbr—1 < |X — EX| < by] i El(An A An) 01 f 00l

b < 00, (2.10)
k=1 n=1 n
b= E|(An\ A1) N [E, 00)]
1 f . 2.11
mint ) 2 b >0 @10
Assume additionally that, for every e > 0, we have
o0
Ze—bne(eEXE\An\E(e—EX)\An\ + e—EXE\A"|E(eEX)\AnI) < oo, 2.12)
n=1
Then
S(A
lim (4n) =0 a.s.
n—oo by,
It is easy to check that in the case of A, ={1,2,...,n}, n>1, from Theorem 3 we obtain Theorem 2.1
of [8].
3 Proofs

In this section, for an arbitrary set A C N and for an arbitrary sequence of random variables { X,,, n > 1}, we
will use notation (2.1). Because V' (A,,) may be written as the sum of random variables, the classical Hijek—
Rényi inequality holds.

Lemma 1. (See Hdjek—Rényi-type maximal inequality, [1, Thm. 1.1].) Let {A,, n > 0}, Ay = (), be an
a.s. increasing sequence of random subsets of N satisfying (1.1) and independent of the sequence of random
variables {X,,, n > 1}. Let 1, 52, ... be a nondecreasing sequence of positive numbers. Let oy, s, . .. be
nonnegative numbers. Let v be a fixed positive number. Assume that for each m with 1 < m < n,

E[lgllagﬁ|V(Al)‘] < ;al.

Then
VA[) " & g
E[lrglagxn ) } <4Zﬁlr.

Lemma 2. (See [1, Thm. 2.1].) Let {A,, n > 0} be a sequence of a.s. increasing random subsets of N
satisfying (1.1):

A, 02— A, C Apt1 as., n=>1.

Lith. Math. J., 61(4):471-482, 2021.
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Let {b,, n > 1} be a nondecreasing unbounded sequence of positive numbers, and let {c,, n > 1} be
a sequence of nonnegative numbers. Let r be a fixed positive number. Assume that for eachn > 1,

1<I<n

E[max ‘V(Al)ur < zn:al.
=1

If Y772, au/b] < oo, then
V(An)

n

lim =0 a.s.
n—oo

Proof of Theorem 2. We first consider convergence (2.7). The proof essentially runs similarly as that of
Corollary 3.1 in [1]. We only remark that in our case the Doob inequality is

E[ max \V(Ak)|]2q - Z'E[ max \V(Bk)|]2qP[Ak = By, 1 <k <1

1<k<n 1<k<n

2 29
<<2 ’ > S TE[V(B))*P[Ar = B, 1< k <7

q—1
2q 2 2q
< (7)) BV,

where > is the sum taken over all possible sets { By, 1 < k < n} such that B; C B;y1,1 <i<n—1,and
B, Cc {1,2,...,a,} (cf. (1.1)), and the Burkholder inequality is

q
2
E[|[V(4,)]]™ < ch< > (X - EXj)2> :
JEAN
Applying the Holder inequality for ¢ > 1, we get
2 -
E[|[V(4,)|]™ < ch< > 1K = BX P A0 1).
JEAR
Now putting, forn > 1,
c(q)(E z:jeAn\An_1 E‘Xj - EXj|2q|An‘q_1
an=1 FTEY a4  E[X; —EX;P(A, |71 —[A,4]17Y) ifg > 1,
c(q)E ZjeAn\An,l Var(X;) ifg=1,

where ¢(q) = ¢4(2q/(2g — 1)), we get

E[ max ‘V(Ak)|]2q < Xn:ozj, n > 1
j=1

1<k<n

Thus (a), (b), and Lemma 2 end the proof of (2.7).
To prove (2.8), it suffices to show that for all € > 0,

e

>€] < 0.
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Notice that by the Chebyshev exponential inequality we have

oo

Ee?(4n)

ZP >sb] Z oeb Ze ebn g e (T AR —pn ) BX:

n=1 n=1

where p,, ; = P[i € A,],4,n > 1. Next, taking into account that

meEX E> X;, n>1,

€A,

and by the property of the indicator function we have

—e BXrica, XN E H B,

Thus from (2.6) we obtain €A,

(e e}

ZP >z—:b} 00.

Similarly, we have

Ee™ Zf;(l[iEAn} —Pn, L)E i EzbeAn iE H e X
€A,

)

and from (2.5) we have

> P[Z(An) < —eb] < O
n=1

Proof of Theorem 3.  Let us first prove that

V(An)

n

lim
n—oo

=0 as.
Because

V(A) =Y (Xi —EX)I[|X; - EX;| > bj]
€A,

+Z Y (X - EX)I[X; - EXy| < b,

k= 1Z€Ak\Ak 1

to obtain (3.1), it suffices to prove that

Y IXi —EXI[|X; - EX,| > b] <oo as.
=1

and (by the Kronecker lemma)

[o¢]
1
> > IXi —EXJI[|IX; - EX;| <b] < oo as.

n=1 " i€A,\A, 1
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Proof of (3.2). From (2.10) and (2.11) we may conclude that

Y P[IX —EX|>b] =Y kP[b_y <|X — EX| < by] — P[|X — EX| #0] < oc.
k=1 k=1

Thus by the Borel-Cantelli lemma there exists the positive integer-valued random variable Y such that

P[ U [1Xn - EX,| > bn]} =0,
n>Y
and therefore

Y OIXi —EXI[X; - EX| > b] = > |X; - EX)[T[|X; - EXj| > b] < oo as,
i=1 i<Y

which ends the proof of (3.2).
Proof of (3.3). From (2.10) we have

1
2. b E‘ Y. X —EXI[|X; - EX,| <bj]
n=1 i€ANA, 1

1

) B S S IX - EXifI[by < X — EXG| < by

1€AN\AL_1 k=1

.

1

3
I

1

, B > D bPbior < |X — EX| < by

VAN
Nk

3

n=1 i€AN\A,_1 k=1
=1

:Zb beP[br_1 < |X —EX| < b E > 1
n=1 " i€ANA, 1, ik

beP [by—1 < |X — EX| < by | E[(A, \ Ap1) N [k, 00))|

oI
Me T

n=1 k=1
> > E[(A,\ 4,_1) N k, 0o
=Y 0Py < |X —EX| <] Y [(4n bl) [k, 00)|
k=1 n=1 "
< 00,

and since L' bounded series are almost surely bounded, we also get (3.3).
To prove Theorem 3, we need to show that

Z(An)

n

lim =0 a.s.,
n—0o0

but because complete convergence implies almost sure convergence, it suffices to prove that for every e > 0,

> P[|Z(4,)| > €] < 0. (3.4)

n=1
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By the Chebyshev exponential inequality we have

(e e}

Z P > Eb Z EbnEeEX Zool(I[ZEA } pn,’i)}’

(e}

ZP[Z(An)<—sb Z —ebn B X[, (pri—1li€A])],
=1

where p,,; = Pli € A,], n > 1,1 < i < «,. Furthermore, because |4, | = > 2, I[i € A,], E|A,| =
> 2 Pni» and (3.4) follows from (2.12). O

4 Remarks and examples

Remark 1. Let us remark that the assumption E| X | < oo in Theorem 3 is superfluous. Replacing X — EX by
X in the proof, we obtain the SLLN of the following form:

lim ZieAn Xi

n—00 bn,

= 0.

However, in this paper, we emphasize the influence of decomposition (2.2) on SLLN, and therefore we assume
the existence of the first moment of X.

Let us consider the increments of terms V' (4,,), Z(Ay), S(Ay), that is, the terms V,,y = V(4,11 \ 4,),
Zmy = Z(Ans1\ An)s Sty = S(Any1 \ An), n > 1, respectively.

Remark 2. Let {X,,, n > 1} be a sequence of independent random variables, and let {A,, n > 1} be a se-
quence of almost surely increasing 2"-valued random sets independent of { X,,, n > 1}. We have:

(a) The increments of V' (A,,) are uncorrelated.
(b) The increments of Z(A,,) and S(A,,) may be correlated.
(c) The increments of V' (A,,), Z(A,,), and S(A,,) may be dependent.

Proof of Remark 2(a). Because {A,, n > 1} and {X,,, n > 1} are independent, and {X,,, n > 1} are
independent random variables, we have

Cov(Viny, Vintr)) = COV< > (X, - EX)), oo - EXj)>

jEAL11\An JEAntktr1\Antk

-3 Y ¥ B, - EX)) (X - EX))

JEB\A keD\C
x P[A, = By, Apy1 = Bo, Ayyi = B3, Apqp1 = By =0,

where the summation in " is taken over all possible sets { By, 1 < k < 4} such that B; C B;,1,i = 1,2,3,
and By C {1,2,...,apips1} (cf. (1.1)). O

For points (b) and (c) of Remark 2, we construct the following example.

Example 1. Let {X,, n > 1} be a sequence of independent Gaussian N (y,,, 0,,) random variables defined
on the probability space ([0, 1], B, \) (B denotes the family of Borel subsets of [0, 1], and A is the Lebesgue
measure on [0, 1]). On the same probability space ([0, 1], 8, ), we will define the sequence of random sets

Lith. Math. J., 61(4):471-482, 2021.
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{A,,, n > 1} and expand the definitions of {X,,, A,,, n > 1} on the product space ([0, 1]2, B x B, A x A) such
that {Xn, n > 1} and {A,, n > 1} will be independent (X (w1, we) = Xy (w1), Ay (wl,wg) = A, (w2)). For
some 0 < p < 1, we define
;o [0,p) ifniseven,
" Ap, 1] ifnis odd,

and let
n:{{l,Z,...,n,n—l—l}, w e [0,1] x I, wh
{L,2,...,n,n+2}, wel0,1] x ([0,1]\ I,,).
Obviously A, C A,41 a.s.n > 1. In the case where n is even, n + 1 is odd, and I,, = [0,p), In+1 = [p, 1].

Therefore for w € [0,1] x [0, p) Ay (w) and A, 41 (w) are defined by the first and second formulas in (4.1),
respectively. Thus

Apri(w)\ Ap(w) ={1,2,...,n,n+ 1, n+3}\{1,2,...,n, n+ 1}
= {n + 3},

whereas for w € [0,1] x [p, 1] we take A, 11(w) defined by first formula and A,,(w) by the second formula
in (4.1). Thus

Api(w)\Ap(w) =4{1,2,...,n,n+ 1, n+2}\{1,2,...,n, n+ 2}
={n+1}.
Proceeding similarly for the case of odd n, we establish

{n+1}, wel0,1] x ([0,1]\ I,,),

A1)\ Aal) = {{n +3}, wel0,1] x L.

Proof of items (b) and (c) of Remark 2. In Example 1, from the independency of { X,,, n > 1} and {A,,, n > 1}
we have

COV(S(n), S(n—i—k COV< Z Xj, Z X]>
JEAL+1\Ax J€A i1\ Antk
= (_1)I[k b Odd}p(l — D) (Bn+3 — Hnt1) (Bt k+3 — Hntk+1)s

where I[B] is the indicator (or characteristic function) of event B. Now if p,, = nd for some 6 > 0, then we
have

Cov(Sn): S(nsry) = (=1)1F 5 p(1 — p)o? £ 0.
By similar computations we get
CoV(Z(nys Zinsry) = (1)1 4dp(1 — p)s® £ 0,

which ends the proof of (b).
For (c), let us assume that & is even and p,, = 0. Then

P[In]e_t203+3/2_820i+k+3/2 + (1 _ P[[ ])e_t20i+1/2_520i+k+1/27
P[I,Je " 7ma/2 4 (1 = P[I,])e /2,
P[In]e_520i+k+3/2 + (1 _ P[In])e—s an+k+1/27

(b‘/(n)y‘/(n+k) (t7 5)
¢Wn) (t)
¢Wn+k) (5)
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where ¢y (t) denotes the characteristic function of X. Now we put o2 = log(en/(n + 1)), t = s = /2,
p = 0.5 (note that ,, — 1, as n — oo). Then we have

PV Vinsi (\/2’ \/2) - OV (\/2)¢V<n+k>(\/2)
1 <(n—|—4)(n+k‘+4) (n—l—2)(n+k‘+2)>
S22\ (n+3)n+k+3)  (n+)(n+k+1)

1 /n+4 n+2 n+k+4 n+k+2
4e2\n+3 n+1/)\n+k+3 n+k+1

1 1 B 1 1
42 \n+k+1 n+k+3)\n+1 n+3
1

T2+ D)n+3)n+k+1)(n+k+3) 7 0.

Obviously, correlated random variables are dependent, and thus statement (c) follows from (b). O

Remark 3. Defining { X,,, A, n > 1} as in Example 1 with p,, = nd, 0, = 1,n > 1, § > 0, Theorem 1 fails
for every choice of the sequence {b,,, n > 1}, whereas if for some ¢ > 1,

o0 o0 1 q_l o q_l
D) DR 4.2)
b q

n=1k=n k
o0 nq_l
> pa < (4.3)
n=1 "N
> e < oo, 44)
n=1

then (2.7)—(2.9) hold.

Proof. We note that when X; ~ N(j§,1), X; — EX; ~ N(0,1) and E|X; — EX;|* = k,, say. Then we
have

> log? k > log?n
> sup R T IL DEE
k=1

_ n=1

Cov< > X > Xi>

1€AL 11\ An €A+ k+1\Antk

n=1

so that (1.5) fails. Now we show that there exists a sequence {b,, n > 1} such that the assumptions of
Theorem 2 hold. Because

EY X = ;((n+ 1)(n+2) +2)6 — P[L,])6,

€A,

E H e:I:EXi _ e:l:(n+1)(n+2)5/2 (P[In] + (1 o P[In])eié),
€A,

(2.5) and (2.6) hold if and only if fo:l e~ < oo. Conditions (2.3) and (2.4) are reduced to those (4.2) and
(4.3), respectively. For example, we may put b,, = n, ¢ = 2, and then (4.2)—(4.4) are fulfilled. O

Lith. Math. J., 61(4):471-482, 2021.
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