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Abstract. In this paper, we consider some examples of set algebras .4 on N. If £(.A) is the set of simple functions on A,
then £**(A) denotes the ||-||o-closure of £(A). Our aim is to determine a complete orthonormal system for the Hilbert
space L*?(.A) in each regarded case. Here L*?(.A) denotes the quotient space £*?(.A) modulo null-functions.
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1 Introduction

For a function f : N — C, we define |||, by

) 1 N 1/a
[flla == {hiscgpr‘f(n)‘ } , 1<a<.

n<e

Let L := {f : N — C: || f|la < oo} be the linear space of functions on N with bounded seminorm || f||o. By
L* we denote the quotient space L% modulo null-functions (i.e., functions f with || f||o = 0). For a > 1, the
norm space L is complete [7].

Let A be an algebra of subsets of N. Then

E(A) = {565: s:Zalej, a; €C, AjeA j=1,...,m, mGN}

Jj=1
denotes the space of simple functions on A.
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DEFINITION 1. For a given algebra A and 1 < a < oo, the space L**(.A) is defined as the ||-||,-closure of
E(A). A function f € L**(A) is called uniformly (A) — o summable. By L*(A) we denote the quotient
space L**(.A) modulo null functions.

Remark 1. If A = P(N) is the algebra of all subsets of N, then L*!(A) is the ||-||1-closure of [°° is the space L*
of uniformly summable functions introduced by Indlekofer [2].

Here we consider algebras .A where every A € A possesses an asymptotic density 6(A) defined by
0(A):=li ! 1
(4) = lim 37
m<n

meA

if the limit exists. Then ¢ is finitely additive on A, that is, 0 is a content on A.
We say that an arithmetical function f possesses an (arithmetical) mean value M ( f) if

. 1
M(f) = lim nmz@f(m)

exists. If every A € A possesses an asymptotic density, then every f € L£*!(A) possesses a mean value.
Further, we define an inner product on L*?(A) by

(f.9)=M(fg), f.geL?A.

This product is well-defined. For this, let f,g € L*2(A). If £ > 0, then there exist s1, so € £(A) such that
If = silla <eand |lg — sal2 < e. Pute :=e"/(]| fll2 + 2|g]]2). Then

1fg — s182lli < || (7 — 8_2)H1 +|(f - s1)$2||,
< | fllzllg — s2ll2 + [1f — sll2lls2]l2
<e(fllz +2lgll2) < e,

and fg € L*'(A). Since L*2(A) is complete, the space L*?(.A) is a Banach space. Therefore the space
L*2(A) is a Hilbert space with the inner product defined above.

In this paper, we investigate examples of Hilbert spaces L*?(.A) together with associated (complete) or-
thonormal systems.

Remark 2. The described construction of £**(A) was the starting point of an integration theory by Indlekofer
(see [4,5]).

Embedding N, endowed with the discrete topology, in the compact space SN, the Stone—Cech compactifi-
cation of N, we get:

A:={A: Ae A}, where A := closgyA,

is an algebra in SN (for details, see [4, 5]). o
Let 0 be a content on A, that is, § : A — R is finitely additive, and define § on A by

5(A)=5(4), Aec A

Then J is a pseudo-measure on A and can be extended to a measure on o (A), which we also denote by J. This

leads to the measure space (SN, o(A),9).



Orthonormal systems in spaces of number theoretical functions 375

2 Some Hilbert spaces and corresponding orthonormal systems

2.1 A simple case

Let Ap be the algebra generated by the sets A, := {n € N: p|n}, p prime, and put

.1 1
O(Ap) = M(14,) = lim — d 1= >
m<n
plm
Note that the following relations of the characteristic functions
1anp =14 - 15, 1pap=14—14-1p, laup=1a+1p—14-1p

imply that the characteristic function of a set A € A is a finite linear combination of products 14, ---14
Thus the asymptotic density 0(A) exists for all A € A.
For every prime p, put

pr "

hy:=ply, —1
and define h, : N — Z by h,, =1 forn = 1 and

hp = H hy,  for every square-free n € N.
pln
Obviously, for every prime p,

M (hy) =0, M(h2) =p—1.
Now, if f : N — C is such that M (f) exists and f(pm) = f(m) for all m € N, then we conclude that

ST hpm)fm)=p Y flom) = > fm)=p Y f(m) =Y f(m)

m<x pm<e m<x m<zx/p m<x

and M (h,f) = 0, that is,

M(hy,) =0 ifp*(n)=1, n>1,
and

M (hyhy) =0 if g*(n) = p(n’) = Land n # n'.
In the same way, we obtain
M (hypf) = (p = DM(f).
By induction this leads to
M(h%) =p(n) if p?(n) = 1.

Putting h* := (¢(n))~Y/2h,, (u*(n) = 1), we have shown the following:
Theorem 1. The set {h}: n square-free} is a complete orthonormal system for L**(Ay).

Remark 3. We easily to see that the function h,, : N — Z satisfies hp,n, = hp, - hp, if (n1,n2) = 1 and
pu(ny) = p(n2) = 1, thatis, n = 1, or n is a product of an even number of different primes.

Remark 4. Bvery f € £(Ap) can be written as a linear combination of multiplicative g; such that g;(p') = 1
forall p > kj; and [ € N, since g = 1 — 14, is multiplicative.

Lith. Math. J., 61(3):373-381, 2021.
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2.2 Almost even functions

For primes pand k = 0,1,2,...,let A := {n € N: p¥ | n} be the set of natural numbers divisible by p*.
Let A; be the algebra generated by the sets {Ap+}. Then, for all A, the asymptotic density 0( A, ) exists and
equals 1/p*, and, as before, the asymptotic den51ty d(A) exists for all A € A;.

Schwarz and Spilker [8, Chap. VI] considered the space B of even functions and characterized the sets of
a-almost even functions (see also [3]).

It is well known that £(A;) equals B and L*¥(A;) is exactly the space of a-almost even functions (see [5]).

Remark 5. Every f € £(Ap) can be written as a linear combination of multiplicative functions g; such that
g;(p') =1forallp > kjandl € N.
Remark 6. Let f : N — C be a multiplicative function such that |f| < 1. Then the following statements hold.
(i) If M(f) # 0, then f € L**(A;) for every a >
@) M(|f]) = O ifandonly if >, ...(1— |f(p)|)/p = oo; especially, if 3, e (=0 1/P = oo, then

M(|f]) =
(i) M(|f]) = Olfandonly if M(|f|?) =

Put
hyp:=ply, —1 for prime p
and
hpr := pklApk —1011“111410,%1 for k > 2.
Define h, = 1 forn = 1 and
= H hps  forn > 1.
p*ln

Putting

.1

where ¢ is Euler’s function, it is easy to show (see above) that {A} } is an orthonormal system. We conclude
by the following:
Theorem 2. The set {h}: n € N} is a complete orthonormal system for L*2(Ay).

Remark 7. The functions h,, appear in a very natural way. It is not difficult to show (see [8, pp. 16-17]) that
hy, is just the Ramanujan sum c,, for every n.

2.3 Limit periodic functions

Let A2 be the algebra generated by all residue classes Ay, :={n e Nin=amodr}, 1 <a<r,reN.
Here again the asymptotic density 0 is a finite additive function on As. Then we have the followmg lemma.

Lemma 1. £(Az) is the space of all periodic functions on N.

The space L**(.Az) is the space of a-limit-periodic functions.
Defining e,/ : N — C by

.a
€a/r(n) = exp <27r1rn> ,
we have the following result (see [8, p. 207]).

Theorem 3. The set {e,/,: 1 < a < 7, ged(a,r) = 1, r = 1,2,...} is a complete orthonormal system
in L*2(.A2).



Orthonormal systems in spaces of number theoretical functions 377

2.4 Almost periodic functions

For 8 € R, the function eg : N — C defined by
eg(n) = exp(2wifn), neN,

possesses a mean value M (eg).

Let C be the family of all half-open subsets of [0, 1] and denote by A3 the algebra generated by the sets
A(B,E) :=={n € N: {fn} € E}, where g € [0,1), E € C, and fn = [n] + {fn} (0 < fn < 1). Then
(see [8, p. 207]) we have the following:

Theorem 4. The set {es : 3 € [0,1]} is a complete orthonormal system in L**(As).

2.5 Almost multiplicative functions

Let f be a multiplicative function taking only the values {—1, 0, 1} and define the sets
A;{ ={n: f(n)=1}, A%:={n: f(n)=0}, and A ={n: f(n)= -1}

with characteristic functions f*, 0, and f—, respectively. Obviously,

Fr=sUf+0),  P=1-pr-p =500 ),

We define the algebra A, to be the algebra generated by the sets A}, A(}, A; for all multiplicative functions f

with f(N) C {-1,0,1}. Every A € A4 possesses an asymptotic density by Wirsing’s theorem. An arbitrary
element A of A4 has a characteristic function that is a linear combination of such multiplicative functions. Thus
the asymptotic density d(A) exists. Let £(A4) be the vector space of simple functions on A4. Let £**(A4) be
the ||-||o-closure of £(Ay).

DEFINITION 2. A function f € £L**(Ay4) is called an a-almost multiplicative function.
First, we show Ay C Ay4. For the proof, consider

0, p*ln,

1 otherwise.

frn) = (1=14,)(n) = {

Then f* is multiplicative. Since Ina, =In—1a, =1-14, € E(A4), we have N\ A, € Ay. This
implies that Ax € Ajy.

Since hy, € E£(A;), we have h, € E(A4). Every h, can be written as a finite linear combination of
1 Aoy =0 1 Ao » where m € N.

Theorem 5. Let f : N — R be multiplicative with |f| < 1. Then f € L**(Ay) forall o > 1.

Proof. Put f = |f|sign, where sign; is multiplicative with

1 if f(ph) >0,
(signp)(p') = {0 if f(p') =0,
—1 if f(p') <.

Lith. Math. J., 61(3):373-381, 2021.
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Since |f| € £*°‘(.Al) and sign f € £(A4), we find s1,ss € E(A4) such that || f| — s1]|§ < ¢ and
|| sign f — s2]|& < €. Note that there exist ¢1 (), c2(a) > 0 such that

Isalle < |1+ (s2 = IF)]5 < cala)
and
(lal + o)™ < ca(e) (al™ + [b]%).

Put e := £**/(1 + ¢1()c2(x)). Then

1f = s1s2lls = c2(a) {|||F1(signy —s2) ||\, + || (1f] = s1)s2][ 2}
ca(@){ || (signg —s2)[, + [|(1F1 = s1) [ 152015}
co(a)e® 4+ e%co(a)er(a) < %9

NN

This proves Theorem 5. O

Next, we construct an orthonormal system for the space L*?(Ay).
Let Ry be the set of all multiplicative functions with f(N) C {—1,0,1} and M (|f]) # 0. Define the
relation ~ on Ry by
f~g ifandonlyif L,
) p
f(p)#9(p)

Observe, that in this case, by (ii) of Remark 6, Zp, F(p)=0 1/p < oco. Obviously, ~ is an equivalence relation
on Ry.

Now choose a representative from each residue class that takes only the values +1 and denote this set by F7.
Then F; forms an orthonormal system. For this, let f, g € F; and observe that Z F(p)#g(p) 1 /p = oo. Then,
by (ii) of Remark 6, M (fg) = (f, g) = 0. Furthermore, for f € Fi, we have f? = 1 and (f, fy=M(f*) =1.

This shows that 7 is an orthonormal system in L*?(A4). Consider, for f € Fi, the system

Fo = {fh;kI feF,ne N},
where h; is the normalized function (2.1).
Theorem 6. F; is a complete orthonormal system for L**(Ay).

Proof.  First, we show that F» is an orthonormal system. For this, let b f # hZg. This holds if and only if
f # g and n, 7 are arbitrary or f = g and n # 7. Assume that f # g and n, 7 are arbitrary. Then

(hof, hig) = M(hy, fhag) = M(fgh”),

where h* is (see Remark 6) a finite linear combination of multiplicative functions g; with |g;| = 1 and
gj(p) = 1 for p > k;. Therefore

3 1 - fwew)eiv) _ .4 M(fgg;) = 0.

> p

So we obtain (h} f, hig) = 0if f # g. Inthe case f = g and n # n, obviously, (h}, f, h% f) = M (h}h%) = 0.
Since (h} f, h% f) = M(|h% f|?) = 1, F2 is an orthonormal system.
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For the proof of the completeness of F, let g € £L*(A4). Then g can be approximated in the ||-||2 norm by
some g* € £(Ay),

m
g*:Zalej, a; € C, Aj € Ay.
j=1

Note that 1 4 for A € Ay is a finite linear combination of products of multiplicative functions f taking only
the values {—1,0,1}.

Therefore it suffices to prove that each real-valued multiplicative function f with values f(N) C {—1,0,1}
can be approximated by a linear combination of functions from F2. Choose g € F; that is equivalent to f.
Then f = hg where h = fg, since g> = 1. Then

1—-h 2
Z p(P):zp:p<oo

p

and h € L*?(A;). Thus h can be approximated by a linear combination of functions hy, ..., h,, that is, for
e > 0, there exist a; € C such that

h — i Oéjhj
j=1

This ends the proof of the completeness of F». O

m
< e, which implies Hf - E ajh;g
j=1

<e.
2 2

2.6 g-ary almost even functions

First, we introduce g-multiplicative functions. Let ¢ > 2 be an integer, and let A = {0,1,...,¢ — 1}. The
g-ary expansion of some n € Ny is defined as the unique sequence £o(n),e1(n), ... for which

n= Zaj(n)qj, gj(n) € A.
=0

The numbers £o(n),e1(n),... are called the digits in the g-ary expansion of n. In fact, ,(n) = 0 if
r > logn/logq. A function f : Ny — C is called g-multiplicative if f(0) = 1 and for every n € N,

fn) =11 1(em)d).
j=0

Let the algebra A5 be generated by the sets A, := {n € N: ¢j(n) = a}, j € Ng,a € A. Every A € As
possesses an asymptotic density 6(A).

Let £*1(A5) be the ||-||1-closure of £(Aj5). Here £(Aj5) is called the space of g-ary even functions. Then
L*1(As) is called the space of g-ary almost even functions.

Remark 8. Let f be a real-valued ¢g-multiplicative function of modulus < 1. Then the mean values M (| f|) and
M (f) always exist (see [6]). Especially, we have:

@) If | f]l1 = M(|f]) > 0, then

S5 (1 |f(ag?) ) <

j=0 acA

Lith. Math. J., 61(3):373-381, 2021.
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(i) If

Zf(aqj);é() forall j € Ny and ZZ(l—f(aqj))<OO,

ach j=0 a€h

then M(f) # 0.
As an immediate consequence, we have the following:
Corollary 1. Let f be a real-valued q-multiplicative function of modulus < 1. If

iZ(l—f(aqj)) < 00,

7=0acA
then f € L*(As5).

This ends Remark 8.
Let £*2(As5) be the ||-||2-closure of £(Aj5). Then we define a complete orthonormal system for the space
L*2(As).

Theorem 7. The set {hq,... q,} of g- multiplicative functions with

! 2mia,;
hag.....a.(N) := Hexp( . Jsj(n)),

3=0
aj € A,j=0,...,7, 1 € Ny, is a complete orthonormal system for L**(As).

The proof is easy and is left to the reader.

2.7 Almost g-multiplicative functions

Let f be a ¢g- multiplicative function taking only the values {—1,0, 1} and define the sets
A}L ={n: f(n) =1}, A(} i={n: f(n) =0}, and A, :={n: f(n) =-1}

with characteristic functions f*, f9, and f~, respectively. We denote by .Ag the algebra generated by the sets
A;{, A(}, A for all g-multiplicative f with f(N) C {-1,0,1}.

An arbitrary element A of Ag has a characteristic function that is a linear combination of g-multiplicative
functions. From this and by the theorem of Delange [1] the asymptotic density §(A) exists. Let £(.Ag) be the
space of simple functions on Ag. Let £*(Ag) be the ||-||1-closure of £(Asg).

DEFINITION 3. Functions f € L*(Ag) are called almost q-ary multiplicative functions.

Next, we define a complete orthonormal system for L*?(Ag).
Let G :={f:N—= R: f ¢ — multiplicative, f(n) € {—1,0,1} for all n € N with || f||2 # 0}. Define the
relation ~ on G by

-1

f~yg ifandonlyif Y (1- f(ag)g(ad")) < co.
=0 a

Q

I
=)

Obviously, ~ is an equivalence relation on G.



Orthonormal systems in spaces of number theoretical functions 381

Now from each equivalence class we choose a representative that is # 0 for all n € N. We denote this set
of representatives by F3. We consider 4 := {hq, . o f: [ € F3, a;j € A, 5 =0,...,r, r € N} and show
the following:

Theorem 8. F; is a complete orthonormal system for L*?(Asg).

Proof.  First, we show that F is an orthonormal system. In the case g; = g2 = g, since g = 1, we have

M(hao,...,argﬁbo,...,bsg) = M(hao,...,arﬁbo,...,br) =0

if hag,....a, 7 Nb,,...», and 1 otherwise. If g1 # go, then

(hao,....ar g1 by 5.92) (ad”) = (9192) (aq?)

if j is large enough. Obviously, M (g1g2) = 0, and F; is an orthonormal system.

To prove the completeness of Fy, it suffices to show that every g-multiplicative f with M (|f|) # 0 and
f(n) € {—1,0,1} for all n € Ny can be approximated by linear combinations of elements of F;.

Let f be such a function. Then f = |f|sign; and sign; ~ g, g € F3, and

f=|flsign; g° = (|f|signs g)g.

Now |f|sign; g is a g-ary even function and can therefore be approximated by a linear combination of
some hg, ... q,. This proves Theorem 8. [
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