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Abstract
In this paper, we compared copper-engine oil Casson–Maxwell, Casson–Jeffrey, and Casson–Oldroyd-B binary nanofluids 
in a parabolic trough solar collector. Using appropriate similarity variables, the partial differential equations governing 
nanofluid flow were converted into ordinary differential equations. The resulting nonlinear systems were solved using 
the shooting method. The numerical results were presented in graphical and tabular forms. We investigated the effects of 
different parameters controlling the flow on the velocity, temperature, entropy generation, skin friction, and local Nusselt 
number of the nanofluids. Overall, the Casson–Maxwell and Casson–Jeffrey nanofluid models had better efficiency than the 
Casson–Oldroyd-B nanofluid model.

Keywords Casson · Jeffrey · Oldroyd-B · Maxwell · Parabolic trough solar collector · Binary nanofluid

List of symbols
a  Primary stretching rate
a∗  Thermal discrepancy rate
B0  Strength of the constant magnetic field
BK  Brinkman number
BiT  Thermal Biot number
Cf  Skin friction constant
Cp  Specific heat
DT  Thermophoretic diffusion coefficient
Ec  Eckert number
eij  (i, j) Th component of the deformation rate
f ′  Dimensionless velocity
hf  Heat transfer coefficient
k  Thermal conductivity
kp  Porosity
k∗  Mean absorption coefficient
K  Porosity parameter
m  Nanoparticle shape factor
M  Magnetic number
NG  Entropy generation dimensionless factor

Nr  Thermal radiation parameter
Nt  Thermophoretic parameter
Nux  Local Nusselt number
Nw  Slip length
Pr  Prandtl number
py  Yield stress
Q  Heat source parameter
Q0  Heat source
qr  Radiative heat flux
Re  Reynolds number
Rex  Local Reynolds number
S  Mass transfer parameter
t  Time
T   Temperature
u  v , Velocity components
Vw  Surface permeability
x, y  Dimensional space coordinates

Greek symbols
�  Thermal diffusion rate
�  Casson parameter
�1  �3 , Deborah numbers
�̇�  Rate of strain tensor
�̇𝛾   Upper convected derivative of the strain tensor
Γ  The magnetic field’s angle of inclination
�  Dimensionless space variable
�  Dimensionless temperature
�0  Surface thermal conductance
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�1  Fluid relaxation time
�2  Ratio of the relaxation to retardation times
�3  Fluid retardation time
Λ  Velocity parameter
�  Viscosity
�0  Low-shear viscosity
�B  Plastic dynamic viscosity of the Casson fluid
�  Kinematic viscosity
�c  Critical value of the deformation rate
�  Density
�  Electrical conductivity
σ∗  Stefan–Boltzmann constant
�  Extra stress tensor
�ij  Stress tensor
𝜏  Upper convected derivative of the stress tensor
�  Nanoparticle concentration
�  Ratio of the operative heat capability
Ω  Difference in temperature parameter

Subscripts
f  Base fluid
nf  Nanofluid
s  Solid particles
W  Wall
∞  Free stream

Introduction

In recent years, renewable energy, in general, and solar 
energy, in particular, have gained considerable attention 
owing to their environmental friendliness and effectiveness 
in generating electrical and thermal energy. Solar energy 
is usually harnessed using photovoltaic technology or solar 
collectors (SCs). A SC is preferable owing to its cost effi-
ciency and energy collection capabilities [1]. The suspension 
of nanoparticles in the base fluid is a major advancement in 
developing SCs with enhanced efficiency. Choi [2] was the 
first to observe improved heat transfer using nanoparticles. 
Over the years, studies investigating nanofluids in parabolic 
trough solar collectors (PTSCs) have been conducted [3–6]. 
Shahzad et al. [7] studied the thermal characterization of 
a solar-powered ship using Oldroyd hybrid nanofluids in 
a PTSC. Jamshed et al. [8] performed a thermal examina-
tion of renewable solar energy in a PTSC using a Maxwell 
nanofluid. Jamshed et al. [9] conducted a computational 
study on implementing renewable solar energy in the pres-
ence of a Maxwell nanofluid in a PTSC. Nabwey et al. [10] 
investigated the effect of resistive and radiative heats on 
enhanced heat transfer of a PTSC using Maxwell–Oldroyd-
B nanofluids.

Many researchers have studied the fractional calculus 
methods, the effects of convective heat transfer and thermal 

radiation processes on nanofluid efficiency, and the applica-
tions of nanofluids in the presence of oxytactic microorgan-
isms in different engineering problems [11–28].

Currently, binary nanofluids are being studied for various 
applications as they have better energy transfer than mono 
nanofluids [29–32]. Yu [33] employed a decoupled wavelet 
approach for multiple physical flow fields of binary nanoflu-
ids in double-diffusive convection. Lee et al. [34] conducted 
a theoretical study on the performance comparison of vari-
ous SCs using binary nanofluids. Reddy et al. [35] studied 
the effects of viscous dissipation and thermal radiation on 
electrically conducting Casson–Carreau nanofluid flow using 
the Cattaneo–Christov heat flux model. Oyelakin et al. [36] 
investigated the effect of double-diffusion convection on three-
dimensional magnetohydrodynamic (MHD) stagnation point 
flow of a tangent hyperbolic Casson nanofluid. Yousef et al. 
[37] explored the chemical reaction impact on MHD dissipa-
tive Casson–Williamson nanofluid flow over a slippery stretch-
ing sheet through a porous medium.

Jamshed and Nisar [38] compared copper/alumina-engine 
oil Williamson nanofluids in a PTSC. They concluded that 
copper was considerably better than alumina in terms of heat 
transfer. Other studies [39–41] have also suggested the use of 
copper rather than other materials owing to its high efficiency 
to achieve enhanced thermal properties. Notably, the shape of 
nanoparticles can affect nanofluid heat transfer ability [42, 43].

Based on the literature review, we believe that a direct com-
parison of binary nanofluids in PTSCs is lacking, and we hope 
to contribute toward mitigating this lack of knowledge. Nota-
bly, the Jeffrey and Casson–Jeffrey nanofluid models have not 
been investigated in PTSC settings. The other novel aspects of 
the current study are as follows:

• The comparison between the Casson–Maxwell, Cas-
son–Jeffrey, and Casson–Oldroyd-B binary nanofluids in 
PTSCs.

• The consideration of thermophoretic diffusivity.
• The consideration of a constant inclined magnetic field.
• The consideration of different nanoparticle shapes.

The practical significance of this study lies in the use of the 
considered models in PTSCs [10, 41, 44], solar water pumps 
[45], and solar-powered ships [7, 8].

Formulation of the problem

Consider the velocity and temperature of a nonuniform stretch-
ing insulated sheet as follows [46]:

where a , a∗ , TW, and T∞ denote the primary stretching rate, 
thermal discrepancy rate, heat at the wall, and heat at the 

(1)UW(x, 0) = ax, TW(x, 0) = T∞ + a∗x
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free stream, respectively. Figure 1 presents a schematic of 
a PTSC.

Stress tensor of binary fluids

Herein, we studied three binary liquids: Casson–Maxwell, 
Casson–Jeffrey, and Casson–Oldroyd-B.

The rheological equation of state of an incompressible and 
isotropic flow of a Casson fluid is as follows [47]:

where �ij denotes the stress tensor, eij denotes the (i, j) th com-
ponent of the deformation rate, � = eijeij , i.e., the product of 
the component of deformation with itself, �c denotes a criti-
cal value of this product based on the non-Newtonian model, 
�B denotes the plastic dynamic viscosity of the Casson fluid, 
and py denotes the yield stress of the fluid.

The Maxwell model is a simple linear model with one elas-
tic parameter, which is �1 , the fluid relaxation time. This model 
combines the concepts of fluid viscosity and solid elasticity to 
arrive at the following relation:

The Jeffrey model extends the Maxwell model by add-
ing a time derivative of the strain rate to yield the following 
equation:

(2)𝜏ij =

⎧
⎪⎨⎪⎩

2
�
𝜇B +

py√
2𝜋

�
eij, 𝜋 > 𝜋c

2
�
𝜇B +

py√
2𝜋c

�
eij, 𝜋 < 𝜋c

(3)𝜏 + 𝜆1
𝜕𝜏

𝜕t
= 𝜇0�̇�

(4)𝜏 + 𝜆1
𝜕𝜏

𝜕t
= 𝜇0

(
�̇� + 𝜆3

𝜕�̇�

𝜕t

)

where �3 denotes the retardation time, which is a measure of 
the time required by the material to respond to deformation.

The Oldroyd-B model is the nonlinear equivalent of the 
linear Jeffrey model, because it considers the frame invari-
ance in the nonlinear regime. It can be constructed by replac-
ing the partial time derivatives in the differential form of the 
Jeffrey model with the upper convective time derivatives to 
achieve the following form:

where 𝜏 and �̇𝛾  denote the upper convected derivatives of 
the stress and strain tensors, respectively, and are expressed 
as follows:

For more details about the different aspects of various 
non-Newtonian fluids we refer the reader to the comprehen-
sive work conducted by Sochi [48].

Governing equations

The principles of conservation of mass, momentum, and 
energy are applied to two-dimensional, incompressible, 
laminar, steady flow of binary nanofluids. We also consider 
the porous medium along with the thermophoresis effect 
and a constant inclined magnetic field as follows [44, 49]:

(5)𝜏 + 𝜆1𝜏 = 𝜇0

(
�̇� + 𝜆3�̇𝛾

)

(6)𝜏 =
𝜕𝜏

𝜕t
+ �.∇𝜏 − (∇�)

T.𝜏 − 𝜏.∇�

(7)�̇𝛾 =
𝜕�̇�

𝜕t
+ �.∇�̇� − (∇�)

T.�̇� − �̇� .∇�

Fig. 1  Schematic of a parabolic 
trough solar collector (PTSC). 
Reprinted with alterations under 
Creative Common CC BY 
licence from [52]
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The suitable boundary constraints are as follows:

where u and v denote the velocity components in the x and 
y directions, respectively; �nf , �nf , �nf , knf , and Cpnf

 denote 
the nanofluid viscosity, density, electrical conductivity, 

(8)
�u

�x
+

�v

�y
= 0

(9)

u
�u

�x
+ v

�u

�y
= −�1

(
u2

�2u

�x2
+ v2

�2u

�y2
+ 2uv

�2u

�x�y

)

+
�nf

�nf
(
1 + �2

)
((

1 +
1

�

)
�2u

�y2

+�3

(
u

�3u

�x�y2
+

�u

�y

�2u

�x�y
+ v

�3u

�y3
−

�u

�x

�2u

�y2

))

−
�nf

�nfkp
u −

�nfB
2
0

�nf
usin2(Γ)

(10)

u
�T

�x
+ v

�T

�y
=

knf(
�Cp

)
nf

�2T

�y2
+

Q0(
�Cp

)
nf

(
T − T∞

)

+
�nf(
�Cp

)
nf

(
�u

�y

)2

−
1(

�Cp

)
nf

�qr
�y

+ �

[
DT

T∞

(
�T

�y

)2
]
+

�nfB
2
0(

�Cp

)
nf

u2sin2(Γ)

(11)

u = Uw + Nw

�u

�y
, v = Vw, �0

�T

�y
= −hf

(
TW − T

)
at y = 0

(12)u → 0, T → T∞ as y → ∞

thermal conductivity, and specific heat, respectively; �2 
denotes the ratio of the relaxation to retardation times; � 
denotes the Casson parameter; kp denotes the porosity; B0 
denotes the strength of the magnetic field perpendicular to 
OH , and Γ denotes the angle of inclination of the magnetic 
field; T  denotes the nanofluid temperature; Q0 denotes the 
heat source; qr denotes the radiative heat flux; � denotes the 
ratio of operative heat capability; DT denotes the thermo-
phoresis diffusion coefficient; Nw denotes the slip length; 
Vw denotes the surface permeability; �0 denotes the surface 
thermal conductance; and hf denotes the heat transfer coef-
ficient. Figure 2 presents the boundary layer flow in a PTSC.

The following conditions describe the different case 
studies:

(1) �1 ≠ 0 , �2 = 0 , �3 = 0 represents the Casson–Maxwell 
model.

(2) �1 = 0 , �2 ≠ 0 , �3 ≠ 0 represents the Casson–Jeffrey 
model.

(3) �1 ≠ 0 , �2 = 0 , �3 ≠ 0 represents the Casson–Oldroyd-
B model.

The radiative heat flux under the Rosseland approxima-
tion [21, 50] takes the form qr = −

16�∗T3
∞

3k∗
�T

�y
 in which σ∗ is 

the Stefan–Boltzmann constant and k∗ is the mean absorp-
tion coefficient.

Table 1 presents the thermophysical aspects of the nano-
fluids [7, 51], Table 2 specifies the nanoparticle shape factor 
(m) values for various particle shapes [52, 53], and Table 3 
lists the substance properties of engine oil and copper [52].

Fig. 2  PTSC inner geometry. 
Reprinted with alterations under 
Creative Common CC BY 
licence from [7]
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Solution of the problem

To transform the partial differential equations to ordinary 
differential equations (ODEs), we introduce the following 
similarity variables [44]:

This transforms Eqs. (9–10) along with boundary condi-
tions (11–12) to the following forms:

(13)

u = axf �(�), v = −
√
a�f (�), �(�) =

T − T∞

TW − T∞
, � = y

�
a

�

(14)

ff �� − �1
(
f 2f ��� − 2ff �f ��

)
+

1

�1�2

(
1 + �2

)
((

1 +
1

�

)
f ��� + �3

(
f ��2 − ff ����

))
−

K

�1�2

f � −M
�4

�2

f � sin2 (Γ) − f �2 = 0

where �1 = �1a and �3 = �3a denote Deborah numbers, 
K =

�f

a�fkp
 denotes the porosity parameter, M =

�fB
2
0

a�f
 denotes 

the magnetic number, � =
kf

(�Cp)f
 denotes the thermal diffu-

sion rate, � =
�f

�f
 denotes the kinematic viscosity, Pr = �

�
 

denotes the Prandtl number, Nr =
16�∗T3

∞

3k∗�(�Cp)f
 denotes the ther-

mal radiation parameter, Q =
Q0

a(�Cp)f
 denotes the heat source 

parameter, Ec = U2
W

Cpf
(TW−T∞)

 denotes the Eckert number, 

Nt =
�DT(TW−T∞)

�T∞
 denotes the thermophoretic parameter, 

Λ = Nw

√
a

�
 denotes the velocity slip parameter, 

S = −Vw

√
1

�a
 denotes the mass transfer parameter, and  

BiT =
hf

�0

√
�

a
 denotes the thermal Biot number.

Physiological concepts of interest

Considerable attention is directed toward the skin friction 
constant Cf , the local Nusselt number Nux , and the entropy 
generation equation [45, 46, 52, 54]:

where

(15)

(�5

Pr
+ Nr

)
��� + �3f �

� + Q� +
Ec

�1

f
��2

+ Nt�3�
�2 + �4MEcsin

2(Γ)f �2 = 0

(16)f �(0) = 1 + Λf ��(0), f (0) = S, ��(0) = −BiT(1 − �(0))

(17)f �(�) → 0, �(�) → 0 as � → ∞

(18)Cf =
�W

�fU
2
W

, Nux =
xqW

kf
(
TW − T∞

)

(19)
EG =

knf

T2
∞

((
�T

�y

)2

+
16

3

�∗T3
∞

k∗�
(
�Cp

)
f

(
�T

�y

)2
)

+
�nf

T∞

(
�u

�y

)2(
1 +

1

�

)
+

�nfu
2

kpT∞
+

�nfB
2
0

T∞
u2sin2(Γ)

(20)

�W = �nf

(
1 +

1

�

)
(
1 + �2

)
(
�u

�y

)

y=0

and

qW = −knf

(
1 +

16

3

�∗T3
∞

k∗�
(
�Cp

)
f

)(
�T

�y

)

y=0

Table 1  Thermophysical features of nanofluids

Feature Nanofluid

Viscosity �nf

�f

=
1

(1−�)2.5
=

1

�1

Density �nf
�f

=

(
1 − � + �

�s

�f

)
= �2

Heat capacity (�Cp)nf
(�Cp)f

=

(
1 − � + �

(�Cp)s
(�Cp)f

)
= �3

Electrical conductivity
�nf
�f

=

(
1 +

3
(

�s
�f
−1

)
�

(
�s
�f
+2

)
−

(
�s
�f
−1

)
�

)
= �4

Thermal conductivity knf

kf

=

(
(ks+(m−1)kf)−(m−1)�(kf−ks)

(ks+(m−1)kf)+�(kf−ks)

)
= �5

Table 2  Shape factor values

Nanoparticle type Shape Shape factor ( m)

Sphere
 

3

Hexahedron
 

3.7221

Tetrahedron
 

4.0613

Column
 

6.3698

Lamina
 

16.1576

Table 3  Material specifications at 20 °C

Material �/kg  m−3
Cp/J  kg−1  K−1

k

/W  m−1  K−1
�/S  m−1)

Engine oil 884 1910 0.144 0.125 ×  10−11

Copper 8933 385 401 5.96 ×  107
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Using the dimensionless parameters defined in Eq. (13), 
we get the following:

where Rex =
xUW

�
 denotes the local Reynolds number 

depending on the stretching velocity, NG =
EGT

2
∞
a2

kf(TW−T∞)
2 

denotes the entropy generation dimensionless factor, 
Re =

UWa2

�x
 denotes the Reynolds number, Ω =

(TW−T∞)
T∞

 
denotes difference in temperature parameter, and 
BK =

�fU
2
W

kf(TW−T∞)
 denotes the Brinkman number.

Numerical solution procedure

Shooting method

Obtaining the exact analytical solutions from highly non-
linear problems is considerably difficult. Thus, the shooting 
method is employed via bvp4c in MATLAB, which is a finite 
difference code that implements the three-stage Lobatto–Illa 
formula, which is fourth-order accurate uniformly in the 
interval of integration. The mesh selection is based on the 
residual of the continuous solution. More details on the theo-
retical and practical backgrounds of bvp4c can be found in 
[55].

Before using the shooting method, higher-order ODEs 
must be converted into a set of first-order ODEs. Let

(21)

CfRe
1

2

x =

(
1 +

1

�

)
(
1 + �2

)
�1

f ��(0), NuxRe
−

1

2

x = −
(
1 + Nr

)
�5�

�(0)

(22)

NG = Re
[
�5

(
1 + Nr

)
��2

+
BK

�1Ω

((
1 +

1

�

)
f
��2 + Kf

�2 +M�1�4sin
2(Γ)f �2

)]

(23)
f = y(1); f � = y(2); f �� = y(3); f ��� = y(4)

f ���� = yy1; � = y(5) �� = y(6); ��� = yy2.

(24)

yy1 =
�1�2

(
1 + �2

)
�3y(1)

(
−�1

(
y(1)

2
y(4) − 2y(1)y(2)y(3)

)

+
1

�1�2

(
1 + �2

)
((

1 +
1

�

)
y(4) + �3y(3)

2

)

−
K

�1�2

y(2) −M
�4

�2

sin
2(Γ)y(2) − y(2)

2 + y(1)y(3)

)

Validation of the numerical code

To authenticate the current study, the current findings were 
tested against previous studies [8, 44, 49, 56–59]; the com-
parisons are listed in Tables 4 and 5. Overall, the agreement 
with previous studies provides confidence to proceed with 
the current study.

Results and discussion

The effects of the parameters controlling the flow on Cas-
son–Maxwell, Casson–Jeffrey, and Casson–Oldroyd-B copper-
engine oil binary nanofluids in a PTSC are presented in 
Figs. 3–27 and Tables 6, 7. The objectives of this study are to 
compare the three nanofluids and to determine the parameters 
that improve the efficiency of the device. The default parameter 
v a l u e s  a r e  t a k e n  a s  f o l l o w s : 
� = 1;�1 = �3 = �2 = 0.5;K = 0.6;M = 0.2;

Γ =
�

2
;S = 0.2,Λ = 0.3494;� = 0.2;Pr = 7;Nr = Ec = 0.2;

Q = 0.1;Nt = 0.15;BiT = 0.1;Re = BK = 5; and Ω = 0.5; m = 3

(25)
yy2 = −

1

�5

1

Pr
+ Nr

(
�3y(1)y(6) + Qy(5) +

Ec

�1

y(3)
2

+Nt�3y(6)
2 + �4MEcsin

2(Γ)y(2)
2
)

(26)

y0(2) = 1 + Λy0(3), y0(1) = S,

y0(6) = −BiT(1 − y0(5)), yinf (2) → 0,

yinf (5) → 0

Table 4  Comparing the values of −f ��(0) with different values of S for 
� = �1 = �2 = �3 = K = M = Λ = 0.

S Ref. [57] Ref. [58] Ref. [49] This study

0 0.677648 0.6776563 0.6776564 0.677653
0.5 0.873643 0.8736447 0.8736448 0.873644
0.75 0.984439 0.9844401 0.9844402 0.984440

Table 5  Comparing the values of −�
�

(0) with dif-
ferent values of the Prandtl number for 
� = �1 = �2 = �3 = K = M = Nr = Q = Ec = Nt = Λ = S = BiT = 0

Pr Ref. [56] Ref. [59] Ref. [8] Ref. [44] This study

0.2 0.1691 0.1691 0.1691 0.1691 0.1690
0.7 0.4539 0.4539 0.4539 0.4537 0.4539
2 0.9114 0.9114 0.9114 0.9114 0.9114
7 1.8954 1.8954 1.8954 1.8954 1.8954
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Effect of Casson parameter ˇ

When the Casson parameter � is increased, the resistance to 
the flow also increases; consequently, a reduction in velocity 
is presented in Fig. 3. The Casson–Maxwell nanofluid exhib-
ited the greatest resistance among the three binary nano-
fluids. The decrease in velocity extends the time allowed 
for the fluid to gain more heat, resulting in improved heat 
transferability. As presented in Fig. 4, the Casson–Maxwell 
nanofluid is the most enhanced in terms of heat transfer 
capabilities of the three binary nanofluids. Figure 5 shows 
that the entropy generation decreased with the increasing � 
as the increase in � reduces the rheological features, result-
ing in a faster shearing along the surface [60, 61]. At the 

wall, the Casson–Maxwell nanofluid had the highest NG , 
followed by the Casson–Jeffrey nanofluid, and then the Cas-
son–Oldroyd–B nanofluid, whereas far from the wall, the 
Casson–Oldroyd–B nanofluid had the highest NG , followed 
by the Casson–Jeffrey nanofluid, and then the Casson–Max-
well nanofluid.

Effect of the porosity parameter K

Large values of the porosity parameter contribute against 
the fluidity, resulting in a reduction in the velocity profile 
and an increase in both heating and irreversible energy 
(Figs. 6–8). Physically, the increase in the porosity param-
eter decreases nanoparticle collision owing to an increase 
in the size of the flow pore, inhibiting heat generation. 
The viscous force controls the buoyancy force, thereby 
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decreasing the flow magnitude. The entropy increased 
owing to existence of considerable temperature gradi-
ent at the surface [8, 38]. The most affected of the three 
nanofluids was the Casson–Jeffrey nanofluid, with the 
highest heat transfer and an entropy level close to that of 
the Casson–Maxwell nanofluid. The Casson–Oldroyd-B 
nanofluid exhibited the lowest heat transfer and highest 
entropy. The effect of K  on the velocity, temperature, and 
entropy profiles is the same as that reported by previous 
studies [8, 38, 45].

Effect of the velocity slip parameter 3

The friction force between the flow and the surface increases 
with increasing Λ , leading to an increase in viscosity and 
hence a decrease in velocity (Fig. 9). The decrease in veloc-
ity is accompanied by an increase in temperature owing 
to less heat being transported from one point to another 
(Fig. 10). Figure 11 clearly shows that the entropy decreases 
with increasing Λ . Generally, no-slip boundary conditions 
produce large velocity and temperature gradients, causing 
high entropy values. However, slip boundary conditions as in 
this study cause reduction in entropy close to the stretching 
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wall [7, 8]. Although the Casson–Jeffrey nanofluid exhibited 
a substantial heat profile enhancement, the Casson–Oldroyd-
B nanofluid continued to exhibit low heat transfer and a high 
irreversible energy drain. The effect of Λ on the velocity, 
temperature, and entropy profiles is the same as that reported 
by previous studies [7, 8, 38, 45, 52].

Effect of the nanoparticle concentration parameter 
'

The fluid viscosity increases with increasing � owing to an 
increase in nanoparticle concentration and friction esca-
lations, resulting in a decrease in velocity, as shown in 
Fig. 12. Because fluid velocity is critical for heat transfer, 

the reduction in velocity causes heat to accumulate, and the 
temperature profile increases as observed in Fig. 13. It is 
expected that the entropy increases owing to heat accumu-
lation [7, 8], which is confirmed in Fig. 14. Of the three 
nanofluids, Casson–Maxwell nanofluid benefited the most, 
as it underwent the highest improvement in terms of heat 
transfer. The effect of � on the velocity, temperature, and 
entropy profiles is the same as that reported by previous 
studies [7, 8, 38, 45, 52].
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Effect of the nanoparticle shape factor m

Increasing shape factor values m by changing the nanopar-
ticle shapes improves heat transferability. Figures 15 and 
16 demonstrate that a lamina shape is the most effective in 
terms of heat transfer while causing a negligible increase in 
irreversible energy. Among the three nanofluids, the Cas-
son–Maxwell nanofluid exhibited the highest heat transfer 
after increasing the shape factor. The effect of m on the tem-
perature and entropy profiles is the same as that reported by 
a previous study [52].

Effect of the magnetic number M

Figure 17 shows the effect of M on the velocity profile. As 
the strength of the magnetic field increases, the drag force 
increases, which reduces the velocity of the nanofluid flow. 
Figure 18 confirms the fact that temperature distribution 
increases with increasing magnetic field because less heat 
can be transferred from one point to another with decreas-
ing fluid movement. The lack of heat transfer in the sys-
tem causes a natural increase in entropy [7], which is seen 
in Fig. 19. The Casson–Oldroyd-B nanofluid exhibited 
the lowest heat transfer. The effect of M on the velocity, 
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temperature, and entropy profiles is the same as that reported 
by a previous study [7].

Effect of the magnetic angle of inclination 0

As Γ increases from �
6
 to �

2
 , the normal magnetic forces 

increase, resulting in a decrease in velocity. The reduced 
velocity will cause the temperature distribution to increase 
owing to low heat relocation from the surface toward the 
flow. The heat accumulation will intensify entropy gen-
eration in the system. Heat transferability and entropy 
are therefore increased, with the Casson–Maxwell 

nanofluid exhibiting the highest heat transferability as seen 
in Figs. 20–22. The effect of Γ on the velocity, temperature, 
and entropy profiles is the same as that reported by a previ-
ous study [7].

Effect of the thermal Biot number Bi
T

The thermal Biot number describes the ratio between 
thermal resistances inside the fluid and at the surface. 
Hence, large values of BiT amplify the thermal resistance 
inside the flow, which increases the fluid temperature. The 
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increase in BiT values leads to an increase in the heat trans-
fer rate and the entropy generated by the system [7], which 
is illustrated in Figs. 23 and 24. Of the three nanofluids, 
the Casson–Oldroyd-B nanofluid exhibits the lowest heat 
transfer. The effect of BiT on the temperature and entropy 
profiles is the same as that reported by previous studies 
[7, 45].

Effect of thermophoretic parameter N
t

Higher values of the thermophoretic parameter indicate 
larger thermophoretic force, which appears in suspended 
mixtures of particles and fluids such as nanofluids. This 
phenomenon is caused by the temperature gradient which 
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leads to a movement of fluid particles in the hot zone 
toward the cold region. Hence, heat transfer capabilities 
increase as seen in Fig. 25. The highest heat transfer was 

observed in the Casson–Maxwell and Casson–Jeffrey 
nanofluids.

Effects of the Reynolds number Re 
and the Brinkman number B

K

At high values of Re, the resistive forces replace the vis-
cous forces. Further, the Brinkman number measures the 
dominant effects responsible for variation in irreversible 
energy drain. It determines whether heat is transferred or 
dissipated through conduction at the surface. The increase 
in BK values as in this case, causes an increase in entropy 
generation which indicates the dominant effect of dis-
sipation [7]. Notably, increasing Re or BK increases the 
irreversible energy drain, as seen in Figs. 26 and 27. The 
difference among the three nanofluids was found to be mar-
ginal. The effects of  Re and BK on the velocity, tempera-
ture, and entropy profiles are the same as that reported by 
previous studies [7, 8, 38, 45].
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Table 6  Computing skin 
friction constant Cf values

� � K M Γ S Λ
CfRe

1

2

x (Cas-
son–Maxwell)

CfRe
1

2

x (Cas-
son–Jeffrey)

CfRe
1

2

x (Cas-
son–Oldroyd-
B)

1 0.2 0.6 0.2 �

2
0.2 0.3494 − 2.9486 − 1.9555 − 2.7323

5 − 2.1219 − 1.3432 − 1.8925
10 − 2.0041 − 1.2568 − 1.7734

0.1 − 2.1438 − 1.4260 − 1.9855
0.15 − 2.5188 − 1.6716 − 2.3337
0.2 − 2.9486 − 1.9555 − 2.7323

0.6 − 2.9486 − 1.9555 − 2.7323
1.6 − 3.2786 − 2.2129 − 3.0457
2.6 − 3.5437 − 2.4120 − 3.2988

0.2 − 2.9486 − 1.9555 − 2.7323
0.4 − 3.0215 − 2.0134 − 2.8013
0.6 − 3.0906 − 2.0678 − 2.8669

�

12
− 2.8770 − 1.8979 − 2.6646

�

6
− 2.8913 − 1.9095 − 2.6781

�

2
− 2.9486 − 1.9555 − 2.7323

0.1 − 2.8115 − 1.9141 − 2.6317
0.2 − 2.9486 − 1.9555 − 2.7323
0.3 − 3.0986 − 1.9955 − 2.8364

0.1747 −3.6274 − 2.3471 − 3.2786
0.3494 −2.9486 − 1.9555 − 2.7323
0.5241 −2.5014 − 1.6811 − 2.3535
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Conclusions

The copper-engine oil Casson–Maxwell, Casson–Jeffrey, 
and Casson–Oldroyd-B binary nanofluids were compared 
in PTSC settings. Porosity, constant inclined magnetic 
field, heat source, thermal radiation, viscosity dissipa-
tion, and thermophoresis were considered. Analysis was 
conducted by formulating the continuity, momentum, and 
energy equations. Subsequently, similarity variables were 
used to transform the partial differential equations into 
ODEs, which were then solved using the shooting method. 

There are various practical applications for the presented 
models, including solar water pumps, solar-powered ships, 
solar street lights, solar energy plates, and photovoltaic 
cells. Overall, an increase in PTSC efficiency can be 
achieved by decreasing the nanofluid velocity and boosting 
the nanofluid temperature while maintaining reasonable 
entropy generation. The key conclusions of this numerical 
study are as follows:

Table 7  Computing local Nusselt number Nux values

� � K M Λ Pr Nr Q Nt Ec BiT m
NuxRe

−
1

2

x  (Cas-
son–Maxwell)

NuxRe
−

1

2

x  (Cas-
son–Jeffrey)

NuxRe
−

1

2

x  (Cas-
son–Oldroyd-B)

1 0.2 0.6 0.2 0.3494 7 0.2 0.1 0.15 0.2 0.1 3 0.1499 0.1512 0.1539
5 0.1370 0.1425 0.1459
10 0.1343 0.1409 0.1444

0.1 0.1209 0.1216 0.1234
0.18 0.1438 0.1450 0.1475
0.2 0.1499 0.1512 0.1539

0.6 0.1499 0.1512 0.1539
1.6 0.1434 0.1433 0.1483
2.6 0.1374 0.1364 0.1432

0.2 0.1499 0.1512 0.1539
0.6 0.1373 0.1380 0.1408
0.8 0.1315 0.1320 0.1346

0.1747 0.1370 0.1407 0.1440
0.3494 0.1499 0.1512 0.1539
0.6988 0.1623 0.1622 0.1644

6 0.1494 0.1507 0.1535
7 0.1499 0.1512 0.1539
9 0.1504 0.1517 0.1544

0.1 0.1381 0.1393 0.1418
0.2 0.1499 0.1512 0.1539
0.3 0.1610 0.1625 0.1656

0.1 0.1499 0.1512 0.1539
0.2 0.1382 0.1401 0.1443
0.3 0.1167 0.1203 0.1285

0.1 0.1507 0.1520 0.1546
0.15 0.1499 0.1512 0.1539
0.2 0.1490 0.1503 0.1532

0.1 0.1714 0.1721 0.1737
0.2 0.1499 0.1512 0.1539
0.5 0.0811 0.0845 0.0914

0.1 0.1499 0.1512 0.1539
0.2 0.2748 0.2774 0.2833
0.4 0.3800 0.3838 0.3930

3 0.1499 0.1512 0.1539
6.3698 0.2195 0.2215 0.2259
16.1576 0.4114 0.4155 0.4247
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• The parameters that reduced the velocity profile are � , K , 
Λ , � , M , and Γ.

• The parameters that enhanced heat transfer are � , K , Λ , 
� , m , M , Γ , BiT , and Nt.

• Entropy generation increased with K , � , m , M , Γ , BiT , 
Re, and BK but decreased with � and Λ.

• The skin friction values increased with � , K , M , Γ , and 
S but decreased with � and Λ.

• The local Nusselt number values increased with � , Λ , Pr, 
Nr , BiT , and m but decreased with � , K , M , Q , Nt , and Ec.

• The Casson–Oldroyd-B nanofluid consistently exhib-
ited the lowest heat transfer and highest generated 
entropy.

• The Casson–Jeffrey and Casson–Maxwell nanofluids 
responded differently to the change in parameters. Cas-
son–Maxwell had better heat transfer with � , � , m , M , 
Γ , Nt , and BiT , whereas Casson–Jeffrey had better heat 
transfer with K and Λ.

• From the aforementioned discussion, we conclude that 
the Casson–Maxwell and Casson–Jeffrey nanofluids 
exhibit similar performance in a PTSC setting, with a 
slight preference to use the Casson–Maxwell nanofluid.

Limitations and further research

This study is limited to the three binary nanofluids and 
PTSC settings mentioned herein. As any different nano-
fluid will have different properties and can lead to differ-
ent results. Further, different settings will require different 
assumptions and boundary conditions, which will also lead 
to different results.

Further research can be directed toward theoretical inves-
tigation of different nanofluid models (e.g., Carreau, Walter-
B, etc.) in PTSC settings and their comparison. Additionally, 
the presented model can be generalized by considering the 
impact of time-dependent flow and temperature-dependent 
viscosity, conductivity, and porosity on the performance of 
PTSCs. It is also important to explore the effect of hybrid 
nanoparticles on the PTSC performance using different 
binary nanofluid models.
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