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Abstract

We study Jacobi processes (X;);>0 on [—1, 1]™ and [, oo[V which are motivated
by the Heckman—Opdam theory and associated integrable particle systems. These
processes depend on three positive parameters and degenerate in the freezing limit to
solutions of deterministic dynamical systems. In the compact case, these models tend
for + — oo to the distributions of the S-Jacobi ensembles and, in the freezing case, to
vectors consisting of ordered zeros of one-dimensional Jacobi polynomials. We derive
almost sure analogues of Wigner’s semicircle and Marchenko—Pastur limit laws for
N — oo for the empirical distributions of the N particles on some local scale. We
there allow for arbitrary initial conditions, which enter the limiting distributions via
free convolutions. These results generalize corresponding stationary limit results in the
compact case for S-Jacobi ensembles and, in the deterministic case, for the empirical
distributions of the ordered zeros of Jacobi polynomials. The results are also related
to free limit theorems for multivariate Bessel processes, S-Hermite and 8-Laguerre
ensembles, and the asymptotic empirical distributions of the zeros of Hermite and
Laguerre polynomials for N — oo.
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1 Introduction

By classical results, the empirical distributions of B-Hermite, B-Laguerre, and -
Jacobi ensembles of dimension N tend for N — oo to semicircle, Marchenko—Pastur
as well as Kesten—-McKay and Wachter distributions after suitable normalizations;
see e.g. [5, 12, 21, 29, 41]. Moreover, in the Hermite and Laguerre cases, there are
dynamical versions of these results in terms of Bessel processes (X V), of dimension
N for the root systems of types A and B; see [7, 31] for the background on these
processes. Namely, let u be some starting distribution on R or [0, oco[, and let for
N € N, xy be starting vectors in RY such that the empirical distributions of the
components of the xy tend to . If we consider the Bessel processes (X tN )r>0 with
start in these points xy, then under mild additional conditions and with an appropriate
scaling, the empirical distributions of the components of the X" tend for N — oo
almost surely weakly to measures u; for all # > 0. In the S-Hermite case, i.e. for
Bessel processes of type A, one has 1, = wH g, , sz, Where i, 5 is the semicircle
distribution with radius 2+/7 and B the usual additive free convolution; see Section
4.3 of [2] and [39] for different approaches. Moreover, for the §-Laguerre case, i.e.
Bessel processes of type B, there are corresponding results in terms of Marchenko—
Pastur distributions and some construction in [39] which is related to the rectangular
free convolutions in [3, 4]. These results for Bessel processes hold also for stationary
Ornstein—Uhlenbeck-type versions as indicated in the end of Section 2 of [39]. For
the background on stochastic analysis and free probability we recommend [2, 25, 26,
30].

In this paper, we show that such limit results also appear for N-dimensional Jacobi
processes on [—1, 11" for N — oo which were introduced and studied in [9, 10, 14,
27,28, 32, 33, 38]. These processes depend on 3 parameters and may be described in
different ways. For instance, in the compact case, motivated by the theory of special
functions associated with root systems of Heckman and Opdam [17, 18], one can
define these processes as diffusions on the alcoves

Ay:={0€[0,7]: 0<Oy <...<0; <7}

with the Heckman—Opdam Laplacians

N
Luigk f(6) := Af(0) + Z(kl cot(6; /2) + 2k; cot(6;)
i=1

6; —0; 0; +6;
+k3 Z (cot( 3 Ly + cot( _|2_ J)))fe,- ®)
Jij#i
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of type BC as generators with the multiplicities k; € R, ko > 0, k3 > 0 with
k1 + ky > 0 with reflecting boundaries. It is convenient to transform these objects in
this trigonometric form via x; := cos6; (i = 1, ..., N) into an algebraic form as in
[10, 38]. We then obtain diffusions on the alcoves

Ay:={xeRV: —l<x;<...<xy <1}
with the algebraic Heckman—Opdam Laplacians
N

Lif(x) =Y (1= x]) fox (x)

i=1

2
I —x;

N
+ Z( ki — (1 4 ki 4 2kp)x; + 2k3 Z P xj)fxi(x). (1.1
i=1 Jij#i
as generators with reflecting boundaries. The eigenfunctions of the L; are Heckman—
Opdam Jacobi polynomials, and the transition probabilities can be expressed via
these polynomials; see [10, 27, 28]. On the other hand, these processes (X; =
(Xt1, .-+, X:.N))i>0 can be described as unique strong solutions of the stochastic
differential equations (SDEs)

dX;; =201 — X} ) dB:;

1- %,
+<—k1 — (ki +2k)Xpi +2ks —’)dt (1.2)
. Xz,i - Xz,j
Jij#
fori = 1,..., N with an N-dimensional Brownian motion (B;);>0 and with paths

which are reflected on d A y; see [10, 16, 32, 33]. Following [10], we also transform
the parameters via

1+ 2k + 2k
Kk :=k3 >0, q::N—l+$>N—l,
3

1+ 2kp

=N-—-1
p AT

>N -1, (1.3)

and rewrite (1.2) as

dX;; =201 = X}) dB:;

1 — XX,
+e((p—9 - p+oXi+2 Y e (4
ji Xei — Xug

fori = 1,...,N and t > 0. It is known (see e.g. [10, 14]) that for x > 1 and
p.q > N — 1+ 2/k, the process does not meet BAQ almost surely.
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It is useful, also to consider the transformed processes (}N( ¢t = X¢/i)i=0 which
satisfy

J2

dxﬁ;[’i = —= ] - X~v[2,l dé[’l‘

Ik

+((p—q) —(p+PXi+2 ) %)dt (1.5)

jopi Xui = Xej

fori = 1,...,N.Forx = oo and p,q > N — 1, these SDEs degenerate into the
ODE

d L—x(x(0)

—x;(t)=(p—¢q) — (1) +2 _ =1,...,N

GO =P-0-(PronO+2 ) Pl )

JrJ#
(1.6)

which is interesting for itself and closely related to the classical Jacobi polynomials
(P,E,a’ﬁ))Nzo on [—1, 1] with the parameters

a:=q—N>-1, B:=p—N>—1.

These polynomials are orthogonal w.r.t. the weights (1 — x)*(1 + x)# as usual; see
Ch. 4 of [37]. The ODE (1.6) has the following properties which will be proved in
Appendix Section:

Theorem 1.1 Let N € Nand p,q > N — 1. Then, for each xo € Ay, (1.6) has a
unique solution x(t) for t > 0 in the sense that there is a unique continuous function
x : [0,00) = Apn with x(0) = xq such that fort > 0, x(t) € ANy\dAnN holds and
satisfies (1.6).

Moreover, this solution satisfies lim;_, o x(t) = 7z € AN\0AN where the coordi-
nates of z are the ordered roots of PIE,q_N’p N This 7 is the only stationary solution
of (1.6)in Apn.

The stationary solution z € Ay of (1.6) is the freezing limit for « — oo of the
stationary distributions of the corresponding Jacobi processes with fixed p, g where
these distributions belong to corresponding B-Jacobi (or S-MANOVA) ensembles
with the densities

N
etk ka k3) - [ [ = x)tom12A0 + x)o=2 T T — 2% (1)

i=1 i<j

with known Selberg-type norming constants c(ky, k2, k3). We recapitulate that, possi-
bly after some obvious transformation, these measures appear as the distributions of
the ordered eigenvalues of the tridiagonal models in [22, 23] and in log gas models on
[—1, 1]; see [15]. Moreover, for certain parameters, these distributions and the Jacobi
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processes have an interpretation as invariant distributions and Brownian motions on
compact Grassmann manifolds of rank N over F = R, C and the quaternions by the
connection between the Heckman—Opdam theory and spherical functions; see [10,
17, 18, 27, 28]. Even more generally for some parameters, these objects appear as the
ordered eigenvalues of matrices B* B for upper left blocks B of size M x N of Haar
distributed random variables and Brownian motions in the unitary group U (R, F),
respectively, with the dimension parameters R > M > N; see [10, 14].

We now turn to the main content of this paper. We follow [39] and derive several
almost sure limit theorems as N — oo for the empirical distributions of the Jacobi
processes (X tN )¢>0 and their deterministic freezing limits for k = oo satisfying (1.6),
which are related to mean field limits of [34]. Considering the parameters p, ¢, «,
it will turn out that the limits depend on « in a trivial way while the parameters
P, g, which depend on N, lead after suitable affine-linear transformations to different
limit distributions. The different cases are motivated by the stationary deterministic
case, where the empirical distributions of the roots of the classical Jacobi polynomials
appear. In this setting several limiting regimes with semicircle, Marchenko—Pastur
and Wachter distributions were derived in [13]. We follow this decomposition of the
cases and start with the deterministic case. However, compared to the stationary case,
we get not one but multiple limit results by using different time scalings. For this
we derive recurrence relations for the moments and PDEs for the Cauchy and the R-
transforms of the empirical distributions of the solutions in a general setting in Sect. 2;
see in particular Eq. (2.7). This PDE can then be applied to the different regimes.
In Sect.3, we shall do so for two regimes where semicircle and Marchenko—Pastur
distributions appear. In the semicircle case we obtain the following result where (i ¢
is the semicircle law with support [—7, 7] for T > 0 and w0 = do:

Theorem 1.2 Consider  sequences  (pN)NeN, (GN)NeN Cl0,00[  with
limy_— oo pN/N = 00 and limy_, o0 gy /N = 00 such that C := limy_.c0 PN/GN >
0 exists. Define

ay = 4qN by = PN — 4N
VNpN' PN +4an

(N € N).

Let 1 € M'(R) be a probability measure satisfying some moment condition (see
Theorem 3.1 for the details), and let (xy = (x{v, R x%))NGN be starting vectors
xn € Ay such that all moments of the empirical measures

| N
HN.0 = N ZSQN(X,-N—bN)
i=1
tend to those of | for N — o0. Let xn(t) be the solutions of the ODEs (1.6) with
xn(0) = xy for N € N. Then, for all t > 0, all moments of the empirical measures

N
1
KNt/ (pytan) = g Z Say Y (t/(pN+qn))—bN)

i=1

@ Springer



Journal of Theoretical Probability

tend to those of the probability measures
My = (eit/l) H (\/ 1— eiztﬂsc,4(l+c)—3/2) .

This in particular implies that the [N 1/(py+qy) tend weakly to the ;.

Theorem 1.2 is a local limit theorem on our particle systems around the points
by €] — 1, 1] for small times on the space scale 1/ay. We point out that this local
result preserves the asymptotic stationarity of the global systems. In fact, there are
local limit results on different time and space scales in Sect. 3 where this asymptotic
stationarity does not appear; see e.g. Theorem 3.4. We also derive Marchenko—Pastur-
type local limit results in neighbourhoods of the boundary points £1 in Sect. 3; see
e.g. Theorem 3.7. In the proof of this theorem we again solve the associated PDE for
the R-transforms; a modification of this PDE also appears in [6].

There are further limit regimes involving Kesten—McKay and Wachter distributions,
which are also motivated by [13] and limit results for S-Jacobi ensembles in [12, 41].
In these cases it can be shown that under corresponding prerequisites on the initial
conditions, the empirical measures Uy ;/(p,+qy) also converge to some probability
measures u; for ¢+ > 0. However, the details of the limits are more involved here. In
contrast to the results presented in this work these limits cannot be easily described
by free convolutions but one canonically uses free projections; see remark at end of
sect. 4.

The deterministic results of Sect. 3 will be extended in Sect. 4 to almost sure versions
for Jacobi processes with fixed parameter « in the compact setting. We mention that
for k € {1/2, 1}, these results can be also derived via the approach in [24, 36] for
Jacobi matrix models by verifying the conditions of Theorem 2.1 in [36]. However,
our direct approach has the advantage that we obtain appropriate scalings in a more
obvious way, as by our freezing technique, all information on the limiting behaviour
for N — oo is already encoded in the deterministic dynamical systems. This provides
a simple unifying approach without matrix models.

In Sect.5, we transfer some of our results in Sects. 2, 3 and 4 to a noncompact
setting. For some parameters, these results have interpretations in terms of Brownian
motions on the noncompact Grassmann manifolds. It will turn out that in these cases,
some results remain valid up to some time inversion. However, it seems that here no
analogue to the stationary results like Theorem 1.2 holds, as the initial conditions do
not fit the prerequisites on the parameters py, gy, an, by . Finally, we prove Theorem
1.1 and its noncompact analogue in Appendix Section.

2 Moments of the Empirical Distributions in the Deterministic Case

In this section, we study the solutions x"V () of the ODEs (1.6) for suitable initial
conditionsxév € Ay for N € Nwith N — oo and suitable p = py,g =gy > N—1
where this implies p = py,q = gy — 00. There are several limit regimes for the
empirical measures
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1
TG T ) € MY ([—1,1])

for N — ooandt > 0Ounder the condition that a corresponding limit holds for the time
t = 0. For some of these limits we must transform the data in an affine-linear way in all
coordinates depending on N. For this, we introduce suitable sequences (ay)nyeN C
10, oo[ and (by)nen C R which will be specified later in specific situations. We
consider the transformed solutions ¥V (t) = ()ZfV @, ..., )E,I\Y (1)) with

) =anG' 0 —by) (1<i<N)
as well as the transformed empirical distributions
1
PNt = Oeny o+ 0 ) = 5 Oay (¥ -by) T F Say el -ow))-
2.1

In order to determine possible weak limits of the measures (y ;, we shall study the
moments

| N N
a 1 -
Sn(t) := / ydun,(y) = WN > N @) —by) = ~ d #Nw'. 22)
(=11 i=1 i=1

of these measures for/ € Ng,# > 0,and N € N.

Proposition 2.1 The moments Sy ;(t) of un ; satisfy the ODEs

d

d
ESN,O =0, ESN,I =—(p+@Snvi1+an(p—qg—bn(p+q), 23)

and

d
SSwa=1[~(p+q— = 1)Swi+an(p—q = by(p+g =20 = D)Snim1

-2
—ay (1 =b3)( = DSy 2+ Nay (1 —by) Y SnaSni-2-+
k=0
-2 -2
— N Syar1Sni-i-k —2aybyN ) SN,kSN,lflfk] =2,
k=0 k=0

(2.4)

where we used the shorthand p = pn, q = gn.

Proof We rewrite the ODE (1.6) as an ODE for )EIN by

d
G0 =an(p g ~bx(p+9) = (P + O ()
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+2) ay( = by) —awby GO + @) - F OO
J#i OS0! o

where we agree that a summation j : j 7 i means that we sum over all j # i from
1 to N. We shall also suppress the dependence of Sy ; and #N on 1. (2.5) yields the
following ODE:s for [ € N:

d N A e I
G o @) (55

i=1

!
= N[“N(P —q—bv(p+@)IN-Sni-1—(p+q)N - SNy
(@1 —b3) — N5 () 7~ byan (F) + @) x_f’)}

+2 Z : l~N =N

iii LT

Hence, forl =1,

d
ESN,I =an(p—q—bn(p+q)—(p+q)Sn 1.

Moreover, for [ > 2 we first observe that

e
N =N

2 Y (ay(1—by) -
i,jri#j xj
COR G

=2 Y (ay(1—b3) — V5 P ~—

ij'i<j i T
k 1-2—k
=Y a2 (@) (1)
k=01i,j:i#j

-2
=ay(1 - by )(szsmsm 2k —(U—=1DNSy,- 2)

k=0
1-2
— N> SnusiSna—1k+ (@ = DNSN .
k=0
Similarly it holds that
RGN =
Y L =N SwaSvik = NA = DSy
X — X
i jii] i J k=0
Combining these equations yields (2.4). O
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We next state Proposition 2.1 in terms of the Cauchy transform of jy ;. Recall that
the Cauchy transform of . € M (R) is defined as

G.(2) :=/ ;du(x) (ze{zeC: J(z) > 0}).
RZI—X

We now set GV (z, z) == Gy, (2). For |z| sufficiently large we write GV as

o
GN(t.2) =D sy ). (2.6)
1=0
The partial derivatives GN(r,2) = 8GN (t,2), GY(t,2) = 38.GV(1,7) and

GN.(t,2) := 32GN (1, z) are related as follows:

Proposition 2.2 The Cauchy transforms G (t, z) of the measures uy ;, t > 0, satisfy
the PDE

G;V(t, 2)
=(p+ 926G D)+ (p+ GV (1.2) + 8 (267, 2)
—a(p—q—b(p+q)G)(1,2)
+ 2abd,, (zGN(t, z)) — (1 =bHa*GY(t,2) — 2Na*(1 =BGV (1, GV (1, 2)
+2N [ZZGN(I, z)G?'(t, ) +z2(GN (@, 2)? — zGéV(t, ) — GV, Z)]
+2bNa((GY)* +2:GYGY - GY). 2.7)
This PDE can be used to derive limit theorems for the i ; under different assumptions
on the parameters p = py,q = gn,an, by for N — oo and t > 0. We present such

limit results in the next section where in the limit roughly speaking free sums of the
limit initial distributions with Wigner and Marchenko—Pastur distributions appear.

Proof (2.6) gives

> d > d
G (t,2) = oL Swuw =3 Vs ). (2.8)
=0 =1

We now calculate this series by using (2.3) and (2.4). For this we use the following
equations:

oo

=Y T p g — A —1)SNy
=1

o0 oo
=—(p+q Y 7 Visy,+> V1 - 1sy,
=1 =1
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= (p+2GY 1.9+ (p+ DGV (1.9 + 0 (26 (1. 2)) 2.9)

Z[Z_(Hl)a/v(p —q—byn((p+q)—2(—D))SNi-1
=1

= —an(p = q = by (p + )G (1, 2) + 2anbiz (:6V (. 9) . (210)
o0
=Y - DSy = -G, 2),
=2
00 -2
> VNS Sy aSniak = —2NGN (1, )G (1. 2) (2.11)
=2 k=0
o0 -2
=Y 7 VINY  Sh a1 Sh a1k = 2NEGN (1,26 (1, 2)
=2 k=0
+2(GV(t, 2)* = 2GN(1,2) = GV (1, 7)), 2.12)
and
00 -2
= Iy Sy Sy = (M) +2:6YGY - GY. @13)
=2 k=0

If we combine (2.9)—(2.13) with (2.3), (2.4) and (2.8), we obtain the PDE (2.7). 0O

3 Wigner- and Marchenko-Pastur-Type Limit Theorems in the
Deterministic Case

We now study conditions on the parameters py, gn, ay, by above which lead to lim-
its for the measures py ; that involve semicircle and Marchenko—Pastur distributions.
In both cases, we consider ay — oo which implies that we possibly must work with
measures with noncompact supports. We thus need moment conditions. We recapit-
ulate from [1] that a measure u € M'(R) satisfies the Carleman condition if the
moments ¢; = [ xtdu(x) (I € N), of u satisfy

1
ZCZIZI = 00. 3.1
=1

By [1], a probability measure with the Carleman condition is determined uniquely by
its moments.
We also use the following modified moment condition:

There exists some y > 0 with |¢;| < (yl)l forall/ € N. (3.2)

It can be easily checked that (3.2) implies the Carleman condition.
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Further, we recapitulate from [2] that the R-transform of © € M L(R) is
R, (2) := Y 12 knt1(w)z" with the n-th free cumulants k, (1) of . It is related to
the Cauchy transform by

R (Gu(2)) =z2—1/Gu(2). (3.3)

Moreover, the R-transform satisfies R, @, = R, + R, foru,v e M L(R) for the free
additive convolution H.

Additionally, we use the following notation: We denote the image of 1 € M'(R)
under some continuous mapping f by f(u). We use this notation in particular for
the maps x — |x| and x — x? and write |x| and u?. Furthermore, for a constant
v € R\ {0} let v the image of u under x +— vx. Finally, for a probability measure
@ on [0, oo[, let peyen the unique even probability measure on R with |ieven| = -
With these notations we have G, (z) = U’IGM (z/v) and thus, by (3.3),

Ryu(z) = vR, (v2). 34

We now turn to the first limit case where semicircle laws g, € M I(R) with
radius A > O appear. We recapitulate that the Wigner law 4. ; with radius A > 0 has
the Lebesgue density

A -
m )\.2 — le[f)h)h]()().
It is well-known that R, ., (2) = %z; see Section 5.3 of [2].

We have the following first result:

Theorem 3.1 Consider  sequences (PN)NeNs (GN)NeN Cl0,00[  with
limy_ o0 pNy/N =00 and limy_, oo gy /N = 00 such that C := limy_, o0 pN/gN =
0 exists. Define

qN by = PN — 4N

9 N A
~Npn PN t+ 4N

Let u € MY (R) satisfy (3.2). Moreover, let (xy)NeN = ((x{v, e, lex\/]))NeN be a
sequence of starting vectors xy € Ay such that all moments of the empirical measures

an = (N € N)

1 N
N0 = 5 D By by
i=1

tend to those of | for N — oo. Let xy(t) be the solutions of the ODEs (1.6) with
xn(0) = xy for N € N. Then, for all t > 0, all moments of the empirical measures

N
1
KNt/ (pntan) = g Z Say Y (t/(pN+qn))—bN)

i=1
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tend to those of the probability measures

1= (e~ 1) B (\/1 —e 2 40 +C)73/2) . 3.5)

Proof Using the recurrence relations (2.4), (2.3) together with the initial conditions for
¢t = 0 and our choice of by, we see that the moments Sy ;(t) := Sy ;(t/(pn + gn))

of LN 1/(py+qn) Satisfy
Sno=1, Syi(t)=e"Sy.1(0)

and, for [ > 2,

Sna(t) = exp((—l + %)t) |:SN,I(0)

! ' I —1) i

+ — e /|- — 2anyby (I — 1Sy -

pN+qN/o XP(( pN+qN>S>( anby ( )Sni—1(s)
-2

— (1= B3)aq (= DSy.1—2(s) + Najy (1 — b3) D Sy x($)Sn.1—2-k(s)
k=0

-2 -2
— N SN ar1()Sni-1-x(s) —2byNay Y SN,k(s)SN,z_l_k(w)ds].
k=0 k=0
3.6)

As the Sy (0) (I > O)~tend to the corresponding moments of w, we conclude by
induction on /, that the Sy ;(¢) converge to some functions S;(¢) for/ > 0 and t > 0.
Moreover, these limits satisfy

So=1, Si(t) = S1(0)e",

¢ 12
Sit)=e" <Sz(0)+4l(l+C)3 / e“ZSk(s)Sz_z_k<s)ds> 3.7)
0

k=0

for/ > 2. We now prove that the S; (¢) satisfy (3.2) with some constant R (instead of y)
and thus the Carleman condition (3.1) for # > 0 so that there are unique 1, € M (R)
with ($;(¢)); as moment sequences. For this we first notice that (3.2) for [ € {0, 1}
holds for R sufficiently large. Moreover, by induction we have for/ > 2 and ¢t > 0
that
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;12
1S1(1)] < e[S (0)| + 411 + )3 /0 Y ISk ISi2-k(9)] ds
k=0

! 3 ! l - (3.8)
= e |S;(0)| + 411 + C)~ /0 e ISkt = ) [S12-k(t — 5)| ds
k=0

<D +401+0O) 3R < (D! + R

For R large enough (depending on ) we can bound the RHS of (3.8) by (RD! as
claimed. We thus conclude that the measures wy ;/(py+qy) tend weakly to some
probability measures ;.

To identify the u; we employ a PDE for the corresponding Cauchy and R-
transforms. We set

G(t,2) =Gy, (2) = ngnoo Guun 1o ray (O

We now use the PDEs (2.7) and interchange derivatives w.r.t. 7, z with the limits
N — oo. This interchangeability can be proved via the Laurent series for G, Gy as
in Proposition 2.9 of [39]. In this way, we obtain that G satisfies the PDE

Gi(t.2) = 2G:(t,20) + G(t,2) —8(1 + O) > G(t.2)G:(t. 7). G(0,2) = G ().
Using

R(t,G(t,2)=z—-1/G(t,2)
R.(t,G(t,2)) = 1/G(t,2) + 1/G*(t, 2)
Ri(t,G(t,2)) = —G(t,2)/G,(t, 2) . 3.9)

for the R-transforms R(¢, z) := Ry, (z), we see that
Ri(t,2) = —R(t,2) +8(1 + C) 7z = R.(t.2)z. R(0,2) = Ru(z). (3.10)

As R(t,z) = e 'Ru(ze™) + 4(1 + O)73(1 — e72")z solves (3.10), it follows

from (3.4) and the properties of the R-transform above that u, = (e 'u) B
(vl — 6_2’MAYC,4(1+C)73/2> as claimed. i

Remark 3.2 The exchange of the py, gn in our dynamical systems corresponds to a
sign change (and thus a reverse numbering) of all particles in [—1, 1]. In this way
we may assume w.l.o.g. that C := limy_.oc pny/gn € [0, 1] holds in Theorem 3.1.
Moreover, the degenerated case C = oo corresponds to the degenerated case C = 0
and is thus also included in Theorem 3.1 in principle.

In order to understand the meaning of Theorem 3.1, consider the following example:
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Example 3.3 The easiest possible scaling in Theorem 3.1 is the choice py = gy = N°,
ford > 1,ay = N®=D/2 by =0, xN = 0. Then, all un,o = 8 and 1o = 9. The
theorem now states that the limiting measures w; from (3.5) are simply the rescaled
semicircle laws v 1 — e—ztumﬁ fort > 0.

More generally: Let py, gy, an, by be given as in Theorem 3.1, and take xiN =
by for all i, N. In this case, the measures u; from (3.5) are the semicircle laws
V11— e_ztﬂsc.’4(1+c)—3/2 fort > 0.

These measures describe the deviation of the particles xl.N (t) at time ¢/(pn + gn)
from the numbers by €] — 1, 1[ locally w.r.t. to the space scalings ay . Notice that this
even makes sense for the degenerated case C = 0 where limy_,oc by = —1 holds.

Theorem 3.1 is a local limit result which describes the behaviour of the system
around the numbers by for small times. It is therefore astonishing that in (3.5) a
stationary behaviour appears which is available on the global scale on [—1, 1]. This
picture appears also in the degenerated case C = 0 in Theorem 3.4(1). However,
this stationarity disappears if we use scalings in space and time of higher orders; see
Theorem 3.4(2) and (3).

Theorem 3.4 Let n € M'(R) satisfy (3.2), and let (xy)neny = ((x1V, ..., x\)ven
be starting vectors xy € Ay such that all moments of the empirical measures

LN
HNO =N Z Ban ¥ —bw)
i=1

tend to those of u for N — o0. Let xy (t) be the solutions of (1.6) with x (0) = xy for
N € N. For some given sequence (sy)neN CJ0, oo[ consider the empirical measures

1 N

HNifsy = Z(SaN(x,-N t/sn)=bn)*

i=1

(1) Iflimy—oo pn/N =limy oo gn/N =00 and C := limy o py/gn = 0, and

i . AN . N —4N
if we put ay = 7%, by = B,

moments of (AN 1 /sy tend to those of e .
(2) Let py,gy > N — 1 for N € N and (by)nen C] — 1, 1[ such that B :=

limby € [—1, 1] exists. Let (sy)nyeN CJ0, ool such that limpy_, % =0

Let ay := «/sn/N. Then, for t > 0, all moments of |y /sy tend to those of
MEMSC,2 2(1—-B))t”
(3) Assume thatlimy_, oo (pn+gn)/N = 00. Let (by)nen Cl—1, [ suchthat B :

limby € [—1, 1] exists, and let (sy)yen CJO, 0o[ such that limpy_, %

0. Put ay = «/sny/N and ¢ := limy_ooan (PN —qn — DN (PN + gN)) /sN.
Then, for t > 0, all moments of juN 15 tend to those of |4 Eﬂusc ZMEH(S“.

SN = PN +qn, then for allt > 0, all

v
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Proof The proof is analogue to that of Theorem 3.1 where the limits S;(¢) :=
limy_ 00 Sn1(¢/sn) now satisfy different recurrence relations, which lead to slightly
different PDEs for the Cauchy- and R- transforms. We just remark the following:
The limitin (1) can be interpreted as (e~ ) B (v/1 — e=2 j45¢.0) where the semicircle
law degenerates into (g0 = 9. In (2) we have

So=1, 851(1) = 51(0),
L 1=2

Si(t) = 50) +I(1-B )/ ZSk(S)Sz 2-k(s)ds (1=2), (.11

such that the computations in Section 2 of [39] (see the proofs of Lemma 2.4 and
Theorem 2.10 there) lead to the claim. (3) can be obtained in the same way. m]

Remark 3.5 The limits in Theorem 3.4(2) and (3) correspond to results for the Bessel
processes and their frozen versions in Sections 2 and 3 of [39], where here the condi-
tions on the parameters py, gy, by are more flexible. We also remark that this result
admits an analogue for Jacobi processes on noncompact spaces; see Sect. 5.

In the next step, we combine the ideas of the proof of Theorem 3.1 with Theorem 1.1
which says that the vectors with the ordered zeros of corresponding Jacobi polynomials
form stationary solutions of (1.6). This leads to the following result which was derived
in [13] by different methods:

Theorem 3.6 Let (pn)neN, (qn)Nen CJ0, oo[ with limy_ pny/N = 00 and
limy_ 00 gn/N = 00 such that C := limy_,oo pn/qn > 0 exists. Define

qN PN — 4N
ay = , by =— (N eN).
v Npn PN +an
Let —1 < z{v < ... < z% < 1 be the ordered zeros of the Jacobi polynomials

Plfqu_N’pN_N). Then, all moments of

=

1
- N ZaaN(Z,N—bN)

tend to those of Wy 414+c)-3/2- In particular, the fLy tend weakly to Wy, 414c)-3/2-

Proof Consider the solutions of the ODEs (1.6) as in Theorem 3.1 with the initial
conditions xy = (by,...,by) € Ay, i.e. with u = 6o and Sy ;(0) = O forl > 1.
We show that for the moments SNJ(I) from the proof of Theorem 3.1 the limits
Sn.1(00) := lim;_, o Sy (1) exist. In fact, this is clear for [ = 0, 1, and (3.6) and
dominated convergence show inductively for / > 2 that

. l . ! -1
SN,[(OO) = m}_l}ﬂolo A exp(—(l — m)(f —S))HN’[(S) ds
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. ! (-1
—— lim exp(— (l -
PN +gn 1= Jp PN + 4N
1

PN +gn —1+1

)S)HNJ(I —5)ds

(2aNbN(l - I)SN,I—I(OO)

-2
— (1 = bR)ay (= DSy 1-2(00) + Naj (1 = b3) Y _ Sy k(00)Sw 1-2-4(00)

k=0
-2 . _ -2 _ _
=N Sy ir1(00)Sy 1-1-x(00) —2byNan ) SN,k<oo>SN,zflfk(oo>>
k=0 k=0

(3.12)

where Hy ;(s) is the term in the big brackets in the last 3 lines of (3.6). On the other

hand, Theorem 1.1 yields that the SN‘I (00) are the moments of the measures j . Fur-
thermore, similar to (3.7), we see that for all / the limits S;(c0) := limy— oo S N,1(00)
exist with Sp(c0) = 1, S1(c0) = 0, and

-2

4]
$i(00) = e kgo Sk (00)Si—2—k(00) (I >2).

As this is just the recurrence for the Catalan numbers up to some rescaling (see e.g. Sec-
tion 2.1.1 of [2]), it follows readily that the S;(c0) are the moments of (s, 4(14c)-3/2-
]

We next turn to the case of Marchenko—Pastur distributions, which is motivated by
Corollary 2.5 of [13]. We here assume that the py, gy satisfy

lim py/N =:pel[l,oo[, lim gy/N = o0 (3.13)
N—o0 N—o00
and use the norming constants
bN Z=—1, an :=qN/N. (3.14)
We then obtain limits which involve Marchenko—Pastur distributions pyp ¢ €
M! ([0, oo[) which, for ¢ > 0, t > 0, are the probability measure with pyp ., = it

forc > land upp.cr = (1 —c)o+cii for0 < ¢ < 1, where for x4 := t(y/c + 1)2,
the measure [t on ]x_, x4 [ has the density

1
ﬁ\/(x+ —x)(x — x_). (3.15)

We recall (see Exercise 5.3.27 of [2]) that the R-transforms of the pasp o/ are given
by

ct
1—1tz

Ryp,ci(2) = (3.16)
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This in particular implies the well-known relation

UMPar BUupMp b =umpatbs (a,b,t>0). (3.17)

The following local limit theorem of stationary type corresponds to Theorem 3.1.

Theorem 3.7 Let py, gn,an, by asin (3.13) and (3.14), and u € Ml([O, oo|) with
(3.2). Let (xN)NeN = ((x]N, e, xll\\,/))NeN be associated starting vectors with xy €
Ay as in Theorem 3.1.

Let xn(t) be the solutions of (1.6) with xy(0) = xy for N € N, t > 0. Then, for
t > 0, all moments of the measures (AN 1/(py-+qy) = % ZlNzl )

tend to those of

an (N (t/(pN+an))—bn)

2
n(t) = <MSC,2m H (N/e_tll“)eve;z) = MMP,p—1,2(1—e )" (3.18)

Proof As in the proof of Theorem 3.1, induction on ! shows that the Sy ;(¢/(pn +¢n))
converge to some functions S;(¢) for [ > 0, ¢t > 0. These limits satisfy

So=1, Si(t)=e"(S1(0) — 2p) + 2p,

t -2
Sit) =" (&(O) +21 / e (ﬁSl—l(S) +> Sk<s>Sz_1_k(s)) ds) 122
0

k=0
(3.19)

Once more, by the same arguments as in the proof of Theorem 3.1, we see that the
S; (1) satisfy the Carleman condition (3.1) for ¢ > 0. Thus, by the moment convergence
theorem there exist unique 1, € M'(R) with (S;(¢)); as sequences of moments.

To identify the ¢, we again derive a PDE for the Cauchy and R-transforms of the ;.
We set

G(t,2) =G, (@) = lm Guy gy, (2)-
The PDEs (2.7) here lead to the PDE

G(1,2) =2G,(t,2) + G(t,2) — 2(G(t, 2)* 4+ 22G(t, 2) G (t, 2) — G(t,2)) — 2pG,(t, 2)
=z —2(p — 1) —4zG(t,2))G.(t,2) + G(t, 2) — 2G(t, 2)*. (3.20)

@ Springer



Journal of Theoretical Probability

Using (3.9), we obtain

G:(t,2)
G.(t,2)

= (R, G(1,2)) +

—R:(t,G(t,2)) =

G, Z))(1 —4G(1,2) =2(p— 1)

+(G(t,2) —2G(t, 2)*) (R, (1, G(t, 7)) —

G, z)z)

= —4G(t,2)R(t,G(t,2)) —2(p — 1) — 2
+(G(t,2) — 2G(t, )P R.(t, G(t, 2)) + R(t, G(t, 2))

and thus
0=Ri(1,2) — 22" = 2)R.(1,2) — (42 — DR(t, 2) — 2.
If ¢(z) := R(0, z), the method of characteristics (see e.g. [35]) leads to the solution

R(t,2) = e '(1 —2z(1 —e ) 2p(ez(1 —2z(1 — e~ )71

2(1—e"") 2(p—D(1—e™")
+1—2(1—e*’)z + 1—2(l—e")z ° 3.21)

The third summand on the RHS of this equation corresponds to the second H-summand
in (3.18). We thus only have to investigate the first two summands on the RHS of (3.21).
For this we fix s > 0 and define the function ¢(z) := e ¢ (e*z). We also define

f(t,z):=(1—tz)_2$< < )—i— ! (ze C\R,t > 0).
1—1z 1—1z

One can check that f solves the PDE

fit, ) =1422f(t,2) + 2 £2(6,2), £0,2) = Rexp(-s)u (). (322)

Theorem 4.8 in [39] and (3.4) now imply that

f(t,Z)=R( )z(z) for t > 0.

/Lsc,zﬁm(\/ CXP(—S)M>even

This and the formula R, = R;, + R, for the R-transform now complete the proof.
]

Remark 3.8 If we take the starting distribution & = uyp s forr > 0,5 > 0, then,
with the notations above, ¢(z) = Ry, (2) = lissz . A partial fraction decomposition
here leads to

f(t,z)=(1—tz)2$( < >+ !

1—1z 1—1z

@ Springer



Journal of Theoretical Probability

_ rs n r r(t+s) (1 —r)t
T A=t —(t+s)z) 1—tz 1—(+s)z 11—tz

Hence,

r(t+s) (1 —=r)t
1—(t+ )z 1 —1tz

, r,5,t>0

R(“SC.«/?EB(«/W)even)z @)=

which generalizes (4.14) in [39] slightly.

We now consider a variant of Theorem 3.7 with a different scaling in space and
time where the limit loses its stationary behaviour, and where the limit corresponds to
the results for the Bessel processes of type B and their frozen versions in Sections 4
and 5 of [39].

Theorem 3.9 Let (pn)neN, (qN)NeN With py,gn > N — 1 for N > 1 and
limy oo pnv/N = p. Let (sn)nen CJ0, 0ol be time scalings with limy o0 (pn +
gn)/sny = 0. Define the space scalings ay = sy/N, by := —1 (N € N). Let
w € M'([0, ool) satisfy (3.2) and (xn)nen Starting vectors as in Theorem 3.7. Let
xn (t) be the solutions of the ODEs (1.6) with xy(0) = xy for N € N. Then, for all
t > 0, all moments of the empirical measures

N
1
KN.tfsy = Z‘Samﬂo/sm—bm
i=1

2
tend to those of (“sc,Zx/f H (ﬁ)even) B upmp,p-1,2-

Proof As in the proof of Theorem 3.1, our starting conditions and induction show that
the Sy ;(¢) tend to some functions S;(¢) with

So=1, Si(t) = S81(0)+2pt,
; 1-2
Si(t) = §;(0) + 21/0 (ﬁsl_l(s) + Z Sk(S)SI—l—k(S)> ds (3.23)

k=0

for/ > 2 and ¢ > 0. The computations in Section 4 of [39] (see the proofs of Lemma
4.3 and Theorem 4.8 there) then yield the claim. O

A slight modification of the proof of Theorem 3.7 in combination with the assertion
about the stationary case in Theorem 1.1 leads to the following limit result on the zeros
of the Jacobi polynomials; see also [13]. As the proof is analogous to that of Theorem
3.6, we skip it.

Theorem 3.10 Consider pn,qn with limy_oo py/N =: p € [1,00[ and
limy_ 00 gn/N = 00. and define the norming constants by := —1, ayn :=gn/N.

@ Springer



Journal of Theoretical Probability

Let —1 < zV < ... <z} < 1 be the ordered zeros of the P]E,qN_N’pN_N). Then,

N s

all moments of the empirical measures fiy = % 2im1 %0y

N_pyy tend to those of

2
(Msc,2ﬁ> B ump p-12=Hmpr p2 (3.24)

In particular, the [iy tend weakly to wyp p .

4 Almost Sure Limit Theorems for Jacobi Processes

In this section, we study the empirical measures of the renormalized Jacobi processes
(X:)r>0 on Ay from the introduction. Recall that these processes satisfy

- V2 .
dX,,,-:ﬁ (1—X7)dB,
~ 1—-X,:X,
+| (v —an) — Py + )X +2 Y ——= de @4
L. g X[l'—X[ /
jri#F b +J

fori =1,..., N with fixed « > 0.
Letay C]J0, oo[ and by C R. As in Sect. 3 we investigate the empirical measures

1 N
KN = N ZSHN(X[/SNJ_}?N)
i=1

for appropriate scalings ay, by, sy. We begin with the following a.s. version of
Theorem 3.1:

Theorem 4.1 Assume that limy_.oc pn/N = oo and limy_,sc gn/N = 00 such that
C :=limy_co pN/gn = 0 exists. Define

ay ‘= bl b :—M (N € N).

fr— N N =
~Npn PN +gn

Let n € ML(R) satisfy (3.2) and let M) yeny = ((xlN, .. .,xﬁ))NeN starting
vectors xy € Ay such that all moments of the measures

N
1
HN.0 = N ZSaN(xiN—bN)
i=1

tend to those of i for N — oo. Let ()Z'IN),EO be the solutions of the SDEs (4.1) with
start in XN (0) = xN for N € N, t > 0. Then, for all t > 0, all moments of the
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empirical measures

N
1
KN.t/(pn+an) = N Z‘%mx

i=1

t/(pPN+aN)i —bw)

tend to those of the probability measures (e " u) B (V 1- e_ZZch,4(1+C)*3/2) almost
surely.

Before proving this theorem with the specific scaling there, we first proceed as
in Sect.2 and investigate arbitrary affine shifts of X, first. For this, define ¥; :=
an (Xi/(py+qn) — bn) and

| & I ZN
B _ I
UN,t = N E 8v,;» Snu(0) = N Yii

i=1 i=1

which fits to the notation in our theorem. For abbreviation, we suppress the dependence
of p,q,a,bon N. Then, by 1t6’s formula

/ 2
dY,; = [————./a?> — (Y;; +ab)?dB,;
t K(p-l—q)\/a (073 ab) t,

+ a(p_q b) Vit —— 3 CA) = Vil bl + 1) |
P=4 ) _y,,
p+a Copta Yii—Yi,

4.2)

Furthermore, for [ € N we define

Y bdeS, 4.3
‘/K(Hq)/ Z ~ (Ysi +ab) 43)

Note that |Y; ;| < a(l 4 |b]) for all i, ¢ ensures that the (M;;);>¢ are continuous
martingales (w.r.t. the usual filtration). The first empirical moment now satisfies

t —
SN,l(l)—SN,1(0)=/ <_SN,1(S)+a<u—b>> ds + My ;.
0 p+q

This is a linear stochastic differential equation of the form

t
f@ - f0) = /0 (A f(s)+ g(s))ds + h(1), (4.4)
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with A = —1, f(r) = Sy.(1), g(t) = a (ﬁ - b), and h(t) = M\, As the solution
of (4.4)is

t
f@t) = (f(O) + / e (g(s) + Ah(s)) ds) +h(), (4.5)
0

we have

t —
Sy =e (SNJ(O) +/ ¢ <a (p 1 —b) . M],S> ds> + My, (4.6)
0 pP+gq

By another application of Itd’s formula the higher empirical moments satisfy

N
l 2 ro
SN.1(0) = Sn.10) = . [ < Ty > fo Y7\ Ja? — (Yyi + ab)? dBy,
i=1
1
-1
+N;/(; Ys,i

a (P —4 b) + 2 Z a2(1 - bz) - Ys,iYs,j _ab(Yx,i + Yx,j) ds
p+q Yo P+(1j‘j#i Ys.i_Ys.j

—1

i=1

t
— My, + fo (C1SN1(5) + fi(SN.1(5)s s Sna—1(s))) ds . 4.7)

with

C'——l<1+l_—1<%—l)) (4.8)
b= p+q \k '

and, using the calculations leading to (2.4) and (2.3),

filSn1, - Shi—1)

R R =T
p+q p+q K

20=bHu -1 (2
_a’( )( )(;—1)SN,12

p+q
 Na*(1-b) ¢ N 2
_— SN SN 1—2—k + —— SN k1SN I—1—k
Ta kZO e

2bNa
Z SN kSN I-1-k
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Hence, by (4.5),

t
Sna(t) = e (SN,I(O) +/o e (fi(SN1(9), -y Snu=1(9)) + CIMyy) dS)
+Mj ;. 4.9)

For the proof of Theorem 4.1 and further limit theorems the following observation is
crucial.

Lemma4.2 Let T > 0. Let py, gn, an, by as in Theorem 4.1 or Theorem 4.3 below.
Assume that limpy _, o Sy ,1(0) exists for alll € N. Then, for alll € N the martingales
(My,1)t>0 from (4.3) converge uniformly to 0 on [0, T] a.s.

Proof In afirst step we show that the sequence (E[|Sn.1(¢)]]) nen is uniformly bounded
on [0, T]. Here we first study the case [ € 2N. By (4.9) and our assumptions on
P, q, a, b it holds, that there are non-negative bounded sequences dj(N), ..., ds(N)
of numbers such that

E(Sn.1(1))

t
<e“ (SN,I(O) +/0 e~ (dE [ISn1—1()1] + d2 [ISn.1-2(5)1]
1-2

+d3 Y E[ISNk(5)Sn 12—k (5)]]
k=0

-2 -2
+dy Y E[ISvar1Sni-1-k@)|]+ds Y E [|SN,k(S)SN,l—1—k(S)|]> ds) :

k=0 k=0
Moreover, by the triangle inequality and Jensen’s inequality,

=1

N N T
1 _ 1
SN0 = & > el < (ﬁ > jYi,-) <L+ Syu(s). (410
i=1

i=1
By the same reasons, we also have

I=1—k
-1

N
1
(N > 1Y |’—1) <1+ Sya(s).
i=1

[SNk(5)SN1—2—k ()] < SNni-2(s) < 1+ Sn(s) and [SN k+1(8)SN 1—1-k ()] <
Sn.1(s). Thus, there exist non-negative bounded sequences dj (N), d2(N) of numbers
such that

-1

N
1
S SN.I—1— < (=Y 1y, !
ISy 1 (8)SN 11—k (5)] < (N ; il )

t
e ESNA0) = w0 + [ e (d+ BEIS(571) ds.
0
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By Gronwall’s inequality we conclude that

t
e UE[SN(D] < (SN,1<0)+ /0 de= " ds) - exp (cizr)

where the C; from (4.8) remain bounded. Thus (E[Sy ;(¢)]) nen remains uniformly
bounded for ¢ € [0, T] in the case of even /. Finally, by (4.10) this also holds for /
odd.

In a second step we now show the claim of the lemma. The quadratic variation of M; ;
is given by

_ 12y2- 2 _
[Ml],—NQK(Hq)Z/ Y272 (a2 = (Vi +ab)?) ds.

By the Chebyshev inequality and the Burkholder-Davis-Gundy inequality there is a
constant ¢ > ( independent from N such that

P sup M| > €
0<t<T

1 c
< >E |: sup |M1,,|2] < s E[[M]r]
€ 0<t<T €

2cl?
= N2K<;+q)2/ £ (- s vanr)] o

- 2¢12(a%(1 — b?) + 2a)
Nk(p+q) 0

E [14 Sn2-2(s)] ds

a(-b)+2a
N(p+q)
O(N~2). By the first part of the proof we thus conclude that P (SUPOStST (M| > e) €

O(N~2) for each € > 0. The claim now follows by the Borel-Cantelli lemma. O

If we choose p, g, a, b as in Theorem 4.1 or Theorem 4.3 we have

We now turn to the specific scaling in Theorem 4.1:

Proof of Theorem 4.1 We again suppress the dependence of p, g, a, b on N. We define
= (e_tﬂ) & (V 1— eiztﬂsc,4(1+C)*3/2)

with the moments ¢;(t) := fR x!du; (x). By the proof of Theorem 3.1, we have
c1(t) = e 'c1(0) and

;12
() =e <cl(0)+4l(1+C)3/ e“ch(s)cl_2_k(s)ds>, [>2.
0

k=0
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By induction we will show that the limits S;(¢) := limy_ oo fR x! AN 1/ (prq) (X)),
| € N, exist and satisfy the same recursion as the ¢;(¢).

Let [ = 1. By (4.6), our choice of by and Lemma 4.2 we have Si(t) :=
limy 00 Sn.1(f) = e "¢y locally uniformly in ¢ a.s.

Let I > 2. Note that C; in (4.9) converges to —[. We now calculate the limit of
f](SN’](l‘), .o, Sn1-1(2)). For this note that

41( — 1)ab _ 20— Da?
m ——— =0, lm —— =
N—oo Kk(p+gq) N—oo k(p+q)

— 21 —1 2
lima<p q—b<1+ « )<——1)))=0,
N—oo p+q p+q K

3

1—bHa2d—-1) (2 2bN
fim ¢ Ja( )<——1)=0, lim N/(p+q) =0, lim ——2
N—oo p+q K N—oo N—oo p+q
Na?(1 — b?
fim M=) 400l
N—o00 p+q

Hence, by our induction assumption, we have a.s. locally uniformly in ¢ that

-2
Jim fi(Sna (@), Sy (0) =430+ 0)7 ;0 Sk()S1 2k ().

Thus by (4.9) and Lemma 4.2, the limit S;(¢) = limy_. oo Sy ;(#) exists and satisfies

;12
Si(t) = e " (S,(O) +41(1 + C)_3/ el Z Sk($)Si—2—(s) ds) a.s.,
0 (=0

so that the S;(¢) satisfy the same recursion as the ¢; (7).
This proves the claim in the same way as in the proof of Theorem 3.1. O

By using the same technique, we also readily get the following stochastic version
of Theorem 3.7; please notice that here also Lemma 4.2 is available.

Theorem 4.3 Consider pn, qn, an, by as in (3.13) and (3.14). Let u € M'([0, oo[)
satisfy (3.2). Moreover, let (xV ) yen = ((x{v, R x%))NEN be an associated sequence
of starting vectors x € Ay as the preceding results.

Let )}IN be the solutions of the SDEs (4.1) with start in XN () = xV for N € N,
t > 0. Then, for all t > 0, all moments of the empirical measures

1 N

KN/ (pntan) = N ZaaN(xtl\;(pNJqu).i*bN)

i=

tend almost surely to those of the probability measures

2
(“sc,z\/mﬁﬂ(ﬁ*‘ﬂ)m) B iatp pota(ery, t>0. (411)
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Remark 4.4 The methods of the proof above also lead to stochastic versions of Theo-
rems 3.4 and 3.9. This means that in these theorems the moment convergence holds
a.s. for the rescaled Jacobi process X; instead of the solution x (¢) of (1.6).

For some parameters «, p, g, the solutions (5( 1)t>0 of the SDEs (4.1) admit interpre-
tations in terms of dynamic versions of MANOVA-ensembles over the fields F = R, C
by Doumerc [14] as follows. Letd = 1, 2 be the real dimension of F. Consider Brown-
ian motions (Z}');>0 on the compact groups SU (n, IF) with some suitable time scalings.
Now take positive integers N, p with N < p < n, and denote the N x p-block of a
square matrix A of size n by wy ,(A). Moreover, let o (B) be the ordered spectrum
of some positive semidefinite matrix B. It is shown in [14] that then

(5(, —2. a(nN,p(z,N)nN,p(z,N)*) - 1)

t>0

is a diffusion on Ay satisfying the SDE (4.1) with the parameters p > N,q :=n—p,
and k = d/2. Clearly, all of the preceding limit results in Sect.4 can be applied in
this case for suitable sequences py, ny of dimension parameters depending on N.
Moreover the limiting regime ay, by, py/N,gn/N ~ const. has been studied in
this context by free probability methods using projections of free unitary Brownian
motion; see e.g. [8, 11].

This geometric interpretation includes the interpretation forn = p + N, ie. g =
N, where the Jacobi processes are suitable projections of Brownian motions on the
compact Grassmann manifolds with the dimension parameters N, p over IF. We also
remark that this even works for the field of quaternions with k = d/2 = 2; see [18]
for the analytical background.

5 Limit Theorems in the Noncompact Case

The Jacobi processes on compact alcoves in the preceding section admit analogues
in a noncompact setting, namely the so-called Heckman—Opdam Markov processes
associated with root systems of type BC introduced in [32, 33]. Due to the close con-
nections with the Jacobi processes on compact alcoves above, we call these processes
Jacobi processes in a noncompact setting. For some parameters, these processes are
related to Brownian motions on noncompact Grassmann manifolds over R, C, and the
quaternions similar to the comments above. For the general background we refer to
the monographs [17, 18] and references therein.

We here derive analogues of the main results of Sects. 2, 3 and 4 in this noncompact
setting. For this, we first introduce these processes in a similar way as in the compact
case. We fix some dimension N > 2 and parameters ki, k> € R and k3 > 0 with
ko > 0 and ky + k> > 0. We define the (noncompact) Heckman—Opdam Laplacians
of type BC on the Weyl chambers

Cyi={weRY:0<w <...<wy}
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of type B by

N

Luigi f(w) := Af(w) + Z(klcoth (wi/2) + 2kycoth (w;)
i=1

+ k3 Z (coth(—’) + coth (ﬂ)>>fx,- (w) (5.1
Jri#i

for functions f € CZ(RY) which are invariant under the associated Weyl group. By
[32, 33], the Lyig « are the generators of Feller diffusions (W;);>0 on Cy where the
paths are reflected on the boundary. We next use the transformation x; := cosh w;
(i=1,...,n)with

xeCy:={xeRY: 1<x <...<xn)

The diffusions (W;);>0 on C ~ then are transformed into Feller diffusions (X;);>0 on
Cyn with reflecting boundaries and, by some elementary calculus, with the generators

N
Lef() =) 0F = D fum )

i=1

N
-1
+Z<(k1 + 2k 4+ 2k3(N — 1) + Dx; / )fx,,(x).
i—1 . Xi—Xj
i= Jij#i
5.2)
As in the introduction, we redefine the parameters by
1+ 2k + 2k 1+ 2k
kimky >0, g=N—14-—1t2a Ny 12 55
2k3 2k3

with p,q > N — 1 and rewrite (5.2) as
N
Lif(x) =Y (5 = 1) fr (x)

N
KZ((q—p)+(q+p)x, +2 Z
i=1

— X
jasi /

)fx, (x). 54

Moreover, we also consider the transformed processes ()2, = Xi/)i=0 with the
generators —Lk which then are the unique strong solutions of the SDEs
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~ \/E ~ Xt ,)~(t i 1
A%, = Y2 /%2 —1dB,; + ((q—p)—i—(q-i—p)Xt ) —t)dz
1 \/E 1,1 i i j%l Xt = X[’j
(5.5)
fori = 1,..., N, and starting points x¢ in the interior of Cy.
For k = co and p,q > N — 1, these SDEs degenerate to the ODEs
d x,-(t)xj(t)—l .
—xi(t) =(q — () +2 _ =1,...,N).
GO =@=—pP+@+pun+2) pr7s eyl )
Ji#F
(5.6)

The RHS of (5.6) is the negative of the RHS of (1.6) where the solutions now exist on
some different “complementary” domain. Theorem 1.1 here has the following form;
see Appendix Section.

Theorem5.1 Let N € N and p,q > N — 1. Then, for each xo € Cy the ODE
(5.6) has a unique solution x(t) fort > 0, i.e. there is a unique continuous function
x : [0,00) — Cn with x(0) = xq such that for t > 0, x(t) is in the interior of Cny
and satisfies (5.6).

For the solutions of (5.6), we have the following local Wigner-type limit theorem
which is completely analogous to Theorem 3.4 (2).

Theorem 5.2 Consider (pn)neN, (gn)Nen ClO, oo with py, gy > N — 1 for N >
1. Let (by)nen Cl1, oo[ such that B := limby € [1, o] exists, and let (sy)nyeN C
10, oo[ be time scalings with

. DN t+gn
lim ———
N—o0 Nsy

=0.

Define the space scalings ay := /sy /N.

Let n € MY(R) satisfy (3.2), and let (xy) yen be associated starting vectors with
xn € Cy as in the preceding limit results.

Let xn (t) be the solutions of the ODEs (1.6) with xx(0) = xn for N € N. Then, for
t > 0, all moments of the measures (AN 1/(py+qn) = % ZZNZI SaN(X,-N(l/SN)*bN) tend

to those of u H ,umzm.

Proof Asthe RHSs of (5.6) and (1.6) are equal up to a sign, the computations in Sect. 2
and in the proof of Theorem 3.4 (2) imply that for / > 0 and r > 0, the moments
S'N,l(t) of the empirical measures (y /sy converge for N — oo to functions ()
which satisfy

So=1, 81(t) = 51(0),
L 1-2

Si(1) = S1(0) +1(B - 1)/ Zsk(s)sl 1k@ds (22, (67
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The claim now follows in the same way as in Theorem 3.4 (2). m]

The stationary local limit Theorem 3.1 does not seem to have a meaningful analogue
in the noncompact setting, as the assumptions on the py, gy, ay, by in Theorem 3.1
imply that by €] — 1, 1[ holds for all N such that the rescaled empirical measures
for + = 0 in the assumptions of Theorem 3.1 cannot converge. On the other hand,
we have the following variants of Theorems 3.7 and 3.9 which involve Marchenko—
Pastur distributions. Due to the time-inversion, the analogue to Theorem 3.7 is now
non-stationary:

Theorem 5.3 Consider sequences (py)nen, (gy)N C10, oo] with
lim py/N =00 and lim gy/N =q.
N—o0 N—o0

Define ay == py/N, by .= 1 (N € N). Let u € ML([0, oo]) satisfy (3.2), and let
(xn)NeN be associated starting vectors xy € Cy as before. Let x y (t) be the solutions
of the ODEs (5.6) with start in xy(0) = xy for N € N, t > 0. Then, fort > 0, all
moments of the measures

1 N

KN.t/pvtan) = Z ‘SaN(x,.N (t/(pn+an)—bw)

i=1
tend to those of the measures
- 2
u(r) == (MSC,ZM) H (\/e 'u)even) H HMP.G—12(—1)» t>0. (5.8)
Proof The proof is analogous to the one of Theorem 3.7. We just give the main steps.
The moments Sy ;(t/(pn + gn)) of the empirical measures wy ;/(py-+qy) tend to

functions S;(#) which satisfy

So=1, Sit) =e (51(0) —2g) + 24,

; -2
Si(t) = e (s,(O) + 21/ e s (45,_1@) +y Sk(s)Sl_l_k(s)> ds) , 1> 2.
0

k=0
(5.9)
One then can deduce that the corresponding R-transform satisfies
0=Ri(t,2) — (2 +22)R:(t,2) — 24 — (42 + DR(2,2), R(0,2) =: (2),
which is solved by
R(t,2) = ¢' (1 —2z(e' — 1) 2p(e’z(1 — 2z(e" — 1))™")
2(e' — 1) 2(g — D' — 1) (5.10)

1—2z(ef = 1) 1—2z(e" = 1) °
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Finally one concludes as in the proof of Theorem 3.7 by using the time change s — —s
in the definition of ¢. O

The following result also follows in the same way by the methods of the proof of
Theorem 3.9.

Theorem 5.4 Let py,gy > N — 1 for N > 1 withlimy_cogn/N = ¢ € [1, oo[.
Let (sn)nen CJO, oo[ be time scalings with limy_, oo (pn + gn) /SN = 0. Define the
space scalings ay := sy/N, by := 1 (N € N). Let u € M'([0, oo) satisfy (3.2)
and let (xN)NeN associated starting vectors as before. Let xn (t) be the solutions of
the ODEs (5.6) with xy(0) = xy for N € N. Then, for t > 0, all moments of the
empirical measures

1 N

5 22 By X s
i=1

MUN.t/sy =

2
tend to those of (umzﬁ H (ﬂ)even) B upmp,g—1,2-
The corresponding stochastic limit results from Sect.4 can be also transferred to
the noncompact setting. We skip the details.
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Appendix: Solutions of ODEs With Start on the Singular Boundary

In this section, we prove Theorems 1.1 and 5.1.
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We first study the ODE (1.6), i.e.

d xi(Ox;(0)
_xl(l‘)—(P 6]) (P+Q)x1(l)+2]%lm l—],...,N.

6.1)

In order to prove parts of Theorem 1.1, it is useful to interpret this ODE as a gradient
system; see e.g. Section 9.4 of [20] on the background. However, it can be easily
checked that (6.1) is not a gradient system. In order to obtain a gradient system, we
use the transformation x; =: cos t; with w > 7; > ... > 1ty > 0 which is motivated
by the theory of Heckman—Opdam hypergeometric functions in [17, 18] (see also the
introduction), and which is also useful in [19] for nice covariance matrices for some
freezing limits. In fact, by elementary calculus, (6.1) is equivalent to

ifl(t) =(q - P)COt( al )) +2(p + 1 — N)cot(z; (1))

. 4 . (6.2)
N Z ( (r,(t) r,(t))Hot(rz(t)v;r,(t)))

Jij#l
fori =1,..., N which is a gradient system. In fact, if V() :=In V(r) with

N 2(q—p) N 2(p+1-N)
V(r) = <l_[ sin(ri/2)> . <1_[ sin(ri)> .
i=1

i=1

R . N\ 2
1_[ (sin (r, tj) sin (tl t )) , (6.3)
il 2 2

Ljri<j

then (6.2) has the form Sl—t‘t(t) =grad V(z(¢)) witht = (11, ..., TN).

We next search for a maximum of V. For this we observe that, with some constant
C7

N
Vo) =C-[Ja —xp™Na+xp)p Vs T @i —xp)

i=1 i,jri<j

A classical result of Stieltjes (see Section 6.7 of [37]) now shows that for 7 > 171 >

. > 1y > 0, this expression has a unique maximum for x = z where the vector z
consists of the ordered roots of Pli,q_N"’ N, Therefore, Section 9.4 of [20] yields the
following part of Theorem 1.1:

Lemma6.1 Let N € Nand p,q > N — 1. For each xo € int Ay the ODE (6.1) has
a unique solution x(t) with x(t) € int Ay for all t > 0. Moreover, lim;_, o x(t) = 2

where 7 € int Ay is the vector consisting of the ordered roots of P(q N.p=N)
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In order to complete the proof of Theorem 1.1, we prove the following theorem
which is an adaptation of the corresponding results for the Hermite and Laguerre case
in [40].

Theorem 6.2 Let N € Nand p,q > N — 1. For each xo € dAy the ODE (6.1) has a
unique solution x(t) for all t > 0 in the following sense: For each xo € dAy there is
a continuous function x : [0, 0c0) — Ay with x(0) = x¢ such that x(t) € int Ay for
allt > 0and x: (0,00) — int Ay satisfies (6.1). Moreover, lim;_, o x(t) = z with
z € Ay as above.

Proof We use of the elementary symmetric polynomials e} (n = 0,...,m) in m
variables which satisfy [17_;(z — x;) = Y T_o(=1)""ep_;(x)z/ forz € C,x =
(X1, ..., Xn).Considerthemape : Ay — R¥, e(x) = (e} (x), ..., eN(x)). Then, e :
AN — e(Ay)isahomeomorphism,ande : int Ay — e(int Ay) is adiffeomorphism.
We will use the following notation: Let x € RN and § C {1,..., N} anonempty set.
Denote by x5 € R!S! the vector with coordinates Xi, i € S, in the natural ordering on
S. With this convention we have

N n
Zeivjl(?f{l ..... V) = (N —k + Dep (x), Zelyjl(m ,,,,, DX = kep (x),

i=1 i=1

e 3 O i) — ey (D) = — O — X)ep 5 O N )-

Hence,

N—1 N—1 N—1
) €1 (X1 N )3 €1 (X NN — €y (X1 NN

Pj=lij X=X ij=li<j Xj — X;
N-2
- Z € o (x(1,...NN\i,j))
ijii<j
(N=k+2)(N—k+1) y
- ef (%)
2
and
N-1 Nt .
> ot UL MO 3 G L NG — Gy (L NGD
Pi=1i] Xi — Xj P Xi — Xj iXj
=LA i,j=lii<j
- Z er (X1, N\ )X ]
i,j=li<j
k(k — 1)
e ).
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By transforming (6.1) with the homeomorphism e, we get the ODEs

N

d d
G GO =) X =Np =) = (p+9e (),
i=1

d N 1= xi(0)x (1)
3o @O =3 g5 GO |- — P+ oxO +2 Y —

i=1 Fepy ¥ xi (1) — x; (1)
=k(=(p+q) +k—Del (x(0) + (N —k+ D(p — qlel_,(x(1))
— (N —k+2)(N —k+ Dep ,(x(1)), kef{2,....,N}. (6.4)

These are linear differential equations of the type f/(r) = Af(¢r) + g(¢t) with the
solutions f(t) = e (f(O) + fot e Mg(s) ds). Thus,

eﬁum):f@W”G?u@—Nﬁiﬁ>+Np_q and
P+q P+q

o (1) = e (el (x0)
t
+/0 e CkS ((N —k+ 1)(17 — q)e]iv_l(x(s))

—{N—k+2ﬂN—k+1kﬁﬂﬂﬂﬂd0, (6.5)

where ¢y = k(—(p+¢q) +k—1) <0,k € {2,..., N}. By induction we see that
each e,ﬂv (x(t)) is a linear combination of terms of the form e, » < 0. Thus the limits
er = lim;_ o0 e,’cv () exist. We claim that ¢ = e(z). For this we observe from Lemma
6.1 that this holds for all starting points xo € int Ay. As é depends continuously on
X0 by (6.5), we obtain ¢ = e(z) also for xg € dAy.

We now turn to the case xo € dA . Clearly, as e is injective there exists at most one
solution of (6.1). For the existence we claim that the inverse mapping of e transforms
solutions of (6.4) back into solutions of (6.1). For this, we prove that for any starting
point xo € dAy in (1.6) and its image e(xg) the solution e(z), t > 0, of the ODEs
(6.4) with ¢(0) = e(xq) satisfies e(t) € e (int Ay) for all ¢ > 0. It then follows that
the preimage of (e(t));>o under e solves (6.1).

To prove this, we recapitulate that for each starting point in e (int A,) the solution
e of (6.4) satisfies e(t) € e (int A,) for all 1 > 0, and that for all fixed r > 0 the
solutions &(¢) depend continuously on arbitrary starting points in R" by a classical
result on ODEs. Hence, for each starting point ¢(0) € e(Ay) we have e(t) € e(Ay)
for ¢+ > 0. Assume that there is a starting point xo € d Ay and some 7y > 0 such that
the solution (e(¢));>o of (6.4) with start at e(xp) satisfies

e(t)y ¢ e(intAd,), tel0,1]. (6.6)
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Forx = (x1, ..., x,) € RY we define the discriminant
N
D) :=[Ja-xp- [ &j—x (6.7)
i=1 ij=1,.,N,i#j
D isasymmetric polynomial inxy, ..., xy and thus, by aclassical result on elementary
polynomials, a polynomial D in eiv x),..., e% (x). By (6.6) we thus deduce

é(t)ee(AN) CY :={yeRY: D(y) =0}, 1e€]0, 1.

We obtain that D(&(t)) = 0 for t € [0, fp]. As D(&(¢)) is a linear combination of
terms of the form ¢’ with r < 0 it follows that D(é(r)) = O for all + > 0. As
Y Ne(int A,) = @, we conclude that e(t) ¢ e (int A,) for all + > 0. But this is a
contradiction to lim;_, o () = e(z) € e (int A,,). Hence, é(¢) € e (int A,) forz > 0
as claimed. This completes the proof. O

We finally turn to Theorem 5.1. We proceed as above and notice first that x; =
cosht; i = 1,..., N) transforms the ODEs (5.6) again into some gradient system.
As for Lemma 6.1, we obtain:

Lemma 6.3 Let N € Nand p,q > N — 1. For each xo € int Cy the ODE (5.6) has
a unique solution x(t) with x(t) € int Cy fort > 0.

Proof We have to check that the system is not explosive in finite time. For this we again
use the elementary symmetric polynomials e} and the homeomorphism e : Cy —

e(Cy) C RN withe(x) = (e{v x), ..., e% (x)) as in the proof of Theorem 6.2. As the
RHSs of the ODEs (1.6) and (5.6) are equal up to a sign change, the proof of Theorem
6.2 (in particular (6.5)) shows that

e{v(x(t)) — Pt <ei\’(xO) _ Nﬂ) + Nﬂ

p+q r+q’

el (x(0) = e (ef (x0)

+f e~ kS ((N —k+1)(p— q)e,]{V_l(x(s)) —(N—k+2)(N—k+ l)e,iv_z(x(s))> dS) ,
0

(6.8)
withcy = k((p+¢q)+1—k) <Ofork =2,..., N. In summary, e(x(¢)) satisfies

some linear ODE and exists thus for all + > 0. The claim now follows by a transfer
back to int Cy. O

To complete the proof of Theorem 5.1, we prove the following analogue of Theorem
6.2.

Theorem 6.4 Let N € Nand p,q > N — 1. For each starting value xo € dAy the
ODE (5.6) has a unique solution x(t) for t > 0 in the sense as described in Theorem
6.2.
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Proof We use the notations of the proof of Lemma 6.3 and consider some starting
point xo € dCy. For the existence of a solution we claim that the inverse mapping
of e transforms the functions in (6.8) back into solutions of (5.6), i.e. that e(¢) =
(e{v x@),..., e% (x(#)) € e(int Ay) for all r > 0. For this, we check e(t) ¢ e(dAy)
fort > 0.

Assume thatforsome xg € dAy and#y > Owehavee(t) ¢ e (int A,) fort € [0, #p].
We now use the discriminant D from (6.7) as well as D there. We see from the proof
of Theorem 6.2 that D(é(r)) = 0 for ¢ € [0, fo] implies that D(&(t)) = 0 for all
t € R. We now recapitulate that the solutions (6.8) and (6.5) of the corresponding
ODEs are equal up to the transform ¢ +— —¢ for equal starting points €(0), and that
these solutions obviously depend analytically from e(0). We thus conclude from the
limit assertion in Lemma 6.1 that lim;_, _~, €(¢) = e(z) holds where D(z) # 0 holds.
As this is a contradiction to ﬁ(é(t)) = 0 fort € R, the theorem follows from Lemma
6.3. O
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